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a b s t r a c t

A mixture of Student t-distributions (MoT) has been widely used to model multivariate data sets with
atypical observations, or outliers for robust clustering. In this paper, we developed a novel robust cluster-
ing approach by modeling the data sets using mixture of Pearson type VII distributions (MoP). An EM algo-
rithm is developed for the maximum likelihood estimation of the model parameters. An outlier detection
criterion is derived from the EM solution. Controlled experimental results on the synthetic datasets show
that the MoP is more viable than the MoT. The MoP performs comparably if not better, on average, in terms
of outlier detection accuracy and out-of-sample log-likelihood with the MoT. Furthermore, we compared
the performances of the Pearson type VII and the student t mixtures on the classification of several real
pattern recognition data sets. The comparison favours the developed Pearson type VII mixtures.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction sets. The advantage of using the mixture of Pearson (MoP) can be
It has been widely known that Gaussian mixture modeling is
very sensitive to outliers. The performance of the Gaussian mix-
tures degrades on pattern recognition due to outliers. In the statis-
tical machine learning community, the Student t-distribution is
normally used as a building block for robust learning, such as clus-
tering (Peel and McLachlan, 2000; Svensen and Bishop, 2005), visu-
alization (Vellido et al., 2006) and robust projections (Archambeau
et al., 2006). This distribution has heavy tails, so that non-zero
probabilities can be given for observations that are far away from
the main clusters of the data set.

In this paper, we propose to use a broader family of distribution,
called the Pearson type VII distribution (Pearson, 1916), for robust
mixture modeling. Since the Pearson type VII distribution also has
heavy tails, and subsumes the Student t-distribution, we would
expect some advantages from using a mixture of Pearson distribu-
tions. To fit a mixture of Pearson type VII distributions with the
multivariate data set by maximum likelihood (ML) estimation,
the scale mixture representation of the Pearson type VII distribu-
tion is first derived. An EM algorithm is then developed based on
the scale mixture representation. An outlier criterion is derived
for the detection of atypical observations, or outliers from the data
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obust mixture clustering using P
shown in the EM algorithm when estimating the degrees of free-
dom, which controls the degree of robustness. The degrees of free-
dom of the MoP can be more simply inferred than those of the
mixture of t-distributions (MoT).

In the rest of the paper, Section 2 describes the Pearson type VII
distribution and its scale mixtures form. Section 3 provides an EM
algorithm for the MoP. Experimental results are presented in Sec-
tion 4, firstly to show the comparison of the performances of the
Pearson type VII, the Student t and the Gaussian mixtures, and
an EM algorithm for the Pearson type VII mixtures without using
the scale mixture representation. The performances of the devel-
oped algorithm and the Student t mixtures on classification of
some benchmark datasets are presented also in this section. Sec-
tion 5 concludes the paper.
2. The Pearson type VII distribution

The Pearson type VII distribution (Pearson, 1916) is defined as
follows:

pðt;l;K;mÞ ¼ CðmÞ
pd

2C m� d
2

� � jKj�1
2 1þ D2� ��m

where D2 = (t � l)TK�1(t � l) is the Mahalanobis distance, m is the
degree of freedom that controls the degree of robustness (2m > d),
and d is the dimensionality of t.

The Pearson VII family distribution is an instance of elliptical
symmetric distribution (Arellano-Valle et al., 2006), which is of
the type pðtÞ ¼ jKj�

1
2/ ðt � lÞTK�1ðt � lÞ
n o

with / satisfying
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where C(�) is the gamma function. The Pearson type VII distribution
has been widely used in many scientific areas, such as modeling the
stock market (Nagahara, 1996), X-ray measurements (Prevéy, 1986)
and many others. It can be shown that the normal distribution
arises as a special case of Pearson type VII distribution if m ap-
proaches infinity (Pearson, 1916). The Student t-distribution
Sðt; l; K; mÞ with degree of freedom m:

Sðt;l;K; mÞ ¼
jKj�

1
2C mþd

2

� �
ðpmÞ

d
2C m

2

� �
1þ D2

m

n omþd
2

is also a special case of the Pearson type VII distribution if we set

m ¼ mþ d
2

; K ¼ Km ð1Þ

Fig. 1 shows the Pearson type VII distribution with l = 0, K = 1, d = 1
and different degrees of freedom.

