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Abstract

Negative Correlation Learning (NCL) [1], [2] is a neural network ensemble algorithm which

introduces a correlation penalty term into the cost function of each individual network so that each

neural network minimizes its mean-square-error (MSE) together with the correlation of the ensemble.

This paper analyzes NCL and finds that the training of NCL corresponds to training the entire ensemble

as a single learning machine which only minimizes the MSE error without regularization. This analysis

explains that NCL is prone to overfitting the noise in the training set. The paper analyzes this problem

and proposes the regularized negative correlation learning (RNCL) algorithm which incorporates an

additional regularization term for the whole ensemble. RNCL decomposes the ensemble’s training

objectives, including MSE and regularization, into a set of sub-objectives, and each sub-objective is

implemented by an individual neural network. In this paper, we also provide a Bayesian interpretation for

RNCL and provide the automatical regularization parameters optimization algorithm based on Bayesian

inference. The RNCL formulation is applicable to any nonlinear regression estimator minimizing the

MSE. The experiments on synthetic data as well as real-world data sets demonstrate that RNCL achieves

better performance than NCL, especially when the noise level is non-trivial in the data set.

I. INTRODUCTION

Ensemble of multiple learning machines, i.e. a group of learners that work together as a

committee, has attracted a lot of research interests in the machine learning community because

it is considered as a good approach to improve the generalization ability [3]. The term “ensemble”

can be used to describe the paradigm that brings together a number of learning machines for the

same task. This technique originates from Hansen and Salamon’s work [3], which showed that

the generalization ability of a neural network can be significantly improved through ensembling a

number of neural networks. Because of the simple and effective properties, ensemble research has

become a hot topic in machine learning communities and has already been successfully applied

to many areas, for example face recognition [4], character recognition [5], image analysis [6],

etc.

Negative Correlation Learning (NCL) [1], [2], a neural network ensemble algorithm developed

in the evolutionary computation literature, has shown a number of empirical applications, includ-

ing regression problems [7] and classification problems [8]. NCL introduces a correlation penalty

term into the cost function of each individual network so that each neural network minimizes

its MSE error together with the correlation of the ensemble.
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From the definition of NCL, it seems that the correlation term in the cost function acts as

the regularization term. However, after careful analysis, we observe that the training of NCL

corresponds to treating the entire ensemble as a single learning machine by considering only

the empirical training error. Although NCL can use the penalty coefficient to explicitly alter

the emphasis on the individual MSE and correlation portions of the ensemble, setting a zero or

lower coefficient corresponds to independently training the estimators and loses the advantages

of NCL. In most cases NCL sets the penalty coefficient to be or close to the particular value

which corresponds to treating the entire ensemble as a single learning machine.

By treating the entire ensemble as a single learning machine and minimizing the MSE error

without regularization, NCL only reduces the empirical MSE error of the ensemble, but pays

less attention to regularizing the complexity of the ensemble. As we know, neural network and

other machine learning algorithms which only rely on the empirical MSE error are prone to

overfitting the noise [9].

Based on the above analysis, NCL, relying on minimizing the MSE, is prone to overfitting

the noise in the training set. The paper analyzes this problem and proposes the theoretical and

empirical evidences. In order to solve this problem, this paper proposes regularized negative

correlation learning (RNCL) algorithm which incorporates an additional regularization term for

the ensemble. Then we describe that the regularization term for the ensemble can be decomposed

into different parts for each network.

In this paper, we describe how the training algorithm of NCL is equivalent to training a single

learning machine and how RNCL controls the complexity by adding a regularization term. A

parameter is used to control the tradeoff between MSE and regularization and the parameter is

crucial to ensemble’s generalization ability. We provide a Bayesian interpretation for RNCL, and

propose an automatical algorithm for regularization parameters optimization based on Bayesian

inference. The RNCL algorithm is a generic ensemble algorithm, which is applicable to any

nonlinear regression estimator minimizing the MSE, for example MLP and radial basis function

(RBF) neural network. In this paper we show an example using MLP as the base estimator.

The rest of this paper is organized as follows. After the background description in Section

II, the proposed algorithm is described in Section III. Experimental results and discussion are

presented in Section IV. Finally, Section V concludes the paper.
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II. BACKGROUND

Ensemble of learning machines [3] is a learning paradigm where a collection of estima-

tors/classifiers are trained for the same task. There have been many ensemble methods studied

in the literatures. Generally speaking, these ensemble algorithms can be classified into three

categories.

In the first kind of algorithms, each base learner is trained with a subset of training samples,

drawn uniformly at random from the original training set. The typical algorithms include Bagging

[10] and its variants [11].

The second kind of algorithms introduces weights on the training points and pays more

attention to those training samples that are misclassified by former classifiers in the training

of next classifier. Adaboosting [12] is a successful algorithm in this kind of algorithms.

The third kind of ensemble algorithms, different from the previous work such as Bagging or

Adaboosting, emphasizes interaction and cooperation among the individual base learners in the

ensemble. It uses a penalty term in the error function to produce biased individual learners whose

errors tend to be negatively correlated. Negative correlation learning [1] [2] is a representative

ensemble algorithm in this category. This paper will focus on this kind of ensemble learning

algorithm.

NCL was firstly proposed by Liu et. al [1], where negative correlation learning and evolu-

tionary learning (EENCL) are combined to automatically design neural network (NN) ensemble.

EENCL emphasizes the cooperation and specialization among different individual NNs during

the individual NN design. This provides an opportunity for different NNs to interact with each

other to solve one single problem.

