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Handout 15
Random variables

104. Random variables. From a mathematical point of view there is very little else g do with general sample spaces
over and above what we did on the last handout. The subjechiiesx more interesting if we associate numbers with the
outcomes of the random process. Mathematically, this isingtother than a function from the sample space to the real
numbersR. The combination of sample space, probability function anchber assignment, is called andom variable.

The usual letter for a random variableXs Some examples:

1. The sample space for a die already consists of numberss samvassociate with outcomehe real numben again.
No big deal. But we can also associate with every even nurhieeralue—1, with every odd number the value 1. In
this way we use the die for an experiment with only two outceme
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2. Acoin toss yields either “Head” or “Tails.” These are natwbers and we can associate, for example, 0 with “Head”
and 1 with “Tails.”

3. The experiment of throwing a coin 10 times has a sampleespfd 024 sequences of Heads/Tails. Instead of
assigning a different number to each of these, we can inséeadd just the total number of “Heads” in the sequence.
Thus the range of this random variable{¥ 1,2,3,4,5,6,7,8,9,10}.

4. In Roulette a little ball is thrown on a spinning wheel W8P slots, numbered from 0 to 36. Players can bet on
any number and on many different subsets of numbers. Suppegeit 10 pounds on the number 14. Then we can
associate with every outcome from the Roulette wheel ourarvinss: With every number except 14 we associate a
loss of 10 pounds, that is, the numbet0, and with 14 we associafe350, which is what we would get (in addition
to our bet) from the croupier if that number came up.

Every number in the range of a random variabl has a probability attached to it, which is the probabilitytioé set

of outcomes of the random process which hawessociated with it. One writeg(X = r) for this probability, although
mathematically, what we are talking about is the probabditthe eventX —1({r}) asX is just a function from the sample
space taR.

In fact, one can now forget about the original random proeédtsgether and consider as sample space the real numbers
and as probability function the one which is based on theegafar individual numbers in the range Xfas we have just
defined it. How about other events &? Obviously, the real numbers (an uncountable set!) hastuddots of subsets,
and we may not really be interested in the probability attaicto each of them (well, to tell the truth, it's not possibie i
general to attach a probability to all of them anyway). Thergs that one usually considers are the following:

oL, X {xeR | x<r}, thatis, the “half-line” to the left of the value The probability of the random variable
ending up inL; is written asp(X < r).

o lig gef {xeR | r <x< s}, thatis, the interval fromto s. The probability for this event is written g&r < X < s).
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Considering the half-line events, there is one for everymeeberr € R, and we camplot the corresponding probabilities
along the real line. Since the events get bigger and biggermgasws, this function will grow also as we move along the
real axis from left to right. Finally, this function tends zero as we go towardsc and to 1 as we go towardseo. It is
called thecumulative distribution function of X.

Let’s construct the one that is associated with the randambe that associates the face value with the outcome df a ro
of a fair die:
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105. Expected value.Once we have associated numbers with the outcome of a randm®gs via a random variable, we can do
some calculations. The most basic one is that ofei{pected value. For X a random variable on finite sample spac§,
we define thexpected value of X as theweighted averagef all the values thaX can take:

def
EX] = Z;X(a) x p({a})
ac
Let's look at the examples from before and see what their@egevalues are:

1. For the fair die we get[X] = 1x § +2x £ +3x 2 +4x : +5x : +6x £ = 3.5. Note that we can never gei53
as aractual outcomédrom a roll of a die, so the word “expected value” has a purethnical meaning in probability
theory; it is not the value you should expect to see, but thghted average of the values you may see.

The second variable associated with even and 1 with odd outcomes. For the expected value etd] =
IxE—1x3+1xg—1xg+1x3—1x2=0,as (I hope)you did indeed expect.

2. For the coin toss we computéX§ =0x 3 +1x 3 =05

3. This is a long computation but the answer is intuitive:

10 10 10

10 10
E[X] = O0Ox %+1x %—FZX %—FBX %+4x %ﬁ—

10 10 10 10 10 10
5x %—iﬁx %+7x %—ka %—kgx %—Fle%

= 8% (0x14+1x10+2x4543x 12044 x 210+
5x 252+ 6 x 210+ 7 x 120+ 8 x 45+ 9x 10+ 10x 1)

= 1503 % (1+ 10+ 45+ 120+ 210+ 126)

5120
1024

=5
We can interpret this as saying ttat averagave should expect to see five “Heads” in 10 throws of a fair coin.

