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Abstract

We study a programming language with a built-in ground type for real num-
bers. In order for the language to be sufficiently expressive but still sequen-
tial, we consider a construction proposed by Boehm and Cartwright. The
non-deterministic nature of the construction suggests the use of powerdo-
mains in order to obtain a denotational semantics for the language. We
show that the construction cannot be modelled by the Plotkin or Smyth
powerdomains, but that the Hoare powerdomain gives a computationally ad-
equate semantics. As is well known, Hoare semantics can be used in order to
establish partial correctness only. Since computations on the reals are infi-
nite, one cannot decompose total correctness into the conjunction of partial
correctness and termination as it is traditionally done. We instead introduce
a suitable operational notion of strong convergence and show that total cor-
rectness can be proved by establishing partial correctness (using denotational
methods) and strong convergence (using operational methods). We illustrate
the technique with several examples.
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Chapter 1

Introduction

This is a contribution to the problem of sequential computation with real
numbers, where real numbers are taken in the sense of constructive math-
ematics [8]. It is fair to say that the computability issues are well under-
stood [86]. Here we focus on the issue of designing programming languages
with a built-in, abstract data type of real numbers. Recent research, dis-
cussed below, has shown that it is notoriously difficult to obtain sufficiently
expressive languages with sequential operational semantics and correspond-
ing denotational semantics which articulate the data-abstraction require-
ment. Based on ideas arising from constructive mathematics, Boehm and
Cartwright [10], however, proposed a compelling operational solution to the
problem. Yet, their proposal falls short of providing a full solution to the data
abstraction problem, as it is not immediately clear what the corresponding
denotational interpretation would be. A partially successful attempt at solv-
ing this problem has been developed by Edalat, Potts and Siinderhauf [21],
as discussed below.

In the light of the above, we present a programming language which fulfils
the following requirements simultaneously:

1. The language should be expressive for practical purposes, and ideally
as expressive as the theory permits.

2. The data type of real numbers should be abstract.
3. The language should have a sequential evaluation strategy.

Before elaborating this research programme, we pause to discuss previous
work.

Di Gianantonio [15], Escardé [22], and Potts et al. [72] have introduced
various extensions of the programming language PCF with a ground type for



real numbers. Each of these researchers interprets the real numbers type as a
variation of the interval domain introduced by Scott [74]. In the presence of
a certain parallel conditional [68], all computable first-order functions on the
reals are definable in the languages [15, 23]. By further adding Plotkin’s par-
allel existential quantifier [68], all computable functions of all orders become
definable in the languages [15, 23, 28]. In the absence of the parallel existen-
tial quantifier, the expressivity of the languages at second-order types and
beyond is not known. Partial results in this direction have been developed
by Normann [64].

It is natural to ask whether the presence of such parallel constructs is
an artifact of the languages or whether they are needed for intrinsic reasons.
Escardd, Hofmann and Streicher [27] have shown that, in the interval models,
the parallelism is in fact unavoidable: weak parallel-or is definable from ad-
dition and other manifestly sequential unary functions, which indicates that
addition, in these models, is an intrinsically parallel operation. Moreover,
Farjudian [29] has shown that if the parallel conditional is removed from the
language, only piecewise affine functions on the reals are definable.

Essentially, the problem is as follows. Because computable functions on
the reals are continuous (see e.g. [86]), and because the real line is a connected
space, any computable boolean-valued relation on the reals is constantly true
or constantly false unless it diverges for some inputs. Hence, definitions using
the sequential conditional produce either constant total functions or partial
functions. If one allows the boolean-valued relations to diverge at some
inputs, then non-trivial predicates are obtained, and this, together with the
parallel conditional, allow us to define the non-trivial total functions [22].

This phenomenon had been anticipated by Boehm and Cartwright [10],
who also proposed a solution to the problem. In this thesis, we develop
the proposed solution and study its operational and denotational semantics.
The idea is based on the following observations. In classical mathematics, the
trichotomy law “x <y, r =y or £ > y” holds for any pair of real numbers x
and y, but, as is well known, it fails in constructive (and in classical recursive)
mathematics. However, the following alternative cotransitivity law holds in
constructive settings: for any two numbers ¢ < b and any number z, at
least one of the relations a < z and x < b holds. Equivalently, one has that
(—o0, b)U(a, 00) = R. Boehm and Cartwright’s idea is to consider a language
construct rtest,;, for a < b rational, such that:

1. rtestqp(x) evaluates to true or to false for every real number z,
2. rtest,,(z) may evaluate to true iff z < b, and

3. rtesty,(z) may evaluate to false iff o < z.
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It is important here that evaluation never diverges for a convergent input. If
the real number x happens to be in the interval (a, b), then the specification of
rtest, »(x) allows it to evaluate to true or alternatively to false. The particular
choice will depend on the particular implementation of the real number z and
of the construct rtest, (cf. [56]), and is thus determined by the operational
semantics.

As applications of the construction, we give several examples of recursive
definition of sequential programs, which are single-valued at total inputs, as
required, but multi-valued at partial inputs. Thus, by allowing the output
to be multi-valued at partial inputs, we are able to overcome the negative
results of Escardd, Hofmann and Streicher mentioned above.

We take the view that the denotational value of rtest,,(x) lives in a
suitable powerdomain of the booleans. Thus (1) if @ < = < b then the
denotational value would be the set {true, false}; (2) if @ £ = and = < b then
it would be the set {true}; and (3) if a < z and = «£ b then it would be the
set {false}. Technically, one has to be careful regarding which subsets of the
powerset are allowed, but this is tackled later in the body of the thesis. One
of our main results is that the Hoare powerdomain gives a computationally
adequate denotational semantics. Unfortunately, the Plotkin and Smyth
powerdomains do not even make the rtest construction continuous. These
and other examples of powerdomains are discussed in the body of the thesis.

As is well known, Hoare semantics can be used in order to establish partial
correctness only [81]. Because computations on the reals are infinite, one
cannot decompose total correctness into the conjunction of partial correctness
and termination, as is usually done for discrete data types. Instead, we
introduce a suitable operational notion of strong convergence and show that
total correctness can be proved by establishing partial correctness (using
denotational methods) and strong convergence (using operational methods).
The technique is illustrated by giving proofs of total correctness of some
sequential programs. Further applications are discussed in the concluding
section. The main results of this work have been published in [57].

1.1 Brief summary of contributions

We can summarize the results presented in this thesis as follows:

e Main contribution of the thesis. The development of an expressive
programming language with an abstract data type of real numbers and
a sequential operational semantics.



e Technical contribution of the thesis. The presentation of a denotational
semantics for the multi-valued construction proposed by Boehm and
Cartwright [10]. Some positive and negative results are derived, as
follows:

Positive Results

— The proof that the Hoare powerdomain can be used to model the
multi-valued construction.

— Computational adequacy between the operational and denota-
tional semantics.

— The proof of the total correctness of the programs by decompos-
ing it in partial correctness, which is obtained by denotational
arguments, and strong convergence, which is achieved using oper-
ational arguments. This decomposition is needed due to the fact
that the Hoare powerdomain only allows the partial correctness
of programs to be proved.

— Several applications of the technique.
Negative Results

— We prove that the Smyth and Plotkin powerdomain cannot be
used to model the construction. Moreover, other well known pow-
erdomains such as the Sandwich and Mixed powerdomains cannot
be used.

1.2 Related work.

Edalat, Potts and Siinderhauf [21] have previously considered the denota-
tional counterpart of Boehm and Cartwright’s operational solution. How-
ever, they restrict attention to what can be referred to as single-valued, total
computations. In particular, their computational adequacy result for their
denotational semantics is restricted to this special case. Although it is indeed
natural to regard this case as the relevant one, we have already met com-
pelling examples, such as the fundamental operation of addition, in which
sequentiality cannot be achieved unless one allows, for example, multi-valued
outputs at partial inputs.

For their denotational semantics, they consider the Smyth powerdomain
of a topological space of real numbers (which they refer to as the upper
powerspace). Thus, they consider possibly non-deterministic computations
of total real numbers, restricting their attention to those which happen to
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be deterministic. In the present study, we instead consider non-deterministic
computations of total and partial real numbers. In other words, instead of
considering a powerdomain of a space of real numbers, we consider a power-
domain of a domain of partial real numbers. Our computational adequacy
result holds for general computations, total or partial, and whether determin-
istic or not. For our domain of partial real numbers, we consider the interval
domain proposed by Scott [74], but the present findings are expected to apply
to many possible notions of domain of partial real numbers.

Di Gianantonio [18] also discusses the problem of sequential real-number
computation in the presence of data abstraction, with some interesting neg-
ative results and translations of parallel languages into sequential ones.

In order to introduce effectivity for functions into the theory of contin-
uous computability, Brattka [11] introduces a class of real-valued recursive
relations. What makes his approach relational, as in our case, rather than
functional is a multi-valued operator defined among the basic recursive defi-
nitions. The main difference between his and our approach is that he intro-
duces a notion of continuity of relations and constructs recursive continuous
relations, while we work with continuous functions in a powerdomain set-
ting and construct recursive continuous functions. An implementation of
Brattka’s approach has been presented by Miiller [62] in the programming
language C++4. Unlike our approach, Miiller’s does not consider a domain
theoretical model for his language.

1.3 Organization

This thesis is divided into four parts.

In Part I, the background needed to understand the main body of the
thesis is presented. This part is divided into four chapters.

In Chapter 2, we present the domain theory’s material needed in the
thesis. Domain theory is used to give a denotational semantics of the pro-
gramming language presented in Chapter 9.

In Chapter 3, we introduce a domain which can be used to study real
numbers. In this model, a real number is considered as the limit of a com-
putable sequence of intervals of the real line. In this sense, intervals are seen
as partial realizations of real numbers.

In Chapter 4, we present a summary of the different approaches to real
number computation. This chapter is included especially for readers without
knowledge of the different alternatives to real number computation. The last
section of this chapter describes exact real-number computation, which is the
approach considered in this thesis.



In Chapter 5, we introduce the programming languages PCF and Real
PCF. PCF is the base for the programming language presented in Chapter 9,
where PCF is extended with a data-type for real numbers. Real PCF is an
extension of PCF with real numbers. We introduce Real PCF in this work
to discuss the similarities and differences with the language presented in
Chapter 9.

In Part II, we present a model for sequential computation on the real
numbers. This part is divided into three chapters.

In Chapter 6, we present a detailed description of the problem to be
solved, and discuss our approach to its solution. The last section of the
chapter introduces the main construction studied in the thesis, called rtest, .

In Chapter 7, we present the mathematical interpretation of the con-
struction rtest,;. We describe the powerdomain constructions available in
the literature which fail and finally use one which can be considered as the
mathematical interpretation of the construct. In the last section we consider
possible alternatives to be used in the powerdomain setting.

In Chapter 8, we introduce recursive definitions using the rtest,; con-
structor. In this chapter we present three additional constructors in order to
define recursive operations. We present definitions for addition, multiplica-
tion and division, among others.

In Part III, we present a programming language for sequential computa-
tion over the real numbers. Three chapter are included in this part.

In Chapter 9, the programming language for non-deterministic test is
presented. The language’s constructs are those of PCF, plus two constructs
of Real PCF, plus the rtest, ; construct introduced in Chapter 6. We present
a denotational semantics based on a powerdomain construction and prove
computational adequacy of the operational semantics with respect to the
denotational semantics.

In Chapter 10, we introduce a notion of strong convergence of programs.
We present the equivalent programs of the definitions described in Chapter 8
and prove that they converge to the desire solution.

Finally, in Part IV, we present the conclusions of the thesis. We sum-
marize the results obtained in Chapter 11 and discuss further problems and
work still to be done in Chapter 12.



Part 1

Background



Chapter 2

Domain Theory

In this chapter, we present the results from domain theory needed to un-
derstand the thesis. The main references of this chapter are Abramsky and
Jung [2], and Plotkin [66]. We use domain theory as a mathematical tool
to give denotational semantics of the programming language presented in
Chapter 9. We begin with some of the most basic definitions.

2.1 Basic definitions

Definition 2.1.1 (preorder). A set P together with a binary relation T
on P is called a preorder denoted by (P,Cp) if the following holds for all
r,y,z € P:

1. z C x (reflexivity)
2.2Cy N yCz= zC z (transitivity)

Definition 2.1.2 (poset). A partially ordered set (P,Cp) (poset) is a
preorder which satisfies an extra condition for all z,y € P:

3. Cy AN yCx=x=y (antisymmetry)

Examples of posets are given in Figure 2.1. When no confusion arises, we
simply write P for the preorder or poset (P,Cp). Sometimes, the principal
interest resides in the set of elements above or below an element or a subset
of a set.

Definition 2.1.3 (upper set). Let P be a poset, a subset A of P is an
upper set if x € A implies y € A for all y 3 .



True False 0 1 9 3

1L 1L

The flat booleans The flat natural numbers

Figure 2.1: Posets

The set of all elements above some element of a set A is denoted by TA.
1{z} is written as fz. The dual notions are lower set, | A and |{z} = |=.

Similar to upper or lower set, the interest may reside on the set of elements
in between two points; such sets are called convex.

Definition 2.1.4 (convex set). Let P be a poset, a subset A of P is con-
vex iff, whenever a,c € A and a C b C ¢ holds, then b € A.

Definition 2.1.5 (upper bound). Let P be a poset, an element x € P is
called an upper bound for a subset A of P, if x is above every element of

A.

A lower bound is defined dually. If for a subset A of P the set of upper
bounds has a least element z, this z is called the least upper bound (lub)
or supremum; the greatest lower bound (glb) or infimum is defined dually
for the set of lower bounds.

Definition 2.1.6 (directed set). A subset D of a poset P is called di-
rected provided

1. D is non-emply,

2. x,ye€D=dz€ D suchthatxt Tz N yLC z.

We write | |TA to denote the lub of a directed set A.
Definition 2.1.7 (lattice). A lattice is a poset P in which

e there is a least element (commonly denoted by 1 ) and a greatest element
(commonly denoted by T );

e cach pair x,y € P has a lub x Vy and a glb x N y.

9



This is equivalent to say that, each finite subset of P has both a lub and
a glb.

Definition 2.1.8 (complete lattice). A complete lattice is a lattice in
which every subset has both a lub and a glb.

Each half of the condition is sufficient for Definition 2.1.8: if in a poset P
every subset has a lub, then it is also true that every subset has a glb, and
vice versa.

A weaker notion of “completeness”, Definition 2.1.9, is also of great in-
terest:

Definition 2.1.9 (dcpo). A directed-complete poset(dcpo) is a poset P
wn which every directed subset D C P has a lub.

Definition 2.1.10 (cpo). A complete poset(cpo) is a depo P having a
least element (sometimes it is called a depo with a bottom element). The
bottom element is typically represented by Lp.

When the cpo P is understood from the context, the subscript on L p will
usually be dropped. The examples of Figure 2.1 are easily seen to be cpos.

