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Abstract We propose a model-basedapproach to the twofold problem
of prediction and exploratory analysis of heterogeneoussymbolic sequence
collections.Our model is basedon seekinglow entropy local representations
joined together with a smooth nonlinear mixing process.Low entropy com-
ponents are desirable,as they tend to be both more interpretable and more
predictable. The nonlinear mixing in turn acts as a regulariser, and in ad-
dition, it createsa topographic ordering of the sequencehistories, which is
useful for exploratory purposes.The combination of thesetwo modelling el-
ements is performed through the generative probabilistic formalism, which
ensuresa 
exible and technically sound predictive modelling framework.
Unlike previous generative topographic modelling approaches for discrete
data, the estimation algorithm associated with our model is designedto
scaleto large data setsby exploiting data sparseness.In addition, local con-
vergenceis guaranteed without the needfor tuning optimisation parameters
or making approximations to the non-Gaussianlikelihood. Thesecharacter-
istics make it the �rst generative topographic model for discrete symbolic
data with large scale real-world applicabilit y. We analyse and discussthe
relationship of our approach with a number of models and methods. We
empirically demonstrate robustnessagainst varying samplesizes,leading to
signi�cant improvements in terms of predictive performanceover the state
of the art. Finally we detail an application to the prediction and exploratory
analysis of a large real-world web navigation sequencecollection.

Key words probabilistic modelling { generative topographic mapping {
generalisationaccrossmultiple sequences{ data prediction { data explana-
tion { visualisation
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1 In tro duction

Understanding high dimensional data through low dimensional representa-
tions is of practical interest in any �eld where multiv ariate data analysis is
required. The main purposeis to retain the informativ e structural patterns
and relationships from the data in an automated manner. The study of
approachesto this problem hasa long history, ranging over several method-
ological frameworks, including neural networks [23,21], statistical learning
[13], linear algebraicor spectral methods [2] and probabilistic density mod-
elling [5], to name just a few. The solution is often given by somesuitable
(non-linear) transformation of the multiv ariate data set. Smooth transforms
preserve the local topological relationships and the representation created
by methods that utilise such transforms are referred to as topological or-
derings.

While it is well-known that probabilistic generative density-based ap-
proaches provide a 
exible and technically sound framework of predictive
model building | e.g. the Generative Topographic Mapping (GTM) [5] has
beena powerful tool of principled data visualisation and prediction [10] |
much of the recent advanceshave been concentrating on non-probabilistic
formulations [2], [17], due to their appealing computational advantages.
However, the lack of a clear density formulation deprivessuch methods from
the predictive abilities and the 
exibilit y of probabilistic model formulations
[27,6]. In consequence,they cannot straightforwardly serve predictive pur-
posesand (without further tweaking) their functionalit y is essentially lim-
ited to data exploratory tasks. This is a seriouslimitation for two reasons:
Obviously, one reason is e�ciency , since one would need to use di�eren t
methods for di�eren t tasks. Secondly, even though visual data analysis is
potentially powerful, it holds the risk of being very subjective. Indeed, there
is no objective quality measurefor visualisationsaloneand it is not straight-
forward to reasonabout data outside the training set [2]. In consequenceit
is not straightforward to assessthe extent to which the representation pat-
terns extracted from the data | and usedin our e�orts to understand the
data | are actually signi�cant and generalisebeyond the limited amount
of evidencegathered in a certain �xed set of data.

Hence,in our view, when both data prediction and data explanation are
required, thesetwo functions should be conceptually closely interconnected
and should ideally be basedon a common representation model. Examples
where the automation of both explanatory and predictive tasks are needed
may be found from text and user modelling [7,16,9] to various scienti�c
data mining problems [30]. To give a concrete example, a site administra-
tor would not only want to visualise and explore a pool of navigation se-
quencesproduced[9] but alsoto make accuratepredictions of the individual
users' preferences.Conversely, rather than black-box prediction machines,
one would often like to receive additional explanatory information. This
calls for multi-ob jective solution designs,and the generative probabilistic
formalism is well suited for this purpose.
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However, to date, the computational complexity of existing generative
model-basednon-linear data compressionapproaches[6,27,20] rendersthem
impractical to usewith large amounts of high dimensionaldata. This weak-
nessis more pronouncedin the caseof non-Gaussiannoisemodels [6,20,31]
such as thosethat are statistically appropriate for discreteor symbolic data
sets. The state of the art models of multiple symbolic sequencecollections
that scaleto realistic data sets are currently linear [9,18]. Their 
exibilit y
is therefore limited and they lack the capability to model any correlations
or complex dependenciesbetweentheir representational components.

In this paper we develop a novel model of multiple symbolic sequences
that addressesthe above concernsand allows us to build nonlinear mod-
els of large and sparsereal-world sequencecollections that are suitable for
both predictive and exploratory analysis. A short preliminary version of
our approach appears in [19]. The combination of our modelling elements
is realised through the generative probabilistic formalism and this will be
presented in Section2. Further alternativ e views and interpretations will be
highlighted in Section3, whereit will be shown that both the predictive and
explanatory functionalities achieved may be viewed as seekinglow entropy
representation components of the data, corroborated with a smooth nonlin-
ear mixing model. Indeed, low entropy components are of interest, aseach of
these tend to be both interpretable and predictable. The nonlinear mixing
model in turn acts as a regulariser, and in addition, it produces a topo-
graphic ordering of the sequencehistories, useful for exploratory purposes.
Various connectionsmay be followed with a number of previousapproaches,
and thesewill be elaborated upon in Section4. While the principle of topo-
graphic ordering is inherited from both density-based[5] and channel-noise
based [16] models, our approach brings in a number of novel and uni�ed
advantageousfeatures over previous topographic models: (1) The parame-
ters of our model are interpretable probabilistic quantities and assuch, they
o�er new explanatory information about the data and the predictive pro-
cess.(2) Secondly, in contrast with previous generative topographic models
for discretedata, neither approximations to the non-Gaussianlikelihood nor
tuning of optimisation parametersis required, and the estimation algorithm
associated with our model is designedto scaleto large data setsby exploit-
ing data sparseness.Thesecharacteristics confer it large scalereal-world ap-
plicabilit y, and enablesleveraging sound generative topographic modelling
principles to large realistic discretedata modelling and prediction problems
for the �rst time. Section 5 empirically demonstratesthe robustnessof our
approach againstvarying samplesizes.Due to this, signi�cant improvements
are obtained in terms of predictive performance over the state of the art.
We then detail the application of our approach to the prediction and ex-
ploratory analysis of a large real-world web navigation sequencecollection
in Section 6, and concludein the last section.



4 Ata Kab�an

2 A predictiv e top ographic mo del for sparse sequence collections

Consider a set of independent symbolic sequencesover a common state
spaceand let us denote the n-th instance of the collection by Sn , where
n = 1; :::; N and N is the number of sequences.Examples include sequences
of words within text documents, sequencesof activit y logs in traces left by
userswhile interacting with an electronic environment, sequencesof events
in a musical piece,etc. The simplest model to represent such data is the ran-
dom sequencemodel, employed in the popular 'bag of words' representation
of text documents. If the temporal order contains important information,
then Markov models may be of interest. To keepthe notation simple while
still allowing somegenerality, we will adopt the �rst order Markov assump-
tion in this paper. Formally, a possibleadaptation to either the 0-th order
case(bag of words) or to the higher order Markov casecan be accomplished
straightforwardly by removing or adding indices.We can alsomake a direct
connection to popular text document representation models, such as PLSA
or LDA [7], essentially by considering transitions (bigrams) being counted
in sequencesjust as words are counted in text documents. Throughout this
work, we assumethat all states are observable.

In order to devisea both predictiveand explanatory model for represent-
ing the collection of data sequenceswe begin with de�ning a latent space
x 2 [� 1; 1]L , L = 2 | chosento be a bounded Euclidean spacethat will
be useful for visualising the obtained data representation, as in [6,20]. In a
document modelling context, this may be thought of as someconceptualor
topical space.Further, assuminga prior latent density p(x ) (which may be
uniform but not necessarily)we de�ne a generative model in the following
way. The corresponding graphical representation is shown in Figure 1. To
generatea sequenceSn ,

{ generatea point x in the latent spacefrom the prior density p(x )
{ project this point to a probabilit y distribution over K �xed Gaussian

kernels, by computing � k (x ) =
exp( � 1

2 � 2 jy k � x j2 )
P

k 0 exp( � 1
2 � 2 jy k 0� x j2 ) for all k = 1 :

K , where f y k g and K are �xed a priori. These are smooth nonlinear
functions of x that may alsobe intuitiv ely thought of asa neighbourhood
probabilit y distribution associated with x .

{ apply a stochastic translation to the abovedistribution, usingthe stochas-
tic parametersof the model, Pj (i jk), i.e. the probabilit y of transitioning
from j to i , to obtain Pj (i jx ) �

P
k Pj (i jk)� k (x ), for all i; j = 1; :::; jSj

(where jSj denotesthe sizeof the state space).
{ generatea sequencefrom the resulted probabilit y transition model

f Pj (i jx )gi;j =1 ;::: jSj . In a document modelling context, these are proba-
bilities of words or terms conditioned on a particular topic.

