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Handout 9
Sets

54. The intuitive idea of a set. A setis a collection of things. The “things” can be concrete (sashpeople”) or abstract
(such as “colours”). No reason for collecting the thing®iatset needs to be given but often there is a shared attribute.

Examples:

e the set of undergraduate students at the University of Bigimam in the academic year 2007/08 (there are about
15,000);

e the seasons (there are four);

e the set of numbers that can be stored exactlyfals@at in Java (there are slightly fewer thar®2 many).

The “things” in the set are called tleementsor themembers The following are important aspects of the idea of a set:

1. The elements of a set are identifiable and can be distingdisom each other.

(So the “waves on the Atlantic” do not form a set.)

2. There is a clear criterion that defines when a “thing” is aber of the set and when it is not.

(So we can not form the set of “tall people in Britain.”)

3. A member of a set is counted only once.

(So in the “set of staff members who serve on Staff-Studem@itee or Teaching Committee” contains Mark Lee
only once, although he satisfies both criteria.)

4. As far as the set is concerned, its elements are not ordeesty way.

(So although it may appear natural to list the elements ofgbeof Harry Potter books” in the order

Harry Potter and the Philosopher’s Stone
Harry Potter and the Chamber of Secrets
Harry Potter and the Prisoner of Azkaban
Harry Potter and the Goblet of Fire

Harry Potter and the Order of the Phoenix
Harry Potter and the Half-Blood Prince
Harry Potter and the Deathly Hallows

we are not required to do so; listing them in any other ordeuldaefine the same set.)

5. The set is defined by which members it has and nothing diseolcollections have the same elements, then they
form the same set, independently of how the collections defimed.

(So the “set of triangles which have three equal sides” isstiae as the “set of triangles which have three equal
angles.”)

55. Notation. To indicate thak is an element of the sét one writes

XeA

In mathematics the symbok™ is used for this purpose and this purpose alone (it origindtom the Greek lettepsilon
written “£”). Principle 5 from the previous item can now be written i iorm
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56.

57.

58.

Sets with few elements can often be written out explicitly,dxample, the set of seasons:
{Spring SummerAutumn Winter}
Infinite sets can be indicated by suggesting a formatiorcpie:

{1,4,9,16,25,...}

Sets in Computer Science Computer scientists use the language of sets for formal aacige descriptions, just like
mathematicians, scientists, and engineers. They evetogedkit into a full-blownspecification languagealledz.

Set theory has also influenced the design of systems andgonoging languages. A particularly striking example are
“relational databases,” suggested in 1970 by the Britisinpater scientist Edgar F. “Ted” Codd. The principles of set
theory, listed in Item 54, all have immediate relevance hierparticular 1, 3, and 4:

e 1: thisis related to the issue of “keys” in a database table;
e 3: storing information about the same object more than oneesteful and in many cases causes real errors;

e 4. giving the database management system the freedom tgarthe entries of a table in any order allows many
optimizations in storage, processing, and retrieval.

Sets are also related to the programming language idea ofpa."t Indeed, finite sets can be defined directlyCiras
“enumerated types,” for example

enum Seasons {Spring, Sunmer, Autum, Wnter};
The correspondinglaskell syntax is
data Seasons = Spring | Sumer | Autum | Wnter

Java has supported enumerated types since version 1.5; thexdgritse same as i@ except for the inevitablpubl i ¢
in front of the declaration. Underneath, howewenurmnis are actually speciat! ass definitions and thdava compiler
automatically creates several methods for it.

You should also know thatava supports the collection typ®et (as ani nt er f ace) and various concrete implementa-
tions, for example, the very usefdashSet .

Infinite sets.The prime example is theet of natural numbers
N={0,1,2,3,4,...}
This is a valid set, though we can never list all its eleme@tsecking the first two principles listed in Item 54, we findttha

nevertheless there is no doubt what the membeks afe, and how to distinguish any two of them.

We also have thimtegers
z={...—-3,-2,-10,123,...}

and therational numbers D

Q={, | P€ZaeN.q#0,gcdp,q) =1}
where we meet a new way of describing a set. Read this as ‘iarléexionsg wherep is an integerg is a natural number
different from O, and the greatest common divisopaindqis 1.

