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A Fast Algorithm for Robust Mixtures in the
Presence of Measurement Errors

Jianyong Sun and Ata Kabán

Abstract—In experimental and observational sciences, detect-
ing atypical, peculiar data from large sets of measurements has
the potential of highlighting candidates of interesting new types of
objects that deserve more detailed domain-specific followup study.
However, measurement data is nearly never free of measurement
errors. These errors can generate false outliers that are not truly
interesting. Although many approaches exist for finding outliers,
they have no means to tell to what extent the peculiarity is
not simply due to measurement errors. To address this issue,
we have developed a model-based approach to infer genuine
outliers from multivariate data sets when measurement error
information is available. This is based on a probabilistic mixture
of hierarchical density models, in which parameter estimation
is made feasible by a tree-structured variational expectation-
maximization algorithm. Here, we further develop an algorithmic
enhancement to address the scalability of this approach, in order
to make it applicable to large data sets, via a K-dimensional-
tree based partitioning of the variational posterior assignments.
This creates a non-trivial tradeoff between a more detailed noise
model to enhance the detection accuracy, and the coarsened
posterior representation to obtain computational speedup. Hence,
we conduct extensive experimental validation to study the accu-
racy/speed tradeoffs achievable in a variety of data conditions.
We find that, at low-to-moderate error levels, a speedup factor
that is at least linear in the number of data points can be
achieved without significantly sacrificing the detection accuracy.
The benefits of including measurement error information into
the modeling is evident in all situations, and the gain roughly
recovers the loss incurred by the speedup procedure in large error
conditions. We analyze and discuss in detail the characteristics
of our algorithm based on results obtained on appropriately
designed synthetic data experiments, and we also demonstrate
its working in a real application example.

Index Terms—K-dimensional (KD)-tree, measurement er-
rors, outlier detection, robust mixture modeling, variational
expectation-maximization (EM) algorithm.

I. Introduction

ROBUST DATA modeling is an important task in scien-
tific data mining, with the goal to capture the structure of
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the typical observations while dealing with atypical or outlying
observations in an automated manner. In the same time,
detecting outliers has the potential of highlighting candidates
of interesting new types of objects that deserve more detailed
domain-specific followup study.

An outlier is an object that lies far away from the bulk
of data density, therefore it may represent some peculiar,
possibly interesting object. However, measurement data from
experimental sciences, such as biochemistry, meteorology or
astrophysics, most often contains measurement errors, due
to a variety of inevitable factors. For example, in astro-
physics, known measurement errors arise from uncertainties
in instrument calibration and physical limitations of devices
and experimental conditions. These are recorded and are
available as part of the data. Although many efficient data
mining approaches exist for finding outliers [2], [7], [25], [27],
[35], [38], there is nothing to prevent them from confusing
erroneous measurements with potentially interesting rare or
peculiar ones. They have no means to tell to what extent the
peculiarity is not simply due to measurement errors. Since
these errors can also generate outliers, a great deal of effort
could be saved for the domain scientists if the detection pro-
cedure could take principled account of the error information
to avoid detecting outliers that are not truly interesting.

We have been therefore developing a model-based approach
to infer genuine outliers from multivariate data sets in the
presence of measurement error information [41], by explic-
itly incorporating knowledge of measurement errors into the
model. This is based on a probabilistic mixture of hierar-
chical density models, building on work from statistics and
statistical machine learning regarding the use of heavy-tail
Student’s t-distributions in the model construction. A brief
review of these follows in the next section. The probabilistic
framework allows us to incorporate additional information in
a straightforward manner, and makes it feasible to develop
further extensions as appropriate, which we shall exploit in this
paper.

Although this provides a principled solution to the problem,
and statistically significant improvements have been demon-
strated in high error conditions as a proof of concept, the
basic algorithm inherits the computational scaling difficulty
of other expectation-maximization (EM)-based mixture model
estimation algorithms [15], namely in each training step all
data points need to be visited. The training process is therefore
linear with the number of data points, and the EM-based
algorithm is thus too time-consuming to be applied to large
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data sets. In this paper, we set up therefore to develop a
scalable version of this principled model-based approach.

To accelerate the training process of the EM-based algo-
rithm, many techniques have been proposed in the literature,
e.g., [32], [33], [37]. The main idea of these techniques is
to first partition the data set into several groups (cells), and
cache sufficient statistics of the data points in the cells, such
as the mean and covariance. The subsequent training process
is then only carried out on these sufficient statistics rather
than the entire data set. Since the posteriors of the latent
variables in the EM-based algorithm need to be inferred, most
of these existing speedup algorithms are unable to make exact
inference due to the partitioning. As a result, these techniques
have to inevitably approximate the data likelihood. Moreover,
convergence of most of these algorithms is not guaranteed.
The algorithm recently developed by Verbeek et al. is claimed
to be the first convergent accelerated-EM-clustering algorithm
[48]. It takes a principled approach by using the idea of data
partitioning for making the variational posterior assignments.

We are not aware of accelerated algorithms available specif-
ically for robust mixtures, let alone in the presence of mea-
surement errors. This is what we propose and develop in this
paper, by combining our model-based approach [41] with the
speedup technique devised in [48], and some further technical
enhancements. The algorithm so obtained also produces an
accelerated mixture of student t-distributions in the special
case of zero noise limit.

After giving a brief overview of recent and related work
in the next section, the remainder of this paper is organized
as follows. Section II describes the underlying model, first
proposed in [41], along with the tree-structured variational
approximation that makes parameter estimation feasible but
still costly for large data sets. The accelerated version of
the variational EM algorithm, using K-dimensional (KD)-
tree partitioning of the posterior assignments is presented in
Section III. Extensive experimental evaluation and analysis
are provided in Section IV, thoroughly assessing both the
speed/accuracy tradeoffs in a variety of data conditions and
the gains achieved by including the measurement error infor-
mation. Finally, Section V concludes the paper.

A. Related Work

Since our initial work in [41] motivated by astrophysical
data mining problems, the usefulness of explicitly accounting
for known measurement error information has been recognized
in a diversity of other areas too [24], such as in computer vi-
sion and bioinformatics. In [24], a “partial” Bayesian Gaussian
mixture has been developed, which includes a measurement
error layer in the same spirit as [41]. The density estimator lay-
ers differ in that, unlike our use of t-mixtures, they choose to
employ a Bayesian mixture of Gaussians, which is also robust
against singularities. However, this model design was made
neither with the aim of detecting outliers, nor does it scale up
to large data sets, which represent the focus of our work.

The work of [49] adopts the variable kernel density esti-
mation approach [44] to deal with noisy data, using Gaussian
mixtures to approximate the underlying true densities. Still,
these methods are likely to be sensitive to the outlying

observations due to the use of a finite number of Gaussian
building blocks.

In the statistics and statistical machine learning communi-
ties, there has been ample evidence for the beneficial effects of
the heavy-tailed t-distribution, as a robust building block. It has
been adopted in various applications, such as clustering [5],
[11], [36], [43], visualization [42], [47], robust projections—
robust probabilistic principal component analysis [52] and
robust canonical correlation analysis (CCA) [3] and factor
analyzers [4], [12], [30], in signal processing [10], sequential
data modeling [9], image processing [8], [46], to name just a
few. The t-distribution has heavy tails, hence it gives non-zero
probability to observations that are far away from the bulk of
the density.

