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Abstract

Recent developments in game semantics have led to fully abstract models for a vari-
ety of theoretically important programming languages. While the full-blown game
models tend to be complex and unwieldy for practical purposes, language subsets
without higher-order and recursive functions allow greatly simplified models. Two
previous papers of the author show how imperative languages with first order func-
tions, local variables and arrays can be modeled using regular languages only. This
paper examines the possibility of using these theoretical developments as a basis for
model-checking Hoare-style partial correctness statements for such languages. The
model-checking problem is shown to be decidable.

1 Introduction

Finding fully abstract denotational models, ¢.e. models that are both correct
and complete, for prototypical programming languages, such as PCF, ALGoL or
ML, has been an open problem for decades. Only in the last decade fundamen-
tal developments in game semantics led to a solution to this problem. A flurry
of remarkable theoretical results showed that game-based techniques can give
fully abstract models for pure functional languages [2,14,16], imperative lan-
guages with local variables and higher-order procedures [3,4], languages with
general references [1], languages with generalized control [15] and more.
From a practical perspective, the game models have two attractive features.
First, they are fully formal. The moves can be represented by elementary,
uninterpreted, symbols; the rules are combinatorial in nature. This means
that game models need not deal with the deep semantic issues of set or domain
theory. They are, at least on the face of it, suitable for automation. Second,
game models are fully abstract, which means that they can be used as a basis
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for equational reasoning for terms. Equivalences are proved correctly and
witnesses can be generated for inequivalences. But game models also have a
practical drawback, they are very complex and seemingly unwieldy for usage,
beyond proving meta-theoretical results.

This second issue is addressed by two previous papers of the author [10,9].
They show how an imperative language with local variables, arrays and first-
order procedures, using call-by-name or call-by-value, can be modeled using
regular languages only. The regular-language model is derived directly from
the game model using the observation that for this simplified, yet non-trivial,
language much of the games apparatus is not necessary. Terms can be modeled
by sets of complete plays instead of strategies, sets shown to be regular. The
cited papers also show how the regular language model can be used as a
reasoning tool to validate term equivalences in the language. The formalism is
appealing because of its conceptual simplicity. Also, since the term equivalence
problem is formulated as regular language equivalence, it follows that it is
decidable in Section 4.

Equational reasoning is theoretically interesting, as it can be used to val-
idate key semantic intuitions, but is not a very useful tool in programming
practice. The established formalism for proving correctness of imperative pro-
grams is Hoare-style correctness statements. Providing a solid theoretical
foundation for a model checking approach to correctness statements is a most
interesting application of the regular-language model of imperative languages.

The next section introduces the programming language we will study. Sec-
tion 3 presents the regular-language model for an imperative first order lan-
guage with local variables and arrays as well as expressions with side-effects.
Having established our programming language model we formulate the model-
checking problem for correctness statements and we show it is decidable.

The main purpose of this article is to introduce a new framework for model-
checking correctness statements, based on game semantics of programming
languages. Establishing the decidability of the model-checking problem is an
important first step, but numerous theoretical and practical questions need
to be answered. The conclusion of the article mentions some of the most
important and outlines a plan for future research.

1.1  Contribution

The language fragment presented here is so common in practice that one may
not realize that the interaction of its features (procedures, local variables,
arrays, expressions with side-effects) is very difficult to model semantically.
Modeling correctness statements in the presence of procedures and local vari-
ables has been the subject of extensive research [18, Part V]. Correctness
statements for a procedure-less language with expressions with side-effects
have been studied in [5]. But all previous research proposes inference sys-
tems which attempt to solve the verification problem deductively. The main
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drawback of these approaches is their complexity, caused by the well known
frame problem ([6] is a recent survey). We suggest a new and much simplified
approach: correctness statements can be verified semantically instead of being
inferred deductively.

It is too early to compare this approach with the state of the art in software
model checking such as SLAM [17] or Bandera [7], but we can point out
several theoretical advantages. As far as the author is aware, no previous
attempts have been made to model-check pre-condition-post-condition-style
correctness statements. This is probably because without a fully abstract
semantic model it is impossible to validate program fragments (as opposed to
full programs) as they may include non-locally defined identifiers. Being able
to verify program fragments is required to reduce the complexity problem and
reason compositionally. The model is decidable (unlike SLAM) and uniform
for programs and assertions (unlike Bandera), which bodes well for the future
implementation.