Islam et al. [13] take a constructive approach to build the ensemble, starting from a small

group of networks with minimal architecture. The networks are all partially trained using negative

correlation learning. To our knowledge, the approach can automatically determine weights,

network topologies and ensemble membership.

Brown et al. [14] formalized this technique, providing a statistical interpretation of its success.

Furthermore, for estimators that are linear combinations of other functions, they derive an upper

bound on the penalty coefficient, based on properties of the Hessian matrix.

Chen et al. [15] proposed to incorporate bootstrap of data, random feature subspace [11]

and evolutionary algorithm with negative correlation learning to automatically design accurate
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and diverse ensembles. The idea promotes the diversity within the ensemble and simultaneously

emphasizes the accuracy and cooperation in the ensemble.

Since this paper applies regularization technique to NCL, we present some relevant background

in the following.

Many recent studies have shown that the generalization ability of a neural network depends

on a balance between the empirical training error and the complexity of the network. Bad

generalization occurs if the tradeoff is unbalanced. Based on the observations, weight decay [9]

was proposed to control the complexity of the network. Weight decay adds a penalty term to

the error function. The usual penalty is the sum of squared weights times a decay constant.

In a linear model, this form of weight decay is equivalent to ridge regression [16]. The weight

decay penalty term causes the weights to converge to smaller absolute values than they otherwise

would. The regularization term does help the generalization ability of neural network because

large weights can hurt generalization in two different ways: a) Excessively large weights leading

to hidden units can cause the output function to be too rough, possibly with near discontinuities;

Excessively large weights leading to output units can cause wild outputs far beyond the range

of the data if the output activation function is not bounded to the same range as the data. b)

Large weights can cause excessive variance of the output [17].

The generalization ability of the network depends crucially on the decay constant, especially

with small training sets. One approach to choose the decay constant is to train several networks

with different values of the decay constant and estimate the generalization error for each network

and then choose the decay constant that minimizes the estimated generalization error.

Fortunately, there is a superior alternative to estimating the decay constant: Bayesian inference.

Bayesian inference makes it possible to efficiently estimate decay constants. Compared with

the traditional approach, Bayesian approach is attractive in being logically consistent, simple,

and flexible. The application of Bayesian inference to single neural network, introduced by

MacKay as a statistical approach to avoid overfitting [18] [19], were successful. Then, the

Bayesian technique has been successfully applied to model selection for Least Squares Support

Vector Machine [20] and sparse Bayesian Learning, i.e., Relevance Vector Machine [21]. Another

important feature of Bayesian inference is that error bars [18] can be assigned to network

predictions in regression problems and the probability of prediction [22] can be assigned to

classification results that avoids making over-confident predictions in regions of sparse data.
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III. REGULARIZED NEGATIVE CORRELATION LEARNING

This section presents negative correlation learning and its potential dangerous of overfitting. In

order to resolve the problem, regularized negative correlation learning (RNCL) is proposed. This

section also presents the parameter optimization procedures of RNCL by Bayesian inference.

A. Negative Correlation Learning

Negative Correlation Learning (NCL) introduces a correlation penalty term into the error

function of each individual network in the ensemble so that all the networks can be trained

interactively on the same training data set.

Given the training sets {xn, yn}N
n=1, NCL combines M neural networks fi(x) to constitute

the ensemble.

fens(xn) =
1

M

M∑
i=1

fi(xn). (1)

In training network fi, the cost function ei for network i is defined by

ei =
N∑

n=1

(fi(xn)− yn)2 + λpi, (2)

where λ is a weighting parameter on the penalty term pi:

pi =
N∑

n=1

{
(fi(xn)− fens(xn))

∑

j 6=i

(fj(xn)− fens(xn))

}
= −

N∑
n=1

(fi(xn)− fens(xn))2 . (3)

The first term in the right-hand side of (2) is the empirical training error of network i. The

second term pi is a correlation penalty function. The purpose of minimizing pi is to negatively

correlate each network’s error with errors for the rest of the ensemble. The λ parameter controls

a trade-off between the training error term and the penalty term. With λ = 0, we would have an

ensemble with each network training with plain back propagation, exactly equivalent to training

a set of networks independently of one another. If λ is increased, more and more emphasis

would be placed on minimizing the penalty.

Based on the individual error function, Equation (2), the error function for the ensemble can

be obtained by averaging these individual network error ei. If λ = 1, the average error E of all

the individual network ei is obtained as follows:

E =
1

M

M∑
i=1

ei =
1

M

N∑
n=1

M∑
i=1

{
(fi(xn)− yn)2 − (fi(xn)− fens(xn))2} =

N∑
n=1

(fens(xn)− yn)2.

(4)
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From Equation (4), the error function of NCL is equivalent to training a single estimator

fens(xn) instead of training each individual network separately. It is also observed that NCL

only minimizes the empirical training MSE error
∑N

n=1(fens(xn)− yn)2 but does not regularize

the complexity of the ensemble. As discussed in Section I, the error function that only minimizes

MSE error is prune to overfitting the noise. In Section IV, we also present the empirical evidences

that NCL is prune to overfitting.

In order to improve the generalization ability of NCL, in the next section we propose regu-

larized negative correlation learning (RNCL).

B. Regularized Negative Correlation Learning

Following the traditional strategy to avoid overfitting, a regularization term is incorporated

into the ensemble error function:

Eens =
N∑

n=1

(fens(xn)− yn)2 +
M∑
i=1

αiw
T
i wi, (5)

where wi = [wi,1, · · · , wi,ni
]T is weight vector of neural network i and ni is the total number of

weights in network i.

