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Abstract

This paper reviews the one-to-one correspondence between stalpppcospaces (a topolog-
ical concept covering most classes of semantic domains) and compaaitdausdorff spaces.
The correspondence is extended to certain classes of real-valugibfiisnon these spaces. This
is the basis for transferring methods and results from functional anatys$iee non-Hausdorff
setting.

As an application of this, the Riesz Representation Theorem is used faighsfiorward proof
of the (known) fact that every valuation on a stably compact spacedtamiquely to a Radon
measure on the Borel algebra of the corresponding compact Halusoiace.

The view of valuations and measures as certain linear functionals on farsgaces sug-
gests considering a weak topology for the space of all valuations. € thesrestricted to the
probabilistic or sub-probabilistic case, then another stably compact s&pabéained. The cor-
responding compact ordered space can be viewed as the set ddlfflitgbor sub-probability)
measures together witheir natural weak topology.

1 Introduction

[Note: This paper was published as

M. Alvarez-Manilla, A. Jung, and K. Keimel. The probabilspowerdomain for stably
compact spaced-heoretical Computer Sciencg28:221-244, 2004

As pointed out to us by Gayle Apfel, the statement of Propmsit3 was wrong. This is corrected in
this version.]

In denotational semantics programs and program fragmeatsapped to elements of mathemat-
ical structures, such as “domains” in the sense of Scotq18cSco82]. If the system to be modelled
has the ability to make random (or pseudo-random) choites) it makes sense to model its be-
haviour by a measure which records the probability for tretesy to end up in a measurable subset of

*London, Englandivani | | a@mai | . com

fSchool of Computer Science, The University of BirminghanggBaston, Birmingham, B13 ONZ, England,
A. Jung@s. bham ac. uk

tFachbereich Mathematik, Technische Univérsibarmstadt, SchloRgartenstrale 7, D-64289 Darmstadhadg,
Kei mel @mat hemat i k. t u- dar nst adt . de.



the set of possible states. These ideas were first put fotwa8hheb-Djahromi, [SD80], and Kozen,
[Koz81]. The former considered (probability) measurestenBorel-algebra generated by Scott-open
sets of a dcpo, while the latter worked with abstract measpaees.

From a computational point of view it makes sense to measuyeotservablesubsets of the state
space. These, in turn, can often be identified withapensets of a natural topology, for example, the
Scott topology on domains. This connection between conbdityeand topology was most clearly
expounded by Smyth, [Smy83, Smy92], and the idea was theieddurther by Abramsky, [Abr91],
Vickers, [Vic89], and others.

A function: § — R, which assigns a “weight” to the open sets of a topologicatepd’, §) is
called avaluationif it satisfies the axioms

1(0)

YU,V eG UCV

YU,V €§. u(U) + p(V)
)
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u(U) < p(V)
p(UUV)+puUnV)

A probability valuationis obtained whem(.X') = 1 holds. This notion first arose within Mathematics,
[Bir67, HT48, Pet51], and while one could say that within CotepiBcience it was implicit in the
aforementioned [SD80], it was only explicitly adopted iR83] by Jones and Plotkin.

Comparing this work with the earlier approach by Saheb-@atfiror Kozen it is natural to
ask whether valuations can be extended to Borel measureshether the latter are intrinsi-
cally more informative than the former. As has been estabtisby a number of authors, e.g.
[Law82, AMESDO0O, AMO01], and with a number of techniquesntinuousvaluations do indeed
uniquely extend to measures on large classes of spaces.rd@$enppaper adds another proof of this
important fact in the case stably compact spaces

Why another proof? We believe that our approach has a numtadtrattive features, not least
of which are its brevity and simple structure. In essencestudy valuations and measures through
their effect on (continuous) functions via integrationgd@achieve the actual extension by invoking the
Riesz Representation Theorem. Continuous functions, of epars central to Analysis but they have
also appeared in denotational semantics literature: [JaDBapters 6 and 7] uses them to establish a
duality as a basis for a program logics; [DGJP99] view thertiess” on a labelled Markov system.

The route via functions is also useful for the second conoéthis paper, namely, the question
of constructing a semantic domain from the set of valuatmms& domain. We mentioned already
Saheb-Djahromi’s observation that valuations carry amahtuder which turns them into dcpos. Jones
extends this to the (technically difficult) result that dantity (in the sense of “continuous domain”) is
also preserved. Unfortunately, a further strengtheninthisfhas not yet been possible, that is to say,
we do not know whether the valuations on an FS-domain ([JQr®@ retract of SFP form another
such structure; [JT98] points out errors in published ward aummarises the partial results which
have been obtained to date.

The approach taken here is somewhat different from this wiosdtead of working with the order
between valuations, we consider semantic domainspdogical spaceand seek a natural topology
on the set of valuations. There are a number of possibilitexge, for example, the Scott topology
arising from the dcpo-order. However, we take our cue from répresentation of valuations as
certain functionals on continuous real-valued functiond ehoose aveak topologyn the sense of
functional analysis. This is certainly consistent withlieawork as we know that the weak topology
is the same as the Scott topology when one starts with a eantsdomain, [Kir93, Satz 8.6], [Tix95,
Satz 4.10]. The point here is to consider the weak topologysituation where the order-relation is
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too sparse to sufficiently restrict the Scott topology. Theural setting for our results, then, is that
of stably compact spaces. These subsume most semanticrdofsach as “FS” or “SFP”) and have
been shown to have many other closure properties of interesimanticists, [Keg99]. Most relevant
for the current discussion is the fact that they are in orer® correspondence to a simple program
logic in the vein of Abramsky’s “Domain Theory in Logical Fof, [Abr91]. Indeed, the space of
valuations in its weak topology can be characterised tHraudjnitistic construction on the logical
side, and the results presented here give further cragliblithe axioms chosen in [MJ02].

Although of interest for some time to a core of researchesemantics and Stone duality, stably
compact spaces are not as widely known in Computer Sciend¢eensléserve. We take care, there-
fore, to develop their basic theory in an entirely elemgntaanner at the beginning of our paper.
For this we choose a slightly different (though equivalexipmatisation which illustrates the slogan
that stably compact spaces afg-spaces in which compact sets behave in the same way as in the
Hausdorff setting

We acknowledge with pleasure discussions on material sngaper with Maiih Escard, Rein-
hold Heckmann, Ralph Kopperman, and Jimmie Lawson.

This paper arose as an amalgamation and extension of [Jan@4Kei0O4].

