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Handout 1
Systems of linear equations
Gaussian elimination

1. Linear equations.An equation can have more than amg&nown, as in
X +y?=5

An equation with one or more unknowns is calletkar if the unknowns appear on their own, without exponent (that i
to say, with exponent 1). In other words, products of unkrn®ware not allowed. The example above is not linear (but
“quadratic”) because it contains the producixafith itself and also the product gfwith itself. The followingis a linear
equation (with three unknowns)

X—-2y+z=7

A general linear equation withunknowns can be written as
aixg+aXo+...+anXn=b

where it is understood that thés are the unknowns, tha&s andb areplaceholdersor parametersor coefficientswhich
in any concrete instance would be actual numbers.

2. Systems of equationsA linear equation which contains more than one variable uslially have many solutions. For
example, the equation
2x—y=0
has the solutions= 1,y =2, andx= 2,y =4, andx = 3,y = 6, and so on. In order to pin this downexactly one solution
we needas many equations as there are unknowns. For example, the system of linear equations

2X—y 0
X+y = 6

has onlyone assignment fok andy which makedoth equations trusimultaneously, namelyx =2,y = 4.

3. Solving systems of linear equations: Gaussian eliminatn. In the language of Computer Science, Gaussian elimination
is best described asracursive algorithm. It has abase caseand ageneral case

Base CaseThere is only one equation and one unknoax= b. This can be solved directlx=b/a.

General CaseThere aren equations and each containsunknowns: Then we use the first equationetominate the
first unknown in the remaining — 1 equations. Those nem— 1 equations then only contam— 1 unknowns and
Gaussian elimination can be applied recursively to those.

Once Gaussian elimination returns the values for tmes& unknowns, they can be substituted into the first equation
in which then only one unknown remains. This can be solvel thi¢ Base Case.

4. An example.

1
X1 + 5% — 2x3 = —11
Xy — 2% + X3 = 5
—2X1 — Xo — X3 = 0

This is the General Case as there is more than one unknowns&\equiation 1 to eliminatg from equations 2 and 3. We
do this by subtracting 3 times equation 1 from equation 2,getd



Likewise, we add twice line 1 to line 3:
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Now we apply Gaussian elimination recursively to the smaljestem consisting of equations 2 and 3 which each contain
two unknowns, and temporarily forget about equation 1.

Once more we have to follow the General Case: we use the secpradion to eliminat&; in the third. For this we add 9
times equation 2 to 17 times equation 3:
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We get one equation (the third one) withe unknown. It can be solved by the Base Case= —32/32= —1.
Now we go back one step in the recursion and substiéte —1 in the second equation and get:
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The second equation can now be solved by the Base Case and wge-g38+ 13)/(—17) = —3.
We return to the very first step in the algorithm and replee@ndxz in the first equation by the values that we have
computed:



Simplifying the first equation gives, = —11— 2+ 15= 2. All three unknowns have been computed; the algorithmsstop

5. A more compact notation.The unknowns themselves are not affected by Gaussian efiiminas all computation happens
on the numeric coefficients in front of them. This suggestily @rite out the coefficients and leave the unknowns implici

In our example, the picture looks like this
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We include the vertical line to remind us that the last coluediers to the right hand sides of the given equations, not to

another unknown.

Rather than go through the same example again, we do Gaedismmation on a second example in this new notation.
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Eliminating the first variable in equations 2 and 3:
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Eliminating the second variable in equation 3:
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Simplifying the last equation:
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We can now read off tha¢s = 0 and as described above, use this value in the first two emsagtc. Alternatively, we can
continue working in the compact notation: Using the last live eliminate the entries in the third column in lines one and
two.
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The entry above “2” is zero already so that step is alreadg donus. We finish by dividing each line so as to get ones on
the diagonal:
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We can read off the solution by putting back the unknowns:
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6. Practical advice.In the exam, | expect you to be able to:

e Translate from the explicit notation with unknowns (as inkB9 to the compact notation introduced in Item 5, Box 7,
and back.

e Apply Gaussian elimination using the compact notation.

Notes

e Every unknown corresponds to precisely one column of eninighe compact notation. The last column corresponds
to the numbers on the right-hand side of the equations.

e Be careful with the signs of the coefficients when transtatamd when copying from one step in the algorithm to
the next.

e Always work with the compact notation, not the explicit etjoias containing variables or you will inevitably get
confused.

e Neat work will help you avoid common mistakes, such as dmegpgi minus sign and mis-copying entries.

e Avoid fractions until the very end. For example, in

2 -3| 5
3 7|-1

2 -3 5 (2 -3
0 7-3x(-3)|-1-3x5 ) \0 %

by subtracting% of the first line, but first multiply suitably as in

2 -3| 5
6 14| -2

and then subtract ainteger multiple (here 3 times the first line):

2 -3 5\ (2 -3| 5
0 1-3x(-3)|-2-3x5 )\ 0 23|-17

don’t rewrite to

e Know your sign rules:

— subtracting a negative number from a negative number:
—X— (—y) is the same as- x+y which is the same ag— x

— multiplying negative numbers:
(=X) x (—y) is the same agsx y

e Don't even think about using the highschool “substitutioethod” if there are more than two equations!

e Abstracting away from the actual values, the first phase afsGan elimination leads to a regular even-spaced
“staircase” that separates the zeros created by the ddgofibm the rest:
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The term often used in books for this patterrehelon form In the second phase, one creates zeros above the
staircase. This can be pictured as follows:
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