For the sake of consistent notations later, the state spaceS will contain,
besidesthe actual symbol dictionary, an additional 'start' symbol, so that
the �rst observed symbol of any sequenceis generatedas a transition from
the 'start' symbol. The width parameter above, � , will be �xed to twice the
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Fig. 1 Graphical repre-
sentation of the genera-
tiv e process. Nodes rep-
resent random variables,
arrows denote conditional
dependencies and plates
are repetitiv e structures.
A symbolic sequence is
generated by a smooth
nonlinear transform of a
contin uous latent point x .

maximum distance between neighboring centres y k , so that the Gaussian
kernelsspan a uniform density.

Someanalogywith the GTM [5], and in particular the multinomial latent
trait model (LTM) [20,6] is evident, and this will be discussedin more
detail later. The main formal di�erence is, though, that our nonlinear 'basis'
functions � k (:) aredesignedto perform a transformation from the Euclidean
latent space into a (K � 1)-dimensional simplex, rather than to another
Euclidean space.This will turn out to have important consequencesin terms
of both parameter interpretabilit y and scalability of the algorithm.

2.1 Parameter estimation and inference

The probabilit y of a sequenceSn = (s1n ; s2n ; :::; stn ; :::; sTn ;n ) under the
generative model de�ned above is the following:

P(Sn ) =
Z

dx p(x )
TnY

t =1

X

k

P(st � 1;n ! stn jk)� k (x ) (1)

=
Z

dx p(x )
jSjY

i =1

jSjY

j =1

(
X

k

Pj (i jk)� k (x )

) N n
ij

(2)

where N n
ij is the frequency of occurrence of the subsequencef j ; ig in se-

quenceSn . (At t=0, we always have the 'start' symbol.)
To further placethis model in context, we note that if � k (:) wereidentit y

functions and p(x ) was a Dirichlet, then (2) would reduce to a generative
aspect model [7,8,18] (or simplicial mixture) which hasbeena quite popular
modelling schemerecently . However, while this connection is insightful, we
will seethat the mentioned di�erences havea major impact on the predictive
performance.Not only does the distribution of � (x ) o�er more 
exibilit y
than a Dirichlet, but in addition, due to the nonlinearity, our model is able
to capture correlations in the latent spaceand this results in robustness
against �nite sample sizes.This issuewill be extensively demonstrated in
the later sections.
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Now we turn to identifying the model, i.e. to infer x and estimate the
parametersPj (i jk) from the data. For tractabilit y reasons,it is convenient
to discretise the latent spaceinto a regular grid of M points x 1; :::; x M , in
which casethe latent prior becomesa multinomial over the samplepoints,
or a mixture of Dirac delta functions p(x ) =

P
m P(x m )� (x � x m ), where

typically we will work with M > K samples. As in GTM [5], we may
chooseto �x the mixing coe�cien ts P(x m ) = 1=M , if we have reasonsto
believe that a uniform latent density describesthe data well. Alternativ ely,
if we believe that there may be regionsof uneven data density, e.g. distinct
clusters in the data, then we may estimate the mixing coe�cien ts from the
data. The data consistsof a set of sequencesS1; S2; :::; SN .

Performing an approximate integration by summingover the latent space
samples,the data likelihood is now the following.

P(Sn ) =
X

m

P(x m )
Y

i

Y

j

(
X

k

Pj (i jk)� k (x m )

) N n
ij

(3)

Using the latent samples,the complete data likelihood follows.

L C = P(Sn ; x ) =
Y

m

P(x m ) � (x � x m )
Y

i

Y

j

(
X

k

Pj (i jk)� k (x )

) N n
ij � (x � x m )

(4)
Adopting the EM methodology [26], we maximise the expectation of the
log of (4), taken w.r.t. the posteriors of the latent spacesamplesr mn �
P(x m jSn ), as a function of the model parameters.This is the following.

Q = E[logL C ] =
X

n

X

m

rmn

8
<

:

X

i;j

N n
ij log

X

k

Pj (i jk)� k (x m ) + logp(x m )

9
=

;

(5)
The posterior probabilities r mn are computed in the E-step, using the old
parametersPj (i jk) and P(x m ):

rmn =

Q
i

Q
j f

P
k Pj (i jk)� k (x m )gN n

ij P(x m )
P

m 0

Q
i

Q
j f

P
k Pj (i jk)� k (x m 0)gN n

ij P(x m 0)
(6)

followed by re-estimating Pj (i jk) (and optionally P(x m )), by maximising
(5) in the M-step, subject to the required constraints

P
i Pj (i jk) = 1; 8j =

1; :::; jSj; 8k = 1; :::; K and
P

m P(x m ) = 1, while holding r mn �xed. The
Lagrangian to be maximised in the M-step is thus the following.

~Q = E[logL C ] �
X

j

X

k

uj k (
X

i

Pj (i jk) � 1) � v(
X

m

P(x m ) � 1) (7)

where uj k and v are Lagrangemultipliers. Computing the stationary equa-
tions for the parameter Pj (i jk), we obtain

� ~Q
� Pj (i jk)

=
X

n

X

m

rmn N n
ij

� k (x m )
P

k 0 Pj (i jk0)� k 0(x m )
� uj k = 0 (8)
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Multiplying both sidesby Pj (i jk) yields

Pj (i jk) =
1

uj k
Pj (i jk)

X

n

X

m

rmn N n
ijP

k 0 Pj (i jk0)� k 0(x m )
� k (x m ) (9)

where uj k is non-zero,and by summing both sidesover i , we get

uj k =
P

i Pj (i jk)
P

n

P
m

r mn N n
ijP

k 0 P j ( i j k 0) � k 0(x m ) � k (x m ).
If the r.h.s. of (9) is a contraction (in somemetric), then the above can

be solved by �xed point iterations to give a unique optimal solution. This
is indeed the casehere, noting that the expected log complete likelihood
objective (5) is convex in the parameters1 Pj (i jk) and the constraint is
also convex | so there is only one optimum as long as r mn are held �xed
| and furthermore noting (see later in Section 3) that each �xed point
iteration is guaranteed not to decreasethe objective. However, rather than
carrying out this complete iterativ e M-step, we can employ a partial M-step
instead. That is, we are only required to improve, and not necessarilyto
maximise the likelihood. In our implementation, we useone iteration of (9)
as a partial M-step and this is interleaved with the E-step (6) and possibly
the re-estimation of P(x m ).

P(x m ) =
1
N

X

n

rmn (10)

(unlesswe chooseto keepthe latter �xed at 1=M ). Overall this corresponds
to a generalisedEM procedure[26] and is therefore guaranteed to converge
to a local optimum of the data likelihood (3). In our experiments, we typ-
ically observed convergencewithin at most 35{40 iterations, in terms of a
visually indistinguishable changein the mapping (and usually in 25{30 iter-
ations to a toleranceof 10� 3, terms of the di�erence betweentwo consecutive
log likelihood values).

2.2 Summary of the algorithm

The following notation is now employed for summarising the obtained al-
gorithm in matrix form. The reshaped stochastic parameters Pj (i jk) will
be organised into a matrix A of jSj2 rows and K columns. Further, the
imagesof the latent spacesamplesx m through � k (:) will be the elements of
a K � M matrix � . Finally, the M � N matrix R will contain the posterior
probabilities r mn , and � is the vector (P(x 1); :::; P(x M ))T of the mixing co-
e�cien ts. The bigram frequencycounts from each data sequence,reshaped

1 This is immediate, using the de�nition of convexity and applying Jensen'sin-
equality. Denoting yij m �

P
n r mn N n

ij , aij k � Pj (i jk) and � k m � � k (x m ), we haveP
m

P
ij yij m log

P
k (� aij k + (1 � � )bij k )� k m � �

P
m

P
ij yij k log

P
k aij k � k m +

(1 � � )
P

m

P
ij yij k log

P
k bij k � k m for any � 2 (0; 1) and any f bij k g from the

same spaceas f aij k g. Recall, the posteriors r mn are held constant at this point.
Convexity does not hold when r mn are also unknown.
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into a column of the data matrix are denoted by D . Then our algorithm
can be summarisedas a loop till convergence,over the following updates:

R / exp
�

log(A� )T D + log(� )1
	

(11)

A / A �
n

[D R T ] � [A � ]
o

� T (12)

� = R 1T =N (13)

where / stands for proportionalit y, � denotes element-wise matrix mul-
tiplication, � denotes element-wise division and 1 is an N -dimensional
row-vector of ones. The proportionalit y in (12) should of course be un-
derstood block-wise, i.e. for each �xed j and k, the transitions must satisfyP

i Pj (i jk) = 1.

2.3 Scaling

One of the important strengths of this approach is that the resulting algo-
rithm can exploit data sparseness.If D is sparse,then the matrix multipli-
cation in the numerator takes O(ND M ) where ND denotesthe number of
nonzeroelements in D and M is the number of samplesusedfor approximat-
ing the uniform latent space.Further, the matrix � can alsobe madesparse
by zeroingsmall probabilities below somethreshold and re-normalising (re-
call, this matrix is �xed a priori), sincedistant neighbourhoods are unlikely
by the model design. Then the remaining matrix multiplications are also
able to exploit the sparsity of � . (Indicativ ely, in the experiments reported,
we experiencedno harm by using a threshold of 0.01.) Denoting the number
of non-zero elements of � by N � , and the number of data features by F
(F = jSj2 if we work with �rst order transitions), the overall scalingof an E-
step is O(F N � + F ND ) and that of an M-step is O(ND M + F (N � + M + N � ))
| both are multi-linear, and in the caseof large data sets, the dominant
term is expected to be ND . Therefore to summarise,we can say that the
scaling is linear in the number of non-zeroentries in the data matrix.