4. This is also interesting, as it computes our “expecteditpfoom placing the£ 10 bid on the number 14:

1 1
E[X] =36x —10x 3—7+350>< 37 = -0.27

This says that we can expect limse 27 pennies from such a bet. In gambling lingo, this is calleel thouse
advantage.”
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If we have defined some random varialléhen we can create new random variables by applying a fuftinetion to the
outcome fromX. For example, we can add some fixed vatue every outcome. The effect on the expected value will be:

E[X +¢] = E[X]+¢

that is, the expected value also gets “shifted along.” If watiply every outcome with some fixed factorthen this, too,
has a simple effect on the expected value:
E[c x X] = ¢ x E[X]

Taking these two operations together, we get the generakdfiainsformatiory = ax+ b. For this we have:

E[aX+b] = aE[X]+b

Variance and standard deviation. The expected value gives us a first idea for the “behavioud cindom variable.
However, it can not distinguish between the case where thepmssible value oK is 0 (with probability 1) and the case
where both—1 and 1 can occur with probabilit%/. In both cases the expected value is 0.

This is where the idea ofariance comes into play which tells us something about how far awawtiues of the random
variable tend to be from the expected value. Now, the digtanald be negative or positive depending whether the outcom
is below or above the expected value. In order to measureriécity we would have to take the absolute value of this, but
it turns out that by taking thequare of the distangeather than the distance itself, we solve the problem oétieg values

as well aggetting much nicer formula® So we set:

def

Var[X] == ZS(X(a) —EIX])? < p({a})

The disadvantage of taking squares is that we matrinterpret variance as the “average distance from the meaahi
intuitive sense. We recover some of the connection to adigtdnce by taking the square root of the variance; thetresul

calledstandard deviation:

StdDeyX] 2\ /Var[X]

However, since we first square, then add up for every outcdrtteeaandom process and then take a square root, standard
deviation, too, is not what you would call the “average dis@from the mean.” It tends to be reasonably close, though.
Example: If the random variable can have valu€s and 5 and if the probability for each % then the expected value

is 0, the variance 5x % +5% % % = 25, and the standard deviation 5 — which is what one would hogee. However, if

—5 and 5 happen with probabilit% and the value 0 is obtained with probabili%ythen the expected value is still 0, the
variance is%5 and standard deviation '% The “average distance,” on the other hand, would &e%5+ 5x % = g
If we apply the simple transformations ¥othat we also considered for the expected value, then by gieyaimining the
definitions we find:

Var[X +c] = Var[X] and StdDefX + c] = StdDeyX]
Varcx X] =c2x Var[X]  and  StdDefc x X] = ¢ x StdDeVX]
VarlaX+b]=a?xVarX] and  StdDefaX+b] = ax StdDeyX]

| hope these formulas “make sense” to you: adding a constagpt“moves the outputs along” which does not change
the average distance from the expected value; multiplyyh@ lbonstant “spreads out” the values by factor and this
increases (or decreases) the average distance from thetedp@lue accordingly.

Some classical discrete random variables. Let's look at some random variables that are useful for lngjgrobabilistic
models of random (or uncertain) phenomena in computing.

Bernoulli 2! This is based on a random process with two outcoraes)db, where the first happens with probabilipy
(which is some fixed number if®, 1]) and the second happens with probability p (often abbreviated tqg). The
Bernoulli random variable associates 1 wéthnd 0 withb.

In computing, this may model the probability with which a re&ge gets from sender to receiver without distortion.
It is the model that underlies the theoryest or-correcting codes.

The expected value of this variable is<lp+ 0 x g = p, and the variance ip — p?.

20The reason for this phenomenon is related to distancedimensional space, which we discussed at the beginningséturse.
21Named after Jakob Bernoulli, 1654-1705, a member of a Swissstlynamathematicians.
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Binomial This is based on usingindependent copies of the process that underlies the Biirmatable and associates
with each of the 2 many outcomes the number of times the first outc@noecurred. The possible values of this
variable, therefore, are @, ...,n. The probability of the random variable assuming valis

p(X=i)= (?) xplg
Read this as saying that there éfga—many ways to choosepositions in the vector of outcomes of lengthin each
case, the probability of getting this vectorps(for each outcoma) timesq™' (for each outcomé). As a picture

(n=6,p=1)
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Whether the binomial variable is the right model to use depesedy much on the independence of theuns of the
random process. For example, transmission errors tendctar @t “bursts” which distort several messages in a row,
rather than happening randomly and independently for eadikidual message.

