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Solutions and mark sheet for the second in-class test

Question 1
(a) AUB={-3,-2,-1,1,2,3}
(b) ANB=10
(c) A\B=A={1,2,3}
(d) AxB={(1,-1),(1,-2),(1,-3),(2,-1),(2,-2),(2,-3),(3,~1),(3,-2),(3,-3)}
Question 2
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(a) True, because(—1) =1 which is between-3 and 3.

(b) True, because’2- (—1)>=4+1=5<5. 1 point
(c) False, 1 point
becaus€0,3) € Abut(0,3) ¢ B. 1 point

@ Te
becaus® is the set of points with integer coordinates whose distéoee the origin is less than or equal 165, and

largest coordinates one could therefore have(are) or (2,1), both of which belong té\.

(e) False,
becausé2, —1) belongs to bothh andB.

[ [
=] =]
& Q.
> >
— —

=

k=]
]
>
=4

Question 3

(&) The lists of finite length can be enumerated as followsstFhe empty list, then the two lists of length 1, then the
four lists of length 2, then the eight lists of length 3, e&tc. 3 points

(Note that the lists that only contain O or 1 is really the sam¢he set of words over the alphak6il}, which we
considered in class.)

(b) The proof is by contradiction, and very similar to (butwsdly simpler than ) the proof we did for the real numbers
in class. Assuming an enumeration of infinite lists we cartita “diagonal list'd whosen-th entry is 1— a) where
alh is then-th entry of then-th list in the enumeration. By construction, the diagoistld is different from every list
in the enumeration, because we have made sure thattthelement ofd is the opposite of the-th element of the

list in n-th position in the enumeration. 3 points|

Question 4
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(a) The relation is not reflexive becaugec) and(d,d) are missing fronR.
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Itis symmetric because with evefy,y) € R, the pair(y,x) is also inR. 1 poi
It is also transitive, as one can check by going through allgbssible combinations of the for(r,y), (v,

are only four). 1 point
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(b) We only need to add the missing reflexive pai®s= RU {(c,c), (d,d)}. 2 poi



(c) There are three equivalence classes:

[@r = blr = {ab}
[dr = {c}
[dr = {d}
Question 5
(&) Assuming that there is no limit to the size o8ar i ng object inJava, this is a perfectly good function: for every
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input it gives one and only one result.
It is injective, as two different strings remain differehbbth get extended by the strifigaa" .
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It is not surjective because the output can never be a stfileg® than two characters.

It is difficult to say how a concretgava implementation would behave here. If we assume that very 8 i ng
objects are possible then their length could be longer thaat Wits into ani nt , in which casd engt h() might
raise an exception. If we assume that no exception will keedh{or thaSt r i ng objects can never be longer than

231_ 1, then we get a function in the mathematical sense. 2 points
The function is definitely not injective because there affedint strings of the same length. 1 point

The function is also not surjective because strings of megiength are not possible. 1 point

This is not a function because for the same input it givferént outputs, depending on the time of day, so it is not
single-valued.
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It does give an output for every input, though.

Injectivity and surjectivity make no sense if we don’'t havieiaction. 1 point
Question 6
(a) The relation is reflexive, because foandA’ = A we can choosB = E, the 2x 2 identity matrix for which we have

(b)

E-1=E, soA=EAE"L 2 points
For symmetry, assum@~ A’ with A’ = BAB~. We multiply this equation wittB~* on the left and with(B~%)~1 on
the right and geB~'A'(B~1)~1 =B 1BAB1(B~!)~! = EAE = A, which showsY ~ A. (The only doubt one might
have about this proof is whethBr! is invertible, but this is the case and the inverse is in fastB.) 2 points

For transitivity assumé ~ A’ andA’ ~ A”, that is, there are invertible matricBsandC such thaty = BAB~! and
A’ = CA'C~1. By simple substitution one gef¢ = CBAB 1C~! and all that remains is to show tHatC 1 is the

inverse taCB, but this is easyCBB~1C~1 =CEC ! =E. 2 points

Consider the identity matrii. If A’ is similar toE then it must be the case th&lt= BEB™! but the latter evaluates
to BB~! = E, so the identity matrix is in an equivalence class all bylitsavery other matrix is dissimilar to it.
(Studying this some more, one can see that most equivaléasses have infinitely many elements, and that there

are infinitely many classes.) 2 points|

Total points: 50



