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Abstract. This note is a historical survey of Christopher Strachey’s influence on the development
of semantic models of assignment and storage management in procedural languages.
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1. Introduction

During 1971-73, Christopher Strachey planned to write a major paper entitled
An abstract model of storage. It is cited as being “in preparation” in two papers
[57, 69], and even as “to be published” in a third [59]; however, the projected paper
never appeared, and Strachey died in 1975. Nevertheless, the research Strachey and
his collaborators did in the years immediately before his death was crucial to the
development of semantic models of imperative languages. It has taken researchers
some 25 years to make some of those seminal ideas work out, and we still do not
have a completely satisfactory theory of storage.

Our aim here is to provide a historical overview of this development. Sections 2—4
outline work immediately before, during, and immediately after Strachey’s work in
this area, organized historically. Sections 5-9 outline later work, organized around
relevant conceptual issues and approaches.

2. Before Strachey

The state of the art in semantic modeling of storage operations before Strachey can
be seen in two papers by John McCarthy [23, 24]. Commands in simple imperative
languages are modeled as transformations of “state vectors” which are intended to
record, among other things, the current values of all program variables. Operations
for accessing and updating the current value of any variable are axiomatized.

3. Strachey, Burstall, and Park

In a paper presented in 1964 [67], Strachey points out that, in real programming
languages, left-hand sides of assignments can be complex expressions, and not
just variables in the logical sense, and so require a form of evaluation he terms
L-evaluation, to be distinguished from the conventional R-evaluation for the right-
hand side expressions of assignments. Furthermore, a variable, in the programmer’s
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sense of the word, can have components (arrays, list structures) and can overlap
other variables (or components of other variables). Finally, the number of variables
available to a program execution can change dynamically.

To deal with these complications, Strachey first introduces semantic operators
that, when applied to “L-values” (generalized addresses) and the current state, can
be used to access the current value at that address or to update that value. The
essential properties required of an L-value are that it must be possible to extract
the R-value stored at that “area of the store”, and that it must be possible, given
a suitable R-value, to put this given value in that area to replace the previous
occupant. These are termed the loading and updating components, respectively.
Strachey does not limit his view of L-values to “basic” (addressable) locations.
Note the similarity of this model to the modern object-oriented view of variables
[51] as consisting of expression and acceptor components. Load-update pairs soon
appeared in programming languages: in CPL [65], as “doublets” in Pop-2 [9], and
as “implicit references” in GEDANKEN [47].

To deal with dynamic allocation, Strachey introduces operators to allocate and
de-allocate L-values, and states an axiom intended to ensure that a “new” L-value
does not overlap any of the previously-existing ones. But this is the only statement
of properties expected of the intuitive storage model.

It seems that Strachey first used the term “location” in his 1967 lectures [66],
but in a more general sense than in later work on denotational semantic models.
In Section 2.2, he emphasizes that a location need not be addressable in general,
and can be expressed as a load-update pair. Some examples of the utility of this
generalized form of “location” are given in Section 4.1, where he also points out
that the components of a load-update pair should satisfy what is now termed the
“sood-variable” property: the contents of a variable immediately after updating a
variable should be the value just assigned.

In Section 3.3.2 of this same paper, however, the “abstract store” is modeled
concretely as a mapping from L-values to R-values, with the updating operation
defined by the familiar “perturbation” of the store function, involving a test of
L-value equality. In his appreciation of Strachey and his work [58], Dana Scott
quotes an unpublished draft by Robert Milne and Strachey as attributing this
idea to a suggestion made to Strachey by Rod Burstall in 1964; however, Burstall
himself recalls! making the suggestion in the discussion after one of Strachey’s talks
in Copenhagen in 1967. The material in Section 3.3.2 of Strachey’s draft might have
been prepared after his lectures. A work by Burstall on the semantics of assignment
was eventually published? in 1968 [8].