The expected value of the binomial random variablepsand the variance ispg

Geometric In this case we perform the random process with two outcamis we obtain outcome #or the first time.
The individual rounds are again assumed to be independeaabf other. The random variable associated with this
is the number of rounds until occurred; it can take values2, 3,..., that is, all natural numbers except zero. The
probability thati rounds are necessatry is: .

pPX=i)=d'p
Unlessqg = 0, the probability is highest far= 1 and after this falls steadily (in the fashion of a “geontesequence”).
As a picture p= 3):
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An example from computing is given by the “Ethernet” protbicowhich the nodes of the network share a common
communication medium (the “ether”). For transmission aesends its message simply into the common medium.
At the same time it listens to the traffic on the medium to cheblether its message could be heard or whether
there was a collision with a message from another node. Ifattex case, it “backs off” for a while and tries again.
The geometric random variable describes the number oftrézjuired before the message gets through undisturbed
(assuming that the traffic on the medium is reasonably cotjsta

The expected value of the geometric random variab@ Bnd the variancé;Tp.
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108. Two idealized random variables. The examples above are all based on a simple random proctsssmeioutcomes. If
we believe that such a random process exists and can be thwodtependently as often as we like, then we are justified
also to believe in the binomial and the geometric randomatdeis. In contrast, the next two examples moethemselves
based on a finite, discrete, and realizable process. Ingteadcan be seen approximationgo the binomial variable.

Poisson 22 The possible outcomes are the natural numbBg(cluding zero) where the probability for each number
/\i

p(X:i):ixe‘

A

HereA > 0 is a parameter that can be chosen freely waitethe real number.Z1828.. (known asEuler’s constant
or Napier’s constant). A picture forA = 2:
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The Poisson variable is a very good approximation to therhiabvariable in case the parameteof the latter is big
and the probabilityp small. More precisely, we have for the Poisson variaflevith parametei and the binomial
variableXy p, whereA = np:

P(Xnp=1) =~ p(Xy =1i)

. i
<||1> % plqn—l s )I\T xe

The situation that is so well described by the Poisson viriappears very frequently in the real world. For example,
it describes the number of requests received by some ageaaertain fixed time intervalThis could be the number
of operating system requests on a multi-user system, onth@ar of emails received within a 24-hour period.

or filling in the definitions:

The expected value of the Poisson random variablg isnd this is also the variance. When the variable is used to
describe the arrival of requests in a time intervathenA is called therate of arrival (as it is indeed the average
number of requests that are received in an interval of leagth

Normal distribution This is also an approximation to the binomial variable; @jgpropriate when the parameteof the
latter is large ang notvery small (or otherwise we should use Poisson). Anothdeidince to Poisson is that it is
not discrete but @ontinuous random variable. What is meant by this is that the range of énmble is allowed to
beany real numberThe usual methods of probability models need to be recensitifor this because the reals form
an uncountable set (as we have seen on Handout 10). It is ssibfmto give positive probabilities to individual real
numbers, but only tintervalsof reals. The way to compute the probability, then, is to tddesreaunder adensity
function. A picture makes this clear:

22Named after Sir@on Denis Poisson, 1781-1840, French mathematician anctgtysi
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118: Normal distributiorN(0, 1) |

The density function for theormal distribution (also known as th&aussian distribution or thebell curve) has

two parametergi ando and is usually denoted by(u, ?). Its equation is:

5 1 _ (x=w)?
N(,0%)(00 =~ x& "

The computation of expected value and variance must be nedefior continuous random variables (which is done
using integration); for the normal distribution we get ethaq: for the expected value araf for the variance.

Since we know what interpretation the paramejeendo have, we know that in order to approximate the binomial
random variable with parametensand p with a normal distributiorN(u, o%) we should choosg to benp and g?
to benpg

109. The Central Limit Theorem. We have said that the normal distribution approximates therbial random variable but in
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fact it can be shown that it approximatals random variables in the following senseXfis a random variable (discrete or
continuous), and assuming that we can repeat the randoreggamderlyingX in an independent fashion as often as we
like, we can considemn copies ofX, denotedX;, X,, and so on, and the new random variaijehat is computed as

def

X1+Xo4...+ X,

The variableY;, will have expected value x E[X] and variance x Var[X].
One then further adjusi, so that the expected value will be 0 and the variance 1, ieguit a variable that we cally:
5 det Yo—nE[X]
, = A
nvar[X]
The Central Limit Theorem now states that the probabilities associated with the bbrid, can be approximated by

the probabilities that are computed from the standard nbdiséribution N(1,0). As a formula, using the cumulative
distribution function associated with random variables:

119: Central Limit Theorer

n large = p(Z, <)~ p(N(0,1) <r)

The theorem explains why the bell curve is so often found wdralyzing a random natural phenomenon: Very often, the

randomness is the result of a large number of individual adependent choices and we can only observe their cumulative
effect. The measured variable then is very much like juabove and as the theorem shows, it is close to the normal
distribution even if the individual processes were not.

Practical advice. In the exam | expect you to be able to

e compute expected value, variance, and standard variadigsirhple random variables (with finite range);
e use the Poisson random variable to model an appropriattisitu
We did not have enough time to explore how one can use the hdistabution to estimate probabilities, so that will not

be part of the exam. Also, | don’'t expect you to memorize thienfdas for expected value and variance of the various
random variables listed in this handout.
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