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N-body problems

• typical parallelizable problem

• n bodies with pair-wise interaction

• typical example: astronomy

• bodies approximated as point masses
(proved by Newton)
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Equation system

mjq̈j = γ
∑

k !=j

mjmk(qk − qj)

|qk − qj|3
, j = 1, . . . , n
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N=2

Can be resolved analytically.
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• No analytic solution!

• Must use numeric solution (or simulation)

• Chaotic behaviour

• Singularities

• collisions

• divergence

• CUDA

N>2
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algorithms of this form include the Barnes-Hut method (BH) (Barnes and Hut 1986),
the fast multipole method (FMM) (Greengard 1987), and the particle-mesh methods
(Hockney and Eastwood 1981, Darden et al. 1993). 

The all-pairs component of the algorithms just mentioned requires substantial time to
compute and is therefore an interesting target for acceleration. Improving the perform-
ance of the all-pairs component will also improve the performance of the far-field com-
ponent as well, because the balance between far-field and near-field (all-pairs) can be
shifted to assign more work to a faster all-pairs component. Accelerating one compo-
nent will offload work from the other components, so the entire application benefits
from accelerating one kernel.

Chapter 31  Fast N-Body Simulation with CUDA

Figure 31-1. Frames from an Interactive 3D Rendering of a 16,384-Body System Simulated by Our
Application
We compute more than 10 billion gravitational forces per second on an NVIDIA GeForce 8800 GTX
GPU, which is more than 50 times the performance of a highly tuned CPU implementation.
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N-body CUDA 
example

http.developer.nvidia.com/GPUGems3/gpugems3_ch31.html
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• all-pairs method

• “brute force” O(N^2) complexity

• typically used for close-range interaction

• far-field interactions approximated

• valid only for well separated systems

• focus on the all-pairs, N=16,384

• N^2 = 268,435,456
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• 10 B interactions/s

• 200 GFlops (close to peak performance)

• hallmark of a well-optimised algorithm
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In this chapter, we focus on the all-pairs computational kernel and its implementation
using the NVIDIA CUDA programming model. We show how the parallelism avail-
able in the all-pairs computational kernel can be expressed in the CUDA model and
how various parameters can be chosen to effectively engage the full resources of the
NVIDIA GeForce 8800 GTX GPU. We report on the performance of the all-pairs
N-body kernel for astrophysical simulations, demonstrating several optimizations that
improve performance. For this problem, the GeForce 8800 GTX calculates more than
10 billion interactions per second with N = 16,384, performing 38 integration time
steps per second. At 20 flops per interaction, this corresponds to a sustained perform-
ance in excess of 200 gigaflops. This result is close to the theoretical peak performance
of the GeForce 8800 GTX GPU. 

31.2 All-Pairs N-Body Simulation
We use the gravitational potential to illustrate the basic form of computation in an all-
pairs N-body simulation. In the following computation, we use bold font to signify
vectors (typically in 3D). Given N bodies with an initial position xi and velocity vi for
1 ≤ i ≤ N, the force vector fij on body i caused by its gravitational attraction to body j
is given by the following:

where mi and mj are the masses of bodies i and j, respectively; rij = xj − xi is the vector
from body i to body j; and G is the gravitational constant. The left factor, the magni-
tude of the force, is proportional to the product of the masses and diminishes with the
square of the distance between bodies i and j. The right factor is the direction of the
force, a unit vector from body i in the direction of body j (because gravitation is an
attractive force). 

The total force Fi on body i, due to its interactions with the other N − 1 bodies, is
obtained by summing all interactions:
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Singularities

680

As bodies approach each other, the force between them grows without bound, which is
an undesirable situation for numerical integration. In astrophysical simulations, colli-
sions between bodies are generally precluded; this is reasonable if the bodies represent
galaxies that may pass right through each other. Therefore, a softening factor ε2 > 0 is
added, and the denominator is rewritten as follows: 

Note the condition j ≠ i is no longer needed in the sum, because fii = 0 when ε2 > 0.
The softening factor models the interaction between two Plummer point masses:
masses that behave as if they were spherical galaxies (Aarseth 2003, Dyer and Ip 1993).
In effect, the softening factor limits the magnitude of the force between the bodies,
which is desirable for numerical integration of the system state. 