This regularization term
∑M

i=1 αiw
T
i wi is the weight decay [9] term for the entire ensemble. In

order to train each neural network with its regularization, we have to decompose the regularization

term to M parts, each part for each network. The error function for network i can be obtained

as follows:

ei =
N∑

n=1

(fi(xn)− yn)2 −
N∑

n=1

(fi(xn)− fens(xn))2 + αiw
T
i wi. (6)

Comparing this error function with the cost function of NCL, Equation (2), RNCL imposes a

regularization term into every individual neural network and RNCL optimizes the regularization

parameter αi instead of the correlation parameter λ.

RNCL is implemented by gradient descent method for training neural networks. According to

equation (6), the minimization of the error function of the ensemble is achieved by minimizing

the error functions of each individual network. RNCL provides a way to decompose the learning

task of the ensemble with regularization into a number of subtasks for each individual network.

The algorithm can be summarized in Figure 1.

This paper uses scaled conjugate gradient (SCG) [23] algorithm for fast RNCL training.
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1. Let M be the final number of predictors required.

2. Take a training set {xn, yn}
N
n=1

and the initial regularization parameter
αi, i = 1, · · · , M .

3. For the training set

• Calculate fens(xn) = 1

M

∑M

i=1
fi(xn)

• For each network from i = 1 to M do: for each weight wi,j in network
i, perform a desired number of updates,

ei =

N
∑

n=1

(fi(xn) − yn)2 −

N
∑

n=1

(fi(xn) − fens(xn))2 + αiw
T
i wi

∂ei

∂wi,j

= 2
N

∑

n=1

(fi(xn) − yn)
∂fi

∂wi,j

− 2
N

∑

n=1

(fi(xn) − fens(xn))(1 −
1

M
)

∂fi

∂wi,j

+ 2αiwi,j

∆wi,j = −2η

{

N
∑

n=1

(fi(xn) − yn)
∂fi

∂wi,j

−

N
∑

n=1

(fi(xn) − fens(xn))(1 −
1

M
)

∂fi

∂wi,j

+ αiwi,j

}

4. Parameter Optimization by Bayesian Framework.

5. Repeat from step 3 for a desired number of iterations.

Fig. 1. Regularized Negative Correlation Learning Algorithm

C. Bayesian Interpretation and Regularized Parameter Optimization

This subsection describes the probabilistic interpretation of RNCL, the function of the regu-

larization term and how to optimize these parameters by Bayesian inference. We separate the

subsection into two parts: the first part describes the model specification and the probabilistic

interpretation of RNCL; The second part describes the procedures to optimize the regularization

parameters.

1) Bayesian Interpretation of RNCL: Given the training set D = {xn, yn}N
n=1, we follow the

standard probabilistic formulation and assume that the targets are sampled from the model with

additive noise:

yn = fens(xn) + en =
1

M

M∑
i=1

fi(xn) + en, (7)

where en is independent sample from some noise process which is further assumed to be mean-

zero Gaussian with variance β−1.

According to the Bayesian theorem, given the hyperparameters µ = [µ1, µ2, · · · , µM ] 1 and β.

1µi, i = 1, 2, · · ·M, is the inverse variance of the Gaussian distribution of weights for network i.
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We obtain the weigh parameters w = [wT
1 , · · · ,wT

M ]T by maximizing the posterior P (w | D).

P (w | D) =
P (D | w,β)P (w | µ)

P (D | µ, β)
, (8)

where the probability P (D | µ, β) is a normalization factor which is independent of w.

The weight vector of each network wi is assumed to have a Gaussian distribution with zero

mean and variance µ−1
i . The prior of the weight vector w is obtained as follows.

P (w | µ) =
∏

M
i=1

( µi

2π

)ni/2

exp

(
−1

2
µiw

T
i wi

)
, (9)

where ni is the total number of weights in network i.

Since noise en follows a Gaussian distribution with zero mean and variance β−1, the likelihood

P (D | w,β) can be written as

P (D | w,β) =
∏

N
n=1

(
β

2π

)1/2

exp

(
−β

2
e2

n

)
. (10)

We omit all constants and normalization factor, and apply Bayesian rules:

P (w | D) ∝ exp

(
−β

2

N∑
n=1

e2
n

)
· exp

(
−

M∑
i=1

µi

2
wT

i wi

)
. (11)

Taking the negative logarithm, the maximum of the posteriori model parameters w is obtained

as the solution to the following optimization problem:

min J1(w) =
1

2
β

N∑
n=1

e2
n +

1

2

M∑
i=1

µiw
T
i wi. (12)

The posterior P (w | D) can also be written as a Gaussian distribution, please refer to Appendix

A for detail.

P (w | D) =
exp(−J1(w))∫
exp(−J1(w))dw

=
exp(−1

2
(w −wMP )T A(w −wMP ))

(2π)W/2|A|− 1
2

, (13)

where A is the hessian matrix of the cost function J1, W is the total number of weights in the

ensemble and the subscript MP indicates the most probable values.

The error function J1 is made up of two terms. The first, 1
2
β

∑N
n=1 e2

n, is the sum of the

empirical training errors. The second, 1
2

∑M
i=1 µiw

T
i wi, is the regularization term, measuring the

amount of square of weights.

Comparing Equation (12) with (5), RNCL is equivalent to maximization of the posterior

under Bayesian framework. The likelihood P (D | w,β) constitutes the empirical training errors

terms and the prior over weight vector P (w | µ) contributes to the regularization term. The
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regularization term penalizes large weights, causing the weights to converge to smaller absolute

values than they otherwise would.