It has been found in these applications that the t-distribution
based approach was superior to methods based on Gaussian
distributions. Moreover, the maximum likelihood estimate of
t-mixtures is robust against outliers [36]. Since achieving
such robustness by means of full Bayesian methods can be
computationally quite demanding, the use of t-distributions in
conjunction with maximum likelihood estimation procedures
(or approximations thereof) represents an attractive basis for
our effort of developing scalable yet principled means of
detecting genuine outliers from large data sets. But besides
the practical computational issue, we should note that in the
massive data sample problem that we deal with in this paper,
Bayesian priors on the model parameters would have little
benefit if any. Indeed, one should be aware that in certain cases
a misspecified prior can lead to over-fitting even in infinite
sample size conditions [21]. However, in other settings that
would justify a full-Bayesian treatment, our algorithm could
be adapted with little effort.

II. Robust Mixture Modeling of Data With Error

Information

This section describes the probabilistic model that underlies
our approach to robust modeling of multivariate data sets
in the presence of measurement errors, along with a tree-
structured variational EM algorithm for parameter estimation.
A preliminary version appears in [41], where slightly more
technical details can be found.

A. Model

To obtain a data set in experimental and/or observational
sciences, often a series of experiments and/or observations
are carried out for the sake of accuracy. According to the
central limit theorem, it is reasonable to assume that these
observations follow a normal distribution. We can assume that
each individual measurement in the data set has the form
tin ± √

sin, n = 1, ..., N; i = 1, ..., d, where N is the number
of data instances, d is the number of features, and sin is
the measurement error variance estimates that are known and
available. The variance reflects the cumulative effects of the
uncertainties in instrument calibration and physical limitations
of devices and experimental conditions. We can express this
compactly by writing a heteroscedastic noise model, so for
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Fig. 1. (a) Plate diagrams of the mixture of t-distribution. (b) Proposed
model for data with errors.

each observed datum tn ∈ �d , we have a known diagonal
covariance matrix Sn

p(tn|wn) = N (tn|wn, Sn) (1)

where N (tn|wn, Sn) denotes the normal distribution with un-
known mean wn and known diagonal covariance matrix Sn.

The unknown mean wn represents the clean, error-free
version of the data, and it may have a quite peculiar density
which contains outliers. We call these “true” or “genuine”
outliers of the data density. The observed data density, i.e.,
the density of tn may have other outliers, as a result of the
measurement errors, and it is the former that is of interest to
try to infer.

For this purpose, we model the density of wn as a robust
mixture of K Student t-distributions (MoT)

p(wn) =
K∑

k=1

πkSt(wn|µk, �k, νk) (2)

where St(wn|µk, �k, νk) is the Student’s t-distribution. This
can be rewritten as a scale-mixture [28]

St(wn|µk, �k, νk) =
∫ ∞

0
N

(
wn|µk,

�k

un

)
G

(
un|νk

2
,
νk

2

)
dun

(3)

and G(u|a, b) = ba exp(−bu)ua−1/�(a) is the gamma distribu-
tion with shape parameter a and scale parameter b, �(·) is the
gamma function.

The distribution of the observed data tn is then obtained
by integration over wn, leading to the following likelihood
function:

p(tn|θ) =
∑

k

πk

∫∫ [
N (tn|wn, Sn)N

(
wn|µk,

�k

un

)

G
(
un|νk

2
,
νk

2

) ]
dundwn (4)

where θ = {µk, �k, νk, 1 ≤ k ≤ K} are the model parameters.
Fig. 1 gives the plate diagram of this model (reproduced

from [41]). In the plate diagram, the filled circles (tn and
Sn) denote the observed values, while the unfilled circles
(wn, un, zn) indicate the latent random variables except the
model parameters.

Thus, the complete probability model, i.e., the joint proba-
bility of all variables (the observed variables t and the latent
variables w, u, z) has the following factorized form:

LC =
∏
n

∏
k

[
p(tn|wn)p(wn|un, zn = k)p(un|zn = k)

p(zn = k|π)
]δ(zn=k)

(5)

≡ ∏
n

∏
k

[
p(tn, wn, un, zn = k)

]δ(zn=k)
(6)

where δ(·) is the Kronecker delta, p(tn, wn, un, zn = k) is the
full likelihood, and

p(wn|un, zn = k) = N
(

wn|µk,
�k

un

)
(7)

p(un|zn = k) = G
(
un|νk

2
,
νk

2

)
(8)

p(zn = k|π) = πk. (9)

In order to derive maximum likelihood parameter estimates,
we should be maximizing the likelihood function of the train-
ing data Y . However, since the integration in (4) is intractable,
a tree-structured variational approximation1 has been found
effective [41]. The associated variational EM algorithm works
by maximizing the so-called free-energy function [26] with
respect to an auxiliary distribution q(wn, un, zn) (E-step) and
the model parameters (M-step), respectively. The free energy
function is a lower bound on the log likelihood

L(θ|Y) ≥ H(q) +
∑

n,k

∫∫
q(wn, un, zn = k)

log p(tn, wn, un, zn = k)dwndun (10)

≡ FO(θ|Y) (11)

where H(q) is the entropy of the variational distribution q of
the form

H(q) = −
∑

n,k

[ ∫∫
q(wn, un, zn = k)

log (q(wn, un, zn = k))

]
dwndun. (12)

As a result, the following algorithm is obtained [41].

B. Tree-Structured Variational Algorithm

In the variational E-step, the auxiliary posterior distribution
q(wn, un, zn = k) is sought in a tree-structured factorized form

q(wn|zn = k)q(un|zn = k)q(zn = k). (13)

Note that the same form of factorization, q(u, z) = q(u|z)q(z),
has been adopted recently in [5] and suggested in [31].
Moreover, the experimental results in [5] and [42] favor
the tree-structured factorization over the full factorization
q(u, z) = q(u)q(z).

Due to the conjugacy properties of the distributions used,
through maximizing the free-energy function FO with respect

1This should not be confused with variational Bayes inference. The vari-
ational approximation is employed here to make a maximum likelihood
estimation tractable.
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to the factorized auxiliary distribution q, the following poste-
rior distributions were obtained:

q(wn|zn = k) = N (wn|〈w〉nk, �wn|k) (14)

q(un|zn = k) = G(un|ank, bnk) (15)

q(zn = k) =
exp(Atn,k)∑
k′ exp(Atn,k′ )

(16)

where 〈.〉 denotes expectation, and

�wn|k = Sn

[
�k

〈un〉k + Sn

]−1
�k

〈un〉k (17)

〈w〉nk = �wn|k
(〈un〉k�−1

k µk + S−1
n tn

)
(18)

ank =
νk + d

2
(19)

bnk =
νk + Cnk

2
(20)

and

Cnk = (〈wn〉k − µk)T �−1
k (〈wn〉k − µk)

+Tr
(
�−1

wn|k�k

)
(21)

〈un〉k =
ank

bnk

(22)

Atn,k = 〈log p(tn, wn, un, zn = k)〉wn,un|k −
〈log q(un|zn = k)〉un|k −
〈log q(wn|zn = k)〉wn|k. (23)

The parameter re-estimation is completed in the M-step, with
the following re-estimation formulae for µk, �k, and πk:

µk =

∑N
n=1 q(zn = k)〈un〉un|k〈wn〉wn|k∑N

n=1 q(zn = k)〈un〉un|k
(24)

�k =

∑N
n=1 q(zn = k)〈un〉un|k�̃n,k∑N

n=1 q(zn = k)
(25)

πk =
1

N

N∑

n=1

q(zn = k) (26)

where �̃n,k =
[
(µk − 〈wn〉k)(µk − 〈wn〉k)T + �wn|k

]
. The op-

timization process can be monitored by evaluating the free
energy FO(θ|Y).