As stated in (Fernández and Steel, 2000), the Pearson type VII
distribution and the Student t-distribution both belong to the class
of scale mixtures of normals (West, 1987). Through some mathe-
matical manipulation (see Appendix), it can be proven that the
Pearson type VII distribution is of the following form:

p t;l;K;mð Þ ¼
Z 1

0
N tjl;K

u

� �
G ujm� d

2
;
1
2

� �
du ð2Þ

where

Gðuja; bÞ ¼ baua�1 expf�bug
CðaÞ

is the gamma distribution with parameters a and b. The Pearson
type VII distribution can then be interpreted hierarchically as
follows:

pðtjuÞ ¼ N tjl;K
u

� �

pðuÞ ¼ G ujm� d
2
;
1
2

� �

where u is a latent variable.
In the finite mixture modeling context, the log-likelihood of a

data set Y ¼ ft1; . . . ; tNg can be written as follows:
Fig. 1. The Pearson type VII distribution with different degrees of freedom.
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LðHjYÞ ¼
XN

n¼1

log pðtnÞ ¼
XN

n¼1

log
XK

k¼1

pðtnjkÞpðkÞ
 !

with the model parameters H = {lk,Kk,mk,p(k)}, 1 6 k 6 K, where
p(tnjk) is assumed as a Pearson type VII distribution.

3. The ML estimation of the mixtures of Pearson type VII
distribution

In this section, we propose the use of the EM algorithm for the
maximum likelihood estimation (MLE) of the model parameters.
First of all, if we let

pðtn;un; kÞ ¼ pðtnjun; kÞpðunjkÞpðkÞ

¼ N tnjlk;
Kk

un

� �
G unjmk �

d
2
;
1
2

� �
pðkÞ; ð3Þ

then the log-likelihood function of Y can be written as

LðHjYÞ ¼
X

n

X
k

Z
pðtn;un; kÞdun ð4Þ

To apply the EM algorithm in the finite mixture modeling, discrete
latent variables zn, 1 6 n 6 N are usually introduced, for the class
assignment of each data point tn, while zn = k indicates that tn be-
longs to the kth mixture component. If we further consider un’s as
latent variables, the complete log-likelihood function can then be
written as follows:

LCðHjYÞ ¼
X

n

X
k

dðzn ¼ kÞ log pðtnjun; kÞpðunjkÞpðkÞ½ � ð5Þ

where d(�) is the Kronecker delta.

3.1. E-step

In the E-step, we need to infer the posteriors p(zn = k,unjtn) (de-
noted by p(k,unjtn) for convenience), which can be factorized as
follows:

pðk;unjtnÞ ¼ pðkjtnÞpðunjtn; kÞ

According to Bayes’ rule, the posteriors can be evaluated as follows:

pðkjtnÞ ¼
pðtnjkÞpðkÞP
k0pðtnjk0Þpðk0Þ

ð6Þ

pðunjtn; kÞ ¼
pðtnjun; kÞpðunjkÞ

pðtnjkÞ
ð7Þ

where p(zn = kjtn) is often called ‘responsibilities’ in literature: the
value gives the probability that tn belongs to the kth cluster. Due
to the conjuagacy of the gamma prior for un, we obtain:

pðunjtn; kÞ ¼ G unjank; bnkð Þ ð8Þ
where

ank ¼ mk ð9Þ

bnk ¼
ðtn � lkÞ

TK�1
k ðtn � lkÞ þ 1
2

ð10Þ

The expectation of the complete log-likelihood hLCi w.r.t the
posteriors can be evaluated as follows:

hLCi ¼
X

n

X
k

pðkjtnÞhlog pðtnjun; kÞpðunjkÞpðkÞ½ �i

¼
X

nk

pðkjtnÞhlog pðtnjun; kÞ½ �i þ
X

nk

pðkjtnÞhlog pðunjkÞi

þ
X

nk

pðkjtnÞ log pðkÞ

¼ F 1 þ F 2 þ F 3 ð11Þ

If we let ~mk ¼ mk � d
2 ; F 1 and F 2 can be evaluated as:
earson type VII distribution. Pattern Recognition Lett. (2010), doi:10.1016/
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where

hunik ¼
Z

unpðunjtn; kÞdun ¼
ank

bnk

hlog unik ¼
Z
½log un�pðunjtn; kÞdun ¼ wðankÞ � log bnk

and w is the digamma function.

3.2. M-step

In the M-step, we maximize hLCi w.r.t. p(k), lk, Kk and mk. Tak-
ing the derivatives of hLiC w.r.t. lk, and solving the stationary
equation, we obtain the close form as follows:

lk ¼
P

npðkjtnÞhunkitnP
npðkjtnÞhunki

ð12Þ

Taking derivatives w.r.t. Kk, and zeroing the equation, we obtain:

Kk ¼
P

npðkjtnÞhunkiðtn � lkÞðtn � lkÞ
TP

nhznki

p(k) can be updated as:

pðkÞ ¼ 1
N

X
n

pðkjtnÞ ð13Þ

It can be seen that the above update equations for lk, Kk and p(k)
are the same as the update equations in the MLE for the mixture
of Student t-distribution (see (Peel and McLachlan, 2000) for de-
tails). To update mk, we need to solve the following equation:

X
n

pðkjtnÞ hlog unik � logð2Þ � w mk �
d
2

� �� 	
¼ 0 ð14Þ

or specifically:

w mk �
d
2

� �
¼
P

npðkjtnÞ hFl log unik � logð2Þ½ �P
npðkjtnÞ

ð15Þ

Comparing to the non-linear equation used for estimating the de-
gree of freedom mk in MoT (Peel and McLachlan, 2000)

w
mk

2


 �
� log

mk

2


 �
¼
P

npðkjtnÞ hunik � hlog unik � 1½ �P
npðkjtnÞ

ð16Þ

We see that the estimation of mk in the MoP could be easier than
the estimation of mk in MoT.1 It was claimed in (Peel and McLachlan,
2000) that the search for mk, 1 6 k 6 K is time consuming. On the
other hand, the search algorithm proposed in (Pike and Hill, 1966)
is very efficient for solving the inverse digamma function.

3.3. Scaling

Considering the time complexity of the algorithm, in the E-step
of each iteration, the computation of the parameters of p(unjtn,k),
1 In our experiments, we used the Newton–Raphson method for solving Eqs. (16)
and (15). The algorithm terminates when the difference between two consecutive
solutions is less than 1.0e-4. Note that a faster algorithm for the inverse of digamma
as required in Eq. (15) is available as developed in (Miranda and Fackler, 2002) (the
corresponding Matlab codes can be obtained from http://www4.ncsu.edu/�pfackler.)
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1 6 k 6 K, ank and bnk for each data point takes Oðd3KÞ, and the
responsibility p(kjtn) needs Oðd3KÞ time as well. In the M-step,
the computation of the model parameters lk, Kk, p(k), 1 6 k 6 K
takes OðNKÞ. Therefore, in total, the time complexity of the MoP
is Oðd3KNÞ, which is exactly the same as that of the MoT except
that we do not count the time used for the estimation of the degree
of freedom.

