A norm-concentration argument for non-convex regularisation
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1. Introduction

Ll-regularisation has become a workhorse in statisti-
cal machine learning, because of its sparsity-inducing
property and convenient convexity. In addition, de-
tailed theoretical and empirical analysis (Ng, 2004)
has shown its ability to learn with exponentially many
irrelevant features, in the context of L1-regularised lo-
gistic regression.

However, independent results in several areas indicate
added value to non-convex norm regularisation, de-
spite the existence of local optima. Work in statistics
(Fan & Li, 2001) and signal reconstruction (Wipf &
Rao, 2005) have established the oracle properties of
non-convex regularisers. Good empirical results were
also reported in signal processing (Chartland, 2007)
and SVM classification (Weston et.al, 2003). Further-
more, using a family of non-convex norms that we shall
refer to as fractional-norms in the rest of the paper,
turned out to consistently outperform the L, regu-
lariser in real high-dimensional genomic data classi-
fication (Liu et.al, 2007), both in terms of error rates
and interpretability. Related ideas, termed as ’zero-
norm’ regularisation (Weston et.al, 2003) were also
found useful in many other applications, though their
success appeared to be data dependent. It is there-
fore of interest to gain a better understanding of the
potential advantages of non-convex norm regularisers,
which is our purpose.

2. Regularised regression in high
dimensions

Given a training set of input-target pairs {(x;, y;)}}_;,
where x; € R™ are m-dimensional input points and
y; € {—1,1} are their labels. We are interested in
high-dimensional problems, with few r << m relevant
features and small sample size n << m. Consider
regularised logistic regression for concreteness:

max Zlogp(yjkcj,'w) subject to ||w]lq < A (1)
j=1

where w € R ™ are parameters, and the norm
in the regularisation term is defined as ||lw||, =

(3 lwi|?)Y/49. Note, if ¢ = 2 or ¢ = 1, this is L2-
or Ll-regularised regression respectively. However, if
q € (0,1), we have a non-convex regularisation term,
which we will refer to as L,<i-regularisation or 'frac-
tional norm’-regularisation. This is not strictly a norm
in the mathematical sense, since it does not satisfy
the triangle inequality. Also, parameter estimation be-
comes more difficult than with the more common L1 or
L2 norms, because the L,<;-norm is non-differentiable
at zero and non-convex. Some recent algorithms were
developed (Fan & Li, 2001; Kabdn & Durrant, 2008)
that we use in the reported numerical simulations.

Sample complexity. Noticing that |jwl||;<1 >
[|lw||1, Yw, and extending the result of (Ng, 2004) ob-
tained for Li-regularised logistic regression, it can be
shown (Kabdn & Durrant, 2008) that L,<;-norm reg-
ularised logistic regression also enjoys a sample com-
plexity that is logarithmic in the data dimensionality
m and polynomial in the number of relevant features
r and other quantities of interest, n = Q((logm) x
poly(A,r'/9,1/e,log(1/5)). Logarithmic bounds are
the best known bounds for feature selection.

However, we are also interested to know whether, and
in which cases there is any advantage in using ¢ < 1
rather than ¢ = 1. Fractional norms were previously
studied in the databases and data engineering litera-
ture (Aggarwal et.al, 2001; Francois et.al, 2007), for
mitigating the dimensionality curse. In the sequel, we
use some of their results to better understand the ef-
fects of ¢ in the regularisation term.

2.1. A norm-concentration view

Consider the un-regularised version of the problem.
Because n << m, the system is under-determined
and so the set of solutions is infinite. For the anal-
ysis that follows, we would like to capture the dis-
tribution of the set of solutions to the unregularised
model. To ease notations and without loss of gener-
ality, we consider the m — n free variables of w, that
can be set arbitrarily, start from component n + 1.
We can model the distribution of these arbitrary com-
ponents as being i.i.d. uniform. So we will have
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w; ~ Unif[—a, a],Vi € {n+1,...,m} with some large a
— in fact, the result of our analysis will turn out not
to depend on a.

It is well known that in such ill-conditioned problems,
the regularisation term is meant to constrain the prob-
lem and make it well-posed. This is indeed so, as long
as m is not too large. However, in very high dimen-
sions, the rather counter-intuitive phenomenon known
as the concentration of distances and norms comes into
play, which is overlooked in previous analyses of reg-
ularisation. That is, as the dimensionality grows, the
norm that appears in the regularisation constraint be-
comes essentially the same for all minimisers of the
likelihood term. Therefore the problem remains ill-
conditioned despite of the regularisation. To see this,
we use a result due to (Beyer et al, 1999).

Theorem 1 (Beyer et al, 1999). Let wy,...,w, be a
random sample of size n drawn from the multivariate
distribution of w as defined by the likelihood term,

and p > 0 arbitrary. If %@m%w = 0, then

Ve >0 lim P max ||wj|\q <
m—0o0 1<y

1, where E[.] and Var[.} are the theoretical expectation

and variance, and the probability on the r.h.s. is over

an arbitrary random sample of size n.