The accuracy of this variational approximation was ex-
perimentally assessed in [41], and it was found to compare
favorably to a simpler, fully factorial approximation scheme,
approaching the accuracy of a Markov-Chain-EM while main-
taining computational simplicity.

However, the time complexity of this algorithm is
O(d3KN), which means that, unfortunately, its utility is lim-
ited to relatively small to medium-size data sets. Therefore, in
the next section, we devise a more scalable alternative.

III. Accelerated Variational Algorithm

To accelerate the estimation of the model proposed in the
previous section, it is useful to note first, that in variational
EM, any auxiliary distribution q is acceptable in the E-step,
provided that the free-energy is non-decreasing [34]. The
intuition then is that the maxima of the variational free energy

function would be a good approximation to those of the data
likelihood L [20]. This observation allows us to assign the
variational posteriors to the data points in such a manner that
the resulting algorithm scales better. In particular, we can
assume equal auxiliary posteriors for groups of data points
that are nearby in the input space. This is the underlying idea
of the method given in the sequel.

Similarly to [48], we consider a partitioning P of the data
set as a collection of non-overlapping cells P = {A1, · · · ,Am}.
To the data points in a cell A we will assign the same auxiliary
posterior probabilities of the latent variables w, u, z. Thus, all
the data points tn ∈ A will share the same latent variables,
which we now denote by wA, uA, zA, and accordingly, the
auxiliary distribution is denoted by q(wA, uA, zA). Now, the
data likelihood function can be approximated as follows:

L(θ|Y) ≥
∑

A∈P
FA ≡ FP (27)

where

FA =
∑

tn∈A

∑

k

(
〈log p(tn, wA, uA, zA = k)〉q −

〈log q(wA, uA, zA = k)〉q
)

(28)

and 〈·〉q is the expectation with respect to q(wA, uA, zA). Note
that on this occasion, the full likelihood p(tn, wn, un, zn) is
replaced by p(tn, wA, uA, zA) since all wn, n ∈ IA (where
IA = {n : tn ∈ A}) take the same value wA, and un, zn, n ∈ IA
will equal to uA and zA, respectively.

Using this, we can then employ the same line of thought as
in Section II, to derive a better scaling algorithm. As in (13),
we factorize the posterior q with respect to each cell A in a
tree-form, as follows:

q(wA, uA, zA = k) = q(wA, uA|zA = k)q(zA = k)

= q(wA|zA = k)q(uA|zA = k)q(zA = k). (29)

Note that here the factorization q(uA, zA) = q(uA|zA)q(zA)
is applied. Then, the free-energy function for each cell A can
be evaluated as follows:

FA =
∑

tn∈A

∑

k

[
〈log p(tn, wA, uA, zA = k)〉wA,uA,zA=k

]

−
∑

tn∈A

∑

k

[
〈log q(wA, uA, zA = k)〉wA,uA,zA=k

]
. (30)

It should be observed also that the resulting tradeoff between
speed and accuracy is achieved gracefully, since in the case
of the finest possible partition P , i.e., the one in which each
cell A only has one data point, the approximated free-energy
function FP recovers the free energy function FO, used in the
previous section.

A. Variational E-Step: Locally Shared Posteriors

Analogously to the variational E-step in Section II, we now
need to infer the locally shared posteriors q(wA, uA, zA) in
the E-step. To this end, we maximize FP with respect to
the posterior q for each cell. Due to the conjugacy properties
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used, we obtain the following (see Appendix A for detailed
derivation):

q(wA|zA = k) = N (wA|〈w〉A|k, �wA|k) (31)

q(uA|zA = k) = G(uA|aA|k, bA|k) (32)

and

q(zA = k) ∝

πk exp

{
∑

tn∈A
〈log p(tn, wA, uA|zA = k)〉q

}

exp
{|A|〈log q(wA, uA|zA = k)〉q

} (33)

where

�wA|k =

[(
∑

tn∈A
S−1

n

)
+ |A|〈u〉A|k�−1

k

]−1

(34)

〈w〉A|k = �wA|k

[(
∑

tn∈A
S−1

n tn

)
+ |A|�−1

k µk〈u〉A|k

]
(35)

and

aA|k =
νk + d

2
(36)

bA|k =
νk

2
+

(〈w〉A|k − µk)T �−1
k (〈w〉A|k − µk) + Tr(�wA|k�

−1
k )

2
. (37)

Here and in the following, |A| denotes the cardinality of cell
A, and

〈u〉A|k =
aA|k
bA|k

〈log u〉A|k = ψ(aA|k) − log bA|k. (38)

B. Variational M-Step

In the variational M-step, maximizing FP with respect to
the model parameters and solving the stationary equations, we
obtain the following updated equations:

µk =

∑
A

|A|q(zA = k)〈u〉A|k〈w〉A|k
∑
A

|A|q(zA = k)〈u〉A|k
(39)

�k =

∑
A

q(zA = k)|A|〈u〉A|k�̃wA|k
∑
A

|A|q(zA = k)
(40)

πk =
1

N

∑

A∈P
|A|q(zA = k) (41)

where

�̃wA|k =
[(

wA|k − µk

) (
wA|k − µk

)T
+ �wA|k

]
. (42)

Further, we update the degrees of freedom parameters
νk, 1 ≤ k ≤ K by maximizing the log-likelihood bound FP ,
i.e., solving the following nonlinear equation:

∑

tn∈A
|A|q(zA = k)

[
log

(νk

2

)
+ 1 + 〈log u〉A|k − aA|k

bA|k
− ψ

(νk

2

) ]
= 0. (43)

To find the root of this equation, we employed the secant
method, though any numerical solver could be used. Similarly
to [45], we update the degrees of freedom in every fifth
iteration of the overall iterative algorithm.

Finally, we can use the evaluation of the log-likelihood
bound to monitor the optimization process, the details of which
are given in Appendix B. Usefully, some values can be cached
without needing to be computed at each iteration.

C. Special Case: Accelerated Estimation for Mixtures of t-
Distributions

It may be worth pointing out that an accelerated estimation
algorithm for t-mixtures [36] (MoT) can be obtained with
no effort, as a special case of the previous analysis, simply
by considering the zero-noise limit. In case Sn = 0, where
1 ≤ n ≤ N, the model in (4) degenerates to the MoT
[41]. Consequently, zero measurement errors will result in an
accelerated version of the MoT, as follows.