2.2 Maps between dcpos

In this thesis, the kind of maps of interest between dcpos and cpos are those
which are continuous. In what follows, the results are mainly stated in terms
of dcpo, but they can be applied to cpos as well.

Definition 2.2.1 (continuous map). Let (P,Cp) and (Q,Cq) be dcpos.
A map f:(P,Cp) = (Q,Cq) is (order-)continuous if
e Vz,yc P:2xCpy= f(z)Cq f(y) (fis monotone),

e for all directed sets D C (P,Cp), L|"(f[D]) = f(LI'D).

Continuous maps are sometimes called, in the literature, morphisms or
continuous functions.

Definition 2.2.2 (strict maps). A map f : (P,Cp) = (Q,Cq) between
cpos is said to be strict if f(Lp) = Lg.

For two dcpos P and @, let [P — @] be the set of all continuous maps
from P to Q. [P — Q)] is ordered pointwise, i.e. f C g iff f(z) C g(x) holds
forall z € X.

An important fact about the set of all continuous maps between dcpos
can be stated as:

10



Proposition 2.2.3. If P and Q are dcpos, then [P — Q)] is a dcpo under
the pointwise order.

Proof. We show that the least upper bound | | fep f of a directed set D C

[P — Q] is the map g : ¢ — |_|IcE pf- This make sense as a map because the
directedness of D means {f(z) | f € D} is directed for each z. It is easy to
verify that it is monotone. To see that it is continuous, suppose R C P is
directed. Then

ol o =] r o =] ] r@=_]L]f@=]re.

zER feD zeR zER fED feDzeR z€ER

Now, clearly f(z) C g(z) for each f € D. If h O f for each f € D, then
h(z) 3 |sep f(z) for each z € Pso h J g. O

2.3 Least fixed points

There is a key theorem on which much of the discussion of the semantics of
programming languages is based. The fixed point theorem asserts that every
continuous self-map on cpos has a least fixed point.

Theorem 2.3.1 (Least fixed point). If P is a cpo and f : P — P is
continuous, then it has a least fized point fix(f) € P. That is,

o fix(f) = f(fix(f)), and
o fix(f) C z for any x € P such that x = f(z).

A more general result from which Theorem 2.3.1 follows as a corollary is
given below. We require a definition:

Definition 2.3.2. Let P be a poset. An w-chain (z,)nen in P is a set of
elements x,, € P such that x, T x,, whenever n < m. A poset P is w-
complete (and hence an w-cpo) if every w-chain has a least upper bound.
Given w-cpo’s P and @), a monotone map f : P — @ is said to be w-

continuous if f(|l,c, ) = | e, f(zn) for any w-chain (2, )ne.-

Theorem 2.3.3 (Fixed points in w-cpo’s). Suppose P is an w-cpo and
f: P — P is w-continuous. If x T f(z) for some © € P, then there is a
least element y € P such that

1. y= f(y), and

2. yC z for any z € P such that z = f(z) and z C z.

11



Proof. By an induction on n using the monotonicity of f, it is easy to see that
[™(x) T f*(z) for every n so (f"(z))new is an w-chain. Sety = | |, f™(z).
To see property (1), calculate

fw =5 @) =] r" @ =] rew=y

new new new

To verify (2), suppose z is a fixed point of f and x T z. Then, for each
new, f'(z) C f*(z) =250 y =], ["(z) C 2 O

To see that Theorem 2.3.1 is a corollary of Theorem 2.3.3, note that an
w-chain is a directed set, so a cpo is an w-cpo and a continuous function is
also w-continuous. Since L C f(L), Theorem 2.3.1 follows immediately.

2.4 Algebraic and continuous dcpos

An important class of dcpos is the so-called algebraic dcpos (called in the
literature algebraic domains).

Definition 2.4.1 (compact points). An element a in a dcpo P is com-
pact (or isolated, or finite) iff for all directed sets D C P, the relation
aC |_|TD implies a € LD, i.e. there is an element d € D such that a C d.

Definition 2.4.2 (algebraic dcpo). A dcpo P is algebraic iff for all x €
P, there is a directed set of compact points with lub x.

The class of all algebraic dcpos is denoted by ALG. The set of compact
points of an algebraic dcpo is called its base. Algebraic dcpos are charac-
terised by a base from which all dcpo points can be generated by directed
lubs.

To motivate this presentation, some examples of algebraic dcpos are given.

1. Every finite poset P is an algebraic dcpo whose base is P itself.

2. If X is any set, then the powerset of X (the set of all subsets of X)
forms an algebraic dcpo when ordered by inclusion ‘C’. The compact
points are just the finite sets.

The class of algebraic dcpos is generalised to the class of continuous dc-
pos by generalising the concept of compact points to the way-below relation.
Computationally speaking, a point x is way-below a point y iff every compu-
tation converging to a point above y must eventually produce partial results
above z. Formally it is defined as:
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Definition 2.4.3 (way-below relation). The way-below relation of a
depo P is the binary relation < on P defined as: x < y in P iff for every
directed set D C P,

T
yC |_| D implies x C a for some a € D.

The way-below relation gives enough information to define a continuous
dcpo.

Definition 2.4.4 (continuous dcpo). A decpo P is continuous if it sa-
tisfies the following, for all x € P:

v=| v

y<Lz

That is, the set of elements way-below x is directed and has x as its
least upper bound. The category of continuous dcpos and continuous maps
is denoted by CONT.

There is a very important feature of the way-below relation, the inter-
polation property.

Theorem 2.4.5 (interpolation property). Let X be a continuous dcpo.
For every two points x and z in X with x <K z, there is a point y € X such
that z < y K z.

For a point z € X, we write [z to denote the set of elements way-below
z,ie. theset {y |y <z} and Tz = {y | * < y} dually.

An example of a dcpo that is continuous but not algebraic is the following:
Let X = [0, 1] be the unit interval of the real line ordered by the usual order
such that 0 is the least element and 1 is the greatest element. X forms a
complete lattice since every subset has a supremum. In X, z < y holds iff
x <yorzxz=y=0. X is continuous since z = | {y | ¥y < z} holds for
all z > 0. It is however not algebraic because it contains only one compact
point, namely 0, and this single point is not capable to generate all points
by directed lubs.

Lemma 2.4.6. For any continuous function f : D — FE of continuous dcpos,
if y < f(z) then 32’ < x such that y < f(z').

Proof. Let f continuous and y < f(z), by the interpolation property, Iy’ €
E such that y < ¢’ < f(z). As F is continuous, f(z) = | {f(z') | ' < =}
and this set is directed, so there is some f(z') such that y' C f(z'). Then
y < y' implies y < f(x). O
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Definition 2.4.7 (domain). A domain is a continuous cpo.

Definition 2.4.8 (basis). A basis of a continuous cpo P is a subset B such
that Yz € P,

T
T = |_| ynNB.
That is, x is the directed join of the members of B which are way-below .

Lemma 2.4.9. If D is a domain, C a finitely generated closed subset of D
and f : D — D Scott continuous, then

Hi@) |z eC=d{f(z)|zeC}

Proof. That [{f(z) | x € C} C c{f(x) | z € C} is given by definition of
cl. For DO, we must show that [{f(z) | z € C} is directed closed. Let T C
Hf(x) | z € C} be a directed set. For every t € T, we have that t C f(xy),
where z; € C. Then by continuity of f, | [t T || f(z:) = f(|z¢). As Cis a
finitely generated closed set then | |z, € C, hence | |t € {{f(z) |z € C}. O

Some other useful definitions are the following:
e A continuous cpo is countably based if it has a countable basis.

e A continuous lattice is a continuous dcpo which is also a complete
lattice.

A subset of a poset is bounded if it has an upper bound.

A poset is a bounded complete poset if every bounded subset has
a lub.

A bounded complete continuous cpo is a continuous cpo which is
also bounded complete.

A bounded complete, countably based continuous cpo is referred as a
continuous Scott Domain.

The class of dcpos together with continuous maps between them form
a cartesian closed category denoted by DCPO.
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2.5 Powerdomains

In this section we describe a collection of operators in domains which are
useful for the denotational semantics of non-deterministic constructors [41,
42, 40, 76, 67, 1, 4, 43]. Actually, we introduce five such operators. We will
define an analog to the powerset operation on sets. In the domain theory
literature they are known as powerdomains. The source of this section is [2].

Powerdomains can be charaterised algebraically, so we begin with some
basic concepts from universal algebra.

Definition 2.5.1. A signature ¥ = (), ) consists of a set 2 of operation
symbols and a map o : Q — N, assigning to each operation symbol a (finite)
arity.

Definition 2.5.2. A Y-algebra A = (A, I) is given by a carrier set A and an
interpretation I of the operation symbols, in the sense that for f € Q, I(f)
is a map from A to A. We also write fa for the interpreted operation
symbol.

Definition 2.5.3. A homomorphism between two Y-algebras A and B is a
map h : A — B which commutes with the operations:

Ve, h(falar,... aap)) = fr(h(ar),. .. hlaq))-

We denote the term algebra over X with respect to a signature X by
Ts.(X). It has the universal property that each map from X to A, where
= (A,I) is a Y-algebra, can be extended uniquely to a homomorphism
: Ts(X) — A. Let V be a fixed countable set whose elements we refer to
as ‘variables’. Pairs of elements of T (V) are used to encode equations. An
equation 71 = 7 is said to hold in an algebra A = (A, I) if for each map
h:V — A we have h(11) = h(m2). The pair (h(r), k(7)) is also called an

instance of the equation 7, = 7.

[

>

Definition 2.5.4. A dcpo-algebra is characterized by the property that the
carrier set is equipped with an order relation such that it becomes a dcpo, and
such that each operation is Scott-continuous.

Because of the order we also can incorporate inequalities. So we let the
pair (1, 72) € € C Tx(V) x Tx(V) stand for the inequality 71 C 75.

Notation 2.5.5. By DCPO(X, ¢) we mean the category of Scott-continuous
homomorphisms and dcpo-algebras over the signature ¥ which satisfy the
inequalities of €.
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Definition 2.5.6. A (continuous) domain-algebra is a dcpo-algebra whose
carrier set forms a continuous domain.

Notation 2.5.7. By CONT(X, ) we mean the category of Scott continuous
homomorphisms and domain-algebras over the signature ¥ which satisfies the
inequalities of €.

Theorem 2.5.8. Suppose a signature ¥ and a set € of inequalities has been
fized, then given a continuous domain D there exists a dcpo-algebra F(D),
whose carrier set F\(D) is a continuous domain which satisfies the inequalities
in e, and a Scott-continuous functionn : D — F(D) such that given any such
domain-algebra A and Scott-continuous map g : D — A there is a unique
Scott continuous homomorphism ext(g) : F(D) — A for which ext(g)on =g
(as illustrated in the following diagram)

N

F(D) F(D)

Jlext(g)

A
Proof. See [2]. O

Corollary 2.5.9. For any signature ¥ and set € of inequalities the forgetful
functor U : CONT(3,e) — CONT has a left adjoint F.

Proof. See [2]. O

The action of the left adjoint functor on morphisms is obtained by assigning
to a continuous function g : D — E the homomorphism which extends ngog.

Np

D F(D)
g F(g)
E— ", pE)

Notation 2.5.10. In our applications we write

g instead of ext(g),
g instead of F(g).
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There is a detailed account of powerdomains in the literature [67, 78, 79,
2, 35, 36, 73]. In this thesis, the use of powerdomains, with the exception
of the Hoare powerdomain, is limited to finite cpos, in particular the flat
domain of booleans. For this reason and avoiding further explanations, we
write:

e P5D for the Smyth powerdomain of a domain D, also called the upper
powerdomain.

e PPD for the Plotkin powerdomain of an w-continuous dcpo D, also
called the convex powerdomain, and

e PHD for the Hoare powerdomain of a domain D, also called the lower
powerdomain.

There are at least two other powerdomain constructions considered in the
literature written as:

e D for the Sandwich powerdomain of an algebraic dcpo D, and

e oD for the Mixed powerdomain of an algebraic dcpo D.

Powerdomains are usually constructed as ideal completions of finite sub-
sets of basis elements [34]. For our purposes, it is more convenient to work
with both their algebraic representations [2] and their topological represen-
tations [66, 2, 35]. We need some auxiliary definitions from topology in order
to fulfil our purposes.

2.5.1 Topology

Definition 2.5.11 (Topological space). A topological space X is a non-
empty set X together with a set I' of subsets of X such that

e ) and X are in T,
o Arbitrary unions of members of I' are again in T,
o Finite intersections of members of I' are again in T.

As with posets, we often identify both the topological space X and its
topology I' simply by X.

The sets in [' are called open sets, their complements are called closed
sets.

Given a topological space X, we denote by A the set of closed sets in X.
A is needed to define topological closure.
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Definition 2.5.12. The topological closure of a subset A of a topological
space X is defined as (J{B € A | B D A}.

Definition 2.5.13. The interior of a subset H of a topological space X,
denoted by H®, is the union of all subsets of H which are open in X.

The definition of a continuous map between topological spaces can be
stated as follows:

Definition 2.5.14. Given topological spaces X,Y, a map f : X — Y 1is
continuous if the inverse image of every open set in'Y is open in X.

There is a method in which cpos can be seen as topological spaces.

Definition 2.5.15 (Scott open set). Let P be a cpo. A subset A of P is
called Scott open if

e it is an upper set, and

e for each directed set D C P, |_|TD € A implies the existence of an
element a € DN A.

The Scott open subsets of P form a topology which is called the Scott
topology on P.

It is a well known fact in domain theory that order continuity coincides
with Scott continuity. Hence, in order to prove continuity of maps between
Scott domains, we can use either the order theoretical definition or the topo-
logical definition.

We define the Scott closed sets in a dcpo P as the complements of the
Scott open sets. For clarity, we give the definition explicitly.

Definition 2.5.16 (Scott closed set). A subset A of a dcpo P is called
Scott closed if it is closed in the Scott topology, that s, if it is a lower set
and is closed under the formation of suprema of directed subsets.

Notation 2.5.17. We use cl(A) to denote the topological closure of A,
i.e. the smallest Scott closed set containing A.

The closure of a singleton set cl{z} will often be abbreviated by cl(x).

Definition 2.5.18. A cover of a set A is a collection U of sets such that
A C Uy U- A subcover of a given cover U for A is a subcollection V C U
which still forms a cover of A.

Definition 2.5.19 (Scott compact set). A set is called Scott compact
if every cover consisting of Scott open sets has a finite subcover.
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Given a domain D, let 2D denote its Scott topology, 2D is said to be
coherent if any finite intersection of compact open sets is again a compact
(open) set.

Definition 2.5.20 (lense). A lens is a non-empty set that arises as the
intersection of a Scott closed set and a Scott compact upper set.

On the order-convex sets of a dcpo D (conv(D)) we have the following
definition,

Definition 2.5.21 (Egli-Milner ordering). On conv(D), the Egli-Milner
ordering, Ty is defined by

K Cem L if LC 1K and K C cl(L).