Based on the above analysis, RNCL is an application of Bayesian framework in ensemble

system. Instead of simultaneously optimizing the weigh vectors of ensemble, RNCL manages

to train the entire ensemble by decomposing the job into a set of subtasks, which significantly

reduces computational complexity under Bayesian framework.

Take an RBF neural network ensemble with linear outputs as an example. If we treat the

ensemble as a single estimator, the training of the entire ensemble involves inversion of a matrix,

whose computational complexity is O(W 3) ∼ O(M3n3
i ), where W =

∑M
i=1 ni (ni is the number

of weights in network i and M is the size of ensemble) is the total number of weights in ensemble.

By decomposing the operation into a set of sub-operations, the computational complexity is

reduced to O(Mn3
i ). Since M , the size of ensemble, is often set to be equal or greater than 25,

the reduction of computational complexity is non-trivial.

Although there are two types of parameters: µi and β , the minimization of J1 only depends

on the ratio αi = µi/β. These ratios, controlling the tradeoff between the empirical training

errors and the regularization term, are crucial to the performance of ensemble. The next section

will present a Bayesian approach to automatically optimize these parameters.

2) Inference of Regularization Parameters: In order to find the optimal parameters µ and β,

we need to maximize the posterior of P (µ, β | D).

According to Bayesian rule, the posteriors of µ and β are obtained by

P (µ, β | D) =
P (D | µ, β) · P (µ, β)

P (D)
∝ P (D | µ, β), (14)

where a flat prior is assumed on the hyperparameters µ and β. According to Equation (8),

P (D | µ, β) =
P (D | w, β)P (w | µ)

P (w | D)
∝

√∏M
i=1 µni

i βN

det A
exp(−J1(w)). (15)

In order to maximize the probability P (D | µ, β), negative logarithm is obtained:

J2 =
1

2

M∑
i=1

µiw
T
i,MPwi,MP +

1

2
β

N∑
n=1

e2
n,MP −

1

2

M∑
i=1

ni log µi − 1

2
N log β +

1

2
log det A, (16)

where the subscript MP indicates the most probable values.
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Setting the gradient to zero and we can get the optimal αi = µi/β, and please refer to

Appendix B for detail.

αnew
i =

∑N
n=1 e2

n,MP

wT
i,MPwi,MP

(
ni −

∑
j∈ni

αi

λj+αi

)
(
N −∑W

j=1
λj

λj+α̂j

) , (17)

where α̂j = [α
(1)
1 , · · ·α(n1)

1 , · · · , α
(1)
M , · · ·α(nM )

M ]T and the superscript indicates the repetition

number of αi. j ∈ ni indicates the range
[∑i−1

t=1 nt + 1, · · · ,
∑i

t=1 nt

]
, and λi is the eigenvalue

of the Hessian matrix ∇∇
(

1
2

∑N
n=1 e2

n

)
.

When the eigenvalue decomposition λj is calculated, the update rule of αnew
i involves only

vector products that can be evaluated very quickly. In order to reduce the computational com-

plexity for large data sets, one can choose to calculate only the largest eigenvalues using the

expectation maximization approach [24].

The learning algorithm thus proceeds by repeated application of (17) (step 4 in Figure 1),

concurrent with training RNCL, equivalent to updating of the posterior statistics and from (11),

until some suitable convergence criteria have been satisfied.

IV. EXPERIMENTAL ANALYSIS

In this section we will present the experimental results of RNCL. Firstly, we present experi-

mental results of RNCL on two synthetic regression problems and four synthetic classification

problems in order to understand the behavior of the algorithm. We also design four experiments

(two regression and two classification) with different noise levels to study the characteristics of

RNCL and NCL with noise data. Secondly, we carry out extensive experiments on 8 benchmark

regression data sets and 13 benchmark classification data sets to compare the performance of

RNCL, NCL and Bagging.

A. Experimental Setup

In this experiments, three-layer feed-forward multilayer perceptions (MLPs) are used as the

base learner. The number of hidden nodes is randomly selected but restricted in the range 3 to

15. The initial connection weights for individual NNs are randomly chosen. We employ scaled

conjugate gradient (SCG) algorithm to train MLP, NCL and RNCL. Since negative correlation

learning algorithm uses MSE and correlation to train ensemble, it is not necessary to employ a

April 25, 2008 DRAFT



12

−8 −6 −4 −2 0 2 4 6 8
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

(a) Sinc Noise Free

−8 −6 −4 −2 0 2 4 6 8
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

(b) Sinc with Gaussian noise (mean 0, variance 0.2)
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(d) Friedman Test with Different Noise Levels

Fig. 2. Comparison of NCL and RNCL on regression data sets: Sinc and Friedman test. In Figure 2(a) and 2(b), the lines in

green (wide zigzag), black(dashed) and red(solid) are obtained by RNCL, NCL and the noise-free function, respectively. Figure

2(c) and 2(d) show mean square error (MSE) of RNCL (red solid) and NCL (blue dashed) on Sinc and Friedman test with

different noise levels. Results are based on 100 runs.

large ensemble. We use 25 MLPs to constitute the ensemble of NCL and RNCL. For Bagging,

we employ 100 MLPs to constitute the ensemble. The input attributes of data sets are scaled to

mean zero and unit variance as the preprocessing procedure.

B. Synthetic Data Sets

As the first experiment, we compare RNCL and NCL algorithms on two synthetic regression

data sets: Sinc and Friedman test. Figure 2(a) and 2(b) show the output of RNCL and NCL on

sinc function with different noise levels. In the noise-free case, NCL perfectly approximates the
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actual function, while RNCL does not approximate the function very well near the tail. However,

when the noise level increases, NCL, only depending on minimizing empirical error, overfits the

noise in the training set while RNCL is more robust to noise than NCL, refer to Figure 2(b).