2 Compact ordered and stably compact spaces

2.1 Compact ordered spaces

A patrtially ordered topological spacéor ordered spacgfor short) in the sense of Nachbin [Nac65]
is a setX with a topologyO® and a partial ordex such that the graph of the order is closedirx X.
This captures the natural assumption that, for two conagrgetsz; — = andy; — vy, the property
x; < y; foralli e I impliesz < y. Interms of open sets, this is equivalent to saying that figrtevo
pointsz £ y in X there are open sets containingz andV’ containingy such that for every’ € U
andy’ € V, 2’ £ ¢/ holds. It follows that ordered spaces are Hausdorff.

A subsetU of X is called arupper(lower) set, ifx € U impliesy € U forall y > z (resp.y < x).
The smallest upper (lower) set containing a subset denotedf A (resp.,| A). In an ordered space
sets of the formiz = 7{z} or | = |[{z} are always closed, and more generally, this is trug for
and| A whereA is compact. This little observation has strong consequeincease the ordered space
is compact, as was first noted by Leopoldo Nachbin [Nac65]:

Lemma 1 ([Nac65]) Let(X, O, <) be a compact ordered space.

(i) (Order normality)Let A and B be disjoint closed subsets &f, whereA is an upper and3 is a
lower set. Then there exist disjoint open neighbourhdods A andV O B where again’ is
an upper and/ is a lower set.

(i) (Order separatiojVhenever: £ y there exist an open upper détcontainingz and an open
lower setl” containingy which are disjoint.

(iif) (Order Urysohn propertyffor every pairA, B of disjoint closed subsets, whe#eis an upper
and B is a lower set, there exists a continuous order-preservimgtfan into the unit interval
which has valud on A and0 on B.



Proof. By normality of compact Hausdorff space$,and B have disjoint open neighbourhoot$
andV’. SetU = X \ [(X\U') andV = X \ 1(X \ V). Order separation is a special case of
order normality, and the order preserving version of Uryg®@hemma follows, as usual, by repeated
application of order normality. n

2.2 The upwards topology of a compact ordered space

One way to interpret this lemma is to say that there is an adnurelof opemppersets in a compact
ordered space. For any ordered space, the collection

U:={Uec0|U=1U}

of open upper sets is a topology coarser than the originglweeall it thetopology of convergence
from belowor upwards topologyor short. The resulting topological spack, U) we denote byX .

Sets of the formX '\ | = always belong t@( and therefore every upper set is equal to the intersection
of its U-open neighbourhoods, that is, itlissaturated The converse direction being trivial, we thus
have:

Proposition 2. In an ordered space the upper sets are preciselyltteaturated ones.

For a general topological spa¢&’, G) one setsc <g y if every neighbourhood of also con-
tainsy. This is always a preorder and it is anti-symmetric if andyahthe space is,. It is called
thespecialisation order associated wigh The preceding proposition tells us thay; is precisely the
original order< in any ordered space.

In order to analyse the properties Bffurther in the case whergX, O, <) is compact, we also
consider the set of compact saturated sets:

Ky :={K C X | K is U-saturated antl-compac}

Lemma 3. Let(X, O, <) be a compact ordered space. The elemenis,pére precisely those subsets
of X which are upper and closed with respectio

Proof. The upper closed sets &f arelU-compact because the topolotyis weaker thar). For the
converse one uses order separation. O

We now have enough information to show that frtlnalone we can reconstruct the original com-
pact ordered space. In general, one considerpaheh topology5, of a topological spaceX, G) by
augmenting3 with complements of compact saturated sets. With this t@vlogy we can formulate
the following:

Theorem 4. Let (X, O, <) be a compact ordered space. Ther= U, and < = <y.

Proof. Because of Lemma 3/, is contained inO. It is Hausdorff because of order separation and
therefore the identity maj (X, 0) — (X,U,) is a homeomorphism.
The possibility to reconstruct the order out of the upwaog®togy has been remarked beforé.]

Since with(X, O, <), the “upside-down” spaceX, O, >) is also compact ordered, the results in
this section hold equally well for th®pologyD of convergence from abowe downwards topology
By Lemma 3, its open sets are precisely the complements obihgact saturated sets tf
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2.3 Stably compact spaces

As it turns out, topologies which arise as upwards topolgiecompact ordered spaces can be char-
acterised intrinsically. We begin with the following obgations:

Proposition 5. For a compact ordered spac¢eX, O, <) the upwards topologyl is
(i) To;
(i) compact;
(i) locally compact;
(iv) coherent, that is, pairs of compact saturated sets ftrapact intersection;

(v) well-filtered, that is, for any filter baseA;);c; of compact saturated sets, for whifly A; is
contained in an open upper sEt there is an index, such that4;, is contained inJ already.

Proof. The T, separation property follows from order separation, (iijrigially true becausél is
weaker thart), and (iii) is a reformulation of order normality. Coherenoe avell-filteredness follow
from Lemma 3. O]

Definition 6. A T, space which is compact, locally compact, coherent, and Wigtdd is called
stably compact

In recent literature it has been customary to use “sobetéatsof “well-filtered” in the definition
of stably compact spaces. However, in the presence of larapactness these two properties are
equivalent, [GHK 03, Theorem 1l-1.21]. With this note we would like to make ae&#or the revised
definition, because it makes it apparent thi@bly compact spaces are tlig-analogue of compact
Hausdorff spacesn the sense that compact saturated sets in the former haxgatne properties as
compact subsets in the latter. The following lemma illustsahis:

Lemma 7. Let (X, U) be a stably compact space. Then any collection of compaatagat subsets
has compact intersection.

Proof. Finite intersections leading again to compact saturatbdets, we can assume the collection
to be filtered. By well-filteredness, an open cover of the sgetion will contain an element of the
filter base already. This being compact, a finite subcoversaifice. O

This result justifies the following definition.

Definition 8. Let (X, U) be a stably compact space. Téecompact topologyl,, on X is given by
the complements of compact saturated sets.

If the stably compact spac&, U) arose as the topology of convergence from below in a compact
ordered space, then Lemma 3 implies that the co-compadoigpderived fromU is the same as the
topology of convergence from above.

The following proposition is reminiscent of the well-knowact that a compact Hausdorff-
topology cannot be weakened without losing separation.



Proposition 9. Let (X, U) be a stably compact space. Let furttigibe a subset dflt and € a subset
of the co-compact topology.., such that the following property holds:

Ve,ye X. o2 €yy = W eB, LeCaoeclUyecL, LNU=0.

Then3B is a subbasis fotl.

Proof. Let = be an element of an open gete U. Then by assumption for evegyin X \ O there
exist disjoint setd/, € B andL, € C which containr andy, respectively. The complements of the
L, are compact saturated by definition and their intersecti@ontained irQ. Well-filteredness tells
us that the same is true for a finite subcollectiorL.g6. The intersection of the correspondifig is

a neighbourhood of contained irD. [l

Corollary 10. LetU andUW’ be stably compact topologies on a sétsuch that<y = <y, U C W,
andU, C W,. ThenU = U.

