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Handout 15
Random variables

104. Random variables. From a mathematical point of view there is very little else wecan do with general sample spaces
over and above what we did on the last handout. The subject becomes more interesting if we associate numbers with the
outcomes of the random process. Mathematically, this is nothing other than a function from the sample space to the real
numbersR. The combination of sample space, probability function andnumber assignment, is called arandom variable.
The usual letter for a random variable isX. Some examples:

1. The sample space for a die already consists of numbers, so we can associate with outcomen the real numbern again.
No big deal. But we can also associate with every even number the value−1, with every odd number the value 1. In
this way we use the die for an experiment with only two outcomes.
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2. A coin toss yields either “Head” or “Tails.” These are not numbers and we can associate, for example, 0 with “Head”
and 1 with “Tails.”

3. The experiment of throwing a coin 10 times has a sample space of 1024 sequences of Heads/Tails. Instead of
assigning a different number to each of these, we can insteadrecord just the total number of “Heads” in the sequence.
Thus the range of this random variable is{0,1,2,3,4,5,6,7,8,9,10}.

4. In Roulette a little ball is thrown on a spinning wheel with37 slots, numbered from 0 to 36. Players can bet on
any number and on many different subsets of numbers. Supposewe put 10 pounds on the number 14. Then we can
associate with every outcome from the Roulette wheel our winor loss: With every number except 14 we associate a
loss of 10 pounds, that is, the number−10, and with 14 we associate£ 350, which is what we would get (in addition
to our bet) from the croupier if that number came up.

Every numberr in the range of a random variableX has a probability attached to it, which is the probability ofthe set
of outcomes of the random process which haver associated with it. One writesp(X = r) for this probability, although
mathematically, what we are talking about is the probability of the eventX−1({r}) asX is just a function from the sample
space toR.

In fact, one can now forget about the original random processaltogether and consider as sample space the real numbers
and as probability function the one which is based on the values for individual numbers in the range ofX as we have just
defined it. How about other events onR? Obviously, the real numbers (an uncountable set!) has lotsand lots of subsets,
and we may not really be interested in the probability attached to each of them (well, to tell the truth, it’s not possible in
general to attach a probability to all of them anyway). The events that one usually considers are the following:

• Lr
def
== {x ∈ R | x < r}, that is, the “half-line” to the left of the valuer. The probability of the random variable

ending up inLr is written asp(X < r).

• Ir,s
def
== {x∈R | r < x< s}, that is, the interval fromr to s. The probability for this event is written asp(r < X < s).
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Considering the half-line events, there is one for every real numberr ∈ R, and we canplot the corresponding probabilities
along the real line. Since the events get bigger and bigger asr grows, this function will grow also as we move along the
real axis from left to right. Finally, this function tends tozero as we go towards−∞ and to 1 as we go towards+∞. It is
called thecumulative distribution function of X.

Let’s construct the one that is associated with the random variable that associates the face value with the outcome of a roll
of a fair die:
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105. Expected value.Once we have associated numbers with the outcome of a random process via a random variable, we can do
some calculations. The most basic one is that of theexpected value. For X a random variable on afinite sample spaceS,
we define theexpected value of X as theweighted averageof all the values thatX can take:

E[X]
def
== ∑

a∈S

X(a)× p({a})

Let’s look at the examples from before and see what their expected values are:

1. For the fair die we get E[X] = 1× 1
6 +2× 1

6 +3× 1
6 +4× 1

6 +5× 1
6 +6× 1

6 = 3.5. Note that we can never get 3.5
as anactual outcomefrom a roll of a die, so the word “expected value” has a purely technical meaning in probability
theory; it is not the value you should expect to see, but the weighted average of the values you may see.

The second variable associates−1 with even and 1 with odd outcomes. For the expected value we get E[X] =
1× 1

6 −1× 1
6 +1× 1

6 −1× 1
6 +1× 1

6 −1× 1
6 = 0, as (I hope) you did indeed expect.

2. For the coin toss we compute E[X] = 0× 1
2 +1× 1

2 = 0.5

3. This is a long computation but the answer is intuitive:

E[X] = 0× (10
0)

1024+1× (10
1 )

1024+2× (10
2)

1024+3× (10
3)

1024+4× (10
4)

1024+

5× (10
5)

1024+6× (10
6 )

1024+7× (10
7)

1024+8× (10
8)

1024+9× (10
9)

1024+10× (10
10)

1024

= 1
1024× (0×1+1×10+2×45+3×120+4×210+

5×252+6×210+7×120+8×45+9×10+10×1)

= 10
1024× (1+10+45+120+210+126)

= 5120
1024

= 5

We can interpret this as saying thaton averagewe should expect to see five “Heads” in 10 throws of a fair coin.