To integrate over time, we need the acceleration ai = Fi/mi to update the position and
velocity of body i, and so we simplify the computation to this:

The integrator used to update the positions and velocities is a leapfrog-Verlet integrator
(Verlet 1967) because it is applicable to this problem and is computationally efficient
(it has a high ratio of accuracy to computational cost). The choice of integration
method in N-body problems usually depends on the nature of the system being stud-
ied. The integrator is included in our timings, but discussion of its implementation is
omitted because its complexity is O(N) and its cost becomes insignificant as N grows.

31.3 A CUDA Implementation of the All-Pairs N-Body
Algorithm
We may think of the all-pairs algorithm as calculating each entry fij in an N×N grid of
all pair-wise forces.1 Then the total force Fi (or acceleration ai) on body i is obtained
from the sum of all entries in row i. Each entry can be computed independently, so
there is O(N 2) available parallelism. However, this approach requires O(N 2) memory
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Chapter 31  Fast N-Body Simulation with CUDA

1. The relation between reciprocal forces fji = −fij can be used to reduce the number of force evaluations
by a factor of two, but this optimization has an adverse effect on parallel evaluation strategies (especially
with small N ), so it is not employed in our implementation.
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1. The relation between reciprocal forces fji = −fij can be used to reduce the number of force evaluations
by a factor of two, but this optimization has an adverse effect on parallel evaluation strategies (especially
with small N ), so it is not employed in our implementation.
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Softening factor
(“galaxies”)
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Managing memory

• NxN available parallelism but

• NxN grid requires too much memory

• serialise some computations

• use tiles of size p x p

• 2p body descriptions required

• p bodies can be reused for next tile

• total effect updated, stored in shared 
memory
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and would be substantially limited by memory bandwidth. Instead, we serialize some of
the computations to achieve the data reuse needed to reach peak performance of the
arithmetic units and to reduce the memory bandwidth required. 

Consequently, we introduce the notion of a computational tile, a square region of the
grid of pair-wise forces consisting of p rows and p columns. Only 2p body descriptions
are required to evaluate all p2 interactions in the tile (p of which can be reused later).
These body descriptions can be stored in shared memory or in registers. The total effect
of the interactions in the tile on the p bodies is captured as an update to p acceleration
vectors.

To achieve optimal reuse of data, we arrange the computation of a tile so that the inter-
actions in each row are evaluated in sequential order, updating the acceleration vector,
while the separate rows are evaluated in parallel. In Figure 31-2, the diagram on the left
shows the evaluation strategy, and the diagram on the right shows the inputs and out-
puts for a tile computation.

In the remainder of this section, we follow a bottom-up presentation of the full compu-
tation, packaging the available parallelism and utilizing the appropriate local memory
at each level.

31.3.1 Body-Body Force Calculation
The interaction between a pair of bodies as described in Section 31.2 is implemented as
an entirely serial computation. The code in Listing 31-1 computes the force on body i
from its interaction with body j and updates acceleration ai of body i as a result of this
interaction. There are 20 floating-point operations in this code, counting the additions,
multiplications, the sqrtf() call, and the division (or reciprocal). 

31.3  A CUDA Implementation of the All-Pairs N-Body Algorithm 681
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Figure 31-2. A Schematic Figure of a Computational Tile
Left: Evaluation order. Right: Inputs needed and outputs produced for the p2 interactions
calculated in the tile.
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Listing 31-1. Updating Acceleration of One Body as a Result of Its Interaction with Another Body

__device__ float3
bodyBodyInteraction(float4 bi, float4 bj, float3 ai)
{
float3 r;

// r_ij  [3 FLOPS]
r.x = bj.x - bi.x;
r.y = bj.y - bi.y;
r.z = bj.z - bi.z;

// distSqr = dot(r_ij, r_ij) + EPS^2  [6 FLOPS]
float distSqr = r.x * r.x + r.y * r.y + r.z * r.z + EPS2;

// invDistCube =1/distSqr^(3/2)  [4 FLOPS (2 mul, 1 sqrt, 1 inv)]
float distSixth = distSqr * distSqr * distSqr;
float invDistCube = 1.0f/sqrtf(distSixth);

// s = m_j * invDistCube [1 FLOP]
float s = bj.w * invDistCube;

// a_i =  a_i + s * r_ij [6 FLOPS]
ai.x += r.x * s;
ai.y += r.y * s;
ai.z += r.z * s;

return ai;
}

We use CUDA’s float4 data type for body descriptions and accelerations stored in
GPU device memory. We store each body’s mass in the w field of the body’s float4
position. Using float4 (instead of float3) data allows coalesced memory access to
the arrays of data in device memory, resulting in efficient memory requests and trans-
fers. (See the CUDA Programming Guide (NVIDIA 2007) for details on coalescing
memory requests.) Three-dimensional vectors stored in local variables are stored as
float3 variables, because register space is an issue and coalesced access is not.