We are now ready to complete the link with compact orderedespa

Theorem 11. Let (X, U) be a stably compact space. Consider its patch topologgnd specialisa-
tion order <. Then(X,U,, <y) is a compact ordered space. Furthermore, the upwards togolog
arising fromU, and <y is equal toll, and the co-compact topolody.. is equal to the topology of
convergence from above derived frap and <y.

Proof. The Hausdorff separation property and the closednessdbllow from 7, and local com-
pactness. Compactness of the patch topology requires tloenfodi Choice in the form of Alexander’s
Subbase Lemma: L& U C be a covering ofX where the open sets B are chosen froril and the
ones inC are complements of compact saturated sets. The points meteztbby the elements of
© form a compact saturated set by Lemma 7 and must be coverelgrogms ofB. A finite sub-
collectionB’ C;, B will suffice for the purpose. By well-filteredness, then, atérintersection of
complements of elements Gfwill be contained in J B’ already. This completes the selection of a
finite subcover.

The same argument shows that every compact saturated(sétlif) is also compact in the patch
topology.

The specialisation order that one derives from the topolaiggonvergence from below on the
space X, U,, <y) is the same asy by Theorem 4.

We are therefore in the situation described by Corollary 1@ @an conclude that no new open
upper sets arise in the patch construction. Lemma 3, thés,ue that the closed upper sets in
(X, U,, <y) are precisely the compact saturated set$(ofHence the co-compact topology with
respect tdl is equal to the topology of convergence from below(anU,,, <y). n

Corollary 12. Let(X,U) be a stably compact space.
(i) The co-compact topology,. is also stably compact.

(i) (W), =U



2.4 Examples

The prime example of an ordered space is given by the reaMitiethe usual topology and the usual
order. The upwards topology in this case consists of setsedform|r, co[ (plusR andf), of course),
and non-empty compact saturated sets associated to tiisnirare the sets of the forf, co[. We
denote the real line with the upwards topologyiby Also of interest to us is the non-negative part of
this, denoted bﬂRL. One obtains @ompactordered space by either restricting to a compact subset,
such as the unit interval, or by extending the real line wigmeents at infinity in the usual way,
denoted here bR = [—o0, 0o] andR, = [0, o0].

In general, one cannot expect a compact ordered space tdyoddtermined by its order alone,
after all, every compact Hausdorff space can be equipped avitivial closed order, namely, the
identity relation. Semantic domains, however, do provixEneples where the order structure is rich
enough to determine a non-trivial stably compact topolddfe review the definitions: Alcpo (for
directed-complete partial ordgiis an ordered set in which every directed subset has a suprem
The closed sets of th&cott topologyrp of a dcpoD are those lower sets which are closed against
formation of directed suprema. It follows that a functiomvioeen dcpos is continuous with respect to
the two Scott topologies if and only if it preserves the oraled suprema of directed sets. In order to
emphasise the dcpo context, such functions are usuald@diott-continuous

The specialisation order associated with the Scott togolegich is alwaysiy, will give back the
original order of the dcpo. An elementof a dcpoD is way-belowan elemeny (written x < y) if
whenevery is below the supremum of a directed setC D, thenz is below some element of. A
dcpo D is continuousor adomainif every element equals the directed supremum of its wagvbel
approximants.

The Scott topology of a domain is always well-filtered, [JAnBemma 4.12], and coherence can
be characterised in an order-theoretic fashion as well[kae89, Lemma 4.18], [GHKO03, Propo-
sition 111-5.12]. As a special case, coherence holds inyeeentinuous complete lattice (known as
continuous latticdor short). Two examples are of interest here: The unitiradn, 1] (or R or R, ) is
a continuous lattice and the Scott topology is preciselytdpelogy of convergence from below, dis-
cussed before. An elementof [0, 1] is way-belowy if x = 0 or z < y. The other class of examples
is given by open set lattices of locally compact spaces. Heeaway-below relation is characterised
by U <« V if and only if there exists a compact saturated Kesuch thaty C K C V. Stably
compact spaces qualify, and their open set lattices havadti¢gional property (not true in general)
thatU < V; andU < V, impliesU < Vi N V5.

More general domains with a coherent Scott topology hava beesidered in Theoretical Com-
puter Science; we refer the interested reader to [AJ94|@e412.3] and [GHK 03, Section I1I-5].

2.5 Morphisms and constructions

Although theorems 4 and 11 suggest that we can switch fredlyden compact ordered and stably
compact spaces, a difference between the two standpoiesstd@ome apparent when one considers
the corresponding morphisms: neither is a continuous mapdes stably compact spaces necessar-
ily patch continuous, nor is every patch continuous functontinuous with respect to the original
topologies. Indeed, it is the fact thA-continuous maps arise in applications to denotationabsem
tics which motivates our interest in stably compact spaces.

Nevertheless, a connection betwesibclassesf continuous maps can be made. A continuous



mapf: X — X' between locally compact spaces is calpenifectif the preimagef—!(K) of every
compact saturated sat C X’ is compact inX.! The following is true:

Proposition 13. For stably compact spacés, U) and (X', W) amapf: X — X'is perfect, if and
only if it is continuous with respect to the patch topologies’d and X’ and monotone (i.e., order
preserving) with respect to the specialisation orders.

Note 1 (September 22, 2011)The published version said “locally compact” rather thantéasly
compact” which was an unintended error, pointed out to us bylSApfel.

In the remainder of this section we study some constructiorgpaces and how they interact with
the translations given in Theorems 4 and 11.

Proposition 14. Arbitrary products of stably compact spaces are stably cachpand the product
topology equals the upwards topology of the product of theesponding compact ordered spaces.

Proof. Let (X;, U;);c; be any family of stably compact spaces and lét, O;, <;) be the correspond-
ing compact ordered spaces. We prove the second claim leettargails the first. By Tychonoff's
Theorem the produadd of the patch topologie$); is again compact Hausdorff, and the shape of
basic open sets in the product gives immediately that thedowatewise ordeK is closed. So
(I'Lic; Xi, 0, <) is a compact ordered space.

A basic open set from the product of theis also open ir). For the converse we employ Propo-
sition 9, where the product of tié plays the role ofB and the product of the respective co-compact
topologies(U;),. plays the role ot in the stably compact space derived fropf, ., X;, 0, <). The
separation property is obviously satisfied becaugey meanse; £ y; for some index. ]

Subspaces are more interesting as they do not, in geneeakrmpe any of the properties under
consideration, except that the order remains closed. Henvese have the following:

Proposition 15. LetY be a patch-closed subset of a stably compact spacé(). ThenY is stably
compact when equipped with the subspace topdlogy and (U[y ), = U, [y

Proof. The subspacgY, U, [y, <[yy) iS of course again a compact ordered spacel i a closed

lower set inY’, then its lower closurge A in X is again closed ad is compact inX. This shows that
the upper opens att’, U, [y, <[y .y ) belong toll],. The converse inclusion is trivial. O

The second case where we know something about the stableactmps of a subspace is related
to continuous retractions. This fact is mentioned in [Laj@8eady but the proof uses a different
characterisation of stable compactness.