In contrast, existing forms of GTM [5] that are applicable to symbolic
data, i.e. the multinomial latent trait model [6,20], require numerical meth-
ods for nonlinear optimisation to be employed within M-steps. (The con-
crete form of the associated stationary equation will be discussedin Section
4.1.) As discussedin [6], iterativ e re-weighted least squares(IRLS) could
be applied, but is impractical when the symbol spaceis large, due to ma-
trix inversions2, which result in a scaling of O(K 3F ). Data sparsity can-
not help us to gain e�ciency in this case.Additionally , IRLS and certain
other Newton-type optimisation methods are basedon a local quadratic ap-
proximation of the log likelihood and are not guaranteed to monotonically

2 Even if the o�-diagonal elements of the class-conditional Fisher information
matrices are discarded, a separatenon-diagonal K � K matrix needsto be inverted
for each feature.
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increasethe true log likelihood. This may causeconvergenceand stabilit y
problems.A gradient-basedpartial M-step was then suggestedasa possible
alternativ e [6,20]. We can observe that the actual evaluation of the gradient
term can make use of sparsematrix multiplications (for the samereasons
as above) and so this part of the computation scalesexactly the sameas
one of our M-steps. However, in addition to this, the gradient procedure
also requiresa suitable learning rate parameter to be set, which is a serious
practical limitation. Convergencemay be very slow (if the learning rate is
small) or not happening at all (if the learning rate is too large) [4]. The
local convergenceguarantee can be met by setting the learning rate cf. the
Robbins-Monro criterion, but this makesthe progresstowards convergence
prohibitiv ely slow and hencethe overall computation time is substantially
increased.One could of courseemploy line search methods [24,4] (although
this hasnot beenspeci�cally discussedin the multinomial GTM literature),
which may be expected to be more e�cien t. However, as it will be seen
later in the experiments, the overall time required to convergenceis still
inhibiting in the caseof large realistic data sets.The high dimensional and
unconstrained parameter spaceof multinomial GTM appears to be more
di�cult to search than that of models with a positively constrained pa-
rameter space.This may be one of the reasonswhy linear models, such as
PLSA and LDA [7], are more popular in the literature for modelling large
discretemultinomial data sets.Another reasonis certainly the lack of direct
interpretabilit y of the parameters.

In turn, our approach presented in the previous sectiondoesnot require
any learning rate parameter to be tuned. Note also that we did not need
to make approximations to our data likelihood de�nition. Yet, a monotonic
increasein log likelihood towards a local optimum is guaranteed within a
nice and sound probabilistic generative framework. Despite the sampling-
basedinferenceemployed, and the non-linearity of our model, our algorithm
scalesto large data sets and can exploit the sparsenessof the data. Our
parameters are also directly interpretable as probabilities. Hereafter, we
will refer to this scalableapproach as the SparseSequence-GTM(SGTM).
Wenow detail the useof this approach for both visualisation and prediction.

2.4 Visualisation

As in [6,20], the posterior expectations of the latent variable, E [x jSn ] �P
m x m rmn may be employed to obtain 2D visualisation plots of the data

collection, as a whole. Each sequencewill correspond to one point in the
latent space and the proximit y relations between points will necessarily
re
ect thoseof the sequencesvia the model likelihood de�nition (3): The log
of the likelihood term in (3), i.e.

P
ij N n

ij log
P

k Pj (i jk)� k (x m ) by de�nition
represents the negative Kullback-Leibler divergence[12] between the n-th
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observed sequenceand the m-th component model, up to constants3. This
is indeed the canonical divergencebetweenMarkov chains and it has been
previously employed in [14] in a somewhat heuristic manner within a self-
organising map of Markov chains. In contrast, here the Kullback-Leibler
divergencefalls out naturally from our generative model de�nition.

2.5 Prediction

The great bene�t of having a generative model for multiple sequencesis that
once the parametersof the model are estimated from a collection of train-
ing sequences,we can make predictions for a previously unseensequence,
basedon its history and our model. AssumeSn is a test sequenceunseenat
training. Then the predicted next symbol of Sn is computed as follows.

P(snext;n jSn ) =
Z

dx Pslast;n (snext;n jx )P(x jSn )

=
Z

dx
X

k

Pslast;n (snext;n jk)� k (x )P(x jSn )

=
X

k

Pslast;n (snext;n jk)E [� k (x )jSn ]

�
X

k

Pslast;n (snext;n jk)
X

m

� k (x m )r mn (14)

It is insightful to observe that essentially this is a convex combination of
individual prediction probabilities made by each component model in turn,
weighted by the expectation E [� k (x )jSn ]. It should be mentioned that even
though each of thesecomponent modelswere�rst order Markovian through-
out this paper, the entire history enters into the mentioned posterior expec-
tation. In consequencethere is no singleMarkovian model of any order that
could replacethe model of multiple sequences.

Formally, the sameis true for simplicial mixtures for multiple sequences
[18] and mixtures of multiple sequences[9], these being the only existing
probabilistic models formulated explicitly for Markovian sequencecollec-
tions to the best of our knowledge.However, becausethesemodelsare linear
and so they do not model any correlations between the components, then
their posterior distributions typically tend to be sharper than thoseof a to-
pographic model. That is, fewer components participate in `explaining' the
sequencehistory | in the caseof mixtures, essentially just one. In turn, in
our topographic model, the inferred position of a test sequenceon a contin-
uous topographic spaceencodes its relative position to the sequencesseen
at training. We expect this will regularise and improve the predictions. In
the experimental sectionswe will demonstrate that this is indeed the case.

3 Denoting ĉj =
P

i N n
ij , p̂ij � N n

ij =ĉj and p̂ :j � (p̂1j ; p̂2j ; :::; p̂j S j j ),
we have

P
ij N n

ij log
P

k Pj (i jk)� k (x m ) =
P

j ĉj
P

i p̂ij log
P

k Pj (i jk)� k (x m ) =P
j ĉj [� K L (p̂ :j jj

P
k Pj (:jk)� k (x m )) � H (p̂ :j )], where both the data entropy

H (p̂ :;j ) and the term ĉj are constants w.r.t. the model parameters.
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Fig. 2 Illustration of pa-
rameter interpretabilit y:
Protot ypes � m (left) ver-
sus low entropy com-
ponents P(:jk) (righ t).
White = 1, black = 0.

3 Alternativ e views & analysis of represen tation

From (3), the formulated model can essentially be seenas a constrained
mixture, where the mean parameter of the k-th mixture component is the
following.

� ij ;m =
X

k

Pj (i jk)� k (x m ) (15)

Observe these are proper probabilities too:
P

i � ij ;m = 18j ; m. Thus, once
the parametersPj (i jk) are estimated, prototypical representations(or local
averages)are alsoobtained as(15), by the stochastic translation of the com-
ponent parametersA = f Pj (i jk)gi;j ;k via � . Contrarily to GTM and LTM,
however, the parametersof the model, A , are now alsoreadily interpretable
probabilities. Moreover, in this section we show that they are in fact low
entropy components of the data.

As an illustration, the left hand plots of Figure 2 show the protot ypes
(analogousto reference-vectors in the SOM [21]) created by the proposed
algorithm from a set of grey-scaleface images [27]. For the sake of this
example,each image was taken as a histogram of grey levels over the pixel
locations | i.e. the grey level of each pixel is treated analogously to the
observed count for a symbol associated with that pixel. A 10 � 10 latent
grid has been utilised and subsequently sub-sampledto display each third
protot ype. The right-hand plots of Figure 2 show the parameters of the
model, A (suitably reshaped), sub-sampled from a K = 5 � 5 grid. As
already mentioned in the text after eq. (2), these are somewhatanalogous
to the component parameters of the so-calledaspect models [16,7]. They
are much sparsercompared to the mean parameters � m . In the given face
image example, they seemto retain the main characteristics of the face
expressionsonly. To seewhy this is so, we will start from highlighting an
alternativ e view of the presented model.

Since for each latent point x , the nonlinear mapping � :(x ) creates a
conditional multinomial probabilit y � k (x m ) = P(y = y k jx = x m ) we may
interpret the set of centres y k as the discretisation of another continuous
latent variable. Then the completedata likelihood with two latent variables
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may be written as the following.

L
0C = P(Sn ; x ; y ) =

Y

m

P(x m ) � (x � x m )
Y

i;j ;k

f Pj (i jk)� k (x )gN n
ij � (x � x m ;y � y k )

(16)
In this view, the expected complete data log likelihood is:

E [logL
0C ] =

X

n;m

rmn

8
<

:

X

i;j ;k

r kmij N n
ij logPj (i jk)� k (x m ) + logp(x m )

9
=

;
(17)

where,as before, r mn � P(x m jSn ) and using a similar notation, we have in
addition the posterior r kmij � P(y k jx m ; stn = i; st � 1;n = j ).