2 The programming language

In this paper we will examine a programming language similar to the ones
presented in [10,9]. It consists of the simple imperative language, the language
of assignment, branching and iteration, to which a non-recursive first-order
procedure mechanism is added, along with local (block) variables and local
arrays. This is a non-trivial imperative language core which can be used
for many algorithmic programming tasks. The language is also technically
interesting because the interaction between local variables and procedures has
been notoriously difficult to model [18]. The abstract syntax and the typing
rules for the language are presented in detail in Appendix A. In the rest of
the section we will briefly discuss some of the highlights of this language.

The data types of the language, i.e. the types of values assignable to vari-
ables, are bounded integers (int) and booleans (bool). The phrase-types, i.e.
the types of terms, are commands (void), boolean and integer variables (var-
bool, varint) arrays of size m (arrayint|m|, arraybool[m]|), and expressions
(expint, expbool), as well as first order functions. The usual arithmetic and
logic operators are employed.

The imperative constructs are the usual: assignment (:=), command se-
quencing (;), iteration (while) and branching (if). Other common branching
(case) and iterative constructs (for, do-until) are not included because they
can be easily expressed in terms of the existing ones. They do not contribute
semantically, being only what is called syntactic sugar. Branching is pre-
sented only for commands, to keep the presentation simple, but within the
same framework we could introduce branching for expressions, similar to the
?-:- operator in C, variable and function-typed terms.

The behaviour of variables in imperative languages is dual, depending
on whether they occur on the left-hand side (l-values) or right-hand side
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(r-values) of assignment statements. The proper behaviour is usually auto-
matically resolved by compilers using type-coercion rules, from variable-types
to expression-types, when a variables is used on the right-hand side. For clar-
ity of presentation we will not introduce such coercion rules, but we will use
instead an explicit de-referencing operator (!) in the language.

It is interesting to note that we allow sequencing not only of commands,
but also of commands with an expression, resulting in what is called an active
expression. The informal semantics of an active expression is that it calculates
a value while possibly writing to non-local variables. This is a common feature
of current imperative languages, such as C.

One notable command of the language is diverge, a command that causes
a program to enter an unresponsive state similar to that caused by an infinite
loop. This command is needed especially for equational reasoning purposes,
to cause externally observable behaviour in certain states of the program. The
command that performs no operation, similar to the empty command in C or
PascaL, is skip.

First order functions are imposed uniformly over the first-order types, in-
cluding variable and array types. This means that we allow variable and array-
returning functions. Function calls can be used as l-values, as in C++. Func-
tions can contain local function definitions, as in PascaL, arbitrarily nested
and subject to the usual scoping rules. The function-call mechanism is call-
by-name, for two reasons. First, for a first order imperative language call-by-
name allows more expressive power. Commands can be passed to procedures
and are not evaluated at the point of call but in the procedure body when the
arguments are used. In a call-by-value environment this programming tech-
nique requires “wrapping” the command in a function. The second reason is
technical, regular-language models for call-by-name being more intuitive. It
is important to emphasize that the choice is strictly presentational; regular-
language models for similar call-by-value languages also exist [9].

Local variables (newint, newbool) and arrays (newarrayint/m| and
newarraybool[m|) obey a strict stack discipline. In fact, the call-by-name
nature of the language and its stack discipline make it quite similar to ide-
alized Avcor [20], from which it differs by having active expressions and a
restricted procedure mechanism.

3 The regular-language model

The programming language is interpreted using regular languages, denoted by
extended reqular expressions, defined as follows:

Definition 3.1 The set R4 of extended regular expressions over a finite al-
phabet A is defined inductively as the smallest set for which:

Constants: (),e € Ry; if a € A, then a € Ry;
4
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Iteration: if R € R4, R* € Ry;
Set operators: if R,S € Ry, then R-S,R+S,RNS,R € Ru;
Restriction: if R € Ry, A' C A, then R |4 € Ry,

R | 4= {aoa;---ar | Jw; € A s.t. wo-apw; - - - wr-ap-wey1 € Rya; € A\ A},
Substitution: if R, S € R4, w € A*, then R[w/S] € R,

Rlw/S] =3 vy rwyner Y0 S YL* Yp—1-S-Yr, Yi € A7,
Broadening: if R € Ry, R € R 4z,

R=Yuaca@® a0 (A) ar- (A" (A an- (A", a €A

Constant () denotes the empty language, while € is the language consisting
only of the empty string. The constant a is the language of the singleton se-
quence a. Restriction represents the operation of removing from all sequences
in a language the symbols from alphabet A’. Substitutions represent the oper-
ation of substituting a new extended regular expression S for any occurrence
of a given sub-sequence w in a regular language. The broadening of a regu-
lar language over alphabet A is obtained by introducing between consecutive
symbols all strings from the complement of the language.