Proposition 16. Let Y be a continuous retract of a stably compact space ThenY is stably
compact.

Proof. Lete: Y — X be the section and: X — Y the retraction map (both continuous). We check
the defining properties for stable compactness. First ptals a7,-space becauses injective. The
compactness df follows from the continuity of the (surjective) mapIf z € O C Y, with O open

in Y, thenr~1(0) is an open neighbourhood efx). Hence there is an open détand a compact

1For more general spaces, perfectness requires an adtjtioperty, see [Hof84].
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saturated sek in X such that(z) € U C L C r~'(0O). The image ofL underr is compact iny’,
is contained inD, and contains the open set!(U) which containse. This proves that” is locally
compact.

For stability, letK;, K> be compact saturated setsiin We get that( ;) ande(K,) are compact
in X and hencge(K;) is compact saturated i. By the stability ofX the intersectioriTe(K7)) N
(Te(K3)) is compact again. Its image undes preciselyK; N K5; itis compact inY” by the continuity
of r. Well-filteredness is shown in the same way. O

Note thate does not need to be a perfect map in general, so the result ssihsumed by Propo-
sition 15 already.

2.6 Real-valued functions

For an ordered spadgX, G, <) there are a number of possible function spaces into the teals
one might be interested in. Depending on which structur@éefeals is taken into account, one can
distinguish at least the following:

¢ the setC(X) of all continuous functions into the real line;

e the setCM(X) of all continuousorder-preserving(i.e., monotone increasingunctions into
the reals;

e the sef.SC(X) of all real-valued functions oX which are continuous with respect$and the
topology of convergence from below @ We call these théower semicontinuous functions
they are characterized by the property thate X | g(z) > r} is an open upper set i for
everyr € R.

If in the above definition® is replaced by the set oon-negativeeals, then one obtains the function
spacesC, (X), CM,(X), andLSC(X). In order to express the condition that all functions be
bounded inR we use the notatiof,(X), CM,(X), andLSCy(X).

Our primary object of interest is the classaofimpacirdered spaces and in what follows the most
prominent function spaces will B&(X), CM_ (X), andLSC, ,(X). Note that because of compact-
ness, the functions iff(X) andCM . (X) are automatically bounded, whereas I&C, (XT) this
need not be the case; our preferencelf8€ ,(X ') is primarily to avoid unnecessary complication
stemming from arithmetic withc.

From Proposition 13 it is clear that for a compact ordereccepa, CM, (X) is a subset of
LSC, 4(X"), consisting of all perfect maps froi' to R. The set<CM, (X), LSC, ,(X "), and
LSC, (XT) are positive cones, that is, they are closed under additidrsaalar multiplication with
non-negative real numbers. Furthermore, these cones degedrin the obvious (i.e., pointwise)
way. The selC(X), on the other hand, is an ordered vector space. The smallegector space
generated by’M, (X)) insideC(X) consists of differenceg — g with f, g € CM, (X); we denote it
by (CM, —CM, )(X). The following picture may help to visualise the containtretations between

2Perfectness of is guaranteed it is an upper adjoint. This situation is called iasertion-closure pairin [AJ94,
Section 3.1.5].



these function spaces:

C(X)
N
(CM, — CM)(X)  LSC,,(XT)
N /
CM (X)

For anyr € R we adopt the following notation for a functign X — R:
lg>r]:={z € X |g(z) >r} =g (r,+oc]).
We have the following approximation results:

Lemma 17 ([Edw78]). Every element of € LSC,(X") is the (pointwise) supremum of elements
of CM . (X).

Proof. Note thatCM , (X) is closed under taking pointwise maximum, so the collectibapprox-
imants tof € LSC,(X") is certainly directed. For € X andr < f(x), consider[f > r] which
is an upper open set IN containingx. By the order Urysohn property (Lemma 1(iii)) we obtain a
continuous monotone increasing functigwhich takes valué on Tx andoon X \ [f > r], sor - g
is an element oM (X) below f which approximateg at pointz up to “precision”r . ]

Lemma 18. Every elemeny of LSC,(X) can be represented as a directed supremum of simple
functions belonging t&.SC ,(X) in the following way

g = sup Z Q—nX[g>2Ln]

The proof is immediate from the definition of lower semicanity.

To approximate continuous functions, we considérX) as a Banach space with the sup-
norm| f||. As we remarked before, the bl (X) of all non-negative monotone increasing contin-
uous real-valued functions is a cone(if.X'). Furthermore, it is closed under products and contains
the constant functio.

Lemma 19. ([Edw78]) For a compact ordered spacg, the vector spacéCM, — CM,, )(X) gener-
ated by the con€M,, (X)) is dense infC(X) with respect to the sup norm.

Proof. From the remark preceding this lemma it follows th@hi, — CM, )(X) is a subalgebra of
C(X) which contains the constant functian By the order Urysohn property it follows that for any
elements: £ y in X, there is a functiorf € CM, (X) such thatf(xz) = 1 and f(y) = 0. Hence,
CM.(X) and,a fortiori, (CM,; — CM, )(X) separate the points df. The lemma now follows from
the Stone-Weierstrald Theorem. O
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3 Measures and valuations

3.1 Measures and positive linear functionals orC(X)

Let X be any Hausdorff space arkithe o—algebra of Borel sets, that is, the-algebra generated
by the open subsets &f. Recall that a Borel measure dhis a functionm: B — R such that

m is strict: m(@) = 0,
m is additive: m(A) +m(B) = m(AU B), wheneverd, B € B(X) are disjoint,
mis o-continuous:  m(|J,cy An) = sup,cnym(A,) for every increasing sequenté,, ) cn € B.

It follows from strictness and-continuity that measures can only take non-negative galdenea-
sure is callednner regular, if

m(A) =sup {m(K) | K C AandK compac} for all Borel setsA .

We say thatn is a Radon measufeif it is inner regular and ifim(K) < +oo for every compact
subsetK’. For a bounded Radon measure, that is, a Radon measure suelfhat< +oo, inner
regularity impliesouter regularityby passing to complements:

m(A) =inf {m(U)| A C U andU open for all Borel setsA .

We denote by

M(X) the set of all bounded Radon measuresxarby
M1 (X) the subset of all Radon measures with.X') < 1, and by
M, (X) the set of Radon probability measures, ie(,X) = 1.