4. This is also interesting, as it computes our “expected profit” from placing the£ 10 bid on the number 14:

E[X] = 36×−10× 1
37

+350× 1
37

= −0.27

This says that we can expect tolose 27 pennies from such a bet. In gambling lingo, this is called the “house
advantage.”
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If we have defined some random variableX then we can create new random variables by applying a furtherfunction to the
outcome fromX. For example, we can add some fixed valuec to every outcome. The effect on the expected value will be:

E[X +c] = E[X]+c

that is, the expected value also gets “shifted along.” If we multiply every outcome with some fixed factorc, then this, too,
has a simple effect on the expected value:

E[c×X] = c×E[X]

Taking these two operations together, we get the general affine transformationy = ax+b. For this we have:

E[aX+b] = aE[X]+b

106. Variance and standard deviation. The expected value gives us a first idea for the “behaviour” ofa random variable.
However, it can not distinguish between the case where the only possible value ofX is 0 (with probability 1) and the case
where both−1 and 1 can occur with probability12. In both cases the expected value is 0.

This is where the idea ofvariance comes into play which tells us something about how far away the values of the random
variable tend to be from the expected value. Now, the distance could be negative or positive depending whether the outcome
is below or above the expected value. In order to measure it correctly we would have to take the absolute value of this, but
it turns out that by taking thesquare of the distance, rather than the distance itself, we solve the problem of negative values
as well asgetting much nicer formulas.20 So we set:

Var[X]
def
== ∑

a∈S

(X(a)−E[X])2× p({a})

The disadvantage of taking squares is that we cannot interpret variance as the “average distance from the mean” in an
intuitive sense. We recover some of the connection to actualdistance by taking the square root of the variance; the result is
calledstandard deviation:

StdDev[X]
def
==

√

Var[X]

However, since we first square, then add up for every outcome of the random process and then take a square root, standard
deviation, too, is not what you would call the “average distance from the mean.” It tends to be reasonably close, though.

Example: If the random variable can have values−5 and 5 and if the probability for each is12, then the expected value
is 0, the variance 52× 1

2 +52× 1
2 = 25, and the standard deviation 5 — which is what one would hopeto see. However, if

−5 and 5 happen with probability14 and the value 0 is obtained with probability1
2, then the expected value is still 0, the

variance is25
2 and standard deviation is5√

2
. The “average distance,” on the other hand, would be 5× 1

4 +5× 1
4 = 5

2.

If we apply the simple transformations toX that we also considered for the expected value, then by simply examining the
definitions we find:

Var[X +c] = Var[X] and StdDev[X +c] = StdDev[X]

Var[c×X] = c2×Var[X] and StdDev[c×X] = c×StdDev[X]

Var[aX+b] = a2×Var[X] and StdDev[aX+b] = a×StdDev[X]

I hope these formulas “make sense” to you: adding a constant only “moves the outputs along” which does not change
the average distance from the expected value; multiplying by a constantc “spreads out” the values by factorc, and this
increases (or decreases) the average distance from the expected value accordingly.

107. Some classical discrete random variables. Let’s look at some random variables that are useful for building probabilistic
models of random (or uncertain) phenomena in computing.

Bernoulli 21 This is based on a random process with two outcomes,a andb, where the first happens with probabilityp
(which is some fixed number in[0,1]) and the second happens with probability 1− p (often abbreviated toq). The
Bernoulli random variable associates 1 witha and 0 withb.

In computing, this may model the probability with which a message gets from sender to receiver without distortion.
It is the model that underlies the theory oferror-correcting codes.

The expected value of this variable is 1× p+0×q = p, and the variance isp− p2.

20The reason for this phenomenon is related to distance inn-dimensional space, which we discussed at the beginning of this course.
21Named after Jakob Bernoulli, 1654–1705, a member of a Swiss dynasty of mathematicians.
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Binomial This is based on usingn independent copies of the process that underlies the Bernoulli variable and associates
with each of the 2n many outcomes the number of times the first outcomea occurred. The possible values of this
variable, therefore, are 0,1, . . . ,n. The probability of the random variable assuming valuei is:

p(X = i) =

(

n
i

)

× piqn−i

Read this as saying that there are
(n

i

)

-many ways to choosei positions in the vector of outcomes of lengthn. In each
case, the probability of getting this vector ispi (for each outcomea) timesqn−i (for each outcomeb). As a picture
(n = 6, p = 1

2):
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Whether the binomial variable is the right model to use depends very much on the independence of then runs of the
random process. For example, transmission errors tend to occur in “bursts” which distort several messages in a row,
rather than happening randomly and independently for each individual message.

The expected value of the binomial random variable isnp, and the variance isnpq.

Geometric In this case we perform the random process with two outcomesuntil we obtain outcome afor the first time.
The individual rounds are again assumed to be independent ofeach other. The random variable associated with this
is the number of rounds untila occurred; it can take values 1,2,3, . . ., that is, all natural numbers except zero. The
probability thati rounds are necessary is:

p(X = i) = qi−1p

Unlessq= 0, the probability is highest fori = 1 and after this falls steadily (in the fashion of a “geometric sequence”).
As a picture (p = 3

4):
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An example from computing is given by the “Ethernet” protocol in which the nodes of the network share a common
communication medium (the “ether”). For transmission a node sends its message simply into the common medium.
At the same time it listens to the traffic on the medium to checkwhether its message could be heard or whether
there was a collision with a message from another node. In thelatter case, it “backs off” for a while and tries again.
The geometric random variable describes the number of trials required before the message gets through undisturbed
(assuming that the traffic on the medium is reasonably constant).