In case Sn = 0, the auxiliary posterior q(wA|zA = k), 1 ≤
k ≤ K is no longer required; while the posterior q(uA|zA = k)
is still a gamma distribution with the shape parameter aA|k as
before, and the scale parameter bA|k is modified as

bA|k =
ν + (〈t〉A − µk)T �−1

k (〈t〉A − µk)

2
. (44)

In the variational M-step, the model parameters get updated
as

µk =

∑
A

|A|q(zA = k)〈u〉A|k〈t〉A
∑
A

|A|q(zA = k)〈u〉A|k
(45)

�k =

∑
A

q(zA = k)|A|〈u〉A|k�Ak

∑
A

|A|q(zA = k)
(46)

πk =
1

N

∑

A∈P
|A|q(zA = k) (47)

where �Ak =
[
(〈t〉A − µk) (〈t〉A − µk)T

]
.

D. Partitioning by KD-Tree

So far, we did not specify the partitioning method for
deciding the membership of points into cells. Indeed, any
partitioning is applicable for the speed-enhancement scheme
just described, provided that the values in (67) are cached in
the partition nodes. We can thus choose any convenient parti-
tioning method. One of the popular and scalable partitioning
methods is the KD-tree [6], [32]. A KD-tree is a binary tree.
In the constructed tree, the root node contains all data points.
Each parent node has two children nodes, and each child node
contains a subset of the data points in the parent node, and the
union of the points in the children nodes consists of the points
in the parent node. Usually, the axis-aligned hyperplane is used
to split the parent nodes. In our experiments, the hyperplane
that cuts along the dimension with maximum length of the
parent node is applied to build the KD-tree. The values in
(67) (see Appendix B) are stored in each node.

The proposed variational E and M steps can be iteratively
carried out till convergence at a certain partition level P ,
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resulting in a log-likelihood FP . Since the proposed variational
EM algorithm does not sweep over all the data points, but only
the cached statistics, its running time will be much less than
that of the original algorithm. This is because |P| � N, where
|P| is the number of the nodes in the partition P . However,
since we only use the cached statics, the performance of the
algorithm will be inevitably inferior to that of the original
algorithm. In other words, the difference between the log-
likelihood of the data set L and FO will be smaller than
L − FP after training. To increase the data log-likelihood,
we can split the current partition into a finer partition and
apply the proposed EM algorithm on the finer partition. This
procedure can iterate until some criterion is satisfied. At
first sight one may think the iterative procedure may greatly
increase the computational time due to the slow convergence
of the EM algorithm [29]. However, this procedure will in
fact not increase the computational cost significantly, since the
previously estimated model parameters and posteriors will help
to accelerate the EM convergence in the finer partition level.
Previously estimated parameters impose a better initialization
in the current EM execution: the variational EM will need less
iterations to converge.

The next questions are to decide which cells to split and
how to split the cells. We adopted an idea similar to that used
in [48]. For each cell A in the current partition, suppose its
child cells are Aa and Ab, then we compute the increase in
data log-likelihood F	 = FA − (FAa

+ FAb
) by assigning the

same locally shared posteriors in cell A to Aa and Ab. A
certain percentage (50% in our experiments) of the cells with
maximal F	 values are further partitioned. This can be done
in time complexity of O(|P|).

E. Detecting Outliers

Following [36] and [41], the expectation of the latent vari-
able u is of interest to determine which points are outliers. A
sufficiently small 〈u〉 value corresponds to an outlier. However,
in our accelerated version of the algorithm, this criterion will
now refer not to one single data point but to a cell with locally
shared posteriors, that is

〈u〉A =
K∑

k=1

q(zA = k)〈u〉A|k (48)

so this would suggest considering as outliers the cells with
small 〈u〉A values. However, this detection approach is dubi-
ous: outliers and non-outliers could be split in the same cell.
As a result, some non-outliers will be wrongly detected as true
outliers and viceversa. To overcome this problem, we propose
to use a heuristic approach with concepts borrowed from [13],
as follows.

The training process of the algorithm is carried out first,
until convergence. Then, we look at the density of each cell,
i.e., the ratio between the number of objects in the cell and
the volume of it. Those that are less dense are more likely to
contain outliers, because the sparsity of a cell indicates that it
is likely to be situated far away from the bulk of the density.
So, we split a certain percentage (10% in our experiments) of
the less dense cells (those having minimal density) to form a

finer partition. This splitting is performed using the special cut
developed in [13], that is, the axis-aligned hyperplane in the
skewness dimension is used to split the parent nodes. If we let
Cm denote the center of mass of the objects in the cell and let
Cv denote the center of volume of the cell, the “skewness” is
defined as in [13]

max
dimension i

{
distance of Cm from Cv along i

length of region along i

}
. (49)

Here we point out that only the concepts (the cell density
and the skewness) proposed in [13] are borrowed into our
algorithm, the actual implementation differs—in [13], the
skewness is used to build the tree, while the inverse of density
is used to flag the outliers in this paper.

F. Algorithm

Now we are ready to describe the enhanced, accelerated
algorithm in detail as follows.

1) Construct a KD-tree on the data set by means of classical
axis-aligned hyperplane, and cache the values in (67) in
each cell.

2) Expand the KD-tree to some depth to form the initial
partition level P0.

3) Initialize the model parameters µk, �k and πk, 1 ≤ k ≤
K by estimating a mixture of t-distributions (MoT) on
the values 〈t〉A [see (68)] of the cells in P0; set i =
0,FPi

= −∞.
4) Variational E-step. For each cell A in the current par-

tition Pi, compute the locally shared posteriors using
(31), (32), and (33). Calculate the free-energy function
F (see the lower bound evaluation in Appendix B).

5) Variational M-step. Update the model parameters using
(39), (40), and (41).

6. If | F
FPi

− 1| > 1.0−5, FPi
= F , go to step 4.

7. Expand the current partition Pi to create Pi+1 based on
the heuristic described in Section III-D.

8. If | FPi

FPi−1
− 1| > 1.0−5, set i = i + 1, go to step 4.

9. Split the cells with the smallest cell-density values by
using the special cut based on the skewness, as described
in Section III-E.

Remark 1: In step 2, the tree is expanded to some depth.
In theory, we can start the algorithm from any depth level of
the built tree. However, due to the existence of outliers, the
developed variational algorithm will not perform well if
the expansion is not deep enough. The obvious reason is
that the number of the cells is so small in a low-depth partition
level that the proposed algorithm cannot differentiate the bulk
part of the data set from the outlying parts. On the other hand,
it is not necessary to start from the very beginning (depth
level = 2) since the estimation of the model parameters at this
level does not necessarily improve the convergence speed of
the whole algorithm. Based on these considerations, in our
experiments, the depth level is set to 10.

Remark 2: In step 3, the MoT is adopted to initialize
the configurations of the model parameters. We can also use
other approaches, such as k-means or randomization. The use
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Fig. 2. Example to demonstrate the (a) KD-tree building, (b) model param-
eters estimation, and (c) outlier detection. (a) Dashed box shows the non-
outliers and outliers are located in the same cell. (c) Green circles and boxes
are the outliers found by the developed algorithm after splitting those boxes
that mix the non-outliers and outliers (i.e., the result of Step 9 in the developed
algorithm, see Section III-F).

of MoT can make the initialization close to the true model
parameters, and thereafter make the variational algorithm in
steps 4 and 5 converge in less iterations.