31.3.2 Tile Calculation
A tile is evaluated by p threads performing the same sequence of operations on different
data. Each thread updates the acceleration of one body as a result of its interaction with

Chapter 31  Fast N-Body Simulation with CUDA
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for coalesced access
save memory
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Tile calculation

p other bodies. We load p body descriptions from the GPU device memory into the
shared memory provided to each thread block in the CUDA model. Each thread in the
block evaluates p successive interactions. The result of the tile calculation is p updated
accelerations.

The code for the tile calculation is shown in Listing 31-2. The input parameter
myPosition holds the position of the body for the executing thread, and the array
shPosition is an array of body descriptions in shared memory. Recall that p threads
execute the function body in parallel, and each thread iterates over the same p bodies,
computing the acceleration of its individual body as a result of interaction with p other
bodies.

Listing 31-2. Evaluating Interactions in a p×p Tile

__device__ float3
tile_calculation(float4 myPosition, float3 accel)
{
int i;
extern __shared__ float4[] shPosition;

for (i = 0; i < blockDim.x; i++) {
accel = bodyBodyInteraction(myPosition, shPosition[i], accel); 

}
return accel;

}

The G80 GPU architecture supports concurrent reads from multiple threads to a single
shared memory address, so there are no shared-memory-bank conflicts in the evalua-
tion of interactions. (Refer to the CUDA Programming Guide (NVIDIA 2007) for de-
tails on the shared memory broadcast mechanism used here.)

31.3.3 Clustering Tiles into Thread Blocks
We define a thread block as having p threads that execute some number of tiles in
sequence. Tiles are sized to balance parallelism with data reuse. The degree of parallelism
(that is, the number of rows) must be sufficiently large so that multiple warps can be
interleaved to hide latencies in the evaluation of interactions. The amount of data reuse
grows with the number of columns, and this parameter also governs the size of the trans-
fer of bodies from device memory into shared memory. Finally, the size of the tile also
determines the register space and shared memory required. For this implementation, we

31.3  A CUDA Implementation of the All-Pairs N-Body Algorithm 683
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actually called computeBodyAccel(float4 bodyPos, 
float4* positions, int numBodies) in the code!
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Listing 31-3. The CUDA Kernel Executed by a Thread Block with p Threads to Compute the
Gravitational Acceleration for p Bodies as a Result of All N Interactions

__global__ void
calculate_forces(void *devX, void *devA)
{
extern __shared__ float4[] shPosition;

float4 *globalX = (float4 *)devX;
float4 *globalA = (float4 *)devA;
float4 myPosition;
int i, tile;
float3 acc = {0.0f, 0.0f, 0.0f};
int gtid = blockIdx.x * blockDim.x + threadIdx.x;

myPosition = globalX[gtid];

for (i = 0, tile = 0; i < N; i += p, tile++) {
int idx = tile * blockDim.x + threadIdx.x;
shPosition[threadIdx.x] = globalX[idx];
__syncthreads();
acc = tile_calculation(myPosition, acc);
__syncthreads();

}
// Save the result in global memory for the integration step.
float4 acc4 = {acc.x, acc.y, acc.z, 0.0f};
globalA[gtid] = acc4;

}

31.3.4 Defining a Grid of Thread Blocks
The kernel program in Listing 31-3 calculates the acceleration of p bodies in a system,
caused by their interaction with all N bodies in the system. We invoke this program on
a grid of thread blocks to compute the acceleration of all N bodies. Because there are p
threads per block and one thread per body, the number of thread blocks needed to
complete all N bodies is N/p, so we define a 1D grid of size N/p. The result is a total of
N threads that perform N force calculations each, for a total of N 2 interactions.

Evaluation of the full grid of interactions can be visualized as shown in Figure 31-4.
The vertical dimension shows the parallelism of the 1D grid of N/p independent
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Thread blocks: p threads each
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have used square tiles of size p by p. Before executing a tile, each thread fetches one body
into shared memory, after which the threads synchronize. Consequently, each tile starts
with p successive bodies in the shared memory.

Figure 31-3 shows a thread block that is executing code for multiple tiles. Time spans
the horizontal direction, while parallelism spans the vertical direction. The heavy lines
demarcate the tiles of computation, showing where shared memory is loaded and a
barrier synchronization is performed. In a thread block, there are N/p tiles, with p
threads computing the forces on p bodies (one thread per body). Each thread computes
all N interactions for one body. 