At about the same time, David Park [41] was using Strachey’s ideas to analyze the
semantics of data structures. The analysis in Section 2 is based on several “basic
propositions” (informally stated axioms) about a small variant of Strachey’s model
of storage and assignment. Modern readers will detect precursors of several im-
portant notions here, including non-interference and good-variables. Furthermore,
this work is one of the sources of the important idea of partitioning “computational
states” into environment and store components:



The state (£, C) consists of two mappings £ and C; £ is a map from a certain class
of expressions, the class of legal expressions at that point, into a class of locations;
C is a mapping from the class of locations into a class of objects (which need not
be disjoint from the class of locations). The composition of C and £ is denoted
by R.

It seems that both the Vienna group [21] and the designers of ALGOL 68 [72]
independently developed essentially the same approach at about the same time.

Park’s approach to characterizing command effects was to “relate certain as-
sertions about the state at a given moment to assertions about states resulting
from commands which might be executed immediately afterwards.” It seems that
this now-familiar approach was arrived at independently of both Floyd [13] and
Hoare [20]. Park concludes this section with the remark that “the notion of ‘loca-
tion’ requires further assumptions to be made in order to obtain a cleaner theory.”

In Section 3, he changes tack and demonstrates that many language features can
be treated as load-update pairs; however, he notes that load-update pairs may not
satisfy the “characteristic property” of basic locations that, immediately after an
update, the contents is the value just assigned.

4. Strachey, Scott, and Milne

At about this time, Scott began collaborating with Strachey and subsequent events
are well-known. An attempt was made to construct a concrete model of the “ab-
stract” store; but Scott noticed that even the simplest model S = L — V is
problematical when V includes command meanings (in S — S) or procedures (in
V x8 — S). This forced the initially skeptical Scott [55] to develop domain theory
and the first mathematical models of the untyped lambda calculus [56, 59].

But domain theory did not by itself solve all the problems of modeling storage!
The most complete presentation of Scott and Strachey’s ideas at this time can be
found in a 1972 paper by Scott [57]. The main store operators here are as follows:

Contents: L — [S — V]

Update: L x V — [S — 5]

Area: L — [S — T

New:S — L

Lose: L — [S — 5]
where L is a (flat) domain of locations, V is the domain of storable values, T is the
domain of truth values, and S is “roughly” A x [L — V], where A represents the
current active “area.” Scott also lists some postulates:

Contents(a)(Update(a,ﬁ)(a)) =g

Area(a)(Update(a,ﬂ)(a)) = true

Contents(a’) ( Update(a, ﬂ)(cr)) = Contents(a’)(c), when o' # a.



But then he states that there is not enough room to formulate all of the necessary
equations, and cites Strachey’s An abstract model of storage as a report that would
give complete details; as already mentioned, this did not work out.

What went wrong? One problem, hinted at in the concluding section of Scott
and Strachey’s 1971 paper [59], is that CPL [4, 65], a programming language whose
design Strachey was involved in, allowed recursive procedure declarations with side
effects. It is quite difficult to describe this feature correctly; the side effects of the
declaration should happen only once, and not every time the procedure is called.
Robert Milne addressed this problem as part of his work in modeling and verifying
implementation methods [26, 27]. Another difficulty with axioms, also discussed by
Milne, is that a naive axiomatization of the storage allocation function new: S — L
combined with the usual monotonicity requirement constrain it to be independent of
current stored values, which seems unnecessarily restrictive. Or perhaps, as Milne
suggests, it became obvious that intricate “abstract” axioms for the operations
are simply less comprehensible than explicit definitions, except for the storage-
allocation operator. Similarly, the Vienna group moved from descriptions that
were partially axiomatized [22, 19] to more explicit models [5].

5. Possible Worlds

Subsequent developments showed that there were more serious problems with Stra-
chey’s approach to storage allocation. Like most programming-language designers
at the time, he was primarily interested in generalizing ALGOL 60 to allow dynamic
storage allocation; it seemed simplest to use the same approach for both dynamic
and block-determined storage. But John Reynolds [51] argued that this semantic
model does not do justice to the stack discipline of ALGOL 60.

Later, it became clear [18, 25] that the interactions between local variables and
procedures are not properly captured by Strachey’s model of storage allocation; for
example, the following equivalence fails:

new z in C = C

when z is not free in command C'.