On compact Hausdorff spaces all Borel measures are aut@thategular, so in this case the qualifier
“Radon” only expresses boundedness.

M (X) is a cone in the vector space of all functions frénto R, that is, the sunmn; + m. of two
bounded Radon measures, and also the scalar muiltipl®r any non-negative real numbey are
again bounded Radon measures. The subB%etg X) andt, (X)) are convex. OMi(X) there is a
natural order relation

my < my <= my(A) < my(A) for all Borel setsA .

This order is trivial for probability measures. More intstiag for us is the so-calledtochastic
preorder, which we can define wheN is an ordered space. It is given by the following formula:

my < my <= my(U) < my(U) for all open upper sets .

Here the word “preorder” highlights the fact that there isguarantee thak is antisymmetric in
generaft

Integration of functions can be a subtle affair when onevadleasurable sets of measuxg
unbounded functions, functions whose support is not comjpaaon-continuous functions. Since

3For compact Hausdorff spaces, the teegular Borel measures more commonly used than that oRadon measure
4The notion of astochastic ordehas been introduced much earlier for probability measwses ¢.9. [Edw78]).
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we are interested in compact ordered spaces, bounded Radgsume and functions with conti-
nuity properties, none of these complications arise; omededine the the integral of a continuous
function f: X — R, in any of the available frameworks. The following definitignparticularly
convenient for our purposes. We set

[sam= [T wtis >y ar,

where the integral on the right is obtained by ordinary Riemiategration. This is a Choquet-type
definition of the integral (see [Cho53, p. 265],diK97, Section 11]). Let us explain why this definition
makes sense: For everythe seff > r| is open and has a measund[f > r]) € R.. The function
r — m([f > r]): Ry — R, is monotone decreasing and([f > r]) = 0 for r > ||f|. Thus
this function is Riemann integrable and the Riemann integfﬁ‘f m([f > r]) dr, which is in fact an
integral extended over the finite interval || f||], is a real number. One extends the definition to all
continuous functions in the usual way.

The fundamental properties of integration can now be derfirem the properties of the Riemann
integral:

(i) (Linearity)Forr,s e Randf,g € C(X), [(rf+sg)dm=r [ fdm+s [gdm.
(ii) (Positivity)For f € C,(X), [ f dm > 0 holds.

This says that for every Radon meastr@n a compact Hausdorff spadg the mapf — [ f dm is
a positive linear functional of¥(.X).

The famous Riesz Representation Theorem states that Iyaadtpositivity completely charac-
terise integration:

Theorem 20. Let X be a compact Hausdorff space. Then for every positive lifigactional o on
C(X) there is a unique Radon measuresuch that

o(f) = /f dm foreveryf € C(X) .

We denote withC T(X) the set of all positive linear functionals on the orderedeespace’(X).
It is standard knowledge that this is a subcone of the vegaceC*(X) of all bounded linear
functionals. It can be ordered by setting

p <t = VfeCiX) o(f) <¥(f).
As with measures, for compact ordered spaXes preorder will be of interest to us:
e <Y = Vf e COML(X). o(f) <v(f).

From the Riesz Representation Theorem it follows that the<®ieX ) andCT(X) are isomorphic,
as integration is indeed linear in its measure argument. &destrengthen this by also taking the
preorders into account:

Theorem 21. For a compact ordered spaceX, 0, <) the preordered cone$?i(X),<) and
(CT(X), <) are isomorphic.
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Proof. If m £ m/ there exists an open upper $éfor whichm(U) > m/(U). By regularity, we find
a compact saturated s&tinsideU for whichm(K) > m/(U). The order Urysohn property provides
us with a continuous monotone increasing functfomhich takes value 1 ok” and 0 onX \ U. We
then have

/fdm>m( > m'( /fdm

and we see that the integration functionals are not comfsavath respect tex either.
For the converse lew(U) < m/(U) forall U € U, and letf € CM,(X). Since[f > r]is an
upper open set for all € R, we get[ f dm < [ f dm’ directly from our definition of integration. CJ

We will show below that for a compact ordered space the s&ichpreorder is in fact antisym-
metric.
3.2 Valuations and Scott-continuous linear functionals orL.SC, ,(X)

Let (X, G) be atopological space, not necessarily Hausdorffaliationon G is a functiony:: § — R
with the following properties:

L is strict: w(@ = 0,
p is modular: pU)+p(V) = wUUV)+u(UNV),
1+ is monotone increasing: UCV = ulU) V).

A valuation is calleqScott-) continuousf

U U;) = sup u(U;) for every directed family of open set§ € G .

il i€l
We denote byJ(X) the set of all continuous valuations §nA natural order between valuations

is given by

u=<v <= puU)<vU)forallopenU € G,

which we again call thetochastic ordein anticipation of a theorem which we will prove in the next
section. With respect to this ord@s,( X) is directed completemore precisely:

Lemma 22. For every family(y;);c; of continuous valuations o, which is directed for the stochas-
tic order, the pointwise supremumU) = sup; u;(U) is again a continuous valuation gh

For continuous valuations we also define an addition and aphchtion by non-negative scalars
by (u+v)(U) = u(U) 4+ v(U) and(ru)(U) = ru(U), where we adopt the convention (+oo) = 0
as usual in Measure Theory.

We denote by

U (X) the set of alboundedcontinuous valuations, that is(.X) < +oo, by
U1 (X) the subset of albub-probabilityvaluations, that isu(.X) < 1, and by
20, (X) the subset of alrobability valuations, that isu(X) = 1.
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We note thatJ(X) is a cone in the vector space of all functions frgnto R and that¥ -, (X) and
0, (X)) are convex subsets which are directed complete for the efder

In the same way that one can define the integral with respegtRadon measure:, we may
define the integral of a bounded lower semicontinuous foncgi: X — R, with respect to a
continuous valuation:. Indeed, for every, the preimagdg > r] = g !(Jr, +oc]) is an open
upper set. Thu&([g > r}) is a well defined non-negative real number. Moreover, thetfan
r o u([g > r]): R, — R, is monotone decreasing and upper semicontinuous. Hen{Riés
mann) integral[,"> 1«([g > r]) dr is a well defined real number. Note that in fact the integrahiy
extended over the finite intervl, ||g]|], asu([g > r]) = 0 forr > ||g||. So we set

/gdu = /Omu([gw‘]) dr.

From this one deduces the following properties:

Lemma 23. The map(y, f) — [ fdu: B(X) x LSC, 4(X) — R, is linear and Scott-continuous in
each of its two arguments. In detail:

(i) Letf < g€ LSC;4(X). Then[ f du < [ g duholds for ally € B(X).