In order to explore the behaviors of RNCL and NCL with different noise levels, we add mean

zero and different variance Gaussian noise to sinc and Friedman test problems. Figures 2(c) and

2(d) show the average results of 100 runs. Since the standard deviations of the targets: sinc and

Friedman test, are different, the range of noise levels are different in Figure 2(c) and 2(d).

For sinc data set, when the noise level (variance) is below 0.24, NCL outperforms RNCL.

When the noise level is greater than 0.24, MSE of RNCL increases slower than that of NCL

when the noise increases. For Friedman test data set, RNCL outperforms NCL all the time and

the difference between RNCL and NCL becomes greater when noise level passes 2.5. From

these figures, we can observe that RNCL is more robust to noise.

In the following, we demonstrate the application of RNCL on classification problems. Firstly,

we apply RNCL and RNCL on four synthetic data in two dimensions in order to illustrate

graphically the decision boundary.

These four data sets are (1) synth are generated from mixtures of two Gaussians by [25]. (2)

Overlap comes from two Gaussian distributions with equal covariance, and is expected to be

separated by a linear plane. (3) Bumpy comes from two equal Gaussians but by being rotated by

90 degrees, quadratic boundaries are required. (4) Relevance is a case where only one dimension

of the data is relevant to separating the data.

In Figure 3 we present a comparison of RNCL and NCL. We can observe a similar performance

of RNCL and NCL in the case of Relevance. Since the data set is noise-free, both RNCL and

NCL successfully separate the two classes. The situation is a little similar in the case of Overlap,

RNCL produces a linear boundary according to the expectation while NCL concentrates on the

three overlapping points and generates a linear plane with a corner. Although the training error

of NCL is smaller, it does not generalize well for this data set.

We observe that RNCL gives more accurate results in the other cases. In the cases of Synth

and Bumpy, RNCL produces smooth boundary and disregards the outliers in the training points.

In the case of Bumpy, the noise level is great because of these overlapping points. NCL does not

generalize and produces the twisty boundary. Although the boundary line of NCL for the case

of Synth seems smooth, it does separate the decision boundary into two parts and disregards the
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Fig. 3. Comparison of RNCL and NCL on four synthetic classification data sets. Two classes are shown as crosses and dots.

The separating lines were obtained by projecting test data over a grid. The lines in green (light) and black(dark) were obtained

by RNCL and NCL, respectively.

future points between the two boundaries.

In order to check the behaviors of RNCL and NCL on noise classification problems, we

conduct similar noise experiments as the regression problems. In the experiments, we select two

data sets: synth and banana 2.

To change the noise level, we randomly select different percentages of data points and reverse

their labels. We run 100 times and report the average results in Figure 4. Figure 4(a) and Figure

4(b) visualize the decision boundaries of RNCL and NCL with 20% noise points.

2http://ida.first.fraunhofer.de/projects/bench/benchmarks.htm
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(c) Synth with different noise Levels

0 0.05 0.1 0.15 0.2 0.25 0.3

0.12

0.14

0.16

0.18

0.2

0.22

0.24

0.26

(d) Banana with different noise Levels

Fig. 4. Comparison of RNCL and NCL on two classification data sets. Two classes are shown as crosses and dots. The

separating lines were obtained by projecting test data over a grid. In Figure 4(a) and 4(b), the decision boundary in green(light)

and black(dark) are obtained by RNCL and NCL, respectively. The randomly-selected noise points are marked with a circle.

Figure 4(c) and 4(d) show classification error of RNCL (red solid) and NCL (blue dashed) vs. noise levels on Synth and banana

data sets. The results are based on 100 runs.

Though the noise level is high, RNCL produces smooth boundary. NCL tries to minimize the

training error and it does not generalize well. We also plot the curve, Figure 4(c) and 4(d), of

classification error vs. noise level for these two data sets. In these two figures, RNCL is a little

better in the beginning, but as the noise level increases, RNCL significantly outperforms NCL.

The results of RNCL are promising on these regression and classification problems. Based

on the results and analysis, RNCL inherits the advantages of NCL and can achieve a good

performance with a small ensemble. The regularization term does work in RNCL and improves
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TABLE I

SUMMARY OF REGRESSION DATA SETS

Data Sets Function Variable Training Points Test Points

Mexican Hat y = sinc|x| = sin |x|
|x| x ∼ U [−2π, 2π] 250 1000

Friedman 1 y = 10 sin(πx1x2) + 20(x3 − 0.5)2 + 10x4 + 5x5 xi ∼ U [0, 1] 250 1000

Gabor y = 1
2
π exp[−2(x2

1 + x2
2)] cos[2π(x1 + x2)] xi ∼ U [0, 1] 250 1000

Multi y = 0.79 + 1.27x1x2 + 1.56x1x4 + 3.42x2x5 + 2.06x3x4x5 xi ∼ U [0, 1] 250 1000

Plane y = 0.6x1 + 0.3x2 xi ∼ U [0, 1] 250 1000

Polynomial y = 1 + 2x + 3x2 + 4x3 + 5x4 x ∼ U [0, 1] 250 1000

Sinc y = sin x
x

x ∼ U [0, 2π] 250 1000

Boston House — - 400 106

its ability against noise, which is especially important in practice since most of the actual data

are contaminated by noise. After the analysis with synthetic data sets, the next section presents

the results for the real-world benchmark problems.