The most expensive operation of the developed algorithm is the
inversion of the covariance matrix for each component, which is
Oðd3Þ. One way to alleviate this problem is to use a diagonal form
of Rk, in which case the cubic operation is no longer required.
Alternatively, we can replace the full covariance matrix by a low
rank approximation, such as factor analyzers, as resolved in
(Archambeau et al., 2008). Apart from the expensive matrix inver-
sion, the stability of the covariance matrix has also been widely
acknowledged in the finite mixture models.

In our training, to avoid the instability problem caused by using
the full covariance, we choose to put a Wishart distribution as a
prior over the inverse covariance matrix � k ¼ K�1

k . That is:

pð� kÞ ¼ CWðW0;g0Þj� kjðg0�d�1Þ=2 exp �1
2

Tr W�1
0 � k


 �� �

where

CWðW0;g0Þ ¼ jW0j�
g0
2 2

g0d
2 p

dðd�1Þ
4

Yd

i¼1

C
g0 þ 1� i

2

� � !�1

ð17Þ

where g0 P d + 1. In our experiment, we set g0 = d + 2 and W0 = I
which is the d-dimensional identity matrix. Then the MAP (maxi-
mum a posteriori) estimation of the covariance matrix can be writ-
ten as follows:

Kk ¼
P

npðkjtnÞhunkiðtn � lkÞðtn � lkÞ
T þW�1

0P
nhznki þ g0 � d� 1
3.4. Post-processing

The same as in generative models, the developed Pearson type
VII model can also be applied to new, previously unseen data from
the same source. For a given test data set, we need to calculate the
posterior distributions of un associated with each test point tn. To
compute, we fix the parameters lk, Kk, mk and pk, 1 6 k 6 K
obtained from the training set and perform the E-step once, i.e.
Eqs. (9) and (10). The log-likelihood of the test data set (called
‘‘out-of-sample log-likelihood”) can be computed by

Lo ¼
X

n

pðkÞ log pðtnjkÞ

As for the mixture of Student t-distribution (Peel and McLachlan,
2000), the posterior expectation of u can be used as an indicator
of outliers. Given a data point t, if we define

e �
X

k

pðkjtÞhuik ¼
X

k

pðkjtÞ mk

ðt�lkÞ
T K�1

k ðt�lkÞþ1
2

ð18Þ

then, t is flagged as an outlier if the value e is sufficiently small, or
approximately, the value:

j ¼
X

k

hzkiðt � lkÞ
TK�1

k ðt � lkÞ ð19Þ

is sufficiently large. To detect the outliers from a test data set, an
appropriate value of j or e can simply be adopted.
earson type VII distribution. Pattern Recognition Lett. (2010), doi:10.1016/
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3.5. Model selection

To determine the optimal number of mixture components, we
adopt the minimum message length (MML) criterion as developed
in (Figueiredo and Jain, 2002) and applied in many literature such
as in our previous work (Sun et al., 2007a; Sun and Kabán, 2010).

To adopt the MML criterion, a penalty term is added to the like-
lihood as follows:

� n̂
2

X
k:pk>0

log
Npk

12

� �
� knz

2
log

N
12

� �
� knzðn̂þ 1Þ

2
þ LðHjYÞ ð20Þ

where LðHjYÞ is the data log-likelihood, n̂ is the dimensionality of
the parameters, knz is the number of non-zero-probability compo-
nents. The free parameters involved in the proposed algorithm are
the means and the full covariance matrices of Nðwnjun; zn ¼ kÞ.
Thus the dimensionality of the kth parameter hk = (lk,Rk), is
d + d(d � 1)/2.

The optimal number of components can be found by maximiz-
ing the penalised log-likelihood. The maximization of the penalised
log-likelihood leads to the same update equations for lk, Rk, mk,
1 6 k 6 K, only the mixing proportions pk is updated as follows:

pk ¼
max 0;

PN
n¼1pðkjtnÞ � n̂

2

n o
PK

j¼1 max 0;
PN

n¼1pðjjtnÞ � n̂
2

n o ð21Þ

At each training step, only the non-zero-probability components of
the mixtures contribute to the update of the parameters in the var-
iational M step.