To make the stack discipline a primary feature of a semantic description, Frank
Oles and Reynolds [51, 38, 39, 40] developed a possible-worlds form of semantics in
which “store shapes” (the way local variables are allocated on the stack) parame-
terize the meanings of all the state-dependent types in the language; “expansions”
(new variable allocations) induce changes of meaning. Thus, a procedure called at
a point of execution where the shape of the store differs from that where the proce-
dure was defined has its meaning appropriately tailored. The changes of meaning
are subject to certain uniformity conditions.

The immediate consequence is that locality properties of variables are more faith-
fully reflected in the semantics. It is possible to verify many program equivalences
which exemplify locality, such as the equivalence above.

It is interesting to note that Oles characterized the relation between two sets
X and Y representing store shapes by axiomatic contraints on a pair of functions



(¢, p) in a way that resembles Scott and Strachey’s earlier efforts to axiomatize
store behaviour. In his model, ¢:Y — X is a “forgetting” function allowing a
larger store to serve as a smaller one and p: X XY — Y is a “replacement” function
used to overwrite a small store embedded into a larger store. The conditions they
are required to satisfy are as follows [38, 40]:

o(p(x,y)) = =,
p(o(w),y) = v,
p(z,p(z',y)) = plz,y).

Yet Oles shows that, up to isomorphism, models have the form Y = X xV for aset V
of “local” values, with the forgetting function ¢(z,v) = z, and the replacement
function p(z',{z,v)) = (z',v), and so, again, it is not clear that axiomatization
provides any significant benefits.

Possible-world semantics allow for two rather different views of the store [33].
One is the abstract or axiomatic view mentioned above, which allows any set (up
to some cardinality) as a set of states; the other is the lower-level location-oriented
approach. The former presents a generalized, object-oriented view of variables,
while the latter considers variables simply as generalized addressable memory lo-
cations. Interestingly enough, the location-oriented possible-world models [60, 61]
seem to be no less powerful in validating program equivalences and enjoy theoret-
ical properties at least as good as the higher-level models. The two alternative
views of state raise significant issues of language design, programming style and
theoretical detail, but it is unclear whether they ultimately lead to substantially
different semantic properties.

Although originally intended to capture stack-like structure of the store, possible-
world semantics were later adapted to languages with dynamically allocated vari-
ables [28, 42, 63], and to languages with both local and dynamic variables [15].

6. Parametricity

The interactions between procedures and local or dynamically allocated variables
in imperative languages raise some additional important issues not adequately ex-
plained by possible-world parameterization alone. One is a certain notion of repre-
sentation independence exemplified by equivalences such as:

new t=0in P(z:=z+1,z) = newz=01in P(z:=z+ 2,2+ 2)

where P(inc,val) is a procedure accepting as parameters two operations providing
“counter” capabilities: an incrementing command inc and an evaluating expres-
sion val. The significance of the equivalence is that any such procedure P cannot
differentiate between the two implementations of the abstract “counter” (barring
overflow, or other similar low-level issues). Such equivalences fail both in classical
Strachey-like models and in the original possible-worlds models.

A solution to this problem can be traced back to Section 3.6.4 of Strachey’s lec-
ture notes [66], where he introduces an important distinction between two types



of polymorphism: ad hoc and parametric. He explains the difference rather infor-
mally: parametric polymorphism is “more regular” than the ad hoc variety. But
parametric polymorphism is also used later on in Section 4.1 in the definitions of
variables as generalized “load-update pairs”; that is, Strachey recognized that the
basic store operations are parametrically polymorphic.

The significance of parametric polymorphism and, most importantly, its relation-
ship with representation independence was only later elucidated by Reynolds [53].
Finally, Peter O’Hearn and Tennent [36] and, independently, Kurt Sieber [61],
showed that induced changes of meaning are in fact parametrically polymorphic
with respect to changes of store shape. The resulting parametric possible-world
models allow a much wider range of equivalences to be validated, including the one
mentioned above.