C. Experimental Results

In order to evaluate the performance of RNCL, we test RNCL, NCL and Bagging on 8

regression benchmark problems and 13 classification benchmark problems. The information on

the data sets used for regression is tabulated in Table I. The Mexican hat has been used by

Weston et al. [26] in investigating the performance of support vector machines. Friedman 1 has

been used by Breiman [10] in testing the performance of Bagging. Gabor, Multi, and Sinc have

been used by Hansen [27] in comparing several ensemble approaches. Plane has been used by

Ridgeway et al. [28] in exploring the performance of boosted naive Bayesian regressors. The

Boston house data set is obtained from UCI machine learning repository [29]. In the 100 runs, we

randomly select 400 data points for training set and the rest 106 points are used for testing. The

constraints on the variables are also shown in Table I, where U [x, y] means a uniform distribution

over the interval determined by x and y. Note that in our experiments additive Gaussian noise,

except for Boston House data set, is generated on the output of standard deviation one-third of

that of the target y(x).

The classification data set used in this paper has been summarized in Table II. These data sets
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TABLE II

SUMMARY OF CLASSIFICATION DATA SETS.

Data Sets Training Points Test Points Input Dimensions

Banana 400 4900 2

Cancer 200 77 9

Diabetics 468 300 8

Solar 666 400 9

German 700 300 20

Heart 170 100 13

Image 1300 1010 18

Ringnorm 400 7000 20

Splice 1000 2175 60

Thyroid 140 75 5

Titanic 150 2051 3

Twonorm 400 7000 20

Waveform 400 4600 21

TABLE III

COMPARISON OF NCL, BAGGING AND RNCL ON 8 REGRESSION DATA SETS, BY % ERROR (STANDARD DEVIATION) AND T

TEST P VALUE BETWEEN BAGGING VS. RNCL AND NCL VS. RNCL. THE P VALUE WITH A STAR MEANS THE TEST IS

SIGNIFICANT. THESE RESULTS ARE AVERAGES OF 100 RUNS.

Data Sets Bagging P value NCL P value RNCL

Mexican Hat 0.0064(0.0018) 0.07 0.0069(0.0013) 0.00∗ 0.0060(0.0017)

Friedman 1.75(0.34) 0.00∗ 1.05(0.24) 0.00∗ 0.82(0.21)

Gabor 0.020(0.004) 0.00∗ 0.015(0.002) 0.00∗ 0.009(0.004)

Multi 0.038(0.010) 0.05 0.105(0.030) 0.00∗ 0.035(0.009)

Plane 0.83e-4(0.48e-4) 0.00∗ 1.64e-4(0.52e-4) 0.11 1.42e-4(0.48e-4)

Polynomial 0.159(0.075) 0.00∗ 0.128(0.044) 0.00∗ 0.076(0.023)

Sinc 0.0067(0.0018) 0.07 0.0070(0.0015) 0.00∗ 0.0066(0.0016)

Boston House 13.41(4.71) 0.02∗ 12.56(3.62) 0.47 12.16(3.51)
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TABLE IV

COMPARISON OF NCL, BAGGING AND RNCL ON 13 BENCHMARK DATA SETS, BY % ERROR (STANDARD DEVIATION) AND

T TEST P VALUE BETWEEN BAGGING VS. RNCL AND NCL VS. RNCL. THE P VALUE WITH A STAR MEANS THE TEST IS

SIGNIFICANT. THESE RESULTS ARE AVERAGES OF 100 RUNS.

Error Banana Cancer Diabetics Solar German Heart

Bagging 11.41(0.78) 28.12(4.87) 24.23(1.78) 34.97(1.51) 24.97(2.10) 18.71(3.10)

Bagging vs. RNCL 0.00∗ 0.16 0.00∗ 0.00∗ 0.10 0.00∗

NCL 11.09(0.68) 28.42(4.61) 24.57(1.96) 35.42(1.79) 25.88(2.19) 18.28(3.68)

Bagging vs. RNCL 0.01∗ 0.21 0.03∗ 0.00∗ 0.00∗ 0.00∗

RNCL 10.42(0.65) 26.31(4.77) 23.16(1.62) 33.86(1.71) 24.01(2.23) 16.32(3.11)

Error Image Ringnorm Splice Thyroid Titanic Twonorm Waveform

Bagging 3.34(0.69) 1.84(0.31) 11.62(0.62) 4.48(2.36) 23.98(1.37) 3.03(0.30) 11.68(0.62)

Bagging vs. RNCL 0.00∗ 0.05 0.00∗ 0.31 0.15 0.00∗ 0.00∗

NCL 2.65(0.46) 1.64(0.24) 11.23(0.72) 4.45(2.37) 22.71(1.32) 2.61(0.26) 12.30(0.76)

Bagging vs. RNCL 0.06 0.01∗ 0.03∗ 0.34 0.89 0.13 0.00∗

RNCL 2.79(0.68) 1.79(0.19) 10.53(0.64) 4.03(2.11) 22.42(1.03) 2.79(0.21) 9.91(0.48)

have been preprocessed and organized by Rätsch et al..3 These data sets include one synthetic

set (banana) along with 12 other real-world data sets coming from the UCI [29] , DELVE 4 and

STATLOG repositories. The main difference between the original and Rätsch’s data is that Rätsch

converted every problem into binary classes and randomly partitioned every data set into 100

training and testing folds (Splice and Image have only 20 folds in the Rätsch’s implementation

and we generate additional 80 folds by random sampling to make the experiments consistent).

In addition, every instance is normalized dimension-wise to have zero mean and unit standard

deviation.