There is an intuitiv e generative processassociated to this alternativ e
view, having analogiesto the `noisy channel' [16,15] basedcoding and data
transmission models. From this analogy, our model may also be seenas
one possibleprobabilistic generative version of noisy channel coding. (Note
that neither [16] nor [15] are probabilistic models with a generative seman-
tics) The generative processassociated with (16) is the following and the
corresponding plate diagram is detailed in Figure 3.

{ generatea point x in the latent spacefrom the prior density p(x ). (This
point is sequence-speci�c.)

{ for each time point till the length of the sequence,t = 1; :::; Tn .
{ generatea situated point y k in the secondlatent space,conditioned

on x , with the `channel noise' probabilit y P(kjx ) = � k (x ). (This
point is symbol-speci�c.)

{ generate the next symbol st from the k-th component generator
model, i.e. with probabilit y Pst � 1 (:jk).

A somewhatsimilar generative processhas beenproposedin [22] in the
context of text document modelling, where the sequence-speci�c hidden
variable is associated with higher level themeswhereasthe symbol-speci�c
latent variables are meant to signify topics within a theme. The di�erence
is that unlike [22], we require that topics descendingfrom a theme must
be in the topographic neighbourhood of that theme with high probabilit y.
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Thus, the sharing of topics is constrained, ensuring that each theme will
encompassa di�eren t distribution of topics.

We may perform the model identi�cation starting from the above alter-
native formulation of the model. To maximise (17), the posterior probabil-
ities r mn and r kmij are both computed in the E-step. Using Bayestheorem
and marginalising over y the E-step equation for computing r mn is identical
to (6), and using Bayestheorem oncemore to compute r kmij , we have

r kmij =
Pj (i jk)� k (x m )

P
k 0 Pj (i jk0)� k 0(x m )

(18)

Now, maximising (17) in the M-step, w.r.t. to the parametersand subject
to the required constraints amounts to maximising the following Lagrangian

~Q0 = E[logL
0C ] �

X

j

X

k

uj k (
X

i

Pj (i jk) � 1) � v(
X

m

P(x m ) � 1) (19)

where, as before,uj k and v are Lagrangemultipliers. The stationary equa-
tions for the parametersPj (i jk) follow as

� Q0

� Pj (i jk)
=

X

n

X

m

rmn r kmij N n
ij

1
Pj (i jk0)

� uj k = 0 (20)

Multiplying both sidesby Pj (i jk) we obtain a closedform solution

Pj (i jk) =
1

uj k

X

n

X

m

rmn r kmij N n
ij (21)

and by summing both sidesover i , the normalisation constant is now

uj k =
X

i 0

X

n

X

m

rmn r kmi 0j N n
i 0j (22)

From the theory of the EM algorithm we know that both (5) and (17)
are so-calledauxiliary functions [26] to the samedata likelihood (3). That
is, each E and M step is guaranteed not to decreasethe data likelihood (3)
and a local maximum of either (5) or (17) is also a local maximum of (3).

It is interesting to note that by replacing (18) into (21), and rearrang-
ing, the �xed point update (9) is recovered.Hence(as already anticipated in
Section2) each �xed point iteration of the form (9) is alsoguaranteed not to
decreasethe data likelihood | which in turn completesthe arguments used
for the convergenceclaims made for the algorithm given in the previous
section (seeSection2). It is alsoobvious that from an e�cien t implementa-
tion point of view, the algorithmic form given previously is more convenient
since the posterior probabilities of y need not be explicitly computed and
stored.

However, the alternativ e view presented here not only o�ers a hierar-
chical interpretation of the model as an insight, but it will also be used to
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shedlight on the observed low-entropy characteristic of the model parame-
ters Pj (i jk), aswell ason the topographic organisation abilit y of the model.
This is what we analyse in the sequel.To begin with, let us rewrite the
expectedcomplete log likelihood (17), with the useof the M-step equations
(21) and (10).

E =
X

k

X

j

(

uj k

X

i

Pj (i jk) logPj (i jk)

)

+

+
X

m

8
<

:

X

k

2

4
X

n

X

i;j

rmn r kmij N n
ij

3

5 log � k (x m )

9
=

;
+

+ N
X

m

P(x m ) logP(x m ) = Term1 + Term2 + Term3 (23)

In (23), uj k , Pj (i jk) and P(x m ) areall functions of r mn and r kmij . Naturally ,
when P(x m ) is �xed to uniform, then the last term becomesa constant.

3.1 Low entropy components

Now let us observe that the �rst of the above terms is the negative of a
weighted sum of entropies. Using the shorthand aj

ik � Pj (i jk), and a j
k �

Pj (:jk), the �rst term readsas

Term1 = �
X

k

X

j

uj k H [a j
k ] (24)

wherethe entropy [12] is de�ned asH (a j
k ) = �

P
i aj

ik logaj
ik and the depen-

dencieson r mn and r kmij are implicit. From (22), we alsohave the meaning
of the weighting factors: each uj k represents the expected number of sym-
bols `explained' by the k-th generator in the context of j . A maximisation
of this term would signify that the generatorsthat contribute more, must
have lower entropies. Since by de�nition the entropy of a distribution is
a measureof uncertainty, low entropy component models are interesting,
becausethey tend to be both more interpretable and more predictable.

3.2 Topographic organisation

The secondterm is concernedwith the distribution of the K symbol-level
generators, for each latent point x m . Rearranging this term by denoting

pkm �
P

nij r mn r k mij N n
ij

cm
wherecm �

P
k 0

P
nij rmn r k 0mij N n

ij =
P

nij rmn N n
ij =
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P
n rmn Tn , we obtain:

Term2 =
X

m

cm

(
X

k

pkm log � k (x m )

)

=
X

m

cm f � K L(p:m jj � :(x m )) � H (p:m )g (25)

where K L(:jj :) is the Kullback-Leibler divergence[12] between the distri-
bution of the expected probabilit y of symbols explained by the various K
basisfunctions, p:m , and the pre-de�ned Euclideanneighbourhood probabil-
it y distribution � :(x m ) associated with x m , de�ned as K L(p:m jj � :(x m )) =P

k pkm log pk m
� k (x m ) . The last term of (25) is the entropy of the distribution

of symbol-level generatorsassociated with a latent point x m . The weighting
factor cm again represents a notion of importance of the latent point x m

in terms of the expected total number of symbols of sequences̀explained'.
Naturally , both pkm and cm are functions of r mn and r kmij , and the explicit
dependenceon thesequatities was omitted in the notation for brevity.

From (25) we can see that a larger value of Term2 implies that for
each x m the assignments of generatorsk = 1; :::; K are such that: i) Even
if the symbols of each sequencemay be generated from di�eren t genera-
tors k = 1; :::K (shared by other sequencestoo), those which are situated
around the sequence-speci�c latent point x m must be more probable; ii)
Each x m should have a small number of active generatorsassociated with
it. The former property is a key di�erence from generative aspect models
[7,18], where the generatorsare allowed to interleave without constraints.
In turn, this constraint has the e�ect of a topographic ordering of sequence
histories that is useful both for its regularising e�ect and for explanatory
data organisation. These issueswill be demonstrated in more detail in the
experimental section.

3.3 The 2D latent density

The last term of (23) is again a negative entropy, weighted by the total
number of data instancesN .

Term3 = � H [� ] � N (26)

where � is now a function of r mn . A higher value of this term implies the
creation of regionsof varying density in the latent 2D space.

3.4 Putting all together: A multi-objective optimisation view

We may view the above three terms together as a tradeo� of multiple ob-
jectivesbeing maximised simultaneously during the EM iterations. Indeed,
if we were to start o� from maximising the objective (23) as a function
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of r mn and r kmij , subject to these having to be the expectations of some
discrete assignments and additionally, subject to the two constraint def-
initions (21) and (10), then solving the associated discrete search prob-
lem for the pairs x m and y k over the �nite set when m = 1; :::; M and
k = 1; :::; K by the mean �eld tric k [25] (given in the Appendix for com-
pleteness),yields, after some straightforward algebra, exactly the EM al-
gorithm (6)&(18)&(21)&(10). By implication, the generalisedEM solution
(11){(13) implicitly optimises the sameobjective.

In conclusion,in this sectionwe have shown that (1) the minimisation of
the component parameter entropies is implicitly part of the objective, thus
the representation will tend to create low entropy parameters. (2) At the
sametime, it will try to organisethe latent point assignments in a locally
topography preserving manner. (3) Finally, if the uniformit y of the latent
distribution is not imposed,then rather than using the entire latent space
uniformly, the latent point assignments will have the 
exibilit y to create
regionsof high density, that may re
ect a clustered structure in the data.

4 Relation to previous top ographic mo dels

4.1 Natural parameter based modelling: Relation to Multinomial GTM

As already mentioned, the proposedapproach, in its form presented in Sec-
tion 2, is conceptually related to the multinomial latent trait GTM model
[6,20]. However, there is an important structural di�erence in that the latter
proceedsat modelling the natural parametersof the multinomials

� m = g(A � (x m )) (27)

and sothe mapping from the Euclidean spaceto the spaceof probabilities is
achieved through the inverse-link function g(� im ) = exp(� im )=

P
i exp(� im ).