2.5.2 Plotkin powerdomain

Definition 2.5.22. The Plotkin powertheory is defined by a signature
with one binary operation Y and the equations

e AU B = BUYA (commutativity),
e AU(BUC)=(AY B)UJC (associativity),
e AU A=A (idempotence).

The operation U is called formal union.
A dcpo-algebra with respect to this theory is called a dcpo-semilattice.

Definition 2.5.23 (algebraic definition). The free dcpo-semilattice over
a depo D is called the Plotkin powerdomain P¥ (D).

Theorem 2.5.24. The Plotkin powerdomain PY' D of a finite domain D con-
sists of the set conv(D) under the Egli-Milner order where:

e The formal-union operation A O B is given by actual union AU B
followed by topological convex closure.

e The natural topological embedding n: D — PY'D is given by x — {z}.

e the extension operator is given by:
g: P°D — A
X = Uiex f(@)
o The left adjoint functor with action on continuous maps is given by:

g: P'D — PYE
X = conv(f[z])
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2.5.3 Smyth powerdomain
Definition 2.5.25. If the Plotkin powertheory is augmented by the inequality

AJAYB
then we obtain the Smyth powertheory.
Algebras for this theory are called deflationary semilattices.

Definition 2.5.26 (algebraic definition). The free deflationary semilat-
tice over a dcpo D is called the Smyth powerdomain P* (D).

Theorem 2.5.27. The Smyth powerdomain P°D of a finite dcpo D consists
of the set of non-empty upper subsets ordered by reverse inclusion, where:

e The formal-union operation A Y B is given by actual union AU B.
e The natural topological embedding n: D — P5D is given by x — 1x.
e the extension operator is given by:
g: P°D — A
X = Yiex (fl2])

e The left adjoint functor with action on continuous maps is given by:

9: P°D — P°E

X o 1X]
2.5.4 Hoare powerdomain

Definition 2.5.28. If the Plotkin powertheory is augmented by the inequality
ACAUB

then we obtain the Hoare powertheory.

Algebras for this theory are called inflationary semilattices. We drop the
finiteness restriction for the Hoare powerdomain.

Definition 2.5.29 (algebraic definition). The free inflationary semilat-
tice over a depo D is called the Hoare powerdomain P" (D).

Theorem 2.5.30 (topological characterisation). The Hoare powerdo-
main PHD consists of all non-empty Scott closed subsets of D ordered by
inclusion.
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1. Least upper bounds are given by
iel il
2. Formal unions are given by actual unions:

AYB=AUB.

3. The natural topological embedding n : D — P2 D is given by

Tl

4. the extension operator is given by:

g: PHD — A
X o d{9glf] | F Cpm X))

5. The left adjoint functor with action on continuous maps is given by:
g: PYD — PHE
X = d(f[X)])
2.5.5 Sandwich powerdomain

Starting from problems in database theory, Buneman et al. [13] proposed to
combine the Hoare and Smyth powerdomain to a so-called Sandwich power-
domain. Heckmann [36] also investigated this construction considering the
empty set as a member of the powerdomain. His construction is called the Big
powerdomain. Heckmann showed that there is an isomorphism between the
Sandwich powerdomain with the empty set added and the Big powerdomain.

Definition 2.5.31. The Sandwich powerdomain XD over an algebraic
cpo D with coherent topology has carrier:

{(AH, AS) |(1) A" is a non-empty Scott closed set of D
(2) A is a non-empty Scott compact upper set of D
(3) AT C cl(A%)}.

The elements are ordered by
(A" A% C (B, B) iff A" C B¥ and A® D B,

i.e. the order is inherited from PED x P3D.
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The derived operations are given by:

e PUQ=(PTUQ” PSuQ® =(PTuQ” PuQ@’),

o () = (nu(x),ns(z)) = (Lz), 1(x)),

o eatf(A) = (extm f* A", exts f5A%) = (U,ean (f()?, Usens (f(@)®).

The equation for the derived operation map may be computed from the
definition of ext

o map = ext(n(f)).

2.5.6 Mixed powerdomain

The logic of the classical powerdomains was investigated by Gunter. By
extending the logic of Plotkin’s domain in a natural way, he developed a
so-called mixed powerdomain and the theory of it [33, 32]. The original
treatment of the mixed powerdomain was considered without the empty set
in the construction. Heckmann [36] added the empty set to this construction
and call it the small powerdomain. It is worth mentioning that Gunter
considered as well the mixed powerdomain with the empty set added and he
arrived exactly to the same results as Heckmann did.

Definition 2.5.32. The Mixed powerdomain oD over an algebraic cpo D
with coherent topology has carrier:

{(AH, AS) |(1) A" is a non-empty Scott-closed set of D
(2) AS is a non-empty Scott-compact upper set of D
(3) there is a subset AM of AS with A¥ = cl(AM)}.

Its order is inherited from X D. The sandwiches in oD are called tight.

The derived operations are tight.
o If A and B are tight, then A U B is tight.

e The result of the operation 7 is tight.

e If f generates tight sandwiches for all arguments, and A is tight, then
ext(f(A)) is tight.

Again the equation for the derived operation map may be computed from
the definition of ext

o map = ext(n(f)).
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Chapter 3

Partial Real Numbers

3.1 The Unit Interval Domain

In this section, we present the results given by Scott [74] for the interval
domain. We use as our mathematical interpretation of the programming
language presented in Chapter 9, a suitable powerdomain of the interval
domain.

Definition 3.1.1. The interval domain is the set R of all non-empty
compact subintervals of the Fuclidean real line ordered by reverse inclusion

rCyiffz2y.

It is easy to prove that from the domain theoretical point of view the
interval domain is in fact a domain. Moreover if a bottom element is added to
the interval domain which is denoted by the non-compact interval (—oo, 00)
then it becomes a bounded complete domain denoted by R,. A classical
picture in the literature to represent R, is given in Figure 3.1. Given z € R,

2 -1 1 2
y
X
1= (o0, 00)

Figure 3.1: Interval Domain.
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it is written as z = [z,7] C R. Informally,  represent the infimum (inf) of
the interval x and Z the supremum (sup) of z.

z=infx T =supuz.

The least upper bounds in the interval domain are denoted by non-empty
intersections of intervals.

Proposition 3.1.2. A subset A C R has a least upper bound iff it has non-
empty intersection; the lub is given by

|_|A: [supg,airelga} = ﬂA.

acA

Greatest lower bounds are guaranteed to exist if lower bounds exist.

Proposition 3.1.3. Any subset A C R with a lower bound has a greater
lower bound, given by:

|_|A = [inf a, supa} D A
acA

acA

The way-below relation on the domain R is defined as
Definition 3.1.4. Letz,y € R, v <y iff x <y andy < T.

From a topological point of view, we say that z < y if and only if the
interior of x contains y.

A basis for R is formed by the intervals with distinct rational (or dyadic)
end-points.

In the presentation of the programming language in Chapter 9, it is con-
venient to work with a compact subset of the Euclidean real line. Although
the results are presented for a compact subset, it is shown in [24] how they
can easily be extended for the whole real line.

In this section, we consider what is known as the unit interval domain

denoted by Z = I|0, 1].

Definition 3.1.5. The unit interval domain 7 is the set of all non-empty
closed intervals contained in the interval [0,1] ordered by reverse inclusion.

The unit interval domain is a bounded complete, countably based domain.

The bottom element of Z is the interval [0, 1]. Its way-below order is given
by:

r<Lyiffz=0o0rz<y, andy<Tory=1
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Remark. In Chapter 8 we use domains of the form Z[—r,r]; for r € Q.
These domains are the sets of all non-empty closed intevals contained in the
interval [—r, 7| ordered by reverse inclusion. These domains have the same
properties that the unit interval domain.

There is another useful definition when we add [—o0, 0] to the interval
domain.

Definition 3.1.6. The extended real line is the two-point compactifica-
tion! of the real line, denoted as R* = [—o00, 00].

The set R* = IR* of all non-empty compact intervals of the extended
real line is a bounded complete, countably based domain, referred to as the
extended interval domain. Its way-below relation is given by:

r<Lyiffx=-ccorz <y, andy <7 ory = oc.

3.2 Maps between elements of the interval
domain

There is a homeomorphism between the real line and the set of maximal
elements of the interval domain. The singleton map s : R — R given by
r — {r} is onto the set of maximal elements of R (denoted by Max R). In
the other direction, the set z, for € R, forms a basis of the Scott topology
of R, and since frNMax R = {{r} |z <7 < 2} = {s(r) | r € (z,7)},
the set {s(r) | r € (a,b)} for open interval (a,b) forms a base of the relative
topology on Max R.

Max Z and Max R* are also homeomorphic to the unit interval and the
extended real line, respectively.

Definition 3.2.1. An element x € R is called a partial real number iff
T # T, 1.e. T 1S a non-singleton interval.

In this sense, the interval domain is referred to as the partial real line.
Similarly, the unit interval domain is referred to as the partial unit interval
and the extended interval domain as the extended partial real line.

Proposition 3.2.2. For every continuous map f : R* — R, there is a
canonical extension If : R™ — R defined by:

If(zy...,20) ={f(r1,...,mp) |71 €E 21,000 10 € T}

lsee [80, Page 92]
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Proof. We can see using topological arguments that If is well defined. For
the case when n = 1, it is as follows: Since f is continuous, the image of a
connected set x under f is connected. The same applies for compact sets.
Hence it maps compact intervals to compact intervals. The same argument,
works for n arbitrary. O

Proposition 3.2.3. If is Scott continuous.
Proof. See [24] O

It is easy to see that the canonical extension is not only the greatest
monotone extension but also the greatest continuous extension.

If f is increasing in each argument with respect to its natural order of R,
then If is given pointwise

If(x1,...,20) = [f(zy,--.,2,), [(T1,... ,Tn)]

For f decreasing, then If is given in the reverse order

If(z1,...,20) = [f(Z1, ... ,Zn), f(Zy, .. ,2,)]

As an example, the canonical extension of the addition map is given by
r+y=[z+yT+7

The extension property discussed above applies to the partial unit in-
terval as well. For the extended partial real line, further considerations are
needed [24] but the main point is that there is a greatest continuous exten-
sion.

Although there exists a greatest continuous extension, Escardé, Hofmann
and Streicher [27] have shown that for simple arithmetic operations such as
addition, a parallel function can be defined from it. Furthermore, they have
shown that from any continuous extension of addition (not only the greatest
one), parallel functions can be defined.

Because we want a sequential programming language, given the above we
cannot take the interval domain as the model for our language. Instead, we
consider a powerdomain of the interval domain, specifically the Hoare pow-
erdomain as discussed in the introduction and as to be elaborated later. The
reasons for considering the Hoare powerdomain and not other powerdomains
are presented in Chapter 7. A sequential definition for addition is presented
in Chapter 8.
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X consg (X)
=" .
a a

Figure 3.2: The map cons,.

3.2.1 The maps cons and tail

Two maps play an important role in the operational semantics of the pro-
gramming languages of Chapters 5 and 9, namely cons, : Z — Z and
tail, : Z — 7.

Notation 3.2.4. For x € Z, we write k; = (T — x); i.e., ky represents the
diameter of . In a similar way we write p, = x. In Chapter 10 we use |z|
instead of K.

cons, is a continuous increasing affine map defined by:

cons, () = [(Ka)Z + fa; (Ka)T + Ha)

That is, given x,a € Z, rescale and translate the unit interval so that it
becomes a, and define cons,(z) to be the interval which results from applying
the same rescaling and translation to z. Figure 3.2 illustrates the behaviour of
the map cons,. We sometimes write cons,(z) as az. Later on, multiplication
will be signified by x to avoid any confusion.

It is immediately clear that ax is a subinterval of a. The rescaling factor
is k4, and the translation constant is the left end-point of a. If a is maximal,
then its diameter is zero, so that ax = a. We have that cons, o cons, = cons,
where ab is defined as above.

Observation. In the definitions presented in Chapter 8, we sometimes
work with the continuous increasing map cons, : Z[—r, 7] — Z[—r, r] defined

i () (252512 (52

where r € Q.
We would like a continuous left inverse tail, of the map cons,, in the sense
that

tail, (cons, (z)) = z.
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X taily (x)

Figure 3.3: The map tail,.

However, in general there is no such map (see [24], page 88, for a detailed
explanation). We define for every non-maximal ¢ € Z a continuous left
inverse tail, of the map cons,.

Definition 3.2.5. For every non-mazimal a € Z, the continuous map tail, :
I — T is defined as

tail,(z) = [(2' — a)/ka, 1 — (@ — ') /Kad)
where

2’ = min(max(a, ), a)

y' = max(min(a, T), a)

Figure 3.3 may give a better intuition of the behaviour of this map.
Consider two intervals x,y € Z, with the following conditions:

L.z #7,
2. x Dy

then there exists a unique ¢ € Z such that xc = y which we denote by
y \ z. In fact:

¢ = [y — o) /Foas (T — 1) 2]

3.3 The Hoare Powerdomain of the Interval
Domain

Given that we will use the Hoare powerdomain as the mathematical meaning
of our programming language as explained above, and because the interval
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domain forms a domain, all the properties stated in Section 2.5.4 for the
Hoare powerdomain hold when applied to the interval domain. Moreover,
they are applicable to the unit interval domain and the extended interval
domain. We now summarize these properties, for the sake of quick reference.

1.

2.

PHR | forms a complete lattice,

if X,)Y e PR, then X UY =X UY e PHR |,

.ifx € Ry then n(z) = |z € PER,
. if ACPHR, then

|_|A:cI(U Ai>,

A;eA

.if D is a domain and f : R, — P¥D is a continuous map, then

there exists a unique homomorphism f : PER, — PHD given by
A cl(Uyea fa)-

.if f: R, — R, is a continuous map, then there is a unique homomor-

phism f:PHER, — PHR, given by A s clf[A].

Proposition 3.3.1. If f : R — R is a continuous map, then there is a
continuous map f : PER, — PHR,.

Proof. By Proposition 3.2.3, for any continuous f : R — R, there is a contin-
uous extension If : R, — R . By 6 above, there is a continuous extension of
If, f:PER, — PHR,. In other words, the following diagram commutes:

R / R
s s
R. 1/ ,R"J_
n n

PER | N PER |
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Given that cons, and tail, are continuous maps (see [24, Chapter 9]) by

—~

Theorem 2.5.9 of Section 2.5, there are continuous extensions ¢ons, and tail,

such that the following diagrams commute:

cons,

_— >

PIT —— P7I
cons,

PHT ———PUT
tail,

(3.1)

(3.2)

These extensions are used in the recursive definitions presented in Chap-

ter 8.

30



Chapter 4

Real-number Computation

This is a summary of the discussions of [69, 71, 26]. There are several ap-
proaches to real number computation; among these are: floating point arith-
metic, interval analysis, stochastic rounding, symbolic manipulation and ex-
act real arithmetic. Probably the best known and most used approach is
floating point arithmetic. Now we briefly discuss each approach and concen-
trate on the exact real-number arithmetic which is the approach used in this
work.