Table III reports the performance of these algorithms on the 8 benchmark regression data sets.

According to the tables, RNCL performs quite favorably in these data sets. For example, RNCL

outperforms the other two methods in 7 out of 8 data sets, in which 6 wins are significant against

NCL and 4 wins are significant against Bagging.

The performance of RNCL, NCL and Bagging on classification problems have been tabulated

3http://ida.first.fraunhofer.de/projects/bench/benchmarks.htm
4http://www.cs.toronto.edu/˜delve/data/datasets.html
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TABLE V

RUNNING TIME OF RNCL AND NCL ON REGRESSION DATA SETS IN SECONDS. RESULTS ARE AVERAGED OVER 100 RUNS.

Data Sets Mexican Hat Friedman Gabor Multi Plane Polynomial Sinc House

NCL 6.4 16.1 8.4 21.2 3.3 23.6 6.2 28.6

RNCL 19.6 143.2 30.8 113.2 7.9 62.3 20.3 269.5

TABLE VI

RUNNING TIME OF RNCL AND NCL ON CLASSIFICATION DATA SETS IN SECONDS. RESULTS ARE AVERAGED OVER 100

RUNS.

Error Banana Cancer Diabetics Solar German Heart

NCL 3.6 8.2 4.6 12.1 21.6 1.6

RNCL 12.1 29.4 17.6 36.0 168.5 16.7

Error Image Ringnorm Splice Thyroid Titanic Twonorm Waveform

NCL 21.3 4.8 43.6 3.1 0.8 4.0 4.2

RNCL 277.2 20.7 426.7 8.4 2.6 34.8 41.7

in Table IV. Based on the tables, RNCL performs well since RNCL outperforms all the other

methods in 11 out of 13 data sets, comes second in 2 cases. In the results, NCL outperforms

RNCL in the cases: Ringnorm and Twonorm, which are both synthetic data with few noise (see

the lower error rate). This observation also validates that NCL achieves better results when noise

is small and RNCL is more robust to noise than NCL.

D. Computational Complexity and Running Time

Based on the algorithm in Figure 1, RNCL consists of two main parts: neural network training

using negative correlation learning and Bayesian parameter optimization.

In the first part, for each component neural network, totally M neural networks in the ensemble,

one need to train the network with a amount of epoches. Since the scaled conjugate gradient

algorithm is employed in RNCL, the training can be evaluated quickly.

In the second part, the major running time is consumed in the calculation of hessian matrix

and eigen-decomposition of the hessian matrix. This paper employs the fast multiplication by

the hessian [30], [31] method to estimate the hessian matrix. Although the eigenvalues have to

be calculated only once, their calculation in the eigenvalue problem becomes computationally
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TABLE VII

COMPARISON OF RNCL AND NCL WITH EQUAL TIME ON FOUR REGRESSION PROBLEMS AND FOUR CLASSIFICATION

PROBLEMS. NCL IS RUN 10 TIMES IN 8 EXPERIMENTS WITH RANDOMLY SELECTED REGULARIZATION PARAMETERS

BETWEEN 0 AND 1. THE FIRST ROW REPORTS THE BEST PERFORMANCE OF NCL IN THE 10 RUNS. THE RESULTS ARE THE

AVERAGE RESULTS OF 20 RUNS.

Data Sets Mexican Hat Friedman Gabor House Banana Cancer Diabetics Solar

(Best) NCL 0.0064 0.93 0.013 12.33 10.86 27.11 23.32 34.16

RNCL 0.0060 0.82 0.009 12.16 10.42 26.31 23.16 33.86

expensive for large data sets. In this case, one can choose to calculate only the largest eigenvalues

using an expectation maximization approach [24].

RNCL is an iterative algorithm to update the regularization parameters, in most of time it will

converge in less than 8 iterations. Because most of the computation time is consumed in the first

part if the hessian matrix is not so large, the computation time of RNCL is almost 5-10 times

of NCL. In Table V and VI, we show the average running time of RNCL and NCL over 100

runs. The computational environment is windows XP with Intel Core 2 Duo 1.66G CPU and

2G RAM. These algorithms including RNCL and NCL are programmed in C++.

Based on these Tables, the running time of RNCL is almost 5-10 times of that of NCL. In

order to fairly compare RNCL with NCL, the following experiments are carried out: We run

NCL 10 times on 8 data sets with randomly selected regularization parameter in the range of

[0, 1] and let the total time of NCL equals to the running time or RNCL.

Table VII reports the best performance of NCL in 10 runs on 8 data sets based on the average

results of 20 runs. From the table, we observe that even given the same amount of time to NCL,

NCL cannot pick the best regularization parameter as Bayesian inference does in RNCL. The

Bayesian parameter optimization procedures do improve the performance of NCL.

V. CONCLUSION

This paper analyzes negative correlation learning and points out that NCL is prone to overfitting

the noise because NCL does not regularize its complexity. In the following, the paper analyzes

this problem and proposes the regularized negative correlation learning (RNCL) which incor-

porates an additional regularization term for NCL. RNCL decomposes the ensemble’s training
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objectives, including MSE and regularization, into a set of sub-objectives, and each sub-objective

is implemented by each component neural network. RNCL inherits the advantage of NCL. RNCL

formulation is applicable to any nonlinear regression estimator minimizing the MSE. In this paper,

we also provide the statistical Bayesian interpretation for the RNCL and propose an automatical

regularization parameters optimization procedures based on Bayesian inference.