Consequently , the parameter matrix of the multinomial GTM is still in an
Euclidean spaceand therefore it is not interpretable. By contrary , as we
have seen,the proposedapproach models the meanparameter directly (15).
Thus, our model parameters live in the spaceof probabilities and as such,
they can readily be interpreted asprobabilities and low-entropy components
of the data.

Secondly, this di�erence also implies that unlike the positively con-
strained parameter space in SGTM, the parameter spaceof multinomial
GTM is unconstrained. Such extent of 
exibilit y may not be required for
the caseof high dimensionalsparsedata (which will typically exhibit a high
degreeof redundancy). In turn, the unconstrained parameter spaceis more
di�cult to search. Speci�cally , due to the nonlinear inverse link, in each
M-step, a nonlinear equation of the following form needsto be solved [20].

D R T � T = g(A� )G� T (28)
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wherethe matrix notations usedare asbefore,and the matrix G is diagonal
with elements

P
n rmn [20]. Clearly, there is no closedform solution to this

equation. As discussedin Section 2.3, existing developments are somewhat
lacking in terms of computational e�ciency . Care must alsobe taken about
the tradeo� between the convergenceguarantee of the optimisation and a
possibly long convergencetime. Such problems are not encountered with
our SGTM model de�nition.

4.2 Dealing with Very High Dimensions: Relation to ProbMap

In this subsection we develop a simple extension of the proposed model
for the case of excessively large state spaces.The main purpose here is
to highlight a close relation with the ProbMap model of [16]. It should
be mentioned, however that neither our extension nor ProbMap are fully
generative.

We note that although due to its constrained nature, our model is able
to deal with fairly high dimensions| asour early results on text modelling
over a dictionary sizeof nearly ten thousand words have demonstrated [19]
| when excessively increasing the data dimensionality (size of the state
space), the converged posteriors may becomevery sharp. This is due to
the fact that in the absenceof su�cien t amounts of data (compared to the
dimensionality of the problem), the mixture of Dirac deltas prior dominates.

Retaining the discretisation of the latent space,which is desirable for
tractabilit y reasons,in this subsectionwe will adopt a simple form of mod-
ular mixture [1,7] approximation in order to make our model able to deal
with very high dimensional problems. This essentially intro ducesa convex
linear interpolation amongthe centres of the Dirac deltas with the aid of an
additional random variable that de�nes a distribution over the latent space
samples� = P(f x 1:M g). The data distribution conditioned on � , whereP

m � m = 1, will be de�ned as follows.

p(Sn j� ) =
Y

i;j

(
X

k

Pj (i jk)' k (� ; f x 1:M g)

) N n
ij

(29)

with

' k (� ; f x 1:M g) =
X

m

� m � k (x m ) (30)

The posterior expectations for visualisation and prediction, as per Sec-
tions 2.4. and 2.5), will now both depend on the posterior expectations of
� :

E [x jSn ] =
X

m

x m P(x m jSn ) =
X

m

x m

Z
P(x m j� )q(� jSn )d� (31)

=
X

m

x m Eq( � jSn ) [� m ] =
X

m

x m E[� m jSn ] (32)
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where q(� jSn ) denotesthe (approximate) posterior of � employed for the
inferenceof � and P(x m j� ) = � m . Clearly, each observation will have its
own posterior over the mixing coe�cien ts, q(� jSn ), and consequently its
own posterior expectation E [� m jSn ]. Analogously,

E [� k (x )jSn ] =
X

m

� k (x m )E [� m jSn ] (33)

De�ning an appropriate prior distribution for the convex coe�cien ts
p(� ) analytically is, however, not straightforward. Due to the special struc-
ture induced by the neighbourhood probabilities and the mapping from an
Euclidean spaceto the spaceof probabilities, we found in our experiments
that a Dirichlet is inappropriate in this case.For this reason, as well as
sinceour scope in this section is mainly to arrive at a connection with the
ProbMap method of [16], herewe will adopt a noninformative uniform prior
for � and perform a simple Maximum a Posteriori / Maximum Likelihood
point-estimation. That is, we approximate q(� jSn ) � � (� � � M L

n ) and so
E � ( � � � M L

n ) [� k ] = � M L
kn . Now, for each Sn , � M L

n , needsto be estimated.
As before,we organisethe parametersf Pj (i jk)g into a matrix A and in

addition we also organisethe point estimates � M L
mn into an M � N matrix

� . Solving for all stationary equations for both sets of variables, subject
to the required constraints (

P
i Pj (i jk) = 1 and

P
m � M L

mn = 1) we arrive
at the convergent alternating iterativ e algorithm below, written in matrix
notation.

� (new ) / � (ol d) �
n

A T [D � (A � � (ol d) )]
o

(34)

A (new ) / A (ol d) �
n

[D � (A (ol d) �� )]� T
o

(35)

The posterior statistics required in (32) for visualisation in this casereduce
to computing E[x jSn ] =

P
m x m E[� m jSn ] �

P
m x m � M L

mn , and E[� k (x )jSn ] �P
m � (x m )� M L

mn , where� M L
mn are newly estimated for previously unseendata

instances,while maintaining the parametersPj (i jk) �xed. This is essentially
the empirical Bayesmethodology [3,7], i.e. the distribution of � is de�ned
by the set of samplesestimated from the data. The sample estimates ob-
tained from the training set may also be usedfor computing the likelihood
of new data points under the model.

Now let us observe that making abstraction from the continuous la-
tent variables, and inspecting eqs.(34){(35) formally, theseare identical to
Hofmann's ProbMap [16] (written in matrix form). ProbMap [16] is not a
generative model, therefore its functionalit y is restricted to organising data
for exploratory purposes.The way to assessits generalisationabilities is not
well de�ned. However, from the analysismade in this section, the empirical
Bayesproceduremay in principle be usedto extend its functionalit y.
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4.3 Joint clustering and visualisation: Relation to Parametric Embedding

Parametric Embedding (PE) [17] is a recently proposedtechnique that takes
classmembershipprobabilities obtained e.g.from a clustering algorithm and
visualisesthem in 2D. It is not a generative model, so it has no predictive
abilities, instead, it was devised for the sole purpose of visualisation. By
contrary , in our approach, the visualisation function is built into the model
on the grounds of a predictive model with generative semantics. However
there aresomestructural analogiesthat could be followedbetweenthesetwo
approaches.For this section, the modelsare assumedto be zeroth order i.e.
P(stn jst � 1;n ; k) = P(stn jk). Let us inspect the log of the likelihood term in
our model formulation (1),

X

n

logP(Sn jx ) =
X

n

X

t

log
X

k

P(stn jk)� k (x ) (36)

where t is a data feature and P(sk t jk) is now a multinomial probabilit y
parameter,however an arbitrary distributional form may bede�ned instead,
if needed.Further, k may be thought of as a cluster variable. To seethe
connection with PE more formally, let us decouple(36) into two separate
objectives,by replacing � k (x ) by a `dummy' probabilistic variable P(kjSn ),
which we then require to be closein Kullback-Leibler senseto � k (x ). The
modi�ed expressionis now:

X

n

X

t

log
X

k

P(stn jk)P(kjSn ) �
X

n

X

k

K L(P(kjSn )jj � k (x )) (37)

whereasbefore,� k (x ) =
exp( � 1

2 � 2 jy k � x j2 )
P

k 0 exp( � 1
2 � 2 jy k � x j2 ) . Now the �rst term is clearly

a clustering objective, identical to the log of the likelihood term in of aspect-
style of models, e.g. Latent Dirichlet Allo cation (LDA) [7] or Multinomial
PCA (MPCA) [8], whereasthe secondterm is identical to the PE objective
[17]. However, PE proposesto fully decouplethesetwo tasks, by completing
the optimisation of the �rst objective beforeoptimising the second.This has
the advantage of a full modularit y, at the expenseof sub-optimalit y due to
accumulating errors.For instance,if a data sethasno clearclustersor simply
the cluster membership estimatesP(kjSn ) happen to be a poor summary of
the data, then the subsequent PE visualisation is compromised.In turn, our
approach implicitly optimises for both the above objectivessimultaneously.

A further di�erence may be followed on the algorithmic level. The es-
timation of PE proceedsby considering both y k and x as parameters and
optimising. Instead, we obtain posterior distributions over the discretesam-
ples from our generative latent variables, which may then used both for
making inferencesor predictions about previously unseendata instances,
and to producedata summariesfor visualisation. The former is not possible
with PE, in its existing form.

The experimental section will provide detailed assessment of the gen-
eralisation performance of our approach and its robustnessagainst small
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samplesizesof various kind and comparisonswith existing modelsof multi-
ple sequenceswill bemadeon this ground. In addition, asa byproduct of our
model design,we alsoobtain interpretable parametersand intuitiv ely mean-
ingful visual representations, which, necessarilyprovide explanations of the
data that are re
ecting its predictive encoding. Experimental comparisons
with other visualisation methods would, however, not be straightforwardly
fair and are therefore outside of our scope. This is primarily either or both
becausethe existing visualisation methods were not devised for multiple
sequencedata sets, or becausethey were not devised as predictive mod-
els. We believe there would be little basis for objective comparison in this
sense.Moreover, there is no universally valid objective criterion for compar-
ing visualisation plots, while there are well de�ned criteria for measuring
the predictive performance, that we can use by exploiting the generative
nature of our model.