Remark 3: In step 9, the heuristic described in Section
III-E is applied. This step is only used to improve the outlier
detection accuracy, and is not a part of the learning procedure.
The working of this heuristic is shown in Fig. 2(c). Comparing
this with Fig. 2(a), we see that the outliers are isolated from
cells (e.g., observe the cell with dashed edges) as a result of
the heuristic.

Remark 4: If the equations formulated in Section III-C are
applied in steps 4 and 5, we obtain an accelerated estimation
algorithm for mixtures of t-distributions—which is of course

useful in the error-free case or when measurement errors are
not available.

In the sequel, the accelerated algorithm that includes
measurement error information will be referred to as
“FMoT/Error,” its original (non-accelerated) version as
“MoT/Error,” the t-mixture will be referred to as “MoT,” and
its accelerated version as “FMoT.”

G. Determining the Number of Mixture Components

One of the important issues in mixture modeling and
clustering is to determine the optimal number of components.
The optimal number can be automatically determined either
by a Bayesian approach, such as in [5], [8], [43], [46] or
based on information theory, such as minimum message length
(MML) [50], minimum description length [39], Bayesian
information criterion [40], Akaike information criterion [1], or
by cross validation [19]. Among these methods, the Bayesian
approach is currently most popular, and there are well known
connections between the Bayesian approach and information
theoretic ones [23].

Since we have (approximated) maximum likelihood es-
timates from our fast estimation algorithms developed in
the previous sections, it is most convenient to employ the
information-theoretically justified MML criterion to determine
the optimal number of components. According to the MML
theory, the optimal number of components can be determined
by maximizing the following objective function [41]:

LM(θ|Y) = log p(Y|θ) − n̂

2

∑

k:πk>0

log

(
Nπk

12

)
−

knz

2
log

(
N

12

)
− knz(n̂ + 1)

2
(50)

where p(Y|θ) is the data log-likelihood, n̂ is the dimensionality
of the parameters, and knz is the size of the set of components
with non-zero mixing proportions, i.e., knz = |{k, πk > 0, 1 ≤
k ≤ K}|. The free parameters involved in the proposed
algorithm are the means and the full covariance matrices
of N (wn|un, zn = k). Thus, the dimensionality of the kth
parameter θk = (µk, �k), is d + d(d − 1)/2.

In the speedup algorithm, we approximate the data likeli-
hood by (27). Hence, replacing this in (50), leads to maximiz-
ing

LM(θ,Y) ≥
∑

tn∈A
FA − n̂

2

∑

k:πk>0

log

(
Nπk

12

)
−

knz

2
log

(
N

12

)
− knz(n̂ + 1)

2
. (51)

This maximization is similar to the variational EM procedures
presented in Sections III-A–III-B and algorithmically the only
difference is in computing the mixing proportions πk in the
variational M-steps, which is now

πk =
max

{
0,

∑
A∈P |A|q(zA = k) − n̂

2

}
∑K

j=1 max
{

0,
∑

A∈P |A|q(zA = j) − n̂
2

} . (52)

Of course, only the non-zero-probability components of the
mixtures will contribute to q(wA|zA), q(uA|zA) and q(zA).
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H. Scaling

We now consider the time complexity of the proposed
algorithm, per iteration, at each partition level Pi. In step 1,
the KD-tree is built. It is well-known that building such a tree
has the time complexity O(N log N), but the building needs
to be done only once at the beginning of the algorithm.

In the variational E-step (step 4), we need to compute the
posterior mean and covariance (〈w〉A|k and �wA|k) for each
cell A. This takes O(d3K) operations. The computation of
the parameters of qA(u|k), aA|k and bA|k takes O(d3K), and
the responsibility qA(k) takes O(d3K) time as well. Therefore,
in total, the time complexity of the proposed algorithm is
O(d3K|Pi|).

In step 5, the variational M-step, the time complexity per
iteration is O(d3K|Pi|). The time complexity of step 7, for
deciding the cells to be split is O(d3K|Pi|).

The most expensive operation in the variational E and M
steps appears to be the matrix inversion which is O(d3) for
each component, however it should be noted this is costly
only when �k are modeled as full covariances, which is
feasible in relatively low-dimensional problems (d << N).
If this model was to be used on high dimensional data, then
a diagonal form �k could need to be taken—in which case
the cubic operation is no longer required since the matrices
to be inverted become diagonal. Another way to alleviate the
problem caused by using full covariance is to replace it by
a low rank approximation which can capture the covariances
between the local principal directions, i.e., factor analyzers, as
resolved in [4].

Since at each partition Pi, the number of cells |Pi| is much
smaller than N, i.e., the size of the data set, we can see that the
time complexity of the proposed algorithm at each iteration is
much less than that of the original algorithm, which means
the proposed algorithm is indeed more time-efficient than the
original algorithm.

IV. Experimental Results

In this section, we extensively assess the performance of our
method, and study the tradeoff between speed and accuracy
achievable, as a function of a variety of data conditions. As
we have seen from the technical constructions in the previous
sections, this tradeoff originates from formulating a more
detailed noise model to enhance the detection accuracy, while
in the same time making the posterior representation coarser
to obtain computational savings. The behavior of this tradeoff
can be non-trivial, thus in the sequel we carry out a thorough
assessment through a series of experiments on appropriately
designed synthetic data sets.

The first set of experiments are meant to evaluate the
performance of the proposed speedup procedure against the
more time-consuming original estimation algorithm developed
in [41]. This is carried out in measurement noise conditions
of medium size, and varying the structure of the data density.
We then assess the outlier detection accuracy in conditions
of increasing measurement uncertainty in a second set of
experiments to see the benefits of being able to take into
account knowledge of measurement errors. Moreover, we carry

out experiments to investigate the effect of non-uniformly
distributed outliers on the performance of the developed al-
gorithm. Further, the performance of the developed MML
criterion for the speedup algorithm to find the optimal number
of components is investigated. Finally, we also illustrate a real
application scenario, namely detecting high redshift quasars
given photometric measurements with errors.

A. Synthetic Datasets

In creating synthetic data sets for controlled experiments,
we adopt the procedure described in [48] in the first instance.
This is based on theoretical results by [14], regarding the
identifiability of Gaussian mixture data densities. Data points
are sampled from a randomly chosen K-component Gaussian
mixture in d-dimensions with a component separation2 of c. In
addition, we simulate outliers by inserting uniformly generated
data points in the data sample. These are the true (“genuine”)
outliers in the data, that we try to recover. Finally, we add
Gaussian noise with zero mean and unit variance to all sample
points, in order to simulate measurement errors. The resulting
data set is the input of our algorithm. The task is to recover
the genuine outliers (along with the density of non-outliers),
despite the Gaussian noise added.

B. Assessment of the Proposed Speedup Procedure

The first extensive set of experiments is aimed at assessing
the proposed speedup scheme (referred to as “FMoT/Error”)
against the original, more costly algorithm presented in [41]
(referred to as “MoT/Error”), in terms of the following criteria:

1) the speedup factor, i.e., the ratio between the time used
by FMoT/Error and MoT/Error;

2) the out-of-sample log-likelihood, i.e., the ability of the
algorithm to infer structure that generalizes to previously
unseen data from the same density;

3) the correct outlier detection rates measured by the area
under the receiver operating characteristics (AUC) val-
ues [17], [18] that are computed from in-sample data.

