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Introduction / Background

L1-regularisation - a workhorse in both machine learning and compressive
sensing

• sparsity

• convexity

• recovers the L0 solution in some cases

Lq regularisation is non-convex - but seems to work better

• statistics (Fan & Li, ’01): oracle property

• compressive sensing (Chartrand, ’07)

• signal denoising (Moulin, ’99)



How about learning / generalisation?

• what q to use in which case?

• when is the smaller q better?

So far:

• 0-norm SVM classification (Weston et al., ’03) (results data-

dependent)

• genomic data classification report better prediction using Lq

(Liu et al.,’07)



• we empirically found the smaller q works better when many

features are irrelevant (Kaban & Durrant,’08a)

• derived a data-independent PAC-bound — somewhat infor-

mative but far too loose

• also noted that as the data dimensionality increases, Lq-

regularisation with a smaller q falls pray to the curse of di-

mensionality at a slower rate (Kaban & Durrant,’08b)

Here we derive a data-dependent PAC-Bayes bound, to better

understand the generalisation behaviour of Lq-regularised classi-

fiers.



Lq-regularised logistic regression

• Training set {(xj, yj)}n
j=1, where xj ∈ R

m inputs and yj ∈ {−1, 1} their

labels.

• Lq-regularised logistic regression:

max
w

n
X

i=1

− log(1 + exp(−yw
T
xi)) − λ||w||qq (1)

where ||w||q = (
Pm

i=1 |wi|q)1/q.

q ≤ 1: non-differentiable at zero ⇒ sparsity.

• To derive a PAC-Bayes bound, interpret the regularisation term as the
log prior of a Generalised Gaussian Distribution (GGD), which has the
following form:

GGD(wj|µj, λ, q) =
qλ1/q

2Γ(1/q)
exp {−λ|wj − µj|

q} (2)

where λ > 0 and we are interested in q ∈ (0, 1].



PAC-Bayes Theorem for Lq-reg. logistic regression.

For all i.i.d. distributions D over the data, ∀P (h) prior over the

classifiers h : X → Y , and ∀δ ∈ (0, 1] risk,

Pr
S∼Dn



∀Q(h) : KL+[Q̂S||QD] ≤
1

n
[KL(Q||P ) + ln

n + 1

δ
]

ff

≥ 1 − δ

(3)
where:

• Q := GGD(wj|ŵj, λ̃, q̃), with λ̃, q̃ chosen to tighten the bound

• Q̂S ≡ Eh∼Q[1
n

Pn
i=1 I(h(xi) 6= yi)] (the expected training error) and KL(Q||P ) =

Eh∼Q ln
Q(h)
P (h)

are specific to the Lq regularised logistic regression model.

• QD ≡ Pr(x,y)∼D {h(x) 6= y} is the true (generalisation) error, which is
solved numerically from (3).



• The Q̂S term: MC-based upper-bound is one option; alter-
natively:

Q̂S ≈
1

n

n
X

i=1

Φ
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• The KL(Q||P ) term:
Pm

j=1 KL[Q(wj)||P (wj)]

This is intractable, but using the q-triangle inequality (valid
for q ≤ 1) yields a tractable upper-bound:

KL[Q(wj)||P (wj)] ≤ KL[GGD(wj|0, λ̃, q̃)||GGD(wj|0, λ, q)] + λ|ŵj|
q (5)

= log
q̃λ̃1/q̃Γ(1/q)

qλ1/qΓ(1/q̃)
+

λ

λ̃q/q̃

Γ((q + 1)/q̃)

Γ(1/q̃)
−

1

q̃
+ λ|ŵj|

q

where ’=’ holds whenever ŵj = 0.

Interesting to observe that for small Q̂S, we have:

min
λ̃,q̃

KL[Q||P ] ≤ λ||ŵ||
q
q (6)



The PAC-Bayes bounds at work
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Examples of searching for the parameters of Q to optimise the generalisation bound. Right:

1 relevant feature of 200; Left: exp decay feature relevance. n = 500.
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Toy-example with m = 20 features and m = 500 samples. Best q compared
against a test set bound and the actual fraction of test error counts. For the
latter, 30% of the data was held out for testing.
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PAC-Bayes analysis on synthetic data with m = 200 dimensions, n = 500
samples.
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Empirical behaviour, selecting λ by cross-validation. Test errors refer to
counts out of 100. The error bars are over dimensionality ranging from 10
to 1000.



Conclusions

• Derived PAC-Bayes bound for studying the generalisation ability of the
family of sparse classifiers expressed by Lq≤1-regularised logistic regres-
sion.

• Lq<1 improves over L1-regularisation when many features are irrelevant
(and i.i.d.). This is when more sparsity helps.

• The PAC-Bayes bound seems well aligned with the empirical behaviour of
Lq-regularised sparse classifiers, when the sample size is not excessively
small.

• The optimisation involved in tuning the parameters of Q appears to be-
come more difficult as q gets smaller. Here we used a simple grid search,
but a more sophisticated optimiser may bring further improvements in
the tightness of the bounds.

• Further work to experiment with correlated features and real-world data
sets.
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