5 Numerical sim ulations: Prediction and explanatory
represen tation

A toy experiment will illustrate the working of our method �rst. The data
was generatedfrom a 10� 10 uniform grid of points in the 2D latent space
x m 2 [� 1; 1]2, passedthrough a 4� 4 setof functions � k (x m ); k = 1; ::16and
mixed with some(4 � 4) randomly generatedand su�cien tly low entropy
parametersPj (i jk) over a commonstate spaceof seven symbols. From each
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Fig. 4 Examples of recovered posterior mean mapping from 10� 10 toy sequences
generated from the model: a) �xed uniform prior; b) estimated priors. In all runs,
the local topology is well preserved.

of the resulting 100 transition matrices P:(:jx m ); m = 1; :::; 100 from this
manifold of transition matrices, one su�cien tly long sequencewas drawn
(we usedrandom lengths Tn 2 [5000; 9000]).These100sequenceswere then
fed into our algorithm. Figure 4 shows examplesof the obtained posterior
expectations corresponding to local optima obtained in two independent
runs with �xed uniform priors and a run with estimated priors. We can see
the local topology has been well recovered. As discussedearlier, we have
no uniquenessguarantees when both the latent points and the component
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transitions (the model parameters)are unknown, and so(similarly to GTM)
di�eren t local optima will produce slightly di�eren t results. However, the
local topology will be preserved due to the smoothness of the generative
mapping, which is a usefulproperty for data visualisation. Moreover, wenow
turn to demonstrate and objectively assesits bene�cial role for prediction.

The next set of experiments studies the predictive capabilities of our
algorithm and the e�ects of �nite samplesizeson the performance.We vary
both the averagesequencelengths and the number of sequencesavailable
for training.

For each experimental setting, we generated1500sequencesfrom a set
of 3 generator processesover a symbol dictionary of 5 symbols. The actual
generator models are shown on Figure 5.
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Fig. 5 The three generator Mark ov transi-
tions that were used to create the synthetic
data sets. Darker encodes higher probabilit y,
and each row sums to one.

In order not to favour our model over competing approaches,the follow-
ing two extreme generation procedureshave beenemployed: (1) a mixture
of Markov Chains (MMC) [9], i.e. a model having a mixture of delta prior
over K di�eren t Markov chain generators,and (2) a simplicial mixture of
Markov chains (SMMC) [18], employing a uniform Dirichlet prior over K
di�eren t Markov chain generators.A few instancesof the resulted data se-
quencesare shown in Figure 6 for illustration. It can easilybe observed that
in the caseof MMC sequences,onecan visually tell apart the tra jectories of
the three groupsof sequences.Indeed, sinceeach sequenceis entirely gener-
ated by oneof the generatormodels,all sequencesgeneratedfrom the same
generator model have the similar characteristic dynamic patterns. By con-
trary , the SMMC tra jectories result from interleaving all three generatorsin
uniform instance-speci�c proportions, and so there is no natural grouping
among the set of tra jectories.

Six data sets have been generatedfrom the above two models: i) Long
sequences(relativ e to the dictionary size), with lengths evenly distributed
betweena minimum length of 18 symbols up to a maximum length of 400
symbols; ii) Medium length sequences,having lengths between 10 to 40
symbols; iii) Short sequences,with lengths between4 to 15 symbols | all
these from both the MMC and SMMC generation proceduresrespectively,
totalling six data sets.Further, in order to alsoassessthe issueof sensitivity
w.r.t. the training set size,each of thesedata setshave beenconsideredin
two di�eren t instances: In a �rst instance, 90% of of the data has been
employed for estimating the model, the remaining data being utilised as
out of sample sequencesfor testing. In a secondinstance, only 10% of the
data hasbeenusedfor training and the remainder 90%wasusedfor testing.
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Fig. 6 Examples of sequencesgenerated over a state spaceof �v e symbols. Each
row is a sequenceof varying length and each symbol is represented by a unique
colour.

From each of thesedata settings, two variants of our topographic model
| with �xed uniform prior, and with estimated prior | were estimated,
along with MMC [9] and SMMC [18] models. For the latter, we used the
variational estimation proceduredescribed in [18,7] (sincethe SMMC model
is known to be intractable). For each experiment, 15 independent, randomly
initialised parameter estimation runs, across10 disjoint folds have beenper-
formed and the number of components tested rangedon a quasi logarithmic
scalebetween 2 and 50. The results are summarisedin Figure 7, in terms
of out-of-sample log likelihoods, over a range of model orders listed on the
log10 scale.In the caseof SGTM, the out of sample log likelihood is com-
puted asthe log of eq.(3), from held out subsetsof sequences.For MMC and
SMMC, the associated expressionsare thosein [9] and [18] respectively. The
performanceof Global Markov chains [29] of various order are also shown
for comparison. The latter usesa single Markov chain (of someorder) to
modelling the entire collection of sequencesin a data set, and thus the vari-
abilit y of individual sequencescan only be accounted for by increasing the
order of the Markov chain.

Since no detailed and controlled assessment of the sample size require-
ments of the earlier methods (MMC and SMMC) are found in the literature,
it is useful to �rst summarisethe relevant �ndings regarding these two al-
gorithms beforeusing them as a basis for comparisonsto our SGTM.

{ MMC is more prone to over�tting due to small number of sequences
in the training set, while being more robust against the issueof short
sequences.SMMC, in turn, is more prone to over�tting due to short-
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Fig. 7 Comparativ e results of the predictiv e generalisation performance as eval-
uated on generated data sets. On all plots, the out-of-sample log lik elihood is
given (on the vertical axis) versus the number of components on the log10 scale
(on the horisontal axis) | higher value indicates better generalisation. The error
bars give one standard error over ten non-overlapping folds. The acronyms are the
following: 'SM': data generated from a simplicial mixture (leftmost two columns);
'M': data generated from a mixture (righ tmost two columns); 'n% tr': the per-
centage of sequencesused for training (the remainder were used for testing). The
averagelength of the sequencesdecreasesfrom the top row to the bottom. MMC,
SMMC and the two versions of SGTM (with �xed uniform prior (1/M) and with
estimated prior mixing coe�cien ts respectively) all utilise �rst-order Mark ovian
components. The straight lines stand for global Mark ov models of varying order
on each plot, these are given up to the order that still improves over the previ-
ous one. (The competing models are made with di�eren t line styles and also in
di�eren t colors for enhancedclarit y in caseof colour viewing.)
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nessof sequences,however it is more robust against the issueof small
number of training sequences.The reasonsfor this may be traced back
to the de�nition of these two models and the algorithmic details of the
associated estimation procedures.

{ Unsurprisingly, from the last two columns of plots, in the caseof mix-
ture data (i.e. well separatedclusters) the performance of both MMC
and SMMC algorithms behave similarly and there was no statistically
signi�cant di�erence betweenthe best results at the 5%level astestedby
the Wilcoxon rank-sum test, except in the caseof very short sequences
where SMMC over�ts earlier than MMC.

{ While global Markov chains of su�cien tly large order are able to out-
perform both MMC and SMMC of �rst order models on the mixture
data, this is not the caseon simplicial mixture data. Of course,this ob-
servation may be data dependent (e.g. in the caseof a large state space,
the high order global model may over�t more easily).

Remember both theseexisting state-of-the-art predictive modelsof mul-
tiple sequencesare linear. Therefore their 
exibilit y is limited and their
abilities are rather complementary. Our topographic model is in turn non-
linear, which is expectedto be an advantage. From the comparisonthe main
empirical �ndings regarding our SGTM are summarisedas follows.

{ Firstly , the predictive performance of SGTM with estimated prior is
comparablewith the best out of the MMC and SMMC estimates.This
is becauseunlike the latter linear models, the correlation structure be-
tweenlatent points is part of the modelling. So, for example in the case
of a short sequence,SGTM is able to automatically complement the in-
formation with that coming from correlated other sequences.Further, in
the caseof a small number of sequencesin the training set, the model is
able to populate the clusterswith partial membershipsfrom neighboring
clusters.

{ Secondly, SGTM with a �xed uniform prior signi�cantly outperforms all
other models on simplicial mixture data while it is signi�cantly subop-
timal on mixture data.

Naturally , if the mixing is `diverse', then the uniform latent density is the
best suited and having this �xed rather than estimating it provides an
advantage. In turn, if there are clearly distinct clusters in the data set,
then assuminga uniform spread is suboptimal from the predictive density
modelling point of view sinceit su�ers from under�tting. In this latter case,
SGTM is still well suited for visualisation purposesbut less suited as a
predictive model. To illustrate this point, Figure 8 shows the posterior mean
visualisation of oneof the mixture data sets(the medium length sequences)
obtained from a SGTM with �xed uniform prior. The cluster structure
is well displayed. However, if SGTM with estimated prior probabilities is
employed, then the spread of the three clusters shrink { so we see less
details within the clusters but the obtained summary correctly re
ects the
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Fig. 8 Right: Posterior mean visualisation obtained by SGTM with �xed uni-
form prior, on the set of medium length sequencesgenerated from a mixture of
three Mark ov chains. Left: Posterior mean visualisation of the samedata set, with
SGTM with estimated mixing coe�cien ts.

generative distribution of the data. As we have seen,this is secondedby the
increasedpredictive performance.