(L+¢€) min [fw;ll,

Applying this to our case, denoting RVYP =
r p . .
%, choosing p = ¢ to ease the computations,
q

and using the independence of wy 11, ..., W,

n

RV@ — &=l _y Covllwil?, Jw;|*] +

Zi:l Zj:l

2itn g Varfjwil?]
E[|wi|?]E[w,|4]

which converges to 0 as m — co. Hence, in very high

dimensions, the regularisation term of any of the possi-
ble solutions become essentially indistinguishable. In
fact, simulations in (Beyer et al, 1999) indicate the
problem may become of concern already at 10-20 di-
mensions.

2.1.1. THE EFFECT OF ¢

Fortunately, not all norms concentrate equally fast as
the dimensionality increases. In particular, the family
of norms used in our regularisation term was studied in
this respect by (Aggarwal et.al, 2001; Frangois et.al,
2007). Here we propose a straightforward extension
of a recent result by (Frangois et.al, 2007) to give us
insight into the effect of ¢ and guide our choice of ¢ for
the type of problems considered. For this part of the
analysis, p = 1.

Theorem 2 (Francois (2007), extended). If w € R™
is a random vector with no more than n < m non-iid

components, where n is finite, then

lim m

m— oo

Yulll] _ 1o ®

Ef||w||]? I

where y = E[w,41],0% = Var[w,41] and n + 1 is one
of the i.i.d. dimensions of w.

Proof  (sketch). To allow for a finite

number of  possibly non-iid marginal  dis-

tributions ~ we  write hm LS Jwg|? =

: it, L

i LS e+ Bl )
Var[||w|[{]

m w9 )
Zitnm lwil? and lim ————4- =

m—n M 00 m

lim
m—00

lim L {327, S5, Cov(lwal?, lws|?) + 5072,y Var(jwil*) }

= Var[|wn+1]9]. Using these, the rest of the proof

follows the same steps as the original theorem:
We can show that lim % = u'9, and

m—0o0
. Var[||W||4] o2
lim =
m2/a—1 q2p2la—174q

gives us the required result. Q.E.D.

— which put together

As in (Frangois et.al, 2007), we can then approximate

RV,Y for some large m using (2), so we can read off
the optimal ¢ by computing the maximiser of this ex-
pression. For wy, 1 ~ Unif[—a, a], we get:

b= Bluaal = [ lowalty = %
nr _a " g qg+1

2q .2
a

0 = Elwn1]*] — Ellwns1|7)? = -

(2¢+1)(qg + 1)?

so we have
Var[|[wllg] =1 1

E[[w][(2 ~ m2¢+1

3)

which rather conveniently turns out to be independent

of a. Most importantly, we see that (3) is a monotoni-
cally decreasing function of g. In other words, in small
sample size problems and with increasing input dimen-
sions, the g-norm regularisation term will concentrate
the slowest if we choose the smallest q. Therefore, is
such settings, from this analysis we can conclude that,
the 0-norm regulariser represents the best choice, from
the point of keeping the problem from becoming ill-
conditioned till fairly high dimensions.

3. Results

We generated synthetic data sets similarly to (Ng,
2004), having r = 1 and r = 3. We keep r small to sup-
press the effect of ¢ on the sample complexity w.r.t r,
and follow differences attributable to the norm concen-
tration effects. In each experiment, the training and
validation set size (to select the regularisation param-
eter) was 70 and 30 respectively and the performance
was measured on an independent test set of size 100.
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Figure 1 gives the results in terms of both the number
of 0-1 errors and the logloss, for different values of ¢,
and varying the data dimensionality. On these plots,
each point represents the median of 140 independent
trials. We see the logarithmic increase of errors with
the data dimensionality, as predicted from the theory,
is well supported. More interestingly, smaller values of
q do systematically achieve significant improvements.
Also the relevant features are more correctly recovered,
which clearly favours interpretability. L1 regularisa-
tion in turn tends to retain too many features in high
dimensions.
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Figure 1. Comparative results (see text for details). The
0-1 errors are out of 100.

In a subsequent experiment we generated 5000-
dimensional data with only 1 relevant feature, and
even smaller training set sizes. This is shown on Figure
2. Lg<i-regularisation still has excellent performance
(the median of the 0-1 errors is still 0) and the im-
provement to Ll-regularisation becomes even larger.

To summarise, in this work we considered a special
problem setting, which nevertheless is quite often rel-
evant in gene expression arrays for example, and the
superior empirical results of (Liu et.al, 2007) was in
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Figure 2. Results on 5000-dimensional synthetic data with
only one relevant feature and small sample size. Each box-
plot summarises 30 independent trials. The 0-1 errors are
out of 100.

fact a motivating factor for our study. Our analysis
gave some new insights that complement other anal-
ysis frameworks and our numerical simulations are in
agreement with the theory.
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