(i) Let u € V(X) and assuméf;),c; C LSC, ,(X) is directed such that the pointwise supre-
mumj remains bounded. Theff du = sup,¢; [ fi dp holds.

(iii) Let r,s € Ry and f,g € LSC, 4(X). Then[(rf + sg) du = r [ f du+ s [ g du holds for
all i € 0(X).

(iv) Lety < o/ € B(X). Then[ f du < [ f dy' holds forall f € LSC, ,(X).

(v) Let f € LSC, ,(X) and assuméy;),c; C U(X) is directed such that the pointwise supre-
mumgy remains bounded. Thef\f dp = sup,c; [ f dp;.

(vi) Letr,s € Ry andu, i/ € B(X). Then[ fd(rp+sy') = r [ fdu+ s [ fdy holds for
all f e LSC,,(X).

The proof is straightforward except for (iii), for which oeenploys the approximation of lower
semicontinuous functions by simple ones, as stated in LedBnalhe complete argument can be
found in [Tix95] and [Law, Section 3]. We note that the lemnaa de shown in more generality,
loosening the requirement of boundedness of valuationsfuamttions, see [Kir93]. Also, it is an
easy exercise to show that preservation of directed supmemples monotonicity, so (i) and (iv)
are not strictly necessary. However, we wanted to stresditiear Scott-continuous functionals on
LSC, ,(X) arepositivein the same sense as the elementS tfX ) discussed before.

As with measures, we intend to replace valuations by lineactionals or.SC, ,(X). To begin
with, the analogue to the Riesz Representation Theorem aalityi:

Proposition 24. Let (X, §) be a topological space. Then for every positive linear Scotitinuous
functional onLSC_ ,(.X) there is a unique continuous valuatiprsuch that

o(f) = /f dp foreveryf € LSC, (X)) .
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Proof. The characteristic function of an open set belong&.9¢’; ,(X), so the definition ofu is
forced on usu(U) := p(xv). Itis immediate that we get a bounded continuous valuatiewray.
In order to see that integration of a lower semicontinuoustion ¢ with respect tqu yields ¢, we
approximatey by a sum of scaled characteristic functions as exhibitedeimina 18. The statement
then follows readily from Scott-continuity of. m

We denote the set of all positive linear Scott-continuousicfionals on LSC, ,(X)
with LSCLb(X). It is obviously a cone and can be ordered by setting

=< ¢ = VgeLSCy,(X). o(9) <¢¥(g) .

We thus get the analogue to Theorem 21, the proof of whichvimltbecause of the presence of
characteristic functions ihSC ,(X):

Theorem 25. For a topological spacé.X, ) the ordered cone§l(X), <) and(LSC_Lb(X), <) are
isomorphic.

3.3 The bijection between measures and valuations

We will now apply the results from the previous two sectiams tcompact ordered spac¥, O, <).
Specifically, we will show that the conégl(X) of Radon measures ard! (X) of positive linear
functionals onC(X), on the one hand, and the cornB6X ") of bounded continuous valuations and
LSCL,}(XT) of linear Scott-continuous functionals &r$C, ,(X '), on the other hand, are isomor-
phic. We will also show that the isomorphisms preserve thelststic orders¢ that we defined in
each case. This will establish a bijection between Radon unesswhich are defined fall Borel-
setsof O, and valuations, which assign a weight to upper open setealthe road map for the proof
is given by the following diagram

Cl(X) «— Lscl,(xT)
Theorem % [Theorem 25
M(X) BV(XT)

Theorem 26. For a compact ordered spacéX,©,<) the ordered coneC'(X),=) and
(LSC! ,(x1), <) are isomorphic.

Proof. We remind the reader of the function spaces introduced ia2d&the inclusion€ M, (X) C
(CM, — CM,)(X) C C(X) andCM . (X) C LSC, ,(XT). The idea of the proof is to show that, on
the one handnonotondinear functionals o®M . (X) are in one-to-one correspondencetsitive
linear functionals or{CM, — CM, )(X) are in one-to-one correspondenceptusitivelinear func-
tionals onC(X'), and on the other handjonotondinear functionals orCM  (X') are in one-to-one
correspondence tBcott-continuounear functionals oi.SC, ,(XT).

Now, working towards the latter equivalence, a Scott-cargis linear functional ohSC, ,(XT)
can obviously be restricted to a monotone linear functionalM . (X). Vice versa, we can extend a
monotone linear functionab on CM, (X') by the formula

?(f) ==sup{p(g) | g € CM,(X) andg(z) < f(z) forallz € X},
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and the only question is whether the extension is Scottiwootis. To show this, assume tkigt);c; is
a directed family of semicontinuous functions, andjlet CM_ (X') be such thag(x) < sup,.; fi(z)
forallz € X. Fixe > 0. For everyr we may choose an indékr) such thay(z) —e < fi,)(x). Asg
is continuous and af,) is lower semicontinuous, there is an open neighbourligodf = such that
9(y) —€ < fiw () forally € U,. By compactness, finitely many of the open détsare coveringX.
Thus, as thef; form a directed family, we may choose an indg»such thaty(x) — e < f;,(z) for
all € X. Define the functiory. € CM, (X) by g.(z) = max{g(xz) — ¢,0} and note thay. < f;,
holds. From the monotonicity af we get thato(g) — ¢(g.) = ©(g — g¢) < p(e-1) = €- (1) and
hencep(fi,) = (g9:) = ¢(g) — € - (1). We getsup;c; B(fi) = ¢(g) by lettinge — 0.

Restriction and extension are inverses of each other becaunsthe one handCM, (X) C
LSC, ,(XT) and, on the other hand, the element&.8€, ,(X) are pointwise suprema of elements
of g € CM,(X) such thay(z) < f(z) forall z € X by Lemma 17. This latter fact also shows that
the stochastic order is translated to the pointwise ordérraftionals onCM_ (X).

At the other side, we can likewise restrict a positive lindanctional on C(X) to the
coneCM, (X) of non-negative order preserving continuous functionsr the extension we first
seto(g —¢') := v(g) — ¢(g’) in order to get a positive linear functional &M, — CM . )(X). This
is well-defined because— ¢’ = h — h' is equivalent tay + A’ = h + ¢’ andp preserves addition.
Positivity and linearity mean that is uniformly continuous with respect to the supremum nonna, a
therefore we can extend it to a functional ©0X') by Lemma 19. The extension remains positive and
linear.

In this case, too, restriction and extension are inverse=aoh other because of the density of
(CM, — CM,)(X) in C(X). The stochastic order ofif(X) is directly defined with reference to
CM_, (X)), so the order-theoretic side of the isomorphism needs nbguargument. n

Note thaten passantve have shown that the stochastic preorde€6axX) is antisymmetric.