To quantify the accuracy of outlier detections in a compact
manner, we compute, for each experiment, the AUC [17], [18].
One of the advantages of this measure is that it only requires
the relative outlierness values inferred for each data point
(see Section III-E), which are positive reals, without needing
us to decide on a threshold or hard-partition the points into
outliers and non-outliers. More precisely, the AUC gives us
the probability that a true genuine outlier is detected by our
algorithm.

For computing out-of-sample likelihoods, test sets are cre-
ated, of 100 test points each, following the same sam-
pling as the associated training sets. The out-of-sample log-
likelihood is then computed by carrying out the E-step of
the variational EM algorithms with fixed model parameters

2As stated in [14], a Gaussian mixture is said to be c-separated
if, for each pair (i, j) of component densities ‖µi − µj‖ ≥
c
√

d max{λmax(�i), λmax(�j)}, where λmax(�) denotes the maximum eigen-
value of �, the covariance matrix. Moreover, the dispersion of the data set
sampled from a Gaussian with covariance � is determined by the eccentricity,
which is defined as

√
λmax(�)/

√
λmin(�) (see [14] for details). In the

experiments, we fix the eccentricity value to be 10 for all the components.
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µk, �k, πk, νk, 1 ≤ k ≤ K obtained from the training
process.

In the experiments, data sets with varying N, c, K and
d are created. As an example, Fig. 2(a) shows such a data
set, superimposed with a KD-tree partitioning. In this exam-
ple, the training data set consisted of 10 000 points drawn
from a 5-component 2-separated Gaussian mixture in two
dimensions. Plot (b) shows the obtained clustering recovered
by our FMoT/Error algorithm, and plot (c) highlights the
outliers detected. We can see from plot (a) that, after the
inclusion of measurement errors, the estimation for the “true”
model parameters becomes much harder. However, from plot
(b), we see the estimated grouping is very close to the true
grouping.

Extensive and detailed comparison results are summarized
in Fig. 3. These are averages over 30 independent runs. The
speedup factor was measured based on our MATLAB 7.0
implementation of both MoT/Error [41] and FMoT/Error. The
plots in the first column in Fig. 3 show that the speedup of
the accelerated variational EM algorithm versus the original
one is at least linear in the number of data points, and the
separation c has a positive effect over the original algorithm.
The larger the c, the higher the speedup factor. On the other
hand, in Fig. 3 we also see that the data dimensionality
d and the number of mixing components K have negative
effects on the speedup factor. The effect of data dimensions
d is not as bad as that of K, however. From dimension
two to ten, the speedup factor decreases very slowly, but
from five components to 30 components, the speedup factor
decreases fairly quickly—most probably due to that the time
complexity of the most computationally expensive step (step
2) is O(d3K|Pi|), which depends on the number of clusters
K and the number of cells in the ith splitting. At K = 30,
one can observe that the ratio between the average number of
data points in each cluster and the number of cells used is
fairly low. This indicates that, in the accelerated training step,
although we do not need to visit all the data points, still there
is considerable computational effort involved. Consequently,
the speedup factor of the accelerated algorithm drops below
10 in this case.

It should be pointed out that the experimental results re-
ported in [48] display a much more drastic detrimental effect
of the data dimensionality, which is due to the bad perfor-
mance of their algorithm in the coarse partition level. However,
as we discussed earlier, in our case, running the accelerated
algorithm in the coarse partition level is not necessary (see
Remark 1 in Section III-F).

In terms of the outlier detection rate, we see from the
plots in the second column (Fig. 3) that in all cases the
outliers can still be detected to a high accuracy rate, not much
worse than the accuracy achieved by the original algorithm.
This demonstrates the efficiency of the proposed heuristic for
improving the outlier detection accuracy. In terms of the out-
of-sample log-likelihood, we also obtained approximately the
same values as the original algorithm for different number of
data points. That shows that the performance of the accelerated
algorithm in terms of density estimation and generalization is
almost as good as that of the original algorithm.

C. Assessment of the Benefits of Incorporating Knowledge of
the Measurement Errors

In this section, we carry out experiments to assess to what
extent knowledge of measurement errors helps us to infer the
“genuine” outliers, i.e., the outliers that are not due to these
errors. In particular, we are interested to find out the following.

1) How much accuracy gain can we achieve by the explicit
inclusion of known measurement errors in our model.

2) How much accuracy we necessarily loose for not having
access to the error-free data.

3) What is the tradeoff between speed and accuracy achiev-
able in the above terms.

To this end, we use synthetic data sets derived from mixtures
of Gaussian, as before, and vary the extent of measurement
errors while fixing other data characteristics. The data sets we
tested have 100 000 data points, five clusters, five dimensions,
separation parameter c = 2, and the largest eigenvalue of class
covariances is three. Against these fixed data characteristics,
five different measurement error levels are defined for this
set of experiments, i.e., the diagonal elements of the error
variance matrix S will range between [0, 0.01], [0, 0.1], [0, 1],
[0, 10], and [0, 100], respectively. In other words, the elements
of S will be uniformly sampled from the range at the data
generation.

Since the mixture of t-distributions model ignores any
knowledge of measurement errors, this is what we employ
in our comparisons, both in its original form (MoT) and ac-
celerated form (Fast-MoT, see Section III-C), in two different
instances.

1) MoT and Fast-MoT applied to the data contami-
nated with observation errors, called “MoT/Base” and
“FMoT/Base,” respectively, provide baselines against of
which we measure our improvements achieved by in-
cluding measurement error information in our modeling.

2) MoT and Fast-MoT applied to the clean data, referred
to as “MoT/Idealized’ and “FMoT/Idealized,” respec-
tively, provides idealized upper limits of the achievable
accuracy. In the same time, inspecting all these methods
comparatively to their fast versions will reveal the extent
of detection rate accuracy sacrificed for speed, in a
variety of measurement noise conditions. Note that in
all these applications, the data sets do contain genuine
outliers.

Fig. 4 summarizes the results obtained. For each of the five
error conditions, the mean and one standard deviation of
the AUC values over 30 runs on independent realizations
of the data are shown on these plots. Fig. 4(a) shows the
in-sample performance whereas Fig. 4(b) shows the out of
sample performance, i.e., the ability to detect genuine outliers
in previously unseen data from the same density model. In
the figures, the solid lines indicate the results obtained by the
accelerated methods, while the dashed lines are obtained by
the original methods.

The results are quite intuitive, and several conclusions may
be traced from these figures.

1) It can be seen that the differences between
MoT/Idealized and FMoT/Idealized is very small
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Fig. 3. Comparative results of the accelerated algorithm (FMoT/Error against MoT/Error) on data sets with varying number of data points (row 1), varying
extent of component separation (row 2), varying data dimensionality (row 3), and varying number of clusters (row 4). The assessment criteria are: the speedup
factor (column 1), the out-of-sample log-likelihood (column 2), and the correct outlier detection rate (column 3). The bar charts show averages of 30 runs on
independent realizations of the data sets.

for both the in-sample and out-of-sample performance.
This indicates the success of the proposed speedup
approach in noise-free scenarios.