It is a routine exercise to show that:

Proposition 3.2 FEvery extended reqular expression R € R 4 denotes a regu-
lar language.

Interpretation is given to terms (sub-programs) of the form 7 = P:f. This
notation means that P is a well formed phrase of type 8, where the type
of its free identifiers is given by the type assignment m = {¢1:61, ..., 1,6, },
metavariable ¢ ranging over the set of identifiers. The interpretation of P is
given by the evaluation function [—], : [6] — [#] — [#], where [6] is the set
of all P:6’s. The set [f] includes all regular languages associated with terms
in [0]; the set [7] is defined as [, [6;]. An element u of this set is called an
environment. The interpretation of identifiers is given by the environment:
[t]ow = u(e). The full interpretation of the language is given in Appendix B.

Every regular language which denotes the meaning of a term has a certain
form, given by all its possible initial and final moves (bracketing moves). The
bracketing moves merely indicate that a complete computation has occurred,
but the actual computation is given by the sub-expressions into which the
meaning of a term can be decomposed. For instance, the meaning of a natural
expression E is decomposed in sub-expressions of the form R, bracketed by
opening question ¢ and final answer n. Each describes the plays in E that
yield result n for the expression. Similarly, a boolean expression B has two
sub-expressions R% and ng corresponding to computations which produce
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true and false, respectively. A variable V' has two sets of sub-expressions, Ry,
for computations reading n from V, and SY; for computations writing n to V.

It is possible to attach direct computational intuitions to the semantics.
For example, skip is interpreted by the bracketing moves for commands only,
which means that it is a command which completes without having any effects.
The regular expression interpreting any arithmetic-logic operator (op) is de-
composed into p-producing plays, where every such play is any concatenation
of plays producing m and n in the arguments, if m op n = p. Composi-
tion of commands is simply concatenation of plays. Looping is interpreted
as an iteration of plays in the guard of the loop producing true concatenated
with complete plays in the body, followed by one single play in the guard,
producing false. It may be helpful to illustrate the model with a simple equiv-
alence: while true do C' = diverge, where C' is any command. Applying
the definitions, the meaning of the left-hand side is:

[while true do C]u = run - (R, - Rc)* - RL. - done

rue

=run-(e- Rc)* -0 - done = () = [diverge] u,
[[tTUE]]U:qtt:(ZGtt+q®ﬁ, tiue: aR{:j:ue:m'

In the above example, diverge has been interpreted as the empty set of plays.
Other than infinite loops, also interpreted by empty sets of plays are terms with
numeric over-flow and under-flow. Approximating the behaviour of arithmeti-
cal exceptions as diverge is quite crude, but expedient and not unacceptable
(see for example [21, Sections 2.7 and 5.1] for a discussion).

Function definition (let) is modeled by associating regular expressions
called copy-cat with the formal arguments. The name has game-semantic
origins, because, in copy-cat plays, P repeats every move of O. In applica-
tion, the (consecutive) moves tagged by the name of the formal argument are
replaced by the regular expression denoting the argument (Appendix B.2).

The semantics of the local-variable block rely on the concept of good vari-
able, which is simply the property of a variable behaving according to the
expected causal rules of assignment and dereferencing: the last value assigned
to the variable is always the next value retrieved upon its dereferencing. In an
imperative language with procedures variables are not, in general, guaranteed
to be good.

The semantics of a local-variable block consist of two operations, imposing
the good-variable behaviour on the local variable and removing all references
to the variable. Both operations are motivated by the way local variables
behave. In the block in which it is defined, the variable can be guaranteed to
be a good variable. Upon exiting the block all references to it are removed,
as all the interactions of the local variable are not “seen” outside its scope.
Intersection of regular languages is used to impose the first condition and
restriction the second (Appendix B.3). The interpretation of arrays is very
similar to that of local variables. An array of size m is the cartesian product of
m variables. Good-variable behaviour and restriction are modeled component-
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wise (Appendix B.4).
To be able to reason equationally about sub-programs with free identifiers:

L1:91,...,Ln:0n F PE@Q,

we also need to provide interpretations for universal quantifiers over ground
and function types (Appendix B.5). In equations, all free identifiers are im-
plicitly universally quantified over their type.

Lemma 3.3 (Representation) The regular language semantics is a correct
representation for the game semantic model of the language fragment.