The code to calculate N-body forces for a thread block is shown in Listing 31-3. This
code is the CUDA kernel that is called from the host.

The parameters to the function calculate_forces() are pointers to global device
memory for the positions devX and the accelerations devA of the bodies. We assign
them to local pointers with type conversion so they can be indexed as arrays. The loop
over the tiles requires two synchronization points. The first synchronization ensures
that all shared memory locations are populated before the gravitation computation
proceeds, and the second ensures that all threads finish their gravitation computation
before advancing to the next tile. Without the second synchronization, threads that
finish their part in the tile calculation might overwrite the shared memory still being
read by other threads.

Chapter 31  Fast N-Body Simulation with CUDA
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Figure 31-3. The CUDA Kernel of Pair-Wise Forces to Calculate
Multiple threads work from left to right, synchronizing at the end of each tile of computation.
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The Grid

• each kernel has p objects interacting with N

• p threads per block, one thread per object

• we need a 1D grid of size N/p

• N threads, N interactions each 
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thread blocks with p threads each. The horizontal dimension shows the sequential pro-
cessing of N force calculations in each thread. A thread block reloads its shared memory
every p steps to share p positions of data.

31.4 Performance Results
By simply looking at the clocks and capacities of the GeForce 8800 GTX GPU, we ob-
serve that it is capable of 172.8 gigaflops (128 processors, 1.35 GHz each, one floating-
point operation completed per cycle per processor). Multiply-add instructions (MADs)
perform two floating-point operations every clock cycle, doubling the potential perform-
ance. Fortunately, the N-body code has several instances where MAD instructions are
generated by the compiler, raising the performance ceiling well over 172.8 gigaflops.

Conversely, complex instructions such as inverse square root require multiple clock
cycles. The CUDA Programming Guide (NVIDIA 2007) says to expect 16 clock cycles

Chapter 31  Fast N-Body Simulation with CUDA

N Bodies

p steps between
loads from global memory

N/p Blocks

p Threads

Figure 31-4. The Grid of Thread Blocks That Calculates All N 2 Forces
Here there are four thread blocks with four threads each.
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Integrating the bodies
__global__ void
integrateBodies(float4* newPos, float4* newVel, float4* oldPos, float4* oldVel,
                float deltaTime, float damping,int numBodies)
{
    int index = __mul24(blockIdx.x,blockDim.x) + threadIdx.x;
    float4 pos = oldPos[index];   

    float3 accel = computeBodyAccel(pos, oldPos, numBodies);
    float4 vel = oldVel[index];
       
    vel.x += accel.x * deltaTime;
    vel.y += accel.y * deltaTime;
    vel.z += accel.z * deltaTime;  

    vel.x *= damping;
    vel.y *= damping;
    vel.z *= damping;
        
    // new position = old position + velocity * deltaTime
    pos.x += vel.x * deltaTime;
    pos.y += vel.y * deltaTime;
    pos.z += vel.z * deltaTime;

    // store new position and velocity
    newPos[index] = pos;
    newVel[index] = vel;
}

Note that th
e code in the white-paper and 

the implementatio
n are not quite the sam

e! 
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Other N-body-style 
problems
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• Turbulence:
http://www.youtube.com/v/RuZQpWo9Qhs

• Lava: 
http://www.youtube.com/v/7bxP2cXVQt8

• PhysX
http://www.youtube.com/v/z5Cdc2gFngk

Particle physics
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• dev’d by ETH Zurich spin-off NovodeX, 
acquired by Ageia, acquired by Nvidia 2008

• realtime physics engine middleware

• 150+ PC/Xbox/PS3 titles

• rigid body physics, articulated dynamics, 
volumetric fluid, soft bodies, cloth, etc.

CUDA PhysX
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Flocking

• Individuals governed by simple rules 

• Aggregated in large flocks

• Complex behaviour arises
http://www.youtube.com/v/XH-groCeKbE

• Impossible to predict/calculate, but can be 
simulated
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“Boids”
• Classic AI paper (1987):

• separation

• alignment

• cohesion

• predator and prey

• in-flock positioning

• http://www.lalena.com/AI/Flock/
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Boids on CUDA

• Dogfight 
http://www.youtube.com/watch?v=Z-gpwCspxi8

• Large flocks
http://www.youtube.com/watch?v=g60UrbWxt-8
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Next lab/assignment!
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