Several experiments have been carried out to evaluate RNCL. The experiments on two synthetic

regression problems and four synthetic classification problems demonstrate the behaviors of

RNCL and NCL. The following experiments on two regression and two classification problems

with different noise levels demonstrate that RNCL achieves better performance than NCL,

especially when the noise is non-trivial in data sets. Secondly, we carry out extensive experiments

on 8 benchmark regression and 13 benchmark classification data sets to compare the performance

of RNCL, NCL and Bagging. RNCL has shown an excellent performance on these data sets.

This paper analyzes the computational complexity of RNCL and carries out experiments to

demonstrate that even NCL is given the same time as RNCL, NCL could not achieve the same

performance as RNCL. Based on the analysis, RNCL has the advantages of NCL and improves

the performance of NCL. The noise-robustness characteristic of RNCL is especially important

when the training data are contaminated with noise.
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APPENDIX

A. Further Details of Gaussian Posterior

Considering the normalization term, the posterior of weigh vector w is described as

P (w | D) =
exp(−J1(w))∫
exp(−J1(w))dw

. (18)

In order to obtain the result, the Taylor expansion of J1(w) is employed at point wMP .

J1(w) = J1(wMP ) +
1

2
(w −wMP )T A(w −wMP ), (19)
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where wMP is the most probable weight vector, A is the hessian matrix of J1(w).

A = ∇∇J1 = ∇∇
(

M∑
i=1

µi

2
wT

i wi +
β

2

N∑
n=1

e2
n

)
= diag(Λ) + β∇∇

(
1

2

N∑
n=1

e2
n

)
, (20)

where Λ = [µ
(1)
1 , · · ·µ(n1)

1 , µ
(1)
2 , · · ·µ(n2)

2 , · · · , µ
(1)
M , · · ·µ(nM )

M ]T and the superscript indicates the

repetition number of µi.

The integral can be computed as below:
∫

exp(−J1(w))dw =

∫
exp(−J1(wMP )− 1

2
(w −wMP )T A(w −wMP ))dw

= exp(−J1(wMP )) · (2π)W/2 det A− 1
2 . (21)

Based on these equations, the exact posterior of w is obtained as follows

P (w | D) =
exp(−J1(w))∫
exp(−J1(w))dw

=
exp(−1

2
(w −wMP )T A(w −wMP ))

(2π)W/2 det A− 1
2

. (22)

B. Details of Parameter Updates

Since the update rule for αi = µi/β is can be obtained from the derivation of J2.

J2 =
1

2

M∑
i=1

µiw
T
i,MPwi,MP +

1

2
β

N∑
n=1

e2
n,MP −

1

2

M∑
i=1

ni log µi − 1

2
N log β +

1

2
log det A. (23)

In order to apply the partial derivation to J2, we need to apply partial derivation to log det A.

Since det A =
W∏

j=1

(βλj+Λj), where λj is the eigenvalue of the Hessian matrix∇∇
(

1
2

∑N
n=1 e2

n

)

and W is the number of weighs in ensemble.

∂

∂µi

log det A =
∂

∂µi

log

(
W∏

j=1

(βλj + Λj)

)
=

∑
j∈ni

1

βλj + µi

,

∂

∂β
log det A =

∂

∂β
log

(
W∏

j=1

(βλj + Λj)

)
=

∑
j

λj

βλj + Λj

, (24)

where j ∈ ni indicates the range
[∑i−1

t=1 nt + 1, · · · ,
∑i

t=1 nt

]
.

The gradient of log P (D | µ, β) toward µi and β are:

∂J2

∂µi

=
1

2
wT

i,MPwi,MP − 1

2

ni

µi

+
1

2

∑
j∈ni

1

βλj + µi

, (25)

∂J2

∂β
=

1

2

N∑
n=1

e2
n,MP −

N

2β
+

1

2

∑
j

λj

βλj + Λj

, (26)
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Setting the gradient to zero and the optimal µi and β can be obtained:

µnew
i =

1

wT
i,MPwi,MP

(
ni −

∑
j∈ni

µi

βλj + µi

)
, (27)

βnew =
1∑N

n=1 e2
n,MP

(
N −

W∑
j=1

βλj

βλj + Λj

)
. (28)

Combining both equations (27) and (28) and the relation αi = µi/β, we obtain the following

equation:

β

[
M∑
i=1

αiw
T
i,MPwi,MP +

N∑
n=1

e2
n,MP

]
= N (29)

In the following, we reformulate the optimization problem, Equation (23), in µi and β into a

scalar optimization problem in αi = µi/β. Therefore, we first replace that optimization problem

by an optimization problem in β and αi by the relation µi = βαi. Since the equation (29) also

holds in the scalar optimization, we search for the optimum only along this curve in the (αi and

β) space.

By elimination of β from equation (29), the minimization problem from J2 is obtained in a

straightforward way:

J3 =
W∑

j=1

log(1 +
λj

α̂j

) + N log

(
M∑
i=1

αiw
T
i,MPwi,MP +

N∑
n=1

e2
n,MP

)
, (30)

where α̂j = Λj/β and Λ = [µ
(1)
1 , · · ·µ(n1)

1 , µ
(1)
2 , · · ·µ(n2)

2 , · · · , µ
(1)
M , · · ·µ(nM )

M ]T .

Setting ∂J3

∂αi
= 0, the update rule αnew

i = µi/β can be obtained as follows:

αnew
i =

∑N
n=1 e2

n,MP

wT
i,MPwi,MP

(
ni −

∑
j∈ni

αi

λj+αi

)
(
N −∑W

j=1
λj

λj+α̂j

) , (31)

where j ∈ ni indicates the range
[∑i−1

t=1 nt + 1, · · · ,
∑i

t=1 nt

]
.
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