Proof. Given the game semantic model of our language, as presented in [3],
we observe that for all ground and first order types justification pointers can be
reconstructed given any complete play. A routine case analysis shows that all
semantic constructs presented here can be identified with the game semantic
constructs. O

From the lemma and the full abstraction theorem in [3], it follows that:

Theorem 3.4 (Full abstraction) Any two subprograms P and Q) in the first
order imperative language with local variables and arrays are equivalent if and
only if they denote equal regular languages:

11:61, ..ty F P =g Q <= [Vi1:01 ... 1520, Plyug = [Ve1:01 . .. 1,:0,.Q] 5 ug.

In the above, ug is a dummy (empty) environment, all identifiers free in P
and () being bound by universal quantifiers. From the full abstraction theorem
and the representation lemma it follows directly that, since equality of regular
languages is decidable:

Corollary 3.5 (Decidability) Equivalence of subprograms of the first order
imperative language with local variables and arrays is decidable.

Decidability of program equivalence may suggest that the regular language
model could be used to model-check programs against specifications. However,
the state space of an entire program, even reduced with the usual abstraction
techniques employed in model checking, is too large for this approach to be
feasible. What is needed is a more modular approach, a technique to break
a program into pieces that can be model-checked separately. Hoare-style cor-
rectness statements are one such technique.

4 Interpreting correctness statements

Assertions are logical formulas expressing properties of “the state.” They
are much like boolean expressions, but they are different in that they include
universal and existential quantifiers. Correctness statements (or specifications,
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or Hoare triples), are formulas expressing properties of commands. The new
typing rules are:

[L::H] [LH]

P : boolexp P : assert P : assert
P : assert Vi:0.P : assert Ji:0.P : assert
P :assert () : assert P :assert () : assert
P and ( : assert P or () : assert
P :assert (' :void ( : assert
P{C}Q : spec
The interpretation of the universal quantifiers is the same as before (Ap-

pendix B). Existential quantifiers are interpreted indirectly, using the fact
that

d¢:60.P = not Vi:6.not P.

Hoare triples are usually interpreted like this: if assertion P is true in the
initial state, and command C executes successfully, then assertion @) is true
in the final state. But the regular-language interpretation of our language is
stateless, so this interpretation is not applicable directly. We have to take
a slightly indirect approach, and consider what the Hoare triple amounts to
computationally. Its interpretation is the following equation:

if P then (C; if P then (C;
if @ then skip  if @ then skip
else diverge) N else skip)

else skip else skip

In words, if assertion P is true, and command C' is executed successfully, as-
sertion () is true and diverge is never executed. Consequently, we can replace
it in the left-hand side of the equation with skip without changing the overall
effect of the program, hence the equivalence. This informal argument can be
made rigorous by using a traditional, stateful, semantics of specifications, such
as in [13]. Interpreting this equivalence in the regular language model we have
that:

RY+RY-Ro-(RE+RY-0)=RI+RE-Re- (RE+RY ¢
&  RE-Rc-RI=10

The necessary and sufficient condition for the equivalence to hold is what we
will use as the interpretation of correctness statements:

The correctness statement P{C}Q holds if and only if the regular language
RY% - Rc - Rg s empty.
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However, correctness statements in this form are not very useful from a prac-
tical point of view. The reason is that in order to be able to use an identifier
denoting a variable in program C' in assertions P and @, that identifier must
occur freely. But a variable which is a free identifier is not guaranteed to be a
good variable, so very little can be said about it. For example, the correctness
statement true{z := 1}!lx = 1 does not hold. Moreover, since the expres-
sions we use in assertions may themselves have side-effects, by assigning to
variables, not even specifications such as true{skip}!z =!z are valid.

This problem is addressed by introducing a new type of correctness state-
ment which will be called universal specifications, a term which we borrow
from Reynolds [19]. Our universal specifications are syntactically and seman-
tically different from Reynolds’s, but they have a similar motivation: dealing
with properties of non-local objects denoted in the assertions by free identi-
fiers. The universal specifications we use have the following form:

Y1(t1)y -y Ym(tm) = P{C}Q,

where v (t) represents the assumption that free identifier ¢, has property
ve- We will talk more about these properties shortly. To interpret universal
specifications we need to make the following assumption, which must be met
by any concrete property of free identifiers to be defined subsequently:

Assumption 4.1 (Regularity) For any property vy, its interpretation [y(¢)]
18 a reqular language.