It remains to interpret what these somewhat involved tanstions amount to for measures and
valuations. To this end Iéf € U be an upper open set, andc 9t(X) a bounded Radon measure.
Because of inner regularity and the order Urysohn propertyfimd a continuous order preserving
functiong: X — [0,1], for which p(g) = [ g dm is as close ton(U) as we desire. The value
of the corresponding functional diBC, ,(X') at xy is given as the supremum of the valueyoht
these functions and must therefore equél/). In other words, the combined translation fréR{ X)
toU(X ) is nothing other than the restriction to open upper sets. €unating on its inverse we can
thus state:

Theorem 27. For a compact ordered spadeX, O, <), every bounded continuous valuation &n
extends uniquely to a Radon measureXn

This result is not new; it was first established by Jimmie Lawy$Law82]. It is also not the most
general; see [AMO01] and the references given there. Howeuelproof lends itself particularly well
to a discussion of topologies for spaces of valuations arabsores, the topic of the next section.
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4 Topologies on spaces of measures and valuations

4.1 The vague topology on the space of measures

There are a number of topologies that one could choose faetiaf measures. A reasonable minimal
requirement is to ask that if a nét:;);c; converges ton then we should also havge f dm; —

[ f dmin R. The main free parameter in this condition is the choice efgét of functions from
which f may be drawn, and several possibilities are indeed disdusgée literature, e.g. [Top70].
With an eye towards the Riesz Representation Theorem 20, wesdefi

Definition 28. Let X be a topological space. Theague topology onMt(X) is the weakest topology
such thatn — [ f dm: 9(X) — R is continuous for allf € C(X).

For a compact Hausdorff space we hawgX) = CT(X), and one sees that the vague topology
is simply the restriction of what is usually callegeak-topologyon the dual spac€ *(X) to the
coneCT(X). We have the following equivalent characterisations inecé® underlying space is
compact ordered:

Proposition 29. Let (X, O, <) be a compact ordered space. For a njet;);c; of bounded Radon
measures and a bounded Radon measuréhe following are equivalent:

(i) (ms)ier converges tan in the vague topology, that is
[fdm = lim [ fdm,
forall f € C(X).
(i) J g dm;convergestd g dminR, thatis
Jgdm = limi; [gdm;
forall g € CM,(X).

(iii) m;(O) converges tan(O) for all O € O in the topology of convergence from below®nand
m;(X) converges ton(X) in the usual topology oR, that is,

m(0) < liminf,c;m;(O) forall O € O, and
m(X) = limermi(X) .

Proof. The direction (i) = (i) being trivial, assume thaf g dm; converges tof g dm for el-

ements ofCM, (X). Then the integrals will also converge for functions fro@M, — CM, )(X)

because subtraction is continuous. To extend the statdmatfitcontinuous functiong, we employ
Lemma 19:

/fdm—hm/gdm—hmhm g dm; = lim lim gdmi:linll/fdmi,
1€

g—f iel i€l g—f

where we have written — f to indicate a net of functions frotCM, — CM, )(X) converging tof
in the supremum norm.
The equivalence with (iii) is part of Topsgd®@rtmanteau Theorem 8.[Top70]. n
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Note thatCM, (X)) is a much smaller set of functions than.X'), and so the fact that it induces
the same topology ot (X) is remarkable.

Lemma 30. For a compact ordered space the stochastic ordeon CT(X) is closed in the vague
topology.

Proof. Let ¢; and; be nets of positive linear functionals that convergeptands), respectively,
such thatp; < 1; for everyj € J. Then, for everyf € CM,(X), we havep;(f) < v¢,(f) and, as
w;(f) andy;(f) converge tap(f) andy(f), respectively, we conclude that f) < «(f), whence
v <. L

In [Edw78] it has been shown that, for a compact ordered spiheeset of probability measures
with the vague topology and the stochastic order is a congrdetred space again. We have a slight
generalisation:

Theorem 31. Let (X, O, <) be a compact ordered space.
(i) M(X),V, <) is an ordered space.
(i) The subset$Ht, (X) andM, are compact and convex.

Proof. The first claim follows immediately from the preceding lemnk@r the second we offer two

arguments: ldentify (sub)probability measures with pesitinear functionals orC(X'), and these

in turn with elements in the produﬂfec(x),“fngl[—l, 1]. The restriction of the vague topology

coincides with the product topology and hence is compactsHauif on the full product. Those

tuples which correspond to positive linear functionalsdraracterised by equations and inequalities

involving a finite number of coordinates in each instancackdhey define a closed subset.
Alternatively, we can invoke the Banach-Alaoglu Theoremchitstates that the unit ball *(X)

is compact in the wedktopology. Again, the positive functionals are excised bgquialities and

hence form a closed subset. Probability measures are ¢thasad by the single additional require-

mentp(1) = 1. O

For everyz € X, the Dirac functionab,, defined byf — f(x), is a positive linear functional
on C(X). For any completely regular spacei— 4§, is a topological embedding of the space X into
C*(X) endowed with the weéktopology. In fact, for compact Hausdorff spaces, the fiomatlsd,
are exactly the extreme points 0f (X ) (see [Cho69, page 108]). We have more:

Proposition 32. Let X be a compact ordered space. Associating to every elementX its Dirac
functionalé, yields a topological and an order embedding &f, O, <) into (M(X), V, ).

Proof. It only remains to show that we have an order embedding. 4f vy, thend,(f) = f(x) <
f(y) = 0,(f) foreveryf € CM, (X), whence, < 6,. If, on the other hand; £ y, then there is an
f € CM4(X) such thatf(x) = 1 but f(y) = 0, thatis,é,(f) = 1 £ 0 = §,(f) and, consequently,
Oy & Oy O
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4.2 The weak upwards topology on the space of valuations

As with measures, we base our definition of a topology for $te@tvaluations on integration:

Definition 33. Let (X, S) be a topological space. Theeak upwards topolog$ on U(X) is the
weakest topology such that— [ g du: U(X) — R' is continuous for aly € LSC 4(X).

Note the use of the topology of convergence from beloviRan this definition.

Proposition 34. Let (X,U) be a stably compact space. For a ret);c; of bounded continuous
valuations and a bounded continuous valuatigrihe following are equivalent:

(i) (u:)ier converges tau in the weak upwards topology that is
[gdu < liminfier [ gdu;
forall g € LSCy 4(X).

(i) ([ g dui)ier converges to g dpin R, that is

Jgdp < liminfie; [ gdp;
forall g € CM,(X,).
(i) (1:(U))ser converges tou(U) in RT, that is
p(U) < liminf;erp(U)
for all open setd/ € U.