A set that is yet more difficult to write down is that of theal numbers, R. Every element oR is itself an infinite object,
namely, an infinite sequence of digits (containing exaatly decimal point). Both mathematicians and computer gstent
have their difficulties withR.

New sets from old.

Pairing If A andB are sets (possibly the same one) we can form thé seB whose elements are paifs y) wherex is
an element oA andy is an element oB. If A= Bthen we abbreviaté x A to A2,

Tupling More generally, we can form the s&t x Ay x ... x A, whose elements ar@‘tuples.” IfA; = A, = ... = Ap then
we write this also ag\".
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Finite sequenceslf Ais a set ther\* is the set whose elements are finite sequences of elemefits of

In computer science, the skfs often finite and called the “alphabet;” the element&oére then the “words ovek.”
A common letter to use for alphabetssis

One peculiar element &* is the “empty word,” or the “empty sequence,” often denotga lfthe real Greek letter
epsilon).
A* corresponds to the concept of a “string” or more generalfiisl in programming languages.

Subsets|f we already have a sétthen we can select some of its elements and form a nel, selled asubsetof A. The

notation for this is
B={xe A | xsatisfies conditioc}

Read this asB is the set of all elements @f for which the conditiort is true.” Some examples:

68

When defining a subset in this fashion, it is important thah@nftrst part we state which set we select elements from;

this allows us to use negative conditions as well, for exampl
{xe N | xis not a perfect squafe= {2,3,5,6,7,8,10,...}
To indicate that one set is a subset of another, we use a pgeibol, reminiscent of £”

BCA

When things get more complicated then the condittida best expressed with the help of formal logic. The last
example above could be written as
(2| sneng=21
q
Whatever the seA is that we started from, we can always form the following sibs

{xeA | true}
{xe A | false}

The first is the same & the second is thempty set which has no elements. The empty set is denoted by{@.or
59. Operations on subsetsSupposes, B; andB; are subsets of a common getWe have the following operations:

Union By the “union ofB; andB;” we mean taking the elements Bf andB; together (but not repeating those elements
that appear in both). As a formula:

BiUB;={x€A | xeBjorxeB;}

As aVenn diagram:
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Intersection By the “intersection oB; andB,” we mean the set of elements that are commadBitandB,. As a formula:
BiNBy={xeA | x€Bjandxe By}

As a Venn diagram:
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Complement By the “complement oB” we mean those elements Afwhich donot belong toB. As a formula:
B={xeA | x¢B}

As a Venn diagram:
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Note that these three set operations correspond precashg ttonnectives of propositional logic:

logic sets Java SQL

or VvV U [ ] R
and A N && AND
not - — ! NOT
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The two logical constants “true” and “false” give rise Ao(as a subset of itself) and 0, the empty set, as we have seen
before.

The following operation is derived from intersection andngdement, but appears quite often in practice and therdfase
its own symbol:

Set difference B; \B, =B1NBy = {x€ A | xe By butx¢ By}
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60. Power setsln set theory it is postulated that the subsets of aAs&in again be collected together into a set. The result is
called thepower setof A and writtenZ?A. Itis a useful exercise to check the two conditions for a segrgat the beginning
of this handout:

1. The elements of a power set are “identifiable” becauseéhsery postulates clearly what it means for two sets to be
equal or not equal (the formula in Box 67), and this turns sets“identifiable things.”

2. The criterion for a seB to be a member of7A is thatB is a subset oA. This in turn has a precise definition: every
element oB must also be an element Af

It is also quite important that we have said that the elemehtsset count only once, because typically there are many
different ways to specify a subset. These different spetifios of a subset are not important from the point of viewhef t
power set, only the elements that each subset contains.

61. Practical advice.In the exam | expect you to
e know the set-theoretic symbols C, 0,U, N, , and\;

know the traditional symbol for sets of numbé¥sZ, Q, andR;

know the symbol for the set of strin@s over an alphabei;

read subset definitions written in logic;

write subset definitions in logic;

read and evaluate nested expressions thatyuse , and\;

draw Venn diagrams of such expressions.

Notes

e To show thatA C B, prove that every element éfbelongs tdB, too.

e To show thatA = B, proveA C BandB C A
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