Universal specifications are interpreted the obvious way: the comma as a
conjunction and the arrow as an implication:

Universal specification v1(t1), - -, Ym(tm) = P{C}Q is true if and only if
for all i, i < m, and strings w, if w € [vi(w;)] then w & (R}t, ‘R¢ - Rg)
Two obviously necessary properties are good-variable assumptions for local

variables (gv,..) and arrays (ga,,(,). Their semantic interpretation, which
conforms to the regularity assumption, is given by:

[gv...()] =%
[[gam‘[m]([’)]]: ﬂ ’Yﬂﬂa

0<j<m

where the regular languages v: and fyi[j], are as defined in appendices B.3
and B.4. Variables constrained by a good-variable assumption can be used
meaningfully in assertions. Using good-variable assumptions, the previously
mentioned putative universal specifications hold, when written as:

gV, .int(T) = true{z =1}z =1

gV, .int () = true{skip}lz =lz.
The concept of good-variable used here is stronger than the usual one [19],
imposing a relation between the read and write behaviour of the variable
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throughout the execution of the command, not only with regard to one assign-
ment only. In traditional terminology, we should call the variable “good-and-
not-interfered-with.”

Theorem 4.2 (Model-checking decidability) The model-checking problem
for universal specifications for the first order imperative language with local
variables and arrays is decidable (subject to the regularity assumption).

Proof. The interpretation of correctness statement is equivalent to

N )] (RY - Re - RY) = 0.

i<n

Emptiness is a decidable property of regular languages. O

5 Further research

The overriding intent of this paper is to establish a framework in which we
can address the issue of model-checking Hoare-style triples, generalized to
universal specifications. The framework proposed in this paper is the game-
semantic model of programming languages, simplified to a regular-language
model. Hoare triples, and universal specifications, can be verified using a
decidable property of regular languages (emptiness). The decidability of the
model-checking problem suggests that indeed this framework may serve as a
foundation for a practical solution. Another reassuring aspect of our approach
is its simplicity and uniformity.

But several important questions need to be researched yet.

From a practical perspective, the next step is to create simple inference-like
rules that would permit a degree of compositional reasoning. For example,
rules for sequential composition and procedural specifications would permit
the model-checking of parts of a program separately then establishing proper-
ties of the whole without repeating the model-checking process. This is needed
both to reduce the complexity of the model-checking problem and to support
modular software development. Also of practical importance is to incorporate
well established data-abstraction techniques [8, and more] in order to reduce
the state space. Following that, a proof-of-concept implementation of a model-
checker should be possible. This line of research is currently being pursued by
the author. In the long term, an efficient algorithmic treatment of the regular
language operations required by the model should be an interesting goal.
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A The language fragment

Language types:

T == int|/bool Data types
o == void|expr|varr|array7[m|,m € N Ground phrase types
6 :=o0loy Xo2X...X0 —0,keN Function types,

Abstract syntax of terms, with typing judgments:

skip : void diverge : void
true : expbool false : expbool
n : expint
E, : expint FE, : expint E, : expint FE, : expint
E, + E5 : expint E, — E5 : expint
E, : expint E, : expint E, : expint F, : expint
E; x E, : expint E,/E, : expint
E; : expint F, : expint E; : expint F, : expint
E, =F,: eprool E| < B> : eprool
B; : expbool B, :expbool B;:expbool B,:expbool
B; and B; : expbool B; or B, : expbool
Ci:void (s : void C :void F :expr
C1; Cs : void C; E : expT
B : expbool (' :void B :bool (;:void () : void
while B do C : void if B then C; else C,
V :varr FE :expr V : varr
V := F : void IV : expr

[L:0g X ... X 0Opm =0 [Lo:00.. tm:On]

Q:o P:o

let t(t0: 00, - ytm:0m)=PinQ:o
L:0g X ...X0m =0 Qo:00 ... Qm:om
(Qoy---,Qm) : 0
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[t : varT] [t arr:";\yT[mH
C : void C : void
newr ¢ in C : void newarray7|m| ¢ in C : void

¢ :array7r[m| E :expint

([E] : varT

In the above, metavariable ¢ ranges over the set of valid identifiers, m € N.

B The language model

With every data-type 7 and phrase-type  we associate an alphabet A [7]:
Alint] =N ={n| - N <n< N}, A[bool] = {tt,ff}

A [comm] = {run, done},

Alexpr] = {q,v | v € A[r]},

A [[vart] = {read, v, write(v), ok | v € A[7]},

A [arrayr[m]] = {read[j], v[j], write[j](v), 0k[j] | 0 < 7 < m,v € A[r]},
Afoy x oa x ... x o w o] ={a; |a€ Afox],1 <i<k}UA[o].