3.6. The EM algorithm without using latent variable u

Besides the above EM-based algorithm for maximising the log-
likelihood, we can also develop an EM algorithm without introduc-
ing the latent variable u for estimation of the model parameters.
The EM algorithm can be easily derived. In the E-step, the posterior
p(kjtn) is the same as in Eq. (6). The expectation of the complete
log-likelihood can be written as:

hLti ¼
XN

n¼1

XK

k¼1

pðkjtnÞ log p tnjk;lk;Kk;mk
� �

pðkÞ ð22Þ

In the M-step, we maximize hLti w.r.t the model parameters. Here,
we do not have analytical solutions to the model parameters. The
derivative of hLti w.r.t lk is:

@hLti
@lk

¼
X

n

pðkjtnÞ
2mkK

�1
k ðlk � tnÞ

1þ D2
nk

ð23Þ

where D2
nk ¼ ðtn � lkÞ

TK�1
k ðtn � lkÞ. The derivatives of hLti w.r.t

Ak Kk ¼ AkAT
k


 �
is:

@hLti
@Ak

¼
X

n

pðkjtnÞ K�1
k �

2mkPnk

1þ D2
nk

 !
Ak ð24Þ

where Pnk = (tn � lk)(tn � lk)T. The derivatives of hLti w.r.t mk is:

@hLti
@mk

¼
X

n

pðkjtnÞ � log 1þ D2
nk

� �
þ wðmkÞ � w mk �

d
2

� �� �

The mixing coefficient p(k) can be obtained the same as in Eq. (13).
The disadvantage of this EM solution is that we do not have an out-
lier criterion for the purpose of outlier detection. The advantage is
that the EM algorithm without u converges faster than that of the
proposed algorithm. This EM algorithm can then be used as a
‘ground truth’ to compare with the proposed algorithm.
Please cite this article in press as: Sun, J., et al. Robust mixture clustering using P
j.patrec.2010.07.015
4. Experimental results

To test the performance of the MoP, firstly the performances of
the mixture of Gaussian (MoG), the MoT and the MoP are demon-
strated using some synthetic data sets. Secondly, we compare the
proposed algorithm with the EM algorithm that is not based on
the scale mixture representation of the Pearson type VII distribu-
tion. Thirdly, we carried out a set of controlled experiments on syn-
thetic data sets to compare against the MoT, and the mixture of
Gaussian. Finally, the performance of the Pearson type VII, the stu-
dent t and the Pearson type II (MoPII) (Medasani and Krishnapu-
ram, 1999) on classification of several benchmark datasets from
the University of California-Irvine, data repository (Murphy and
Aha, 1973).
4.1. The synthetic data and illustrative demonstration

In our experiments, the synthetic data sets are created by sam-
pling 1000 data points from a mixture of five Gaussian compo-
nents. 100 uniformly distributed data points are generated to
simulate the outliers. We demonstrate the performances of the
the MoT, the mixture of Gaussian (MoG) and the MoP by using a
2-dimensional and a 5-dimensional dataset. The leftmost plots of
Figs. 2, 3 (2-dimensional data) and Fig. 4 (5-dimensional data)
show three example data sets with true grouping, while the
remaining three plots in the three figures, show the estimated
groupings by the MoT, the MoG and the MoP (clockwise), respec-
tively. In Fig. 4, only the first two dimensions are displayed. From
Fig. 2, it can be seen that the estimated clustering result by the
MoP and the MoT compare well with the true clustering. But in
Figs. 3 and 4, it can be observed that the MoT cannot recover the
true grouping, while the MoP works better. In all the examples,
as expected, the MoG is unable to find the right groupings due to
the existence of outliers.