The expected value of the geometric random variable is1
p, and the variance1−p

p2 .
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108. Two idealized random variables. The examples above are all based on a simple random process with two outcomes. If
we believe that such a random process exists and can be invoked independently as often as we like, then we are justified
also to believe in the binomial and the geometric random variables. In contrast, the next two examples arenot themselves
based on a finite, discrete, and realizable process. Instead, they can be seen asapproximationsto the binomial variable.

Poisson 22 The possible outcomes are the natural numbersN (including zero) where the probability for each numberi is

p(X = i) =
λ i

i!
×e−λ

Hereλ > 0 is a parameter that can be chosen freely whilee is the real number 2.71828. . . (known asEuler’s constant
or Napier’s constant). A picture forλ = 2:
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The Poisson variable is a very good approximation to the binomial variable in case the parametern of the latter is big
and the probabilityp small. More precisely, we have for the Poisson variableXλ with parameterλ and the binomial
variableXn,p, whereλ = np:

p(Xn,p = i) ≈ p(Xλ = i)

or filling in the definitions:
(

n
i

)

× piqn−i ≈ λ i

i!
×e−λ

The situation that is so well described by the Poisson variable appears very frequently in the real world. For example,
it describes the number of requests received by some agencyin a certain fixed time interval. This could be the number
of operating system requests on a multi-user system, or the number of emails received within a 24-hour period.

The expected value of the Poisson random variable isλ , and this is also the variance. When the variable is used to
describe the arrival of requests in a time intervalv, thenλ is called therate of arrival (as it is indeed the average
number of requests that are received in an interval of lengthv).

Normal distribution This is also an approximation to the binomial variable; it isappropriate when the parametern of the
latter is large andp notvery small (or otherwise we should use Poisson). Another difference to Poisson is that it is
not discrete but acontinuous random variable. What is meant by this is that the range of the variable is allowed to
beany real number. The usual methods of probability models need to be reconsidered for this because the reals form
an uncountable set (as we have seen on Handout 10). It is not possible to give positive probabilities to individual real
numbers, but only tointervalsof reals. The way to compute the probability, then, is to taketheareaunder adensity
function. A picture makes this clear:

22Named after Siḿeon Denis Poisson, 1781–1840, French mathematician and physicist.
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118: Normal distributionN(0,1)

−2 21−1

1√
2π ≈ 0.4

The density function for thenormal distribution (also known as theGaussian distribution or thebell curve) has

two parametersµ andσ and is usually denoted byN(µ ,σ2). Its equation is:

N(µ,σ2)(x) =
1√
2πσ

×e−
(x−µ)2

2σ2

The computation of expected value and variance must be redefined for continuous random variables (which is done
using integration); for the normal distribution we get exactly µ for the expected value andσ2 for the variance.

Since we know what interpretation the parametersµ andσ have, we know that in order to approximate the binomial
random variable with parametersn andp with a normal distributionN(µ ,σ2) we should chooseµ to benp andσ2

to benpq.

109. The Central Limit Theorem. We have said that the normal distribution approximates the binomial random variable but in
fact it can be shown that it approximatesall random variables in the following sense. IfX is a random variable (discrete or
continuous), and assuming that we can repeat the random process underlyingX in an independent fashion as often as we
like, we can considern copies ofX, denotedX1, X2, and so on, and the new random variableYn that is computed as

Yn
def
== X1 +X2 + . . .+Xn

The variableYn will have expected valuen×E[X] and variancen×Var[X].

One then further adjustsYn so that the expected value will be 0 and the variance 1, resulting in a variable that we callZn:

Zn
def
==

Yn−nE[X]
√

nVar[X]

The Central Limit Theorem now states that the probabilities associated with the variable Zn can be approximated by
the probabilities that are computed from the standard normal distribution N(1,0). As a formula, using the cumulative
distribution function associated with random variables:

119: Central Limit Theorem

n large =⇒ p(Zn ≤ r) ≈ p(N(0,1) ≤ r)

The theorem explains why the bell curve is so often found whenanalyzing a random natural phenomenon: Very often, the
randomness is the result of a large number of individual and independent choices and we can only observe their cumulative
effect. The measured variable then is very much like ourYn above and as the theorem shows, it is close to the normal
distribution even if the individual processes were not.

110. Practical advice. In the exam I expect you to be able to

• compute expected value, variance, and standard variation for simple random variables (with finite range);

• use the Poisson random variable to model an appropriate situation.

We did not have enough time to explore how one can use the normal distribution to estimate probabilities, so that will not
be part of the exam. Also, I don’t expect you to memorize the formulas for expected value and variance of the various
random variables listed in this handout.
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