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Solutions to Exercise Sheet 9

Exercise9.1
(@) 2e XbyRule 1,2<x2=4¢< X by Rule 3, 3¢ X by Rule 2, 3x 3=9 ¢ X by Rule 3, and 4 9= 36 X by Rule 3.

(b) The property | would like to prove by induction is “All etfeents ofX are divisible by 2 or by 3 (or both)”.
Base case 1: The statement is trueXer 2 as this is divisible by 2.
Base case 2: The statement is trueXer 3 as this is divisible by 3.

Inductive step: I andy are members oX then by induction hypothesig,is divisible by either 2 or 3, and then this
is also true for any multiple of, so it is true forx x y.

The number 35= 5 x 7 is not divisible by either 2 or 3, so can’t be a membeXof

Exercise 9.2
(@) 2€ X by Rule 1, then 2=4 ¢ X by Rule 2, then 2= 16 € X by Rule 2, then 16= 256 X by Rule 2 again.
(b) Checking the base case: 2 has the fofre22° so the statement is true with= 0.
Inductive step: Assumee X and by induction hypothesis thahas the form 2. Thenx2 = (22")2 = 22"x2 — 22"
and the statement is again true witheplaced byn+ 1.
(c) We use the insight gained in the previous item:

e Base case: Include the p&#, 0) in the relation.
e Inductive step: If the relation already contains the p&in) then also include the pafx?,n+1).

Exercise 9.3

(a) Re-writing the grammar, we have one base case,
e “a”is avalid string inS
and two inductive steps:

e |f sandt are fromS, then so id4t.
e If sisfromSthen so isas.

The derivation:a € Sby Rule 1,baa € Shy Rule 2,bbaaa € Sby Rule 2,abbaaa € Sby Rule 3, anchabbaaa € S
by Rule 3.

(b) This s true for the base case, [f it is true for sandt then the stringt has at least 2 mor&'s thanb'’s, sobst has at
least 1 more thanb's, so the statement remains true. The reasoning for Rulériit.

(c) aba
(d) 1 suggest using the grammar:

S = bSS | S | S | aS | a



Exercise 9.4

(a) Ohbviously, the relation is reflexive as every bracketregpion has the same level of nesting as itself. It is als tra
sitive because the order on natural numbers is transitivie.nlot anti-symmetric because two different expressions
can have the same level of nesting, for exaniglgé] [] and[[]] -

(b) basecase ([],[]) belongs taR
inductivecase 1 If (s;t) belongs taRthen so doe¢] 9] ,t).
inductive case 2 If (s,t) belongs tadRthen so doe§[ 9] ,[ t] ).
inductive case 3 If (s,t) and(s,t’) belong toR then so doess, tt’).
inductive case 4a If (s,t) belongs taRands' € whbb then alsa(ss',t) € R.
inductive case 4b If (s,t) belongs taR ands’ € wbb then alsqS's;t) € R.