Fig. 5 shows the log-likelihoods obtained with varied number
of mixture components (1 6 K 6 10) by applying the MML crite-
rion as described in Section 3.5. The same 2-dimensional and 5-
dimensional datasets are used in Fig. 5(a) and (b), respectively.
We run the MoP with MML 10 times for each K. Note that com-
ponents will be pruned out during the training process if no en-
ough data points support the components. The error bars in the
figure show the standard deviation of the log-likelihood during
the training of the runs. From the figure, we see that the maxi-
mum log-likelihoods are achieved at K = 5, which indicates that
the MoT with MML is able to find the optimal number of mixing
components in the presence of outliers. Note that in both plots of
Fig. 5, the maximum number of cluster K is no more than 8, this
indicates that at least two mixture components were pruned out
during the training.

To compare the proposed EM algorithms with and without the
latent variable u, the same 2-dimensional dataset is used. Fig. 6
shows the log-likelihoods obtained by using the EM algorithm with
and without the latent variable u against iterations averaged over
ten runs on the synthetic data set. From the figure, we see that
the proposed algorithm is very close to the ground-truth EM
algorithm.
4.2. Comparison of MoP and MoT on outlier detection

It is well known that the mixture of Student t-distribution
(MoT) is capable of robust clustering and outlier detection (Peel
and McLachlan, 2000). In this section, we compare the proposed
algorithm (MoP) with the mixture of Student t-distribution
(MoT) to explore the capability of the MoP method to detect
outliers.
earson type VII distribution. Pattern Recognition Lett. (2010), doi:10.1016/
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Fig. 2. An example illustrating the performance of MoT, MoG and MoP. The upper left plot shows the true grouping, while the remaining plots show the estimated groupings
by MoT, MoG and MoP (clockwise), respectively.

Fig. 3. Another example illustrating the performance of MoT, MoG and MoP. The upper left plot shows the true grouping, while the remaining plots show the estimated
groupings by MoT, MoG and MoP (clockwise), respectively.
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We compare the MoP with the MoT in terms of (1) the rates of
outlier detection accuracy on the training data sets and the test
Please cite this article in press as: Sun, J., et al. Robust mixture clustering using P
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data set; (2) the out-of-sample log-likelihood; and (3) the CPU time
used for training. The out-of-sample log-likelihood will evaluate
earson type VII distribution. Pattern Recognition Lett. (2010), doi:10.1016/
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Fig. 4. A 5-dimensional data example illustrating the performance of MoT, MoG and MoP. The upper left plot shows the true grouping, while the remaining plots show the
estimated groupings by MoT, MoG and MoP (clockwise), respectively.

Fig. 5. The demonstration of the MoP with the minimum message length criterion to determine optimal number of mixture components. The data sets used in the plots are 2-
dimensional and 5-dimensional, respectively.
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the robust clustering capability of the MoP, and the CPU time will
compare the convergence speeds of MoT and MoP.

Fig. 7 shows the results averaged over 50 runs on the synthetic
datasets with 1000 data points and 5 clusters. In the experiments,
we adopt the receiver operating characteristics (ROC) analysis
(Fawcett, 2004) to measure the performance of outlier detection
accuracy of the MoP and the MoT. The area under the ROC curve
(AUC) gives us the probability that the outliers are correctly de-
tected. In plots (a) and (b) of Fig. 7, the averaged AUC values are
shown for the training and testing data sets. From the plots, we
see that the average AUC values of the MoP is slightly better than
Please cite this article in press as: Sun, J., et al. Robust mixture clustering using P
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that of the MoP, but not significantly. In plot (d), the boxplot of the
CPU time used by the MoT and the MoP are shown. It shows that
the time used by the MoP is similar to that of the MoT, but with
smaller variance. In the other words, the MoP appears more stable
than the MoT.

