06-21254Mathematical Techniques for Computer Science The University of Birmingham
Autumn Semester 2008 School of Computer Science
© Achim Jung December 3, 2008

Solutions to second in-class test

@

(c) The seB)\ Aonly contains elements that don’t belongAoTherefore, if we take away fro the seB\ A, nothing
happens and the result is just

Question 1

(@)

(b) The resultis just the sét

Question 2

(a) A setAis countable if its elements can be aligned one-to-one teldmments ofN. (More technically, if there is a
bijective function betweeA andN.

(b) Bookwork (Handout 10, Box 78).

(c) The consequence is that not all functions fiinto N can be implemented ifava. Some areon-computable.

Question 3
(a) Definedness: For evesye R we must have somle such that(a,b) € F. This is the case, because the pair2a)
belongs ta-.
Single-valuedness: By the definition Bf the pair(a, 2a) is the only one irF with first componena.

(b) F isinjective, because if we assurRéa) = F (&) then this means&= 2a’ and from this it follows thaa = &

F is also surjective, because for a given target elerhevet can choose the input element b/2 and gef (b/2) =
2(b/2) =h.

A function that is injective and surjective is by definitioijdative.

(c) Three are four differences (I required you to list at tea® for full marks):

e The datatypé | oat does not contain all real numbers, but only a finite subset.
e On the other hand,| oat contains the elements0, —0, 4o, —co, andNaN, which are not real numbers.

e The implementation is not injective as for very large flo#tis result will be+co and this is also the result when
the input is+-oo.

e The implementation is not surjective. The smallest pasiivat can not be obtained as twice a smaller number.

As a consequence, the implemented functiawaF can not be inverted whereas the bijective funcooan be.



Question 4

(a) The relation is reflexive because a student’s mark isldquts own mark. It is transitive becauseathas a mark
higher or equal to that of studebtandb has a mark higher or equal to that of studerthen the mark o# is also
higher or equal to that af. But the relation is not anti-symmetric because two difiéstudents can have exactly the
same mark average.

(b) This relation is reflexive and symmetric, but it is notsdive: The difference betweenandb could be 08% and
that betweer andc could be 07% but then the difference betweamndc would be 15%, more than is allowed for
two related students.

(c) Itillustrates that degree classificationsmas group students of similar ability together. In fact, twodstuats could
be 9% away from each other and be in the same class, and orhtrehaind, two other students could be as close as
0.5%, yet get different degree classifications. This is clearhonsensical (and cruel) system.

Question 5

(a) First derivation:

e trueisinBool Exp because of Rule 1a.
Becausd r ue is in Bool Exp, then so ifNOT t r ue by Rule 2.

f al se isinBool Exp because of Rule 1b.
BecauseNOT t rue andf al se are inBool Exp, soisNOT true AND fal se by Rule 3.

Second derivation

t r ue is in Bool Exp because of Rule 1a.

f al se isinBool Exp because of Rule 1b.
Becauseé r ue andf al se are inBool Exp, soistrue AND f al se by Rule 3.
e Becausd rue AND fal seisinBool Exp, soisNOT true AND fal se by Rule 2.

Using additional brackets, the two derivations lead to theressions(NOT true) AND fal se and
NOT (true AND fal se).

(b) Since the inductive definition @v contains a clause for every clause in the definitioBobl Exp, the relation is
guaranteed to be defined for all element80bl Exp. The problem is single-valuedness. Following the two @eriv
tion for NOT true AND fal se found in (a), we get the two conflicting paifSiOT true AND f al se,0) and
(NOT true AND fal se,1)inev.

(c) We need an inductive definition that allows only one dafon for each expression. Here is an attempt (written as a
grammar for brevity and readability):

S = A | C
A = true | false | (C) | NOT A
C === A | AANDC

The idea is to distinguish between “atomic” and “composgeressions and to allow negation only to be applied to
atomic ones.