The above considerationsregarding the in
uence of the latent prior are
useful from the methodological point of view, since knowing the implica-
tions of our modelling choicesenablesus to employ them in an appropriate
way and in accordancewith the applications purposes.It should also be
highlighted, however, that in the caseof real-world data, we may mostly
expect intermediate casesrather than clearly distinct clusters or uniformly
diversedata | for example, it is unlikely that a population of web users
will produce well separated clusters of homogeneousbehaviour. It is also
unlikely that the spreador variation is exactly uniform. Therefore it is not
surprising to �nd that on such data the predictive performanceof the two
versionsof SGTM (with �xed uniform prior or with estimated prior) is not
very di�eren t from each other. However, in the light of the results above,
we expect to achieve equal or higher accuracy using SGTM than the best
out of the existing linear models (MMC and SMMC) on data collections of
multiple sequences.

6 Application to preference prediction and exploratory analysis
of web navigation sequences

The organisation and exploratory analysis of the dynamic behaviour of in-
dividuals in the context of web environments is a major challenge for au-
tomated data analysis research. Such investigations are quite recent [9,18]
and motivated by the availabilit y of vast quatities of user traces and the
opportunit y for creating predictive pro�les as well as creating tools that
allow e.g.a site administrator to explore large setsof navigation sequences.
The possibility of visual exploration in this context has been proposed in



26 Ata Kab�an

[9], where an approach employing mixture based clustering of �rst order
Markov chains has beenexplored.

However, in a mixture model, the relation betweenclusters is not mod-
elled, and in the caseof a large site collection, with several thousands of
browsing users, it would be impractical to expect the site administrator
to examine all clusters individually in order to obtain an overview of the
ongoing activit y or to locate behaviours of interest. In addition, browsing
behaviours that are common to all clusters of users,and are therefore less
interesting, will end up being present on all cluster protot ypes,making the
visual analysisdi�cult. Indeed, in the mentioned work, such problemshave
been noticed and the ad-hoc constraint of �xing the initial state in each
cluster has beenemployed in order to aid visual inspection. This of course
came at the expenseof a suboptimal predictive model as re
ected by the
out of sample log likelihood. On other hand, previous work reported in
[18] suggeststhat a distributed model may in fact describe a collection of
heterogeneousbehaviours more realistically.

Here we investigate our approach for organising the same set of web
navigation sequences,msnbc.com4, used in [9], the subset investigated in
[18], as well as a number of comprehensive intermediate settings. The data
set comprisesover a million of sequencesthat sharea commonstate spaceof
the following 17 page categories:'frontpg', 'news', 'tech', 'local', 'opinion',
'onair', 'misc', 'weather', 'msnnews', 'health', 'living', 'business','msnsport',
'sports', 'summary', 'bbs' and 'tra vel'. The vast majorit y of thesesequences
is very short | the averagesequencelength was found as 8.056.So in the
light of the controlled empirical study of the previoussection,wemay expect
with a random sampleto �nd ourselvesin the situation of a `large' number
`short' sequences,in principle.

We begin with assessingthe prediction and generalisationperformance
of our model. To this end, we constructed both selected subsets of rich
sequencesand random subsetsof various sizes.These are summarised in
Table 1.

Wereport 10-foldcross-validated predictiveperplexity resultson the �rst
�v e data setslisted in Table 1, sincethesecontain a relatively small sample
size.The predictive perplexity measuresthe uncertainty of predictions and
is computed as exp

n
� 1

N test

P N test
r =1 logP(snext jSr )

o
(lower values are bet-

ter). The results of MMC, SMMC and �rst-order global Markov chains are
shown on Figure 9. The graph for WEB9 is identical to that reported in [18],
and usefully serves as a basis for the comparisons.From Figure 9 we can
seethat by increasing the training set size,all methods improve their per-
formanceto someextent. However, MMC bene�ts more from increasingthe
number of sequencesavailable for training whereas,SMMC bene�ts more
from the length (richness)of the sequences.The di�erences were found sta-
tistically signi�cant at the 5% level basedon the nonparametric rank sum
test, and theseresults are in accordancewith our �ndings on the synthetic

4 http://kdd.ics.uci.edu/databases/msn bc/msnbc.html
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Table 1 Data setsconstructed from msnbc.com, usedin the reported experiments:
WEB9 and WEB7 are selected `rich' sequences,which includes only users who
visited at least 9 (or 7 respectively) out of the overall 17 di�eren t pagecategories.
The remainder are randomly chosensubsets.WEB tr ain and WEB test are training
and independent test sets of the size used by [9].

Name Nr sequences Nr transactions Avg length
WEB9 1,480 119,667 80.856
WEB7 5,800 246,360 42.476

WEB-1,500 1,500 20,799 13.866
WEB-5,000 5,000 51,665 10.333
WEB-10,000 10,000 96,384 9.638

WEB tr ain 100,000 801,745 8.018
WEB test 88,181 714,280 8.1
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Fig. 9 Comparativ e predictiv e perplexit y results of MMC and SMMC on weblog
sequencecollections from msnbc.com, of various sizes.SMMC bene�ts more from
`richer' sequenceswhereasMMC bene�ts more from a larger number of sequences.
For each data collection under study, the best performing method is taken over
to Figure 10 to be compared with SGTM.

simulations, presented in the previous section. More interestingly, Figure
10 shows the predictive perplexity results of SGTM in comparison with
the best performing method retained from Figure 9, for each data set un-
der consideration. Clearly, SGTM outperforms the previous winners in all
situations tested, in a statistically signi�cant manner. The two variants of
SGTM | employing a �xed uniform prior or estimating the mixing coe�-
cients | have performed similarly on thesedata (no statistically signi�cant
di�erences), and the former is shown on the plots.
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Fig. 10 SGTM compared with the best performing previous method, for each of
the �v e sequencecollections tested. SGTM signi�can tly outperforms the previous
winner on each of these data sets.

Finally to compareagainst the results of [9], we have taken the training
set of 100,000sequencesWEB tr ain , drawn at random from the entire data
set, totalling 801,745pagerequestsand the independent test set WEB test ,
of 88,181sequencestotalling 714,280pagerequests.Sincethe vast majorit y
of thesesequencesis very short, the SMMC over�ts immediately and is not
shown on the �gure. Figure 11depicts the out of samplelog likelihood asob-
tained on the independent test setcomparatively for SGTM, the constrained
mixture of [9] (�xing the initial state in each cluster to aid visualisation),
an unconstrained mixture and a baselineglobal �rst order Markov model.
Clearly, our method outperforms the mixture with constrainedinitial states
of [9] and approachesan unconstrainedmixture in terms of predictiveperfor-
mance.We can thus be con�dent that the advantagesof our model in terms
of visualisation and parameter interpretabilit y do not produce a limitation
of its predictive power on this data. Our model requires more components
than MMC, though, sincewe have seenit is a constrained mixture. This is
becauseunlike unconstrained mixtures, it allows us to create detailed to-
pographically ordered summary mappings of the data collection and these
may be usedfor exploratory analysis.

We now demonstrate that our model also creates a meaningful, topo-
graphically ordered visual summary of the recorded dynamic activit y, and
is therefore more convenient to useby e.g. a site administrator, against an
unconstrained mixture. Figure 12 shows the full map of sequencescreated
from the 100,000sizeddata set. For equidistant points on the latent space,
the 15 highest probabilit y sequencesare shown in colour-coding, whereeach
colour stands for one pagecategory. The topographical principle that is in-
duced,originally proposedby Kohonen [21], providesa proximit y constraint
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Fig. 11 Out of
sample log lik elihood
against model order
obtained by SGTM
estimated from
WEB tr ain and tested
on WEB test . Both
versions of SGTM
outperform the con-
strained mixture
employed in [9] and
are at least as good
as an unconstrained
mixture.

that has proved intuitiv e and useful in hundreds of applications in the past
[21]. Indeed, our eyes are sensitive not just to individual colours but also
to reasonably low-entropy patterns or textures, therefore our hope is that
visualising temporal activit y in terms of proximit y structures may be useful.

In addition, Figure 13showsa fragment (three columns)of the component-
level representation created. On the right, the probabilit y transitions asso-
ciated with the model parameter components are shown. As discussedin
Section 3, these are low-entropy components of behaviour, di�eren t from
cluster protot ypes (the latter being local averages).On the left, the top
matching 15 actual user sequencesare listed for each aspect. Using these,
we can follow a gradual shift of interest on this fragment of the representa-
tion. E.g. from top toward the bottom, the strong interest in the 'frontpage'
of the site (1-st page category) shifts through a repetitiv e user behaviour
toward a pronouncedinterest in 'news' (2-nd pagecategory), corroborated
with a more dynamic browsing activit y. On the horizontal axis in the �rst
row the interest shifts from 'frontpage' to 'sports' and 'health'. Thesetrends
canbemoreeasily followedby looking at the transition plots. However, from
the listing of the actual sequenceswe can seehow represented, how homo-
geneousor inhomogeneousthese behavioural components are, and we can
recognisegroups of similar behaviours by the speci�c combinations of pat-
terns and colours. The topographic organisation is most apparent in both
views.