Proof. Clearly, (i) = (ii). Further, (i) = (iii), as the characteristic functiog, of every open
upper sel/ is lower semicontinuous anflyy du = u(U).

(i) == (i) By Lemma 17 everyy € LSC,;(X) is the supremum of a directed family
of monotone increasing continuous functiofjs X, — R,. For the latter we havd f; du <
liminfye; [ f; dw; by assumption. Asf; < g, we haveliminf;e; [ f; dp; < liminfye; [g duy
for all j, whence[ g dpu = fsupjej fidp = supjejffj dp < supjejliminfielffj du; <
liminf,e; [ g du; as desired. Note that we have used the fact that [ f du preserves directed
sups as stated in Lemma 23(ii).

(i) = (i) is proved in a similar way using the fact that everg LSC. ,(X) is the supremum
of an increasing sequengg of finite linear combinations of characteristic functiofpen sets as
stated in Lemma 18. O]

As with Proposition 29, note that bo@M ;. (XX ,,) and the characteristic functions associated with
the elements dil are much smaller sets tha8C ., ,(X) in general, yet they define the same topology.
Choosing a constant ngt = v in the preceding proposition yields an alternative proothaf

order-isomorphism established in Theorem 26:

Corollary 35. Let (X, 0, <) be a compact ordered space. For continuous valuatjoasd» onU,
the following are equivalent:

(i) =< v, thatis,u(U) < v(U) for every open upper Sét;
(i) [ fdu < [ fdvforeveryf € CM(X);
(i) [ gdu < [ gdv for everyg € LSC, ,(XT).

We observe that the equivalence<) (iif) remains valid for any ordered topological space.
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4.3 Relating the two topologies

In Theorem 26 we established an isomorphism between thedgigiie) of bounded Radon measures
on a compact ordered spac¥, O, <) and the con€j(X ") of bounded valuations on the associated
stably compact spac&’ = (X,U). We can now compare these two cones as topological spaces.
Unfortunately, we do not have a general result here, but masstict ourselves to (sub)probability
measures and valuations. On these subsets, the relaponghdrs that betweeX and X ':

Theorem 36. Under the isomorphism exhibited in Theorem 26, the uppem epts iNMi<,(X),V, 5
) are precisely the open sets @<, (X),S). The same is true if one restricts further to probability
measures and valuations.

Proof. We know that("t-,(X),V, <) is a compact ordered space by Theorem 31, and so we can
employ Proposition 9. Assume; % m,; then there exists € CM_ (X ) with [ g dm; > [ g dm,.
Let K € R be a number strictly between these two quantities. The sets

U={meMX)| [gdn>K} and
Vi={meMX)| [gdn < K}

are open in the vague topology and disjoint. The first is tfagpwards closed while the second is
downwards closed. Furthermore, under the bijection betweeasures and valuatiorig,is mapped

to the sef{;n € V(X)) | [ g du > K} which is weak upwards open by Proposition 34(ii). This shows
that upper open sets ®fcorrespond to weak upwards open sets of valuations. Thescamvollows
directly from Propositions 29(ii) and 34(ii). O]

Corollary 37. Let (X, U) be a stably compact space. Then boh,(X),8) and (T;(X), S) are
again stably compact.

This result can also be shown directly, without employing fumctional analytic methods, as we
will now explain. We show more generally that, for a stablynpact spaceX, the sety(.X) of all
continuous valuations is again stably compact for the weakands topology. We start with the stably

compact spac® = HOGUEL, where each copy dk, is equipped with the topology of continuity
from below. The corresponding patch topology is just thedpod topology of the usual compact
Hausdorff topology. The set(X) of all (not necessarily continuous) valuationsU — R, is
patch closed inP, as one easily verifies. By invoking Proposition 15 we haves tshown that the
setm®U(X) of valuations on a stably compact spakeis stably compact when equipped with the
restriction of the product topology.

In order to restrict further t@ontinuousvaluations, we remember thélt(, C) is a continuous
lattice. We use the following standard technique from dontaeory in order to be able to apply
Proposition 16:

Proposition 38. Let (X, U) be a stably compact space and U — R be a valuation. The following
defines the largest continuous valuation bejown the pointwise order:

(u)(0) = sup{u(V) | V < O}

wherelV/ < O means that there is a compact saturatedisetuch that” C K C O. Furthermore, the
operation®: mU(X) — mY(X) is idempotent and continuous with respect to the producttayo
and maps (sub-)probability valuations to (sub-)probaipitialuations.
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Proof. Itis clear that()(0)) = 0 holds, and tha®(x) is monotone. For the modular law, we exploit
stable compactness which gives us that O’ is approximated by sets of the forthn V/ where
V <« OandV’ <« O'. The continuity of®(u) follows from its definition.

A continuous valuation is kept fixed by because every open set equals the directed union of
those open sets way-below it.

In order to see that the operation of making a valuation coltis is itself continuous with respect
to the product topology omU(X'), observe tha®(1.)(O) is greater than a real numberif and only
if uw(V) > rforsomeV C K C O. Hence the preimage of the subbasic open{get mUX |
#(0) > r} equaldJyc ol € mB(X) | u(V) > r}.

The last statement follows immediately from the fact thatwhhole space& is compact and open
at the same time. O

We thus have by Proposition 16 that the restriction of thelpcbtopology to those tuples which
correspond to continuous valuations is stably compactallyinby Proposition 34(iii) the product
topology restricted to the set of (sub-)probability vaioas is the same as the weak upwards topology.

Theorem 39. The sefl;(X) of continuous probability valuations on a stably compacicsX is
stably compact when equipped with the weak upwards top&logie same holds faB, (X).

5 Open problems

As we remarked briefly before stating Theorem 36, we do nat bayeneral result relating the vague
topology ondi(X) to the weak upwards topology @(X '), even for very well-behaved topological
spacesX. The criterion of success would be if one could derive Theodé as a simple corollary.

As we explained in Section 2.4, domains are characterisethéproperty that the topology
can be derived from the order relation alone. It was shownlam90] that for a domain the set
of subprobability valuations together with the stochastider is again a domain, and it was shown
in [Tix95] that the weak upwards topology is the Scott toggian this situation. Now even if the
specialisation order of a given stably compact spa€egll) is too sparse to determine the topology,
the stochastic order o, (.X) is always quite rich, and there is a possibility that it migbffice
to define the weak upwards topology order-theoretically. |#éwe this question, too, as an open
problem.

Finally, we have restricted ourselveshioundedmeasures and valuations throughout. There is a
certain price to pay for this because as a result the(S8tsY ), <) and (U(X), <) are not directed
complete. While we know that some of our lemmas hold for theeng@aneral setting wherso is
allowed as a value, for example 17 and 18, we do not know howdweepthe main results in the
general setting.
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