B.1 Basic terms

[skip],qiq u = Tun - done, [diverge] ,qau =0, [n] pinet=q"n,
[[true]]eprool u=gq-tt, [false]]eprool u=gq-ff,

[not B) = q-RY%-ff +q-RE -,

[B1 0P Bsleyp,u= Y, q-RE -Rp,-p

m op n=p

[C;C'veia® = Tun - Rc - Rer - done,

[C; Elexpru= ), 4 Rc-Rp-v,
vEA[T]

[while B do O],y u = run - (R% - R¢)* - RY - done,
[if B then C else C'], . u = run - (R% - Re + RY - Revr) - dome
Vi=M],pqt = Z run - Ry, - Sy - done

[V]aerw=>_q- Ry -v,

where the R”, S~ regular expressions are defined using these decompositions:
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explnt u= Z q- R

neN
HBHeproolu = ng’ ) tt+qRJg 'ﬁ’
[Clyoiq & = Tun - Re - done,

(L —— Z (read - Ry, - n) + Z (write(n) - Sy, - ok).

neAlr] neAlr]
B.2 Application and abstraction

[(@1, .-, Qm)], u = u(v)[a} - b/ Rg)], where [Qi],,u= > a-Rg b,

a,beAfoi]
llet t(to: 00y stm:0m) =P in Q] u
= [Q1, (ule — [P],: (u|eo — R;;O"| e |um > RE™)).

The regular expressions RL’? are:

R =run - run! - done’ - done,

R:e;(pT: Z qq'znzn
neA[7]

Ry = Z read - read; - n; - n + Z write(n) - write(n); - ok; - ok,
neA[r] neA[r]
0<j<m 0<j<m

R cayrim] = Z read-read[j];-n[j];-n+ Z write(n)-write[j](n)}- ok[J];- ok.

neA[7] neA[r]

B.3 Local variables
[[HEWT L il’l M]]void U= (%‘ N [[M]]void (U|L = Rvar'r)) ‘A'-}’ Where

Y= (EvEA[[T]] write(v)* - ok" - (read” - v*)*)",
R: Z read - read’ - n' - n + Z write(n) - write(n)" - ok" - ok,

neA[r] neA[r]
= {write(v)", ok*, read", v*|v € [7]}.

B.4 Arrays
[L[E]] var, ¥ = Z Z read- R} -read[m]*-n[m]*-n
meN neA[r]
+ Z Z write(n)-Ry-write[m|(n)*-ok[m]‘- ok,
meN neA[r]
[newarrayr[m] ¢ in M| u= m ~ A [ <U|L — Z Rﬂj]> ,
0<j<m 0<j<m

U0§j<m ‘A:U]
15
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where

RF = " read[j]-read[j]“nls)*n[j] + Y write[j](n)-write[5](n)" ok[5]"-ok[4],

neA[r] neA[r]
1= (Soep writel](e) okl (read[j]t- )
AL[j]T: {wm'te(v)b[j], okl ,,.eadb |v € |I7']]}

B.5 Quantifiers

[Ve:0.P)u=[P] (u|e — I)

where
L iqa=run - run’ - done’ - done
IéXpT Z q-qL.nl’.n
neA[r]
Lo = Z read - read’ - n' - n + Z write(n) - write(n)" - ok" - ok
neA[r] neA[T]
Livayrim)= Y D read[j] - read[5]* - n[j]* - n[]]
0<j<m neA[r]
+ Y > write[j](n) - write[5](n)" - ok[5]* - ok[]
0<j<mneAr]
I3 ot —svoia = TUN - TUN' (Rf,1X xo,) - done’ - done
I¢L71>< XOp—>expT Z q- q 0'1>< XUn)*'nL'n
neA[r]
Ichlx Xop—varr Z read - read” - (Rﬁnx xan)* n'-n
neA[7]
+ Z write(n) - write(n) - (Rg, x...xo,)" - 0k" - 0k
neA[r]
Ié'1>< “Xop—rarrayT[m Z Z Tea'd -7] Tead[]]L ( o1X Xan) n[]]bn[]]
0<j<m neA[r]
+ Y Y write[f)(n) - write[j](n)* - (R}, y...xs,,)" - Ok[j]* - ok
0<j<mnE.A[[T]]
crl>< Xon Z R
1<i<n
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