2) Among the five algorithms, FMoT/Base (i.e., the ac-
celerated MoT on the contaminated data) deteriorates
fastest with increasing error levels. This was expected,
since the measurement error information is not taken
into account, while further loss is incurred for the
variational speedup scheme.

3) MoT/Error exhibits a systematic and increasingly
statistically significant improvement with respect to

MoT/Base, as the measurement uncertainty increases,
both on is-sample data and on out-of-sample data.

4) The picture is similar between FMoT/Base and
FMoT/Error—though, of course the fast version per-
forms below the non-accelerated one.

5) It is worth observing that the performance of the fast
FMoT/Error method is about the same (and even better
at high noise levels) as that of MoT/Base. Clearly, the
extra complication in the formalism pays off here, as the
accuracy loss incurred by the speedup is recovered by
the modeling of measurement errors.
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Fig. 4. Comparison results in varying measurement error conditions, between the fast MoT algorithm on clean data (FMoT/Idealized), the fast MoT on
data with measurement errors (FMoT/Base), the original MoT algorithm on clean data (MoT/Idealized), the original MoT on data with measurement error
(MoT/Base), the fast MoT with measurement errors on data with measurement errors (FMoT/Error), and the original MoT with measurement error (MoT/Error).
Comparison on (a) in-sample and (b) out-of-sample data.

We can conclude, therefore, that FMoT/Error represents a
desirable tradeoff between accuracy and speed for analyzing
large data sets, while MoT/Error should be the procedure
of choice when speed is not an issue and accuracy is at a
premium. This is increasingly so, as the error levels get larger.
As we have seen, at small-to-medium error levels, the accuracy
traded off for speed is much smaller.

D. Non-Uniformly Sampled Outliers and Further Compar-
isons

One of the notable advantages of modeling data that con-
tains outliers by a t-mixture (as opposed to, e.g., a mixture of
Gaussians and a uniform distribution) is that the distribution
of outliers is not pre-specified and not restricted [36]. In the
previous experiments, the outliers have been uniformly sam-
pled from the data space—however the conclusions hold also
for non-uniform outlier distributions. To convince ourselves,
we tested the performance of the developed speedup algorithm
(FMoT/Error) when the outliers are sampled from half of the
data space—and an example of this is shown in Fig. 5(a). On
this plot, “x” denotes the outliers, and the figure displays a set
of 10 000 points drawn from a 5-component 2-separated Gaus-
sian mixtures in two dimensions with unit variance Gaussian
errors added on each data point. A comprehensive set of results
on data sets having such non-uniform outlier distributions,
while varying the cluster-separation parameter and the number
of clusters, confirmed indeed the same behavior as seen before
in the previous section.

We also compared these results with a recent Bayesian
approach developed in [5], the robust Bayesian clustering
(RBC) via type-2 Student Mixture Model, in a low-error
setting (variance of errors in the data was set to 1). One
should note that unlike our algorithm, this method has not
been designed to take advantage of measurement error infor-
mation, and has not been the subject of computational speedup
procedures either. Nevertheless it represents the state of the
art, hence it is indicative from a user’s point of view to see
comparative performance test results. The Bayesian method
[5] is computationally quite intensive, however one should
note that similar developments to the ones presented in this
paper could be made straightforwardly to this method too.

Fig. 5. Experimental results for data sets with non-uniform outliers. (a)
Exemplar of data set where the outliers sampled from half of the data space.
(b) and (c) AUC values obtained by FMoT/Error and RBC, when varying the
data characteristics: (b) separation parameter c = 1, 2, 3, 4, and (c) number of
data clusters K = 5, 10, 20, 30.

Structurally, RBC maintains the posterior correlations between
the indicator variables z and the scale variables u, just as our
method [41] and FMoT/Error, and in addition RBC also posits
priors on the model parameters and takes a fully Bayesian
approach inferring variational posteriors over them.
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Fig. 6. Model selection experiments for finding the optimal number of clusters. The true number of clusters is three, and c = 2. The x-axis represents the
range of model orders tested and the y-axis is the minimum message length of our model FMoT/Error/MML (solid lines) compared with the Bayesian log
evidence bound in RBC (dashed lines). We see the two methods behave similarly, and in most cases they both pick the true number of clusters.

Fig. 5(b) and (c) summarizes the variation of the AUC per-
formances of FMoT/Error when varying the cluster-separation
of the data sets c = 1, 2, 3, 4 [Fig. 5(b)] and when varying
the true number of clusters K = 5, 10, 20, 30 [Fig. 5(c)]
comparatively with the existing version of the RBC of [5]. We
see that both methods behave similarly in terms of the variation
of the accuracy with the varied parameter values, and the actual
performance of the two methods is also comparable in this
setting. The slightly higher performance of our FMoT/Error
is most likely due to its capability of taking advantage of the
knowledge of measurement errors. Still, it is quite remarkable
that this advantage keeps its performance above of that of RBC
despite the computational speedup procedure.

E. Assessment of the Proposed Procedure for Determining the
Optimal Number of Components

In this section, we carry out controlled experiments to
assess the MML-based model selection procedure for our
speedup algorithm, called FMoT/Error/MML, as described in
Section III-G. We demonstrate results on a data set of 100 000
data points, three clusters, two dimensions, and separation
parameter c = 2, which has been created using the same
sampling mechanism as described in Section IV-C. We test
four different measurement error levels, i.e., the diagonal
elements of the error variance matrix S will range between
0 (error-free), [0, 0.01], [0, 0.1], and [0, 1], respectively.

In these experiments, we test the model orders from one to
six. For each of these, the average log-likelihood bound over
30 runs is summarized and shown in Fig. 6. For comparison
we use the RBC via type-2 Student mixture model developed
by Archambeau et al. [5], in which the full Bayesian treat-

ment allows for model selection, via the log evidence bound.
As somewhat expected on the basis of known relationships
between Bayesian and information-theoretic model selection
[23], we see the two methods behave similarly indeed, and in
most cases they both pick the true number of clusters. In the
error-free case we can observe that the inaccuracy incurred by
the speedup is negligible, while as the error level increases the
advantage of our model’s ability of taking into account these
errors becomes apparent despite the speedup.

F. Application Example: Detecting High-Redshift Quasars
From the Sloan Digital Sky Survey (SDSS) Quasar Catalogue

In [41], the MoT/Error approach has been applied to a
sample of quasars from the SDSS quasar photometric cata-
logue [51]. The benefits of this model-based approach was
demonstrated against existing naive approaches. Here, we
show that we can now achieve statistically similar detection
rates with a significantly decreased computational effort. The
actual domain-specific astronomical interpretation of the re-
sults is outside the scope of this paper (and will be presented
elsewhere).