4.1 Floating point arithmetic

Floating point arithmetic has been the standard approach to representing
real numbers in a computer. There is a huge range of material in which
several operations using this kind of representation have been intensively
studied. There is a standard commonly used representation, the IEEE-754, in
which real numbers can be represented in two ways: 32-bit ‘single’ precision
(see Figure 4.1) and 64-bit ‘double’ precision. Of course, there are other
more unfamiliar representations, such as VAX floating point, which vary
from IEEE-754 in the format in which a real number is stored.

sign (1 bit)

exponent (8 hits) mantissa (23 hits)

Figure 4.1: The mantissa in a 32-bit ‘single’ precision is represented by 23
bits and the exponent by 8 bits. The remaining bit is used for the sign.

As Figure 4.1 shows, both the mantissa and the exponent are of fixed size;
hence only a finite subset of numbers in the whole real line can be represented.
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This set is called the set of machine-representable reals. Moreover only a
finite number of the elements can be represented exactly.

A major problem with this representation is the inaccuracy of the results.
For example, if x and y are two real numbers in the set of representable
reals, there are operations such as multiplication or addition which do not
necessarily produce an element in the set of representable reals.

This situation could be described as partially overcome by rounding off
the answer of the computation to the nearest representable real every time
an operation is performed. However, this rounding off generates an error
which produces serious effects on the accuracy of the result.

Mathematically, this problem is formalised by showing that in floating-
point computation, the representable reals fail to form a field by not being
closed under the field operations. On the other hand, it is well known that
the whole real line forms a field.

This problem has been intensively investigated and one possible solution
to deal with it has been the use of error analysis (numerical analysis deals
with this subject).

4.2 Interval Arithmetic

In interval arithmetic, a real number is represented by a pair of numbers
which denote an interval containing the real number in question [60]. A pair
of rational numbers or floating-point numbers can be used to represent such
an interval.

Each time an operation is performed, new intervals are computed in order
to obtain the desired property. If, for example, floating-point arithmetic with
error analysis is used, the interval computed can be calculated by rounding
the upper bound of the interval strictly upwards and the lower bound strictly
downwards.

The usefulness of interval arithmetic resides in the fact that once a pro-
gramming language capable of doing operations using the interval approach
has been developed, there is no need to analyse each computation as in the
case of floating-point arithmetic.

Once the boundaries of the result are known, it is possible to combine
them with respect to the real solution to express the result in terms of the
number of correct significant digits of the interval.

Furthermore, if for a given input only certain digits representing a real
number are known (e.g. a physical measurement of some kind), the output
result would represent and reflect this in the compactness of the bounds of
the interval.
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As in floating-point arithmetic with error analysis, the problem with in-
terval arithmetic is that it does not bring the solution closer to exactness.
Although there is an interval which is known to contain the exact solution,
the bounds of this interval can be too wide apart to provide a useful answer.

4.3 Stochastic Rounding

A difference of floating-point arithmetic which is rounded off to the nearest
representable number and to interval arithmetic where the bounds of the in-
terval are rounded off to the nearest representable numbers above and below,
the stochastic approach rounds off numbers at each stage using stochastic
techniques [14, 82].

These techniques are applied to the same computation several times to
obtain the final result. Probability theory is applied to estimate the correct
result using stochastic methods.

In contrast to interval arithmetic, which guarantees an accurate result (at
least it is known how many digits of the result are correct), this approach
does not. However in most cases a better result is obtained using stochastic
methods than by floating-point arithmetic. These are reliable, so long as the
calculation can be made with a certain probability using this approach.

4.4 Symbolic Approaches

In the symbolic approaches, instead of doing computations with real num-
bers, expressions are manipulated in terms of symbols representing variables,
constants and functions.

Manipulating an expression entirely in terms of symbols guarantees an ex-
act representation of the correct result. For example, in symbolic approaches,
integration can be presented given a symbolic expression which represents the
answer exactly.

There are certain arithmetical tasks for which numerical approaches can-
not produce a result as accurate as that which a symbolic expression can
provide. For example, the simplification of a symbolic expression may result
in the knowledge of some useful properties not considered using numerical

methods. Consider
1 1
4 in? [ — 2 — .
arctan (sm (23> -+ cos <23>>

If this expression is simplified, the result is that it is equal to 7. However if a
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computation of this expression is carried out using floating-point arithmetic,
the result produced would not be as accurate as might be necessary.

Despite the usefulness of symbolic approaches, for certain applications,
they cannot replace numerical approaches. For instance, although it may be
not known that the symbolic expression represents an exact result, it might
not be possible to reduce the expression any more (not at least with the
methods available nowadays). For this reason, an evaluation of the expression
is required. Any of the approaches described above can be used for the
evaluation of the expression; however, the result obtained inherits the error
produced by each.

In the next section, we discuss exact real number arithmetic. Hence
symbolic approaches and exact real number arithmetic can be combined to
produce exact results in a general framework.

4.5 Exact-Real Number Arithmetic

Exact real arithmetic is a numerical method for real number computation,
in which a real number is represented by infinite data structures such as
streams [83, 63, 70, 71]. Among its main features is the reliability of the
produced results. It solves the problem of inaccuracy in floating-point arith-
metic and the uncertainty of the distance between the bounds of intervals
in interval arithmetic. In addition, there are applications in which symbolic
approaches are not effective but exact-real arithmetic is.

In exact real arithmetic, a result can generally be calculated to any de-
gree of accuracy, however inefficiency in the calculations characterises this
technique. As stated by Plume [69], the manipulation of infinite data struc-
tures has an important role in this respect since they are inherently expensive
to manage, in contrast with the type of fixed sized data structures used in
floating-point arithmetic.

An important aspect of exact real number computation is that, despite
the infinite representations of real numbers, in a calculation, a finite number
of data in the output result relies on a finite amount of information from
the input. However, in practice the required finite amount of input can be
extremely large, resulting in inefficient computations.

Despite the inefficiency in exact real number computation, there have
been a number of theoretical and practical attempts to find a viable frame-
work for exact real number arithmetic, in which a efficient number of ap-
proaches have been proposed.

Before describing the different approaches to exact real number com-
putation in detail, we present a problem of representation discovered by
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Brouwer [12] in 1920, which indicates that infinite decimal numerals are not
a suitable representation for exact computation.

4.5.1 The Problem of representation

In exact real arithmetic as previously mentioned, we require a data type with
infinite data to represent real numbers. If for the moment we adopt a rep-
resentation as an infinite sequence of decimal numbers (a decimal number is
an element in the set {0,1,2,3,4,5,6,7,8,9}), we immediately notice that
for any infinite sequence such as 0.33333... there is no least significant digit.
This is because the representation extends infinitely to the right. In this
sense, operations performed between real numbers in this arithmetic should
be computed from left (the most significant digit) to right (the least signif-
icant digit), in contrast with floating-point arithmetic, where most of the
operations are performed in the opposite direction - from the least signifi-
cant digit to the most significant. For example, addition in floating-point
arithmetic is performed by first adding the two least significant digits of the
inputs and the process is continued to the left.

Reasoning about possible representations of the way in which operations
are implemented in the desired left-to-right order, it turns out that binary or
decimal representations are not suitable for exact real number computation.
This fact can be easily illustrated by providing basic arithmetic operations
such as addition or subtraction which are not computable if binary or decimal
representations are used.

In general, it is not possible to determine a single digit of the output
without examining infinitely many digits of the input. This fact clashes with
the feature of exact real arithmetic that finitely many digits of the output
depend on finitely many digits from the input. Considering examples similar
to the previous one, we can argue that any integer base suffers from the same
problem.

A topological proof of this fact can be seen as follows. For simplicity, we
consider only fractional numbers, ignoring the decimal point and the leading
zero in decimal notation. A numeral is an infinite sequence over the digit
alphabet D = {0,1,...,9}. A numeral o € D" denotes the number

[e] =) a;-107¢0 € [0,1].
i>0
The map «a +— [a] is called the denotation map, it is the surjection

q: DN - [0, 1].
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However, it is not an injection because the decimal rationals m/10" €
(0,1) have two decimal notations - the reason is that we consider infinitely
long runs of digit 9 as legitimate as infinitely long runs of digit 0, because
there is no way of ruling out the former by computational means.

Definition 4.5.1. A function ¢ : DY — DN realizes a function f : [0,1] —
[0,1] if

f(la]) = [¢(],

as illustrated the following diagram:

DN DN

[0,1] 4]0» [0, 1].

The main interest in this work resides on computable realizers. A realizer
lies at the operational level (in the set of rules of the programming language
considered) while the function which it realizes lies at the denotational level
(the mathematical meaning). As stated before, one necessary (but not suffi-
cient) condition for a function ¢ : DY — DN to be computable is that finite
sequences of ¢(«) depend only on finite sequences of . In this case we say
that ¢ is of finite character.

Proposition 4.5.2 (Escardé [25]). A function ¢ : DY — DN is of finite
character iff it is continuous.

This proposition is the link between computability and continuity at the
operational level. To get a link at the level of mathematical meaning, we
state the following.

Proposition 4.5.3 (Escardé [25]). The surjection q : DN — [0,1] is a
topological quotient map.

Proof. Tt is proved by the fact that a continuous surjection of compact Haus-
dorff spaces is always a quotient map. O

By a basic property of topological quotients [80, 44], we get the following.

Corollary 4.5.4 (Escardé [25]). A function f :[0,1] — [0, 1] with a real-
izer ¢ : DN — DN of finite character is necessarily continuous.
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Unfortunately, however, the converse is not true.

Proposition 4.5.5 (Escardé [25]). There are continuous functions f : [0,1] —
[0, 1] with no realizer ¢ : DN — DN of finite character, for example f(x) =
3z/10.

Proof. Let ¢ : DN — DN be a realizer of f. Then for any o and any n > 0,
the value of ¢(3"2q) is of the form 05. Thus, if ¢ were continuous, ¢(3“)
would be of the form 05’. But similarly, for any « and n > 0, the value of
#(3"4a) is of the form 15, and the continuity of ¢ would imply that ¢(3“)
would be of the form 15”. Thus, ¢(3“) would have to be of the form 08" and
18" at the same time. Since this is impossible, we conclude that ¢ is not
continuous. O

The results presented above are independent of the base; but different
counter-examples are needed for different bases.

To obtain algorithms for exact real number arithmetic using infinite ob-
jects, a different representation has to be used. In the next section we describe
what we believe is the simplest representation of real number arithmetic. In
further sections, we move on to discussing different and more elaborated
frameworks. It is worth noting that all the representations used in exact
real number arithmetic are equivalent to each other, in the sense that it is
possible to effectively translate one representation into another. One of the
main reasons to consider different frameworks is our concern with efficiency
aspects. In this sense one representation can in some applications be more
efficient than the others.

4.5.2 Signed Digit Representations

Signed digit representation can be used to define algorithms to compute
basic arithmetic operations, and also higher level transcendental functions.
A main characteristic using this kind of representation is the high degree of
redundancy on operations (the infinite character of sequences is the main
reason for this fact).

Although we present signed digit representation, the theory is easily trans-
lated to any other integer base B with sign. In addition, Di Gianiantonio [16]
presented a notation called the golden ratio which consists of a non integer
base with digits 0 and 1, in which we can translate effectively between it and
any other notation for exact real number computation. This means that the
golden ratio notation is as expressive as any other representation. Golden
ratio notation has been implemented by McGaw [58].
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The following is taken from Escardé [25]. A signed-digit numeral is an
infinite sequence over the signed digit alphabet 3 = {1,0, 1}, where 1 stands
for —1. An arrow above a digit is used to denote an infinite sequence of that
digit. For example 1 denotes an infinite sequence of ones. A numeral o € 3N
denotes the number

[e] =) a;- 270t e [-1,1].

i>0

Formally, the surjection a — [« is a quotient map g : 3% — [—1,1]. This
representation is also known as a redundant binary representation of R [45].
There is a unique representation for minus one, —1, and for one, 1, and
infinitely many representations for all the other numbers in this range.

The crucial result using this kind of representation, in contrast to Propo-
sition 4.5.5, is the following:

Proposition 4.5.6. Fvery continuous function f : [—-1,1] — [—1,1] has a
realizer ¢ : 3N — 3N of finite character.

Proof. See Miiller [61] and Weihrauch and Kreitz [87, 53]. O

The same holds for functions of several arguments with a realizer defined in
the obvious way.

For the purpose of this section, a function f : [-1,1] — [—1,1] is com-
putable if it has a computable realizer ¢ : 3% — 3N. The question at
this point would be how computability on 3" is to be defined. According
to [46, 86, 85] the theory of computability using Turing machines can be
used for this purpose.

Finally, as stated above, computable functions f : [-1,1] — [—1,1] are
continuous. More generally, a computable partial function is continuous in
its domain of definition.

4.5.3 Infinite Sequences of Linear Maps

This approach was proposed by Avizienis [5] and is considered in several
works, such as Watanuki and Eroegovac [84], Boehm and Cartwright [10],
Di Gianantionio [17], Escardé [22], Nielsen and Kornerup [63] and Ménissier-
Morain [59]. In this approach, the main concept is an increasing linear map,
which is a function of the form

flz)=azx+b

where a and b can be rational or dyadic numbers (a dyadic number is of the
form m/2" for m, n integers).
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We recall from Chapter 3 that an extended real number is an element
of the interval [—oo, cc]. In this sense, an element r € [—o00, 0] is given by
the intersection of a nested sequence of rational (dyadic) intervals obtained
by applying an infinite sequence of compositions of increasing linear maps to
the base interval [—oo, o0].

{r} =) fifefs - ([—o00,0)).

n>1

Arithmetic operations and transcendental functions have already been
defined in this approach. A programming language using this representation
has been given by Escardé [22]. Escardé has shown that all computable func-
tions defined in the interval domain model are definable in the programming
language. However certain parallel operators are needed for this purpose.
We present this programming language in Chapter 5 as it will be the main
reference throughout this work. Also, Di Gianantonio [18] uses this approach
to show some sequentiality results in exact real number computation.

4.5.4 Continued Fraction Expansions

This approach was proposed by Gosper [7] and developed by Jones [65] and
Vuillemin [83]. Lester [54] has presented an implementation of this approach.
In recent years, Kornerup and Matula [48, 49, 50, 52] have presented more
results in this field.

A real number r in the continued fraction approach is represented by a
stream [dg, dy,ds, ... ,d;,...] of integers such that:

. 1

r = lim dy + T
71— 00 1
da+

- 1
.-l,-Z

One of the main advantages of this representation with respect to signed-
digit representation is that certain real numbers are easier to represent by
the former than by the latter. For example:

1++5
2

¢ = =[1,1,1,1,1,1,...].

e=1[21,21,1,4,1,1,6,1,1,8,1,1,10,1,1,12,...].
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4.5.5 Infinite Composition of Mobius Transformations

Vuillemin [83] showed that Mébius transformations generalise the other two
approaches described before. Quasi-normalized floating points [84] can be
represented using this framework as shown by Nielsen and Kornerup [63].
Edalat and Potts [20, 71] have presented efficient algorithms for this repre-
sentation. A semantics of exact real number computation using this repre-
sentation is presented in [72].

In this approach (also known as linear fractional transformations)
transformations have the form:

1.

(i)_ax—i-c
bz +d

_aryt+crtey+g
bxy +dxr+ fy+h’

t(z,y)

where a,b,c,d,e,f,g and h are integers. Transformations of the first form
are known as one-dimensional linear fractionals (Ifts). The integer coefficient
of these transformations are arranged conveniently in the 2 x 2 matrix

M:<g;).

Transformations of the second form are known as two dimensional Ifts. The
integer coefficient of these transformations are arranged conveniently in the

2 X 4 tensor
_[a c e g
M_<b d f h)'

The composition of either of these can be seen as the multiplication of ma-
trices or tensors.

A non-negative extended real number in this approach is an element of
[0,00]. A non-negative extended real number r is given by the intersection
of a nested sequence of rational intervals obtained by applying an infinite
sequence of composition of matrices (as described above) applied to the base
interval [0, oo]

{r} =) Mo- M- M,---([0,0)).

n>0
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Arithmetic operations and transcendental functions are developed in this
approach using infinite multiplications of tensors, analogous to the multipli-
cation of matrices to represent real numbers [20]. One of the main advan-
tages of this representation is that most of the algorithms in the continued
fraction approach can be translated to this setting almost directly. Many
efficient algorithms have been implemented using this technique; however
there is no general consensus that this technique is better than the others.
Heckmann [38, 37| has shown that a problem with this approach lies in the
inefficiency regarding space.
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Chapter 5

The Programming Languages
PCF and Real PCF

In this chapter, we introduce the language PCF given by Plotkin [68] and
its extension to real numbers given by Escardé [24]. In Section 5.1, we
introduce the language PCF. As we have emphasised in the introduction of
the thesis, we want to define a sequential programming language for exact real
number computation. In this sense PCF will be the kernel of our language.
In Section 5.2, we present the programming language Real PCF, the main
reason to introduce Real PCF in this thesis is that the programming language
LRT presented in Chapter 9 can be seen as the programming language Real
PCF with two important substitutions:

e The constructor head, explained below is replaced by the constructor
rtest,, described in Chapter 7.

e The parallel conditional pif is replaced by the sequential conditional if.

Although this variation of the language seems to be at first glance simple
and straightforward, it brings a new theory to study, which is one of the main
purposes of this thesis.

5.1 The Programming Language PCF

PCF is a typed lambda calculus language extended with some primitive op-
erations to deal with expressions involving natural numbers and booleans.
The lambda calculus [6] is a paradigm for functional programming which
has been thoroughly investigated. We assume previous knowledge of lambda
calculus and present the basic definitions of PCF. A call-by-name evaluation
strategy of the language is presented.
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5.1.1 Syntax

The language PCF is a typed language whose set Type of type expressions
T is defined by the grammar:

o u= nat | bool | 0 =T

where o, 7 are metavariables ranging over the set of types; nat and bool are
the type constants for naturals and booleans respectively. The types nat and
bool are called ground types.

Let (o1,...,04,7) stands for (617 = (09 —,--- (0, — 7)---)) meaning
that applications of functions of one argument can be viewed as functions
of several variables by uncurrying. Given a collection £ of formal constants,
each having a fixed type, and a family of formal variables {af}(i # 0) for
each type o, the L-terms are given by the following inductive rules:

1. Every variable {af} is an L-term of type o.
2. Every constant c¢ of type o is an L-term of type o.

3. If M and N are L-terms of types (¢ — 7) and o respectively then
(MN) is an L-term of type 7.

4. If M is an L-term of type 7 then (Aaf M) is an L-term of type o — 7.

When no confusion arises the superscript ¢ of « will be omitted. The
application of terms (M N) is understood to be associative to the left. When
L is understood from the context it is not used as a prefix. The fact that a
term M has type variable ¢ is denoted by M : o.

The set of free variables of a term M, denoted by F'V (M), is inductively
defined by

A term is closed if FV(M) = (. Programs are closed terms of ground

type.
The language Lpcp consists of the L-terms and the following constants:

e true : bool, false: bool,
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k, : nat for each natural number n,

(+1) : nat — nat, (—1):nat — nat, (=0):nat — bool,

e if : (bool, o, 0,0) for o ground,

Y, : (0 = o) — o for each o.

5.1.2 Operational Semantics

The operational semantics is given by an immediate reduction relation —,
between terms of the language. It is defined by the following set of reduction
rules.

1. constants for natural numbers:
(+1)kn — kpt1,
(_1)kn—|—1 — kna
2. constants for booleans:
(= 0)kg — true,
(= 0)k,41 — false,

3. sequential conditional:

if true M N — M,

if false M N — N,

4. fixed point:
Y. M — M(Y, M),

5. Application:
(AaM)N — [N/a|M,
M — M
M(N) — M'(N)’

N — N'
M(N) — M(N'")’

for M € {(+1), (~1), (= 0), if}.
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The reduction relation preserves types, in the sense that if M — M’ and
M has type o, so does M'.

We define —* as the transitive closure of the relation —. Also, we define
evaluation from programs to constants as a partial function given by:

Eval(M) = cif M —" ¢ for some constant c.

5.1.3 Denotational Semantics

The denotational semantics for Lpcr is given using the set of domains

UDU foro €T,

where
Dnat = NJ_: Dbool = TL: DO’—)T = [DO' — D'r]
The semantics interpretation function A has the form

A : LPCF — Env — UDU’
where Env is the set of environments. An environment is a function p from
the set of variables to |, D, satisfying the condition
p(z%) € D,.

The definition of A is by structural induction on lambda terms, we use
the brackets [ ] to distinguish operational and denotational meanings:

A[[C]]P = BIIC]]a
Alzl, = p(?),
A[[MUﬁTNU]]p = A[[MGATHP(A[[NUHP%
A[[)\aGMT]](p)(w) = A[[MTHp[w/aa] ( with x € Dg).

The function B for the interpretation of constants is defined as:

B[K,] = n.

45



n+1, ifneN;
1, ifn=_1.

Bl(+1)](n) = {

n—1, ifneNandn>1;

B[(-1)](n) =<0, if n = 0;
4, ifn=_1.

true, if n=20;

Bl(=0)](n) = | false, ifn > 0;

1, ifn=_1.

x, if b =true;
Blif](b)(z)(y) = v, if b= false;
1, ifb= 1.

BIY[(f) = | J{r (L)}

neN

For a closed term M, its denotational semantics does not depend on the
environment, in the sense that A[M], = A[M], for all p and p'.

Notation 5.1.1. We let [M] stand for the denotation A[M](L) of a closed
term M with respect to an implicit semantics A. Additionally for any term M,
we let [M], stand for A[M],.

In the following definition, o has to be chosen as some variable of ap-
propiate type in each instance.

Definition 5.1.2. Define terms €, by
Qy =Y, (Aa’a?)
for o ground and
Qoyr = A Q,
and define terms an) by induction on n by

YO = \alo79) .,

Y((fn—}-l) — )\a(a—)a) .a(a—ﬂr) (Y((Tn)a(aﬁa))-
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Then [Y,] = || [Y"] for any standard interpretation.

Definition 5.1.3. The syntactic information order < is the least rela-
tion between terms such that

1. Q, < M:o and Y < Y, for all o,

2.M:0<M:o, and

.9 M IXIM :0—7and N X N : 0 then (A\aN) < (AaN') and
MN < M'N'.

5.1.4 Computational Adequacy

The operational and denotational semantics are related by what is called the
adequacy property which is proved in two stages.

Theorem 5.1.4 (Soundness). If Eval(M) = ¢, then [M] = []

Proof. See [68] O
Theorem 5.1.5 (Completeness). If [M] = [c], then Eval(M) = ¢
Proof. See [68] O

Theorem 5.1.6 (Computational Adequacy of PCF). For any program
M € Lpcr and constant c,

Eval(M) = c iff [M] = [¢]-

Proof. Theorems 5.1.4 and 5.1.5. O

5.2 Real PCF

In order to represent real numbers in Real PCF, it is sufficient to implement
one of the approaches to exact real number computation described in Sec-
tion 4.5. In [23] infinite sequences of linear maps are used, however any other
approach can be used.
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5.2.1 Syntax

We let £L .5 denote the extension of Lpcr with a new ground type I for real
numbers and suitable constants for real-number computation:

cons, : I — I,
tail, : I — I,
head, : T — bool,
pif; : (bool,I,I,I),

for each non-bottom element a € Z with distinct rational end-points, so
that the interpretation of tail, given below is well-defined according to
Section 3.2.1, and each rational » € (0,1). We refer to the ground type
I as the real number type, and programs of real number type as real
programs.

5.2.2 Operational Semantics

The reduction relation — of Lpcr is extended to L5 pop by the following
rules:

1. cons,(cons, M) — cons,, M

2. tail,(consy M) — Yconsy, ifb<a

3. tail,(consyM) — Yconsg ifb>a

4. taily(consy M) — consy M ifaCbanda#b

5. tail,(consy M) — cons(upne(tailgueysM) ifatbaZ b,bZ ab £
aand a £ b

6. head, (cons, M) — true, ifa<r;

7. head, (cons, M) — false, ifa>r;

8. pif true M N — M,

9. pif false M N — N,

10. pif L (cons, M) (cons, N) — ifanb# L
consqmy(pif L (consg\.mpM)(consp V),
11.

N—= N

VN = MN if M is cons,,tail,, head, or pif;
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12.

L—L M — M
pif L —» pif L'’ pif LM — pif L M'’

N— N
pif LM N —»pif LM N~

The reader is referred to [23] where these rules are shown to be well-
defined. It is important to notice that no maximal elements are produced
as subscripts of cons, or tail,. Despite the parallelism introduced by the
pif rule to the language, it does not produce inconsistencies as the following
lemma shows:

Lemma 5.2.1. M — N implies [M], = [N], for all terms M and N and
any environment p.

Proof. See [23] O

5.2.3 Denotational Semantics

We let D; = T, i.e. D; stand for the unit interval domain, and we extend
the interpretation of B of Lpcr to L4, by defining the interpretation of
the new constants as follows:

B[cons,] = cons,,

B[tail,] = tailg,

B[head,| = head,,

Blpif] = pif.

The functions cons, and tail, were defined in Section 3.2.1. The function

head, is defined as:

true, ifz<r;

head,(z) = < false, if r > x;
1, ifx1r;
and pif is defined as:
x, if b = true;
pif (b)(z)(y) = 4 v, if b = false;

xMNy, ifb= 1.
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5.2.4 Computational Adequacy

For programs of truth-value type and natural numbers type the partial map
Eval is defined in the same way as for Lpcp. It is well-defined as a conse-
quence of Lemma 5.2.1, because no two different constants have the same
interpretation.

The map Eval is extended to a multi-valued map on real programs M by

Eval(M) ={a € Z| M —* cons,M' for some M'}.

Similar to PCF, in Real PCF the operational semantics and denotational
semantics are related by computational adequacy. Here computational ade-
quacy is proved in two stages called soundness and completeness.

Theorem 5.2.2 (Soundness). For any real program M,

| |Evai(ar) C [M].
Proof. See [23] O
Theorem 5.2.3 (Completeness). For any real program M,

| |Eval(ar) 3 [M].

Proof. The proof is by structural induction on the formation rules of terms [23].
]

Theorem 5.2.4 (Adequacy). L5, is computationally adequate.
Proof. Theorems 5.2.2 and 5.2.3 O
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Part 11

A Model for Sequential
Computation on the
Reals

ol



Chapter 6

Description of the problem

In this chapter, the main aspects of the problem to be solved are described.
In Section 6.1, we analize the problem that we solve and present our approach
using a multi-valued construct. In Section 6.2, we discuss why it is important
to consider the multi-valued fragment of the construction. In Section 6.3,
we present the construction that Boehm and Cartwright considered in their
operational approach to exact real-number computation, and we introduce
the variation of this construction considered in this work.

6.1 The Problem

We develop a programming language for exact real-number computation. It
will be recalled that in the introduction we set out the following requirements:

1. The language should be expressive for practical purposes, and ideally
as expressive as the theory permits.

2. The datatype of real numbers should be abstract.
3. The language should have a sequential evaluation strategy.

Previous work on real-number computation has shown that it is possible
to fulfil any combination of two of the above requirements, but that there are
intrinsic difficulties in combining the three simultaneously. In this work, we
seek a solution to this problem. Before proceeding to discuss the technical
ingredients of our solution, we pause to discuss the above requirements and
the difficulties of reconciling them which previous authors have found.
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Expressivity. An expressive programming language is characterised by de-
finability, e.g. a programming language in which we can define computable
first order functions f : R® — R is less expressive than a programming
language in which we can define both computable first order functions and
computable second order functions f : (R* - R) — R.

Data abstraction. This is an important requirement when constructing a
programming language for exact real-number computation. With an abstract
data type for real numbers, the programmer does not have access to repre-
sentations within the programming language and can think of real numbers
as abstract entities in the usual mathematical sense.

Sequentiality. Roughly speaking, this means that in order to evaluate an
unevaluated program M, there should exist a subprogram of M which has
to be evaluated first in order to evaluate M. In this work, we are interested
in a sequential evaluation strategy. A complete presentation of sequentiality
can be found in [3, Chapters 2.4 and 6.5].

Expressivity and data abstraction. As mentioned in the introduction,
Di Gianantonio [15], Escardé [22], and Potts et al. [72] have introduced var-
ious extensions of the programming language PCF with a ground type for
real numbers. In the three cases, the real number type is interpreted as a
variation of the interval domain introduced by Scott [74]. In the presence
of a certain parallel conditional [68], all computable first-order functions on
the reals are definable in the languages [15, 23]. By further adding Plotkin’s
parallel existential quantifier [68], all computable functions of all orders be-
come definable in the languages [15, 23, 28]. This shows that requirements 1
and 2 can be achieved simultaneously.

Data abstraction and sequentiality. Of course, if one sacrifices expres-
sivity, the remaining two requirements can be easily achieved. For example,
one can consider the extension of PCF introduced by Escardé [24] with all
parallel constructions omitted. However Farjudian [29] has shown that all de-
finable functions in this fragment of the language are piecewise linear, which
rules out most of the functions which one would like to compute in practice.

Expressivity and sequentiality. Several implementations of exact real-
number computations have been developed [10, 59, 72, 83]. In these works,
real numbers are represented by:
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e Signed digit representation [5, 88|,
e continued fractions [7, 83, 51|,

e functions mapping an integer specifying the precision required [10, 9,
59],

e golden-ratio notation [16],

e infinite sequences of nested intervals with rational end points [22],
e Mobius transformations [72],

e hybrid representations [75], among others.

Sequential implementations of fundamental computable first and second or-
der functions have been developed using these representations, at the cost of
sacrificing data abstraction.

Expressivity, data abstraction and sequentiality. The research dis-
cussed above has shown that it is notoriously difficult to obtain sufficiently
expressive languages with sequential operational semantics and correspond-
ing denotational semantics that articulate the data-abstraction requirement.
In our knowledge, there was no programming language satisfying these three
requirements simultaneously. At the same time with this work, Farjudian [30]
has developed a programming language, which he called SHRAD, with the
above three requirements. In his work, he defines a sequential language in
which all computable first order functions are definable. However extension-
ality! is traded off for sequentiality, in the sense that all computable first
order functions are extensional over total real numbers but not over partial
real numbers. Hence, intensional functions such as the rounding function,
which is frequently used in practice, cannot be defined in SHRAD as we
discuss in 6.2.

Based on ideas arising from constructive mathematics, Boehm and Cart-
wright [10] proposed a compelling operational solution to the problem using
a multi-valued construction. However, they did not provide a semantics for
their framework. Furthermore, it is not immediately clear what the corre-
sponding treatment of the multi-valued construction, which is a relation but

!Extensionality: For any computable function f and d,e € Z, if [d] = [e] then

[F(@] = 1f(e)]
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not a function, would be. A partially successful attempt of solving this prob-
lem has been developed by Edalat, Potts and Siinderhauf [21], as discussed
in the introduction.

In this work, we establish the intrinsic difficulties of providing a seman-
tics of Boehm and Cartwright’s operational approach, and we show how it is
possible to cope with the difficulties. Thus, we present a sufficiently expres-
sive programming language (see Section 12.1) with sequential operational
semantics and corresponding denotational semantics that articulate the data
abstraction requirement.

Escardé, Hofmann and Streicher [27] have shown that the interval do-
main R, which is the common interpretation of the data type of real numbers,
cannot be used as a model for a programming language with a sequential op-
erational semantics, e.g. if we consider a basic computable function such as
addition, add : R x R — R, there is no sequential computable down arrow
add : R x R — R that completes the following diagram:

RxREZLR xR

add add

A4
Re—7R
Hence, the interval domain is ruled out as a possible model of the required
programming language.

The model that we consider is a powerdomain construction of the interval
domain. There are several powerdomain constructions in the literature [67,
78, 79, 33]. We present the conditions that a powerdomain construction
should satisfy. Hence, we show which powerdomain constructions considered
in the literature cannot be used as a model. It is shown that at least one
powerdomain construction satisfies these conditions, which is known as the
Hoare powerdomain construction. We show that if we consider a computable
function for addition add : R x R — R, there is a sequentially computable
down arrow function add : PR xPR — PR that makes the following diagram
commute:

RxRE—5RxRIN pr « PR
add add

PR




when PR is considered as the Hoare powerdomain construction. Hence
we are avoiding parallel constructions by not considering that the “middle
square” exists.

6.2 Relevance of the multi-valued construc-
tion

The programming language which we present in Chapter 9 has a multi-valued
constructor among its constants. In order to give a full interpretation of the
programming language, we should give an interpretation of this construction
in terms of multi-valued functions. It is very important to consider the
semantics of multi-valued constructions for at least four reasons.

e It is well-known that there are several practical problems, like the de-
termination of zeros of a polynomial, which only admit multi-valued
computable solutions but no single-valued ones. Here multi-valued
functions are interesting in their own right. We present a program
for root finding in Section 10.3

e It is recalled that in Section 4.5 we show that in exact real number
computation, every computable function is continuous. Hence, easily
definable functions in Mathematics such as the upper integer bound

fz) =[]

—

—

—

—

are not computable. However, if we allow the upper bound function to
be multi-valued, it becomes computable.

Definition 6.2.1 (computable upper integer bound function).
For every a € Q and every x € R such that ([z] — 1) < a < [z], the
continuous upper integer bound function is defined as:

upper_bound, : R — PN
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[z], iz <[z];

upper_bound  (z) = {m +1 ifa<uz

5
A

Notice that if x € (a, [2]) then upper_-bound(z) = {[z], [z] + 1}. We
present a continuous extension of the computable upper integer bound
function in Section 8.6.

Some functions (such as average) admit single-valued implementations
only at the cost of allowing non-sequential constructions. However in
Chapter 8 we present an implementation of average which is single-
valued at total inputs, but multi-valued at partial inputs and this is
unavoidable otherwise by the results of Escardd, Hofmann and Stre-
icher [27] mentioned above, one would be able to define parallel oper-
ators from the average function.

If we want to compute a power series > .- ¢,2", it is known that it
has an associated circle of converges, such that ">, ¢,2" converges if
z is in the interior of the circle. For example, the power series

o0

- 1)
Z(_l)nJrl (z—1) (6.1)
n
n=1
calculates the natural logarithm of z (denoted by In(z)) with an interval
of convergence 0 < z < 2. Suppose that we are interested in calculating
In(z) with an interval of convergence 0 < x < 3 (In(x) is an increasing

continuous function); hence we can use 6.1 together with

i(—l)"*li(x —73-5)” (6.2)

which is known to converge in the interval 1.5 < x < 3. Using 6.1
and 6.2, we have two definitions to choose from on the interval 1.5 <
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x < 2; hence we can use the multi-valued construction to present the
required definition. This particular example can be applied to other
power series defined in a similar way.

Our study of the semantics in the general multi-valued case is built on this
basis.

6.3 Boehm and Cartwright approach

The essential problem of constructing an expressive programming language
with an abstract data type for real numbers and sequential operational se-
mantics has already been presented in the Introduction.

Boehm and Cartwright observed that an expressive programming lan-
guage with an abstract data type for real numbers must contain either a
parallel construction or a redundant test construction. Their idea, using
a substitute for the trichotomy law in constructive mathematics, has been
discussed in the introduction of the thesis.

Boehm and Cartwright defined a redundant test construction which they
called a quasi-relational comparison operator <.: R x R — T, defined as:

1. <. (z,y) evaluates to true or to false for every pair in R x R,
2. if <, (z,y) evaluates to true then x < y — ¢, and
3. if <. (z,y) evaluates to false then z > y.

where € is a rational number.
We work with an equivalent variation of the quasi-relational operation
which we call rtest,; : R — T for @ < b rational, such that

1. rtest, () evaluates to true or to false for every element in R,
2. rtest, ,(z) may evaluate to true iff z < b, and
3. rtest, ,(z) may evaluate to false iff a < x.

It is important here that evaluation never diverges for a convergent input.
If the real number z happens to be in the interval (a,b), then the specifica-
tion of rtest,;(x) allows it to evaluate to true or alternatively to false. The
particular choice will depend on the particular implementation of the real
number z and of the construct rtest,, (cf. [56]), and is thus determined by
the operational semantics.
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Boehm and Cartwright did not provide an operational semantics or a
denotational semantics for a language using their quasi-relational compari-
son operator. They focused mainly on the efficiency of some algorithms using
their approach. However, it is expedient to investigate whether their observa-
tion is in fact admissible and if so, what kind of denotational representations
can be used in order to make the construction computable. We take the view
that the denotational value of rtest,;(z) lives in a suitable powerdomain of
the booleans and study the possible denotational representations for rtest,
in the next chapter.

The principal advantage of rtest,; over the parallel conditional is that it
does not require dovetailed evaluation, making it much easier to implement
efficiently. On the other hand, it is less abstract that the parallel conditional
because its behaviour depends on the representation of its arguments.
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Chapter 7

Mathematical Interpretation of
the Multi-valued Construction

In order to continue the development of Chapter 6, we assume that for every
domain D, we have a functorial powerdomain construction P together with
a natural embedding

np: D —=PD,
and a continuous formal-union operation
(-4 —=):PDxPD — PD.

When no confusion arises, we simply write 1. Then the definition of the
function rtest,;: R — PT, where a < b are real numbers, can be formulated
as

n(true), if x € (—o0, al;
rtestq () = 4 n(true) U n(false), if z € (a, b);
n(false), if z € [b, 00).

Because in our language there will be computations on the real numbers
which diverge or fail to fully specify a real number, we need to embed the
real line into a domain of total and partial real numbers. We choose to
work with the domain R, where R is the interval domain introduced in
Section 3.1. Similarly, as usual, we enlarge the set T of booleans with a
bottom element. Hence we have to work with an extension R, — PT, of
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the above function, which we denote by the same name:

rtest, s
- >

PT

(7.1)

rtest, s

1 PT, .

For the moment, we do not insist on any particular extension. How-
ever, in order for a powerdomain construction to qualify for a denotational
model of the language, the minimum requirement is that there is at least one
continuous extension. The following formulates necessary conditions for this.

Lemma 7.0.1. Ifrtest,,: Ry — PT, is a continuous extension of the func-
tion rtestyy : R — PT, then the inequalities

n(true) C n(true) Y n(false),
n(false) C n(true) 4 n(false)

must hold in the powerdomain PT .

Proof. Because the embedding R < R, is continuous when R is endowed
with its usual topology and R is endowed with its Scott topology, its compo-
sition with the function rtest,;: R, — PT, is continuous, which we denote
by 7: R — PT,. (This is the diagonal of the above commutative square.)
In any dcpo, the relation d C e holds if and only if every neighbourhood of d
is a neighbourhood of e. Let V' be a neighbourhood of ¢ := n(true). We have
to show that n := n(true) U n(false) € V. The set U := r~}(V) is open in
R by the continuity of 7 : R — PT,. Because r(a) =t € V, it follows that
a € r (V) = U. Hence, because U is open in R, there is an open interval
(u,v) with a € (u,v) C U. Choose x such that a < x < v and z < b, that is,
such that = € (a,b)N(u,v) C U. By construction, r(z) = n. But x € r~1(V),
which shows that n € V and hence that ¢ C n, which amounts to the first
inequality. The second inequality is obtained in the same way. O

Thus, only the powerdomains satisfying the above two inequalities qualify.
In particular, this rules out the Plotkin and Smyth powerdomains. In fact,
for the Plotkin powerdomain one has that n(true) = {true} and n(false) =
{false}, and their formal union is {true, false} because this set is order-convex,
but the sets {true} and {true, false} are incomparable in the Egli-Milner order
as Figure 7.2 shows. For the Smyth powerdomain, the same sets are obtained
by the embedding, formal union is given by actual union, and hence the
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Figure 7.1: Smyth Power Domain on T, .

{tt,ff}
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{tt, L} {ff. L}
1

Figure 7.2: Plotkin Power Domain on T, .

inequalities do not hold because the order is given by reverse inclusion as
Figure 7.1 shows. We formulate this conclusion for emphasis:

Corollary 7.0.2. When P is the Smyth or Plotkin powerdomain, there is
no continuous extension R, — PT, of the function rtest,; : R — PT.

On the other hand, for the Hoare powerdomain, the inequalities do hold.
In fact, n(true) = {true, L} and n(false) = {false, L}, their formal union
is their actual union {true, false, L}, and the ordering is given by inclusion.
Moreover:

{tt,ff, |}
{tt, 1} {ff, L}

N

Figure 7.3: Hoare Powerdomain on T .
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Proposition 7.0.3. There is a continuous extension rtestﬁ{b: R, — PHET,

of the function rtest,; : R — PT.

Proof. The functions f,g: R, — PHT, defined by

4, otherwise.

fl2) = {n(true), if x C (—o00,b);

1, otherwise;

g(z) = {U(false), if 2 C (a,00);

are easily seen to be continuous, their join

rtesté{b =flUyg

is well-defined and continuous because P D is always a complete lattice. It

is easy to show that this function has the required extension property:

o If z C (a,b) then (f Ug)(z) = (f(x)) U (g(x)) = n(true) Ll n(false)

n(true) Y n(false) = {true, false}.

o If v C (—o0,b) but z Z (a,b), then (f U g)(z) = (f(z)) U (g9(x))

n(true) Un(L) = n(true) Y n(L) = {true, L}.

o if x C (a,00) but x € (a,b), then (f U g)(x) =

n(L) U n(false) = n(L) Y n(false) = {false, L}.

e if x does not satisfy any of the above requirements, then (f LI g)(x)
(f(z)) U (9(z)) =n(L)un(L) =n(L)¥n(l) =L

(f(x)) U (9(=))

O

Regarding the Sandwich powerdomain (see Section 2.5.5) and the Mixed
powerdomain (see Section 2.5.6), it is immediately apparent by the given
order that they do not satisfy the conditions to make rtest,; continuous (see

Figures 7.4 and 7.5). In both cases the sets

n(true), n(false), and n(true) U n(false)

are incomparable as in the case of the Plotkin powerdomain. Moreover, it
is easy to verify that any of the known powerdomains which do not arise as
the composition of powerdomains with the Hoare powerdomain as the last

component in the composition cannot be used.
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Figure 7.4: Sandwich Powerdomain on T .
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Figure 7.5: Mixed Powerdomain on T, .

As we want to match our model with the operational semantics of the con-
struction, it would be desirable to distinguish between the elements {true}
and {true, L} in the model. However, the Hoare powerdomain does not
distinguish them, and, on the other hand, as we have just seen, other pow-
erdomains do not give a continuous interpretation of our construction. In
order to overcome this problem when the Hoare powerdomain is used as a
denotational model, one usually decomposes proofs of program correctness
into partial correctness and termination, where the latter is established by
operational methods. A related approach is considered in Chapter 10.

Remark 7.0.4. One could consider a natural variation rtest, , : R — PT of
the rtest,; construction, defined by

n(true), if z € (—o0, a);
rtest, ,(z) = { n(true) Y n(false), if 2 € [a, b];
n(false), if z € (b, 0).
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It can be immediately notice the difference with rtest,;(x) which returns
n(true) U n(false) if = € (a, b); n(true) if x € (—oo, a] and n(false) if [b, 00) .

With a proof similar to that of Lemma 7.0.1, we conclude that if rtest,
is continuous then

n(true) Y n(false) C n(true),

n(true) U n(false) C n(false).

This rules out the Plotkin and Hoare powerdomains, but not the Smyth
powerdomain. However, it is not clear what the operational (and indeed
constructive) counterpart of this function would be. Hence we retain the
construction as originally proposed by Boehm and Cartwright.
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Chapter 8

Recursive Definitions with the
Multi-valued Construction

In this chapter, we define the continuous extended functions of basic arith-
metic operations using the rtest,; : Z — PHT, construction and elementary
continuous functions. These arithmetic operations are defined recursively,
hence we consider the continuous extension rtest, : P#Z — PHT, of the
continuous function rtestqy : 7 — PHT . Tt will be recalled that in Sec-
tion 2.5.4 we set out this extension by:

rtest, »(X) = (U rtesta,b(x)) :
z€X

In our definitions, we require continuous extensions of the functions cons,, tail,
(see Section 3.2.1) and B[[if] (see Section 5.1). It will be recalled again that
in Section 2.5.4 we set out these extensions by:

cons,: PHI — PHT

X = cl{cons,(z) |z € X}

tail,: PHT — PHT
X = c{tail,(z) |z € X}

if : PAT, x PHo x PHo — PHo
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X, if B = n(true);
if B = n(false);
X Y, if B=n(true) U n(false);
{1}, B={l}
The aim of this section is the following: given a continuous function f :

[0,1] — [0,1], we want to find a continuous extension of f such that the
following diagram commutes:

S S

T A
n n

H f H
PET PYT

where s is the continuous embedding map defined as z — {z}, see Chapter 3,
and 7 is the continuous inclusion map defined as x +— |z, see Section 2.5.
The main result of this chapter follows from the commutativity of the above
diagram. Escardé, Hofmann and Streicher [27] have shown that for elemen-
tary functions such as addition, there is no sequential map add : Z xZ — 7
such that add o s = (s x s) o add. More precisely, if there is a function for
addition add : [0,1] x [0,1] — [0, 1], any continuous extension of add in the
interval domain add : Z x Z — T together with some manifestly sequential
unary functions defines weak parallel-or. However, we show that there is a
sequential continuous extension add : P2 x PHT — PHT of add, for which
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the following diagram is commutative:

0,11 [0,1] 2% 1o, 1)

S XS S
IxT 7

nxn n

PHIT x PHT add PHT
Thus, we overcome the problem by allowing our definition to be multi-valued
at partial inputs. Our main result shows that the single-valued output at a
total input arises as the least upper bound of multi-valued partial outputs.
In other words, there are different computation paths that give different, but
consistent partial results at finite stages, but all of them converge to the same
total real number.

Besides the average function, we present sequential extension for the ab-
solute value function, the complement function, the multiplication function
and the division function.

8.1 Complement Function

We derive a recursive definition of a continuous extension of the complement
map

comp : [0,1] — [0, 1]

comp(z) =1—z.
The extended map is given by comp : PHT — PHT

comp(C)= if rtesty 5 2/5(C)
then
If @1/3,1/2(0)
then &onsz(comp(tail,(C)))
else Gonsc(comp(tailc(C)))
else
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if rtest1/2’2/3(0)
then consc(comp(tailc(C)))
else consy,(comp(tailz(C)))

For maximal partial numbers, we show that it indeed coincides with the
original map. We let L = [0,1/2],R = [1/2,1] and C = [1/3,2/3]; then
we have the following definitions of the cons and tail maps according to
Section 3.2.1:

consy () = x/2, taily () = min{2z, 1},
consg(z) = (z +1)/2, tailg(z) = max{0,2z — 1},
consc(z) = (z+1)/3, tailg(z) = min{max{0,3z — 1},1}.

According to the definition of the complement function, the next obser-
vations apply:

(i) ifx C L then 1 —z C R,

(ii) ft CRthen1 -2 C L,

(iii) if s CC then1 -2z C C.

Theorem 8.1.1. For all x € [0,1] it holds that comp(n(z)) = n(comp(z)).

Proof. Take D = (P"Z — PHT). Define ® : D — D by, for all F € D,

@(F)(C)= if rtest1/3,2/3(0)
then
if rtesty/s1/2(C)
then éonsg(F(tail,(C)))
else consc(F(taile(C)))

else
if @1/2,2/3(0)
then consc(F (t/a\l|c(0)
else consy(F (tallR(C))

)
)
so that comp = || comp, where comp, = ®"(L). To conclude we use
Lemma 8.1.2. O
Lemma 8.1.2. For any x € [0, 1], the following conditions hold:

1. comp,,(n(x)) is of the form LF, for F, C T finite,

2. ky < 27" for each y € F,,

69



3. F, C n(comp(x)).

Proof. The proof is by induction on n.

n = 0. We know that comp,(n(z)) = {L} = {{L} for any z € [0, 1].
Take y € F,, = {L},s0 k, =1 <2 " =2 and {L} C n(comp(x)) for all
z € [0,1].

Assume that it holds for n. We prove that it holds for n+ 1. We proceed
according to the position of .

a) If z € LU C, we have three cases:

1. ifz € (L)°\ (O)°

In this case:

comp,,(1(x)) = EoTsk (comp, (tail (1(z))))
= cons(comp,, (n(tail, (),

by the inductive hypothesis, comp,,(n(t)) is of the form | F, for F,, finite
and t = tail;(v). Take Fry1 = U, consg(w) then comp, (n(z)) is
of the form | {{,cr consg(w)}. Fyy1 is finite because F, is.

Let y € F,41. We must show that k, < 2°". We know that y =
consg(t) for some t € F,,. By the inductive hypothesis x; < 2771 If
y = consg(t) = X1 then:

< 2—n—|—1

Nsl
I@F

. S (27n+1) —9n

DN | o+I
N | e+
N | =

hence k, < 27"

Let y € F,,11. We must show that {y} C n(comp(z)). Asy € Fy1 =
consy(Fy,), so y = consg(s) for some s € F,. By the inductive hypoth-
esis for each s € F,, {s} C n(comp(tail;(z))), hence:

{y} = {consr(s)}

(definition of tail
(definition of com

| ﬂ

/\

cons(n(comp(tailz(z))))
R(n(comp( z)))
consg(n(1 — 2))
(consg(1 — 2z))

(1 = z) = n(comp(x)),

(Diagram 3.1

I
zsn

L)
p)
)
(definition of consg)

as we wanted.

70



2. ifz € (C)°\ (L)°, in this case:

J cﬁ\nsL(compn( (tailr(z)))),

by the inductive hypothesis, comp,,(n(t)) is of the form | F;, for F,, finite.
Take F,, 1 = cons¢(Fy,) Y consy(F,,) then comp,;(n(x)) is of the form
J{consc(F,) U consy,(F,)}. Fyyq is finite because F, is.

Let y € F,11. We must show that x, < 27". We know that either
y = consg(t) or y = consy,(t) for some ¢t € F,,. By inductive hypothesis
Kk, < 271 There are two cases:

if y = consc(t) = £ then:

t—t<27,
T t 1
35S
hence k, < 27"
If y = cons,(t) = £ then:
E_ t S 2—71-1—1’
t ot 1
;3 Sy =2

hence k, < 27".

Let y € Fny1. We must show that {y} T n(comp(z)). As y €
F,1 = ¢onsg(F,) U ¢onsp(F,) so y = consg(s) or y = consg(s)
for some s € F,,. By inductive hypothesis for each s € F,, either
{s} C n(comp(tailc(z))) or {s} C n(comp(tailg(x))), hence:

{y} = {consc(s)} C consc (n(comp(tailc(x))))
(definition of tailc) = consg(n(comp(3z — 1)))
1-@
(

1—(3z-1)))

(definition of comp) = consc(n
(Diagram 3.1) = n(cons¢(3z))
) =

(definition of cons¢) = n(1 — z) = n(comp(x)),
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or

{y} = {consL(s)} C cons (n(comp(tailg(z))))
(definition of tailg) = cons,(n(comp(2z — 1)))
(definition of comp) = consL(n(l (22 — 1)))
(Diagram 3.1) = n(cons,(2x))
(definition of consg) = n(1 — z) = n(comp(x)),

as we wanted.

3. ifz € (L) N (C)

The proof is similar to 2, using consg instead of consy,
b) If x € C' U R, again we have three cases:
1. ifz e R\ C

The proof is similar to a.1, Using consy, instead of consg.

2.ifze C\R
The proof is identical to a.3

.ifzeCNR
The proof is identical to a.2

c) If x € CN LN R, in this case:

comp,,1(1(x)) = Gafsc(comp,, (taile (n(2))))
(Diagram 3.2) = consc(comp,, (n(tailc(z)))),

by the inductive hypothesis, comp, (n(t)) is of the form |F, for F, finite.
Take F, 11 = cons¢(F},); then comp,,;(n(z)) is of the form |consc(F},). Fria
is finite because F;, is.

Let y € Fy,11. We must show that x, < 27". We know that y = cons¢(?)
for some t € F,,. By the inductive hypothesis x; < 2-"*!. With this we have:
y = consg(t) = ZE. Then:

%_ t S 2—n—|—1

I

— =< (2 <2

Y| oI
Lo | I+
W=

hence k, < 27".
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Let y € F,y1. We must show that {y} C n(comp(x)). Asy € Foy1 =
consc(Fy,) so y = consc(s) for some s € F,. By the inductive hypothesis for
each s € I}, {s} C n(comp(tailc(z))), hence:

(

(definition of tailc) = consc(n(
(definition of comp) = consg(n(1 — (3z — 1)))

(Diagram 3.1) = n(consc(
(definition of consg) = (1 — z) = n(comp(x)),

as we wanted. O

8.2 Absolute Value Function

We derive a recursive definition of a continuous extension of the absolute
value function

abs : [—-1/2,1/2] — [0,1/2]

x, if © > 0;
abs(x) =
—x, otherwise,

In this case instead of considering the interval [0, 1], we work with the interval
[—1/2,1/2]. As explained in Section 3.1 this consideration does not affect
the theory. In this way we can observe the results when a negative input is
given. The extended map is given by abs : P#Z[—1/2,1/2] — PHT[0,1/2]

abs(C’)= if @_1/371/3(0)
then
if rtest_;/350(C)
then c/o\mR(comp('c/aTlL(C)))
else conse(abs(tailo(C)))
else
if Ttesty,s(C)
then éonsc(abs(taile(C)))
else consp(abs(tailg(C)))

This map coincides with the maximal partial numbers of the original map.
Let L =[-1/2,0],C =[-1/3,1/3] and R = [0,1/2], hence cons and tail are
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defined as:

L1 : . 11
consy(z) = PXAE tail, () = min{ 2z + 23 (7

1 1 1 1
consg(z) = §x+i’ tailg(x) :max{—§,2x— 5},

2 . 1 (3 1
consg(z) = 3% tailc(z) = max —gyminq oz, oo r

The recursive definition for abs presented above is derived from a case analysis
of the possible values of z as the following shows: Vy € [—-1/2,1/2],

abs(consy (y)) = abs (;y - }1) - (;y - }1) = (=) + = consa(~).

abs(consc(y)) = abs (2_2/) = abs(2y) = ga,bs (y) = consc(abs(y)).

3 3 3

abs(consg(y)) = consgr(y)-
Theorem 8.2.1. abs(n(z)) = n(abs(x)) for all z € [—-1/2,1/2].

Proof. Take D = (P¥[-1/2,1/2] — P*[0,1/2]). Define ® : D — D by, for
all F € D,

B(F)(C)= if Tiest_1/5,15(C)

then
if TEest_y/3,0(C)
then &onsz(comp(tail,(C)))
else consc(F (tailo(C)))
else

if rtest0,1/3(0)
then consq(F (tailo(C)))

—

else consy(comp(tailz(C)))

so that abs = | |, abs, where abs,, = ®"(_L). To conclude we use Lemma 8.2.2.
U

Lemma 8.2.2. For any x € [—1/2,1/2], the following conditions hold:

1. abs,(n(x)) is of the form |F, for F,, CZ[—1/2,1/2] finite,
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2. Ky < 27" for each y € F,,
3. F, Cn(abs(x)).

Proof. The proof is by induction on n, and is similar to the proof of the
complement function. The difference resides in the cases where x appears.
O

8.3 Average Function

We now derive a recursive definition of a continuous extension of the average
operation

@ :1[0,1] x [0,1] — [0,1]

r+y
5

rdy =
The extended map is given by Average : PHZ x PHT — PHT

Average(X,Y)= if rtest; s 3/4(X)
then
if rtest;/s3/4(Y)
then cons, (Average(tail (X), tail, (Y)))
else consc(Average(tail (X), tailz(Y)))
else
if rtest; s 3/4(Y)
then consc(Average(tail (X)), fail (Y)))
else consy(Average(tailz(X), tailg(Y)))

where L =[0,3/4],C = [1/8,7/8],R = [1/4,1].
For maximal partial elements we show that it indeed coincides with the
original map.

Theorem 8.3.1. Average(n(z)),n(y)) = n(%) for all z,y € [0, 1].

Proof. We take D = (PHZ x PET — PHT). Define ® : D — D by, for all
FeD,

@(F) (X, Y) = if rtest1/4,3/4 (X)
then
if rtest1/4,3/4 (Y)
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then consy, (F(tail, (X)), tail, (Y)))
else consc(F(tail, (X)), tailz(Y)))
else
if Ttesty /s z/4(Y)
then Gonsc(F(tailz(X), tail,(Y)))
else consy(F(tailz(X), tailg(Y))).,

so that Average = | | Average,, where Average, = ®"(L). To conclude, we
use Lemma 8.3.2. O

Lemma 8.3.2. For any x,y € [0, 1], the following conditions hold:
1. Average, (n(x),n(y)) is of the form |F, for F, C T finite,

2. k, < (%)_nJrl for each z € F,

3. FaCn(z@y).

Proof. The proof is by induction on n.

1. n = 0. We know that Average,(n(x),n(y)) = {L}
z,y € [0,1]. Take z € F, = {1}, so ks, = 1 < (4/3)™""
{L} En(z ®y) for all z,y € [0, 1].

2. Assume that it is true for n. We prove that it is true for n + 1. We
proceed according the position of x and y.

= i{J_} for any
1 = (4/3), and

a) if z € [0,1/4],y € [0,1/4]

In this case:

Average,, ., (n(z),7(y)) = consy (Average, (tail (1(x)), tail (1(y))))
(Diagram 3.2) = consy,(Average,,(n(tail,(x)), n(tail,(y)))),

by the inductive hypothesis, Average,, (n(t),n(s)) is of the form | F,, for
F, finite, ¢t = tail;(z) and s = tail,(y). Take F, 1 = consy(F,) then
Average, . (n(z),n(y)) is of the form |consy(F,,). Fy,41 is finite because
F, is.

Let z € F,41. We must show that s, < (3)™".
We know that z = consy(¢) for some t € F,,. By the inductive hypoth-

esis k¢ < (5)7". We have: z = consy(t) = 3; then:

_ 4 —n+1
t—t< |5
(5)
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] W

(D) =6)

Let z € F,11. We must show that {2} C n(z @ y). As z € 1 =
consr(Fy,), so z = consg(s) for some s € F,.

By the inductive hypothesis {s} C n(tail,(z) & tail.(y)), hence:

hence k, < (%)™

{z} = {cons.(s)} E consy (n(tail(z) @ tail.(y)))

(definition of consy) =7 (:1: ; y) =n(z dy).

as we wanted.
b) if z € [1/4,3/4],y € [1/4,3/4], in this case:

Average, ., (1(x), 1(y)) = Coris, (Average, (tailz (1(x)),
U consc(Average,, (tail ( tail o
J (ﬁR(Averagen(tailR(n(x)), tallR(n(y
(Diagram 3.2) = consy, (Average,, (n(tailz (z)), n(tailL(y)))
(n(tail, (z)
( (

J consc(Average )
J consg(Average, (n(tailg(z))

n

by the inductive hypothesis,

e Average, (n(tail (7)), n(tail,(y))) is of the form |F, for F, finite.

e Average, (n(tail(z)), n(tailg(y))) is of the form |F,, for F, finite.

e Average, (n(tailg(z)), n(tailg(y))) is of the form [F for F, finite.
")

Take F, ., = consy(F,) U éonsc(F, ) Y consg(F, ) then
Average,, . (n(z),n(y)) is of the form:

1

J{cons, (F,) Y conse(F, ) Yonsp(F, )}.
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. . ! /! 1
F, 41 is finite because F),, F, and F, are.

Let z € F,,41 we must show that x, < %,n. We have three cases:

i z = cons(t) for some t € F.,
ii 2 = consg(t) for some t € F,,

111

iii z = consg(t) for some t € F,,
For the first case, we proceed as in case a).

For the second case, we have that z = ﬁ + l = ﬁ + é, 3% + l then

K, = (%f—i— %) - (%i—i— %) = 3t — §15 Agaln we proceed as in case a).
The third case is similar.

Let z € F,, 11 we must show that {2z} C n(z @ y). Again we have cases
i), ii) and iii) as above.

For case i), we proceed as case a) above. For case ii), by the inductive
hypothesis we know that ¢ C n(tail, (z) & tailg(y)), hence:

{z} = {consc(t)} C consc(n(tail(z) @ tailz(y)))

(definition of tail; and tailg) = consy, (n ( an y3 ))

o 4 4 1
(definition of @) = cons¢ (77 ( T+ y ))
1
(Diagram 3.1) = n (consc <— — §>)

r+y
2

(definition of consg) =17 ( ) =n(zdy).

as we wanted. For case iii) the proof is similar to the previous one.

The proof is similar for the remaining cases. U

8.4 Multiplication

We now derive a recursive definition of a continuous extension of the multi-
plication map

mult : [0, 1] x [0,1] — [0, 1]

mult(z,y) — x X y.

The extended map is given by mult : PHZ x PHT — PHT
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mult(X,Y) = if rtest;/39/3(X)

then
|f @1/3’2/3(Y)
then consc, (mult(tail, (X), tail, (Y)))
else s, (mult(tail, (X), tail(Y))) + 2 (@L(X))
else

if rtest;/39/3(Y)
then onse, (mult(tailz(X), taily (V) + 2 (t/a\iIL(Y)>
else consc, (mult(failx(X), tailg(Y)))+
2 (faila(X) + faila())

Where (_+ ) : PEHT x PET — PHT|0,2] is the continuous extension of the
addition map (this extension can be easily derived from the average map).
In the proof of Theorem 8.4.1, we work with the prefixed version of the map
(- + -) which we call plus(_, -).

Let L =10,2/3], R=[1/3,1], C; = [0,4/9] and Cy = [1/9,5/9] hence the
definitions of cons and tail are

consy (z) = 3% tailr(z) = min {3z,1},
consg(z) = 2:6;_ 1, tailg(z) = max {0,221}

consg, (z) = gx, tailc, (z) = min {max {0, $z} ,1},
consg, () = Ao + 1, tailc, (z) = min {max {0, 2211 1} .

The analysis to obtain the above definition is the following:
(i) if z C L and y C L then z x y C (4,

(ii) ifx C L and y C R then z x y C L,

(iii) ifxr CRand y C L then z x y C L,

(iv) if £ C R and y C R then z x y C [1/9,1].

For all z,y € [0, 1] we have the equations:

2 2 4
consy,(x) x consy(y) = 3T X 3Y = g% X y = consc, (x X y).

2 2 1 4 2 2
consg, () X consp(y) = 37 % y;— = §(x X y) + g% = consc, (x xy)+ e
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20 +1 2 4 2 2
consg(x) X consy(y) = X —y=—(xxXy)+ -y =consg (z Xy)+ =y.
3 3 9 9 9
consp(z) X consp(y) =ZHL x 2 =4z x )+ 2(z+y)+ 1=

consc, (z X y) + 2(z +y).

For maximal partial real numbers, this map coincides with the original map
up to the identification of real numbers and maximal partial numbers.

Theorem 8.4.1. mult(n(z),n(y)) = n(x x y) for all z,y € [0,1].

Proof. We take D = (PHZ x PET — PHT). Define ® : D — D by, for all
FeD,
@(F)(X,Y) = if rtest0,2/3(X)
then
if I’testo,g/g(Y)
then consc, (F(taily (X), tail;(Y)))
else corsc, (F(tail, (X), tailg(Y)))+2 (t/a\iIL(X)>
else
if rtesto,g/g(Y)
then s (F(tailr(X), taily (¥)))+ (faily (V)
else Eonse, (F(tailz(X), tailz(Y)))+
2 (tailn(X) + tailn(¥))
so that mult = || mult,, where mult, = ®"(L). To conclude, we use
Lemma 8.4.2 below. H

Lemma 8.4.2. For any x,y € [0, 1], the following conditions hold:
1. mult,(n(z),n(y)) is of the form |F, for F, C Z|[0,1] finite,

2. Kk, < (%)7"le for each z € F,,

3. F, Cn(x xy).

Proof. The proof is by induction on the number of unfoldings n.

If n = 0, we know that multy(n(z),n(y)) = {L} = |{L} for any z,y €
[0,1]. Take z € F,, = {1}, s0o k, =1 < (3/2), and {L} C n(x x y) for all
z,y € [0,1].

Assume that it is true for n. We prove that it is true for n + 1. We
proceed according to the positions of z and y.

80



1. if x € L,y € L we have three cases:
a)if x € [0,1/3],y € [0,1/3], in this case:

mult, ;1 (n(z), n(y)) = Conse, (mult, (tail (n(2)), tail, (n(y))))
(Diagram 3.2) = ¢ons¢, (mult, (n(tailr(z)), n(tailz(v)))),

by the inductive hypothesis, mult, (n(t), n(s)) is of the form |F;, for F,
finite, ¢ = tail,(x) and s = tail,(y). Take F,.1 = consc, (F,) then
mult, 1 (n(x),n(y)) is of the form |consc, (F},). F,.1 is finite because
F, is.

Let z € F,11. We must show that x, < (2)™. We know that z =

consc, (t) for some ¢ € F,. By the inductive hypothesis &, < (3)7"*+.
We have: z = consc, (t) = ¥; then:

3 —n+1
t—t<|-=
()
4 4 4\ [/3\ "t 3\ “! 3\ "
S e N == <2} |
9° 9~ \9/\2 2 2

hence x, < (

Let z € F,11. We must show that {2} C n(z x y). As z € 11 =
consc, (Fy,), hence z = consg, (s) for some s € F,. By the inductive
hypothesis {s} C n(tail,(z) x tail,(y)), hence:

{2z} = {cons¢, (s)} C éonsc, (n(tailz(z) x taily(y)))

(definition of tailz) = cons¢, (77 (3; X 37?1)) = consc, <77 (9'%4))

(Diagram 3.1) = n (consc1 (9:;‘_@/)) =n(x xy).

as we wanted.

81



b) if z € [1/3,2/3],y € [1/3,2/3], in this case:

mult,, 1 (n(2), (y)) = Gonsc, (mult, (tail,, (n(2)), tailz (n(y))))
S Gosc, (mult, (Eail (1(2)), Gl (n(v)))) + 3 (tails, (7 ()
U Gose, (multy (il n(n(a)), @il (n(1))) + 5 (falle (1 (1))
Y Gonsc, (mult, (tail(n(x)), tailr (n(1)))) +

< (il (n (2)) + il (1 (»)))

= G, (multy (n(tail, (), n(tails (1))
U G, (mult (n(tail (), n(taila(y))) + ¢ ( (12l (2))
o e, (mult, (1 taila (), n(tail (1) + & (1 (tails ()
0 GO (multy (1 (tail (), n(tail (1)) +

g (n (tailp(z)) + n (tail,(x))) ,

by the inductive hypothesis,

e mult, (n(tailz(x)), n(taily (y))) is of the form |F, for F finite.
e mult, (n(tailz(x)), n(tailz(y))) is of the form |F. for F| finite.
o mult, (n(tailz(z)), n(tail; (y))) is of the form [F. for F finite.
e mult,(n(tailg()), n(tailg(y))) is of the form |F for F* finite.
Take F,,, = consc, (F.) U conse, (F.,) + %t/a\ilL(x) d conse, (F)) +
) then mult,1(n(z),n(y)) is of the form:

2taily,(y) U consc, (F,

— ! —_— 1" 2 -
{cons¢, (F,,) Y consc, (F),) + §ta|IL(x) g
consc, (Fi') + 2tailp,(y) U €onse, (Fi¥) + 2(tail, () + tail, (1)) }-

Fy is finite because F,, F, | F. and F™ are.

ni)r n

Let z € F,,;1 we must show that k, < % . We have four cases:

i z = consg, (t) for some t € F,
ii z = consc, (t) + 3tail,(z) for some ¢ € F,

iii z = consc, (t) + Ztailr(y) for some ¢ € F,,,
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iv z = consc, (t) + Z(tail,(z) + tail (y)) for some t € F¥.

For the first case, we proceed as in case a). For the second case, we
know that = is maximal, so the length of x is 0, so we have case one.
For the third case, the same argument applies since y is maximal. The

fourth case
3 —n+1
t—t< =

A+1_ A+l _ (4 3\ _ (3 ‘"‘1< 3\ "
9 9 —\9/\2 2 2)

hence x, < (3)™™.

Let z € F,, 11 we must show that {z} C n(z X y). Again we have cases
i,ii,iii and iv as above.

For case i), we proceed as case a) above.

For case ii), by the inductive hypothesis we know that ¢ = n(tail,(x) x
tailg(y)), hence:

{2} = {consc, (t) + 2 (2)}

C plus (c/o\nscz( (tailz (z) x tailg(y))), n <x))

3
-1
(definition of tail) = plus | consg, ( (335 3 )) | z )

— 9z 3
(definition of x) = plus <c0n502 < ( X y x)) . 3
i — 9z x y
(Diagram 3.1) = plus (77 <C0n502 ( ; )) n (3))

(definition of consc, ) <77 ((x X
T

(definition of plus) =7 (( X Y)

=n(z x y).

as we wanted. Cases iii and iv follow similarly.

The rest of the proof is similar to cases a) and b). O

83



8.5 Division of two real numbers

We give a definition of division of two real numbers. We use Plume’s [69]
algorithm for defining division. To simplify discussion, we define division in
the following intervals:

div : [1,1] x [1/4,1] — [~4, 4]

In that sense we give a definition for div(z,4y) to keep the result in [—1, 1].
1 1

For example div (i, g) should produce as a result 4 = 4 = é. Take

3
43

oleos

L=[-1,0, C=[-1/2,1/2, R=10,1],

Cr= [_1/47 3/4]a Co = [_3/&5/8]: Cs = [_3/47 1/4]a Cy= [_5/&3/8]:

hence:

-1
consy,(z) = i 5 tail, (z) = min{2z + 1,1},

consg(z) = g, tailc(z) = max{—1, min{2z,1}},

_:1:+1

consg(z) = 5 tailg(z) = max{-1, 2z — 1},
r 1 : : 1

consc, (x) = >t taile, (z) = min{max{—1, 2z — 5}, 1},
z 1 : . 1

consc, (x) = 7+ 3 tailg, (z) = min{max{—1, 2z — Z}’ 1},
z 1 : . 1

consc, (x) = ST tailc, (z) = max{—1, min{2z + 2 1}},
z 1 : : 1

consg, () = 77 tailg, () = max{—1, min{2z + 7 1}},

The definition of division is the following:

div : PPZ[-1,1] x P"I[1/4,1] — PP I[-1,1]
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div(X,Y) =
if Ttest 1/51/5(X)
then
if Ttest_1/5_1/4(X)
then
if @_1/2,1/2()( + Y)
then
if @_1/27_1/4()( + Y)
then cons;, (div(tailo(X + 2Y),Y))
else consc, (div(tailo(X +Y),Y))
else
if ﬁl/4’1/2(X + Y)
then &nsc, (div(taile(X + Y),Y))
else consc, (div(tailc(X) + Y, Y))
else consc(div(taile(X),Y))
else
if @1/4’1/2()()
then &onsc(div(taile(X),Y))
else
if TEest_y/p1/2(X — V)
then
if @_1/27_1/4()( — Y)
then Gonsc, (div(tailo(X) — Y, Y))
else consc, (div(taile(X — V), Y))
else
if Ttesty/q1/2(X — V)
then @onsc, (div(tailo(X — Y),Y))
else consp(div(taile (X — 2Y),Y))

For maximal partial elements we show that it indeed coincides with the
original map.

Theorem 8.5.1. div(n(z),n(y)) = n(i) forallz € [-1,1] andy € [1/4,1].

Proof. We take D = (PYZ[—1,1] x P¥Z[1/4,1] — PHZ[-1,1]). Define
®:D — Dby, forall F e D,
O(F)(X,Y) = div(X,Y)

so that div = | |, div,,, where div,, = ®"(_L). To conclude, we use Lemma 8.5.2.
U
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Lemma 8.5.2. Foranyx € [—1,1] and y € [1/4,1], the following conditions
hold:

1. div,(n(x),n(y)) is of the form LF, for F, C Z[-1,1] finite,
2. k, < (2)7" for each z € F,
3. F, En(z/4y).

Proof. The proof is by induction on the number of unfolding n.

If n = 0, we know that divg(n(z),n(y)) = {L} = {{ L} for any x € [-1,1]
and y € [1/4,1]. Take z € F,, = {L}, so k, = 2, and {1} C n(z/4y) for all
z €[-1,1] and y € [1/4,1].

Assume that it is true for n. We prove that it is true for n + 1. We
proceed according to the positions of z and y. We present only two cases.
The reminder cases can be shown by a careful, but routine, modification of
the previous cases.

1. ifz € [-1,-1/2] and z 4+ y € [-1,—1/2] we have that:

divy, 1 (n(x), n(y)) = consy (div, (tailc(n(z) + 2n(y)), 1(y))
(Diagram 3.2) = cons,, (div, (n(tailc(z + 2y)),n(y))),

by the inductive hypothesis, div,(n(t),n(s)) is of the form |F,, for F,
finite, ¢ = tailc(z + 2y) and s = y. Take F,1; = cons,(F},) then
div,41(n(z),n(y)) is of the form |cons; (F,). F,1 is finite because F,
is.

Let z € F,, 1. We must show that x, < (2)™".
We know that z = consy,(¢) for some ¢ € F,,. By the inductive hypoth-

esis k, < (2)7"". We have: z = cons,(t) = 5*; then:

o~

—t< (2

@ =@

N | e+I
|

N | I+
AN

S

DO | =
N——

hence x, < (2)™".

Let z € F,y1. We must show that {z} C n(z/4y). z € F,y1 =
consy (Fy), so z = consg(s) for some s € F,.
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By the inductive hypothesis {s} C n(tailc(z + 2y)/4y), hence:
{z} = {cons,(s)} T consy (n(tailc(z + 2y)/4y))

(definition of tailg) = consy, (77 ( x;; y>>

(Diagram 3.1) =7 (consL (; + 1>)
)

(definition of consy) =7 (f—y) .

as we wanted.
ifx e [1/2,1],2 —y € [1/2,1], in this case:
diva 1 (1(2), 1(y)) = Gonsp(divy (taile (n(x) — 20(y)), 1(y)))