From plot (c), it can be seen that the average out-of-sample log-
likelihood of the MoP (�7.3101) is slightly better than that of the
MoT (�7.3584). Though the improvement is not significant (the
p-value obtained from the two-tailed t-test is 0.8914, which
suggests that the null hypothesis cannot be rejected and so that
the two means are equal), the study still demonstrates that the
earson type VII distribution. Pattern Recognition Lett. (2010), doi:10.1016/
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Fig. 6. The optimization process of the EM algorithms without latent variable u and
the EM algorithm with latent variable u on the synthetic data set.

Fig. 7. The comparison of the MoP and the MoT in terms of (a) the outlier detection
rates (measured by AUC) of the training data sets; (b) the AUC values of the test
data sets; (c) the out-of-sample log-likelihood; (d) the CPU time spent on training.

Table 1
Characteristics of the data sets.

Data sets No. of
classes

Data in No. of
features

class 1 class 2 class 3

Breast Cancer 2 444 239 NA 9
Pima Indian Diabetes 2 500 268 NA 8
Heart disease 2 150 120 NA 13
Bupa Liver Disorders 2 145 200 NA 6
German Credit Card 2 525 225 NA 24
Wine 3 59 71 48 13

Table 2
The comparison of the testing and training classification rate on five UCI benchmark
data sets using MoP, MoT and MoPII.

Data sets MoT MoP MoPII

Training Testing Training Testing Training Testing

Breast Cancer 0.9841 0.9415 0.9836 0.9488 0.9529 0.9438
Pima Indian

Diabetes
0.7773 0.6734 0.7806 0.6805 0.7758 0.7057

Heart disease 0.9700 0.5633 0.9957 0.5460 0.9114 0.5260
Bupa Liver

Disorders
0.8469 0.6552 0.8510 0.6636 0.8180 0.6339

German Credit
Card

0.7067 0.5924 0.8337 0.6752 0.7323 0.6024

Wine 0.9944 0.9111 0.9962 0.9222 1.0000 0.8500
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new method may be used as an alternative to the Student t-distri-
bution for robust learning. Moreover, as experienced in the exper-
iments, we found that the solution to Eq. (16) sometimes is not
available. That is, in the iteration of the Newton–Raphson algo-
rithm, the intermediate solution becomes negative. In contrast, it
is always easy to find the solution to Eq. (15) for the MoP. Thus,
we conclude that the Pearson VII distribution is a better building
block for robust learning than the Student t-distribution.

4.3. Comparison of MoT, MoP and MoPII on classification

In this section, we compare the performance of the Student t
mixtures, the Pearson type VII mixtures, and the Pearson type II
mixtures on classification. Of the distributions of Pearson type,
the Pearson-II has been demonstrated in the application of classi-
fication in (Medasani and Krishnapuram, 1999). Therefore, it is of
interest to include it in our comparison. The Pearson type II distri-
bution (Kotz, 1997) is written as

pðxjl;K;KÞ ¼
CðKþ1þd=2Þ
CðKþ1Þpd=2 jWj1=2DK if x 2 Region R
0 elsewhere

(
ð25Þ
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where D = [1 � (x � l)TW(x � l)], and W = (d + 2(K + 1))�1K�1. The
region R denotes the interior of the hyper-ellipsoid, i.e. R =
{xj(x � l)TW(x � l) 6 1}. The parameter K determines the shape of
the density function. In the algorithm developed in (Medasani and
Krishnapuram, 1999), the estimation of the parameter K is not pro-
vided. In the following experiments, we tried the K values in the
same way as suggested in (Medasani and Krishnapuram, 1999).

As in (Medasani and Krishnapuram, 1999), we applied Bayes’
rule to carry out classification. The detailed procedure is as follows.
First, we model each cluster bk in the training data set as a mixture
of multiple components. If we let p(xjjbk) be the conditional
probability of selecting xj given class bk is given by pðxjjbkÞ ¼PNk

i¼1pð-kiÞpðxjj-kiÞ where Nk is the number of components in class
bk, p(-ki), 1 6 i 6 Nk is the mixing proportion of the class bk and
p(xjj-ki) is the conditional probability function. If we assume that
P(bk) is the priori probability for class bk, then a data point x can
be classified as class bk if P(bk)p(xjbk) P P(b‘)p(xjb‘), "‘ – k.