As in [41], the initial features are five observed magnitudes:
umag, gmag, imag, rmag, and zmag, from which we created four
features relating to color, by subtracting rmag from each, to
avoid discriminating on the basis of brightness. The measure-
ment errors are known for each feature and each object, and
spectroscopic redshift estimates are available that we use for
validating our results. The redshift relates to the distance of
the object from us, and with higher redshift the entire spectral
pattern is more severely shifted, therefore high redshift quasars
may be perceived as outliers in the color space [16]. However,
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Fig. 7. AUC versus possible redshift thresholds, as obtained by (a) MoT/
Error [41] and (b) FMoT/Error from the SDSS quasar sample. (c) CPU time
taken by FMoT/Error versus MoT/Error.

as already mentioned in [41], a comprehensive model based
approach that both: 1) works in the multivariate feature space;
and 2) takes principled account of the measurement errors has
not been available to astronomers.

We now apply both our MoT/Error and FMoT/Error to the
same sample of 10 000 quasars and compute the AUC values
against a varying redshift threshold. The resulting graphs are
shown on Fig. 7, with different number of clusters K. The y-
coordinate of each point on this curve indicates the probability
of detecting quasars of redshift greater than its x-coordinate.

We can see the detection rates are nearly identical with
both methods. However, the time required by the accelerated
algorithm FMoT/Error is just a fraction of that required by
MoT/Error.

Similarly to MoT/Error, FMoT/Error is able to identify as
outliers an overwhelming fraction of quasars at redshifts as low
as 2.5, whereas the 2-D projection based method of [16] can
manage only those with z>3.5, which are extremely rare, and
obvious from naive projections. By being able to identify the
latter category, when the SDSS galaxy catalogue is complete

with four-color magnitudes, our principled approach is well
placed to accurately identifying an order of magnitude more
quasars than existing methods would.

V. Conclusion

We presented a robust mixture based approach to infer the
genuine outliers from erroneous data, by exploiting the avail-
ability of measurement errors. We developed a fast variational
EM algorithm for parameter estimation in this model, based
on a tree-structured variational approximation and partitioned
posterior assignments. We conducted extensive experiments
to study the accuracy/speed tradeoffs achievable in a variety
of data conditions, and analyzed in detail the characteristics
of our algorithm based on results obtained on appropriately
designed synthetic data experiments. Among findings, at low-
to-moderate error levels, the speedup factor was found to be at
least linear in the number of data points, without significantly
sacrificing the detection accuracy. We demonstrated clear
benefits of including measurement error information into the
modeling, and the accuracy gain was able to recover the loss
incurred by the speedup procedure in large error conditions.
Finally, we have also shown the working of our approach on
a real application example, demonstrating both effectiveness
and efficiency. In the future, this paper could be applied to the
exciting area of sensor networks [22].
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APPENDIX A

DERIVATION OF AUXILIARY POSTERIOR DISTRIBUTION

This section details the derivation of (31). We need to
maximize the free-energy functional FA with respect to
q(wA|zA = k), subject to the constraint

∫
q(wA|zA = k)dw = 1.

Discarding terms that are independent of the random variable
wA, and using the Lagrange multiplier method, the functional
to be maximized is the following:

FwA|k = q(zA = k)·∑

tn∈A
〈log

[
p(tn|wA)p(wA|uA, zA = k)

]〉wA,uA|zA=k +

λ

(∫
q(wA|zA = k)dw − 1

)
−

q(zA = k)〈log q(wA|zA = k)〉wA|k. (53)

If we let

E(A, k) =
∑

tn∈A
〈log[p(tn|wA)p(wA|uA, zA = k)]〉uA|k

then taking derivatives of FwA|k with respect to qA(wA|k) and
λ, we have

∂FwA|k
∂q(wA|zA = k)

= −q(zA = k)
[
1 + log q(wA|zA = k)

]

+q(zA = k)E(A, k) + λ (54)
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∂Fw|k
∂λ

=
∫

q(wA|zA = k)dw − 1. (55)

Equating these to zero, from the Karush-Kuhn-Tucker con-
ditions we have

q(wA|zA = k) =
exp {E(A, k)}

exp
{

1 − λ
q(zA=k)

} . (56)

Taking integral with respect to q(wA|k) on both sides, we
get

λ = q(zA = k)

(
1 − log

[∫
exp (E(A, k)) dw

])
. (57)

Finally, replacing (57) into (54), we get

q(wA|k) =
exp (E(A, k))∫
exp (E(A, k))dw

(58)

which leads to (31) given in the main text.
The derivation of (32) and (33) follows the same line of

thought. This is straightforward, we omit the details.

APPENDIX B

LOG-LIKELIHOOD BOUND AND CACHED VALUES

The approximated free-energy function FP can be used to
monitor the variational optimization process. Moreover, the
evaluation is also needed to compute the responsibilities qA(k),
with respect to the following terms:

〈log p(tn, wA, uA|zA = k)〉q = 〈log p(tn|wA)〉wA|k +

〈log p(uA|k)〉uA|k + 〈log p(wA|uA, zA = k)〉wA,uA|k (59)

〈log q(wA, uA|zA = k)〉q = 〈log q(wA|zA = k)〉wA|k +

〈log q(uA|zA = k)〉uA|k (60)

where 〈·〉wA|k denotes the expectation with respect to q(wA|k),
and 〈·〉uA|k denotes the expectation with respect to q(uA|zA =
k). The terms can be evaluated as follows:

〈log p(tn|wA)〉wA|k = −d

2
log(2π) − 1

2
log |Sn| −

1

2

[
(tn − wA|k)T S−1

n (tn − wA|k) + Tr
(
�wA|k S

−1
n

) ]
(61)

〈log p(wn|uA, zA = k)〉wA,uA|k = −d

2
log(2π) −

1

2
log |�k| − 1

2
〈u〉A|k

[
(wA|k − µk)T �−1

k (wA|k − µk)

]

−1

2
〈u〉A|k

[
Tr(�wA|k�

−1
k )

]
+

d

2
〈log u〉A|k (62)

〈log p(uA|zA = k)〉uA|k =
νk

2
log

νk

2
− νk

2
〈u〉A|k +

(νk

2
− 1

)
〈log u〉A|k − log �

(ν

2

)
(63)

〈log q(wA|zA = k)〉wA|k =
1

2
log |�wA|k | +

d

2
+ const. (64)

〈log q(uA|zA = k)〉uA|k = −[aA|k log bA|k + (aA|k − 1)〈log u〉A|k]

+aA|k + log �(aA|k). (65)

As we will see, the responsibility q(zA = k) for each cell A,
and the posterior q(wA|zA = k) can be efficiently computed at
each iteration if some statistics of the points in A are stored
in advance. Note that in evaluating

∑
tn∈A〈log p(tn|wA)〉wA|k,

we have
∑

tn∈A
(tn − wA|k)T S−1

n (tn − wA|k)

=
∑

tn∈A

[
tT
n S−1

n tn − 2tT
n S−1

n wA|k + wT
A|kS−1

n wA|k
]

=
∑

tn∈A
tT
n S−1

n tn − 2

(
∑

tn∈A
tT
n S−1

n

)
wA|k +

Tr

(
wA|kwT

A|k

[
∑

tn∈A
S−1

n

])
. (66)

Since the following values:
∑

tn∈A
tT
n S−1

n tn,
∑

tn∈A
tT
n S−1

n and
∑

tn∈A
S−1

n (67)

are independent of the training process, we can cache them in
the node for cell A. Moreover, we also cache

〈t〉A =

∑
tn∈A tn
|A| (68)

i.e., the mean value of the noisy data in cell A.
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