It should also be noted that, as expected, the protot ype-level transition
behaviours are far not as informativ e. This is simply becausebehavioural
patterns that are common to all clusters appear on all protot ypes,making
it di�cult to distinguish the distinctiv e features. This is a problem for the
mixture-based visualisation method of [9]. To illustrate this, a fragment of
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Fig. 12 Topographical display obtained from a random sample of 100,000 se-
quencesfrom the msnbc.comweb navigation data set. The top matching sequences
are shown at equidistant points of the latent spaceof x . for each protot ype. Se-
quencesare in rows, and the colors encode symbols (page categories). Blank lines
separate the sequencesof neighboring latent point locations.

the mixture-level transitions is shown on Figure 14. The habit of repeating
the previous pagecategory requestis present everywhere.We thus conclude
that the entropy-minimising characteristic in our model is quite important
for parameter interpretabilit y. It is a unique feature of the proposedmodel
that it is able to produce such low-entropy components of the data, simul-
taneously with a 2D nonlinear compression,while additionally also being
a well-performing predictive model, able to generaliseto new, previously
unseendata | asdemonstratedby both the out of samplelikelihood values
and the predictive perplexity measures.

Finally, our model also induces probabilistic pro�les for each individ-
ual sequence,in the form of two posterior distributions (over the latent
spaceof cluster protot ypes and over the spaceof low entropy components
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Fig. 13 A fragment from the component-level topographical display of the same
msnbc.comweb navigation data set. The top matching sequencesare shown for
each component on the left. On the right, grey levels encode the associated tran-
sition probabilities betweenthe 17 pagecategories.Darker stands for higher prob-
abilit y.

Fig. 14 Fragment from the
protot ype-level transitions.

respectively). These may be used to understand someof the relationships
between users. Figure 15 shows three examples. In the �rst example, a
fairly long activit y sequenceinducesa relatively sharp cluster-posterior. In
the secondexamplewe have a multi-mo dal pro�le that encodesmore inter-
esting relationships basedon multiple interests. In both theseexamples,the
component-level posterior producessmoothed versions of the cluster-level
posterior. In the third example in turn we have a very common activit y,
therefore the cluster-posterior is very broad. By contrary , the component-
posterior shrinks | this is becausethe model parameters tend to separate
common behaviours into fewer components.
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The computation time required to convergenceis now assessedexper-
imentally . Subsetsof data with increasing size have been created and the
CPU time hasbeenmeasuredagainst the number of non-zeroentries in the
data, on a standard desktopcomputer (In tel Pentium 2GHz). The tolerance
criterion usedwas the di�erence betweenconsecutive log likelihood values.
Figure 16 shows the results comparatively, for the tolerance of 10� 3 and
10� 4 respectively. The competing methods in this comparison are SGTM,
SMMC and multinomial Latent Trait GTM. For the latter, the e�ciency of
the M-steps depends on the nonlinear optimisation used and their param-
eters. (The E-steps enjoy the samescaling as in SGTM.) We skip showing
results from IRLS and gradient ascent, for poor e�ciency . Instead, to be
as fair as possible,for this comparison we implemented more e�cien t ver-
sions:A versionusespartial M-stepsemploying Broyden-Fletcher-Goldfarb-
Shanno (BFGS) optimisation [24] with polynomial line search5, where the
number of inner iterations was set to 5 (determined empirically). A second
version employs partial M-steps computed by conjugate gradients together
with a fairly sophisticatedset of searches6; again the number of line searches

5 Matlab routine by Kelley,T.C., available from:
http://www.siam.org/b ooks/k elley/fr18/matlab code.php

6 Matlab routine by Rasmussen,C.E., available from:
http://www.kyb.tuebingen.mpg.de/bs/p eople/carl/co de/minimize/
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Fig. 16 Experimental comparison of the computation time to convergenceto a
tolerance of 10� 3 (left) and 10� 4 (righ t), in varying data size conditions.

was set to 5. In both implementations, we also took advantage of that the
product D R T in (28) only needsevaluated once before entering into the
numerical optimisation routine. Still, the time taken to convergenceis far
longer than for the competing methods.

The results are shown in Figure 16. In all cases,two model orders were
tested (K = 9 and K = 64) and the number of 2D latent sampleswas
�xed to 100 throughout. The markers show CPU times averaged over 10
independent random restarts, and the straight lines represent the regres-
sion lines �tted to the set of outcomes(and passingthrough the origin of
course), for each method. As expected, our SGTM method, similarly to
SMMC, scalesindeed linearly with the number of non-zero entries in the
data. The plot also shows that there is little increasein computation time
when increasing the model order K in our model. This is partly because
there is little variation in the level of sparsity of the matrix � when K is
varied. We also observed that the averagenumber of iterations required to
convergencestayed roughly the samewhen varying either the model order
or the data set size,for SGTM. (For the largest data set, SGTM needed25:1
EM loops in averagefor achieving the tolerance of 10� 3 and 72:3 EM loops
for the tolerance of 10� 4). Overall, at both model orders considered,and
with both tolerance thresholds, the scaling of our method was comparable
to that of a SMMC with 9 components. SMMC in turn requires more time
to convergewhen the model order increases.Clearly, the multinomial GTM
has beenthe most computationally demanding method in this comparison
(despite the optimisation method being chosenwith care) | which means,
this model is essentially limited to relatively small or medium sizedata sets
in practice. This is partly becausethe M-step computations are longer due
to the search for step sizes,and partly becausethe number of EM loops
neededfor convergenceto a given tolerance was signi�cantly larger | in
average,the EM loopsneededwerealmost 4 times larger than thoseneeded
by SGTM for the tolerance of 10� 3, and more than 5 times larger for the
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tolerance of 10� 4. More work would be neededto develop more e�cien t
algorithms for this model before we could make realistic comparisons, in
terms of generalisationand prediction abilit y, betweenthe natural parame-
ter basedmodelling of multinomial GTM with that of the mean parameter
basedmodelling of SGTM.

7 Conclusions

In this paper we presented a theoretically principled, computationally e�-
cient and intuitiv ely simple topographic generative model for sparsesym-
bolic sequencecollections. Besidesbeing stable and scalable to large and
sparsedata sets,the proposedapproach is robust against �nite samplesizes,
and improves prediction in comparison with the state of the art, on both
synthetic and real-world data. It is also able to create a compact com-
pressionof the histories, in a locally topology-preservingmanner, which is
useful for visualisation and exploratory analysis. In addition, the model pa-
rameters are also interpretable probabilities, which may be understood as
low-complexity component models of the data collection.

We have discussedthe relationship of our model with a number of re-
lated topographic approaches,we have analysedits representation tendency
towards low-entropy parameters,we have empirically assessedits predictive
performance in comprehensive comparisonsand we have demonstrated an
application of our approach to the prediction and exploratory analysis of
large real-world web navigation sequencecollections. Our nonlinear model
hasbeenable to outperform the state of the art in all experimental settings
in terms of predictive modelling, and at the sametime has revealedsimple
intuitiv e structures behind the apparently high-entropy activit y recordings.
Further work may include a formal analysis of the samplesizerequirement
properties, a more detailed analysis of the convergencespeed e.g. follow-
ing [28] [11], algorithmic extensionsto models with deeper memory, as well
as possibly applications to other areas,such as for example, model based
multi-task reinforcement learning.
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App endix

This appendix provides the details of obtaining the discrete assignment of
latent points associated with the objectiv e (23) of Section 3. As highligh ted
in the main text, the �rst and third of the terms of this expressionare negative
weighted sumsof entropies, and the secondterm contains a sum of divergences
between the distribution over the symbol-level latent generators and the pre-
wired neighbourhood probabilit y distribution of these generators, relativ e to
sequence-speci�c latent points. The discrete optimisation objectiv e associated
with (23) is the following.
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To solve this by the mean �eld approach, the following objectiv e needsto be
maximised (called the free energy function) [32,25].
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where r mn = P(� m n = 1) and r k mij = P(� k mij = 1) are the probabilities
of the discrete assignments and f emn g and f ek mij g are two sets of dummy
auxiliary variables used for carrying out the mean �eld optimisation, and
� is the so-called inverse temperature, which may be increased during the
iterations as in simulated annealing. We disregarded this parameter here,
setting it to one, since our scope for now is mainly to show the connection to
our EM algorithm previously derived.
The stationary point of (38) gives the following equations:
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and similarly ,

@ (r mn ; r k mij ; emn ; ek mij )
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(41)
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= 0 ) r k mij =
exp(ek mij )P
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(42)

where the constant terms were ignored from (39) and (41), since they cancel
in (40) and (42) respectively. Detailing the above equations we obtain the
equations (6)&(18) identical to the E-step of the EM algorithm derived in
Section 3 of the main text. Further, using the constraints amounts exactly
to the M-step equations (21)&(10). In consequence,the iterativ e mean-�led
solution of the above constrained discrete optimisation problem yields exactly
the samealgorithmic solution as the EM iterations (6)&(18)&(21)&(10) given
in the text.