To compare the different mixture modeling methods, five data
sets, namely ‘Breast Cancer’, ‘Pima Indian Diabetes’, ‘Heart Dis-
eases’, ‘Bupa Liver’, ‘German Credit Card’ and ‘Wine’ from the UCI
data repository were used for this study. Table 1 lists the character-
istics of the used data sets. In the table, ‘NA’ denotes ‘not applica-
ble’ in case there are no data points in class 3.

In our experiments, each of the data sets was divided into train-
ing and testing sets, where 75% of the data are used as the training
sets. In dividing the data set, we ensured that the data in the train-
ing set included all the classes. Twenty such divisions were gener-
ated randomly for each data set. To carry out classification of the
data set, firstly the component parameters of the training data sets
were estimated, then Bayes’ rule was applied based on the resul-
tant conditional probabilities for the classification of the training
and testing data sets.

We use the classification rate, which is the accuracy of the clas-
sification, as the comparison criterion. The classification rates for
the five data sets by using the three algorithms, MoP, MoT and
MoPII are listed in Table 2. From the table, we see that considering
the classification rate of the training data sets, the MoP performs
better than the MoT except the Breast cancer data, and better than
the MoPII except the Pima and the Wine data. Considering the
classification rate of the test data sets, we see that the MoP is better
earson type VII distribution. Pattern Recognition Lett. (2010), doi:10.1016/
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than the MoT except the Heart disease data, and better than the
MoPII except the breast cancer data.

From the results, again we may conclude that the proposed MoP
is more viable than the MoT and the MoPII in classification.

5. Conclusion

We have developed a new robust mixture modeling approach
based on the Pearson type VII distribution. The scale mixture rep-
resentation of the Pearson type VII distribution is presented first.
An EM algorithm is developed to fit the model with the maximum
likelihood estimation. An outlier detection criterion is then derived
from the EM formulation. Experimental results showed that the
performance of mixture of Pearson VII distribution is similar to
that of mixture of t-distribution in terms of outlier detection and
likelihood maximization but more stable. On the other hand, the
experiments on classification show that the Pearson type VII mix-
ture is more stable than those of the Student-t and the Pearson
type II mixtures. In conclusion, the new method presented in this
paper provides a more stable option for robust and sparse learning
by using the Pearson type VII distribution as a building block.

We have already developed algorithms for robust clustering on
data sets with measurement errors (Sun et al., 2007a; Sun and
Kabán, 2010) and for visualising high-dimensional data sets with
measurement errors (Sun et al., 2007b). These developed algo-
rithms are all based on the mixtures of Student t-distributions.
The newly developed Pearson Type VII distribution can be adopted
in these studies to replace the Student t-distribution. It will be
interesting to see the differences and this will be our future work.

Appendix A

We show how the Pearson type VII distribution is represented
as a scale mixture distribution. If we let

~pðt;l;K;mÞ ¼
Z
N tjl;K

u

� �
G ujm� d

2
;
1
2

� �
du ð26Þ

We can evaluate the integral as follows:

~pðt;l;K;mÞ

¼ jKj�
1
2

pd
22mCð ~mÞ

Z
um�1 exp � 1

2
1þ D2� �� 	

u
� 


du ð27Þ

¼ jKj�
1
2

pd
2Cð ~mÞ

1þ D2� ��m
Z

~um�1 expð�~uÞd~u ð28Þ

¼ jKj
�1

2CðmÞ
pd

2Cð ~mÞ
1þ D2� ��m
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(27) and (28), we re-parameterize

~u ¼ 1
2

1þ D2� �
u

Therefore, we see that ~pðt; l; K; mÞ ¼ pðt; l; K; mÞ.
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