Years after this work was done, Reynolds disclosed to O’Hearn that in 1975 he
had worked out a semantic description of ALGOL 60 in the polymorphic lambda
calculus [48]. Reynolds didn’t attempt to publish it because “at the time, this
seemed to be a quixotic effort to define a well-understood language in terms of a
less understood one” [32].

The exact relationships between parametricity and the uniformity conditions used
in possible-world semantics are not yet clear. Possible-world semantics was first
presented by Oles and Reynolds using category theory, because some of the de-
sired uniformity conditions were found to correspond to the categorical notion of
naturality. On the other hand, we do not currently have a general categorical
understanding of parametricity [3, 43, 12]. Some researchers [45, 32] believe that
naturality will prove to be a special case of parametricity, when the latter is finally
understood categorically.

7. Non-Interference and Passivity

David Park had noted [41] that it is virtually impossible to reason about programs in
procedural languages without assuming some of the properties of simple imperative
languages: expressions without side effects and disjointness of variables. These
considerations became paramount for the programming-methodology school [17],
which rejected the lambda-calculus based approach espoused by Strachey and his
collaborators.

John Reynolds has attempted to reconcile these two approaches. In a 1978 pa-
per [49], he shows that surreptitious interference can be eliminated in an ALGOL-like
language by adopting simple syntactic restrictions which ensure that a procedure
and its argument use disjoint parts of the state, and that these restrictions can
be weakened by taking advantage of the fact that certain types (such as side-effect
free expressions) use the state in a strictly “read-only” or passive way. Reynolds
also showed [50, 52] how to extend Hoare’s logic [20] to full ALGoL-like languages
by allowing formal reasoning about non-interference properties. Several researchers
have been kept occupied for many years [70, 54, 71, 35, 30, 31, 14] addressing the
syntactic, semantic, and even categorical challenges raised by this work.



8. [Irreversibility

In 1973, Strachey [69] pointed out a fundamental property of imperative program-
ming that, it seems, had not previously been noted:

The state transformation produced by obeying a command is essentially irre-
versible and it is, by the nature of the computers we use, impossible to have more
than one version of [the state] available at any one time.

Even in the parametric models discussed above, there are operations that are able
to “snap back” to previous states of the store. The following fragment [32] fails
to be equivalent to P(diverge) if P can snap back to the state with z = 0 after
executing its argument:

new ¢ =0 in P(z :=z + 1); if £ > 0 then diverge

In Sieber’s work [61], snap-backs are accepted as part of the language in order to
achieve technical abstractness results; but such languages, while certainly feasible
[44, 29], do not benefit from the simple and efficient implementations normally
associated with imperative languages.

Irreversibility in procedural languages has recently been addressed by O’Hearn
and Reynolds [32] by giving translations into the polymorphic linear A-calculus, a
purely functional language with a type structure able to capture both representation
independence and irreversibility.

9. Stateless Models

The semantic problems raised by storage are attacked from an entirely different
point of view by recent “behavioural” models based on interacting objects [46] or
games [1, 2]. These models of storage are more intensional and operational than
the state-oriented models considered so far. They are concerned only with how
programs behave; stores do not appear explicitly in the semantics because they are
not directly observable. It is noteworthy that Park’s 1968 paper [41] foreshadows
this approach as follows:

The structures constructed in this way can be regarded as finite directed graphs
with processes at nodes communicating with adjacent nodes. This suggests to me
that, if one is looking for a ‘most general’ form of data structure, the acceptance
of such ‘processes’ as fully manipulable computational objects may be the crucial
step.

The two views of storage seem at present to be complementary, as with Gordon’s
stateful and behavioural descriptions of sequential machines [16]. The stateful view
is conceptually familiar and allows particular equivalences to be validated quite
easily; the behavioural view is conceptually more sophisticated but allows proofs of
general properties such as full abstraction. It is very likely that eventually the two
approaches will be reconciled. We may then finally have abstract models of storage
that would have satisfied Christopher Strachey.
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Notes

Personal communication to the first author, October 4th, 1999.

In July 1966, Strachey and his CPL collaborators [10] cited a 1965 technical report on CPL
semantics by Burstall [7]; but we have been unable to find a copy of this document and the
author himself cannot recall what it contained.
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