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Exercise Sheet 9

Exercise 9.1
Let X be the smallest set of natural numbers such that the folpthiree conditions are satisfied:

e 2¢cX;
e 3¢ X;
e if xe X andy € X, thenxy € X (wherexy is the product ok andy).

(&) Apply the rules repeatedly to demonstrate that 36 isemeht ofX.
(b) Argue that 35 is not an elementX¥ty giving (and proving) that all elementsXfsatisfy a certain proper

Exercise 9.2
Let X be the smallest set of natural numbers such that the foltpivio conditions are satisfied:

e 2cX;

e if xe X thenx? € X.

(&) Apply the rules repeatedly to demonstrate that 256 ideanent ofX.

(b) Use structural induction to show that every elemerX @ of the form Z".

(c) Give the (inductive) definition of a function that retarfor each element= 22" the numben.
Exercise 9.3

Consider the following inductive definition of a set of sggg(written as a grammar for brevity):
S = bSS | aS | a

and the strinqaabbaaa.

(a) Find a derivation for this string.

(b) Use structural induction to show that every string tteat be derived from the grammar will have strictly mars
thanbs. 2 points

(c) Give an example of a string with strictly maaés thanb’s, which cannot be generated by the grammar

(d) [Earn 2 bonus points! Send your solution via email to Qlaktend the grammar so thali strings with strictly more
a’s thanb’s can be generated. Outline the argument why you believe gr@ammar to satisfy this specification.

Exercise 9.4

[From the May examination 2009] This question is about tliiatively defined setbb of “well-balanced (square) brack-
ets,” considered in the lecture.

For two elements andt of wbb say that they are in relatidRif the level of nesting o§is greater or equal than that of

(a) Obviously,R is reflexive and transitive, but it is not anti-symmetric.v&an example that illustrates the lack of
anti-symmetry.

(b) Show that the relatioR (as a subset aflbbxwbb) can itself be defined inductively. 3 points

Total points: 1



Stretcher Exercise9

(You can earn twdoonus points by answering this question. Send your solution via emadiadly toO. K. Kl i nke@s.
bham ac. uk.)

Find an inductive definition for the set of strings over thghalbe® = {a,b} that contain as marg’s asb’s. So the strings
€, “abba”, and “bababa” are members butlfab” or “aabba” are not. Give a valid argument that proves that all such
strings can indeed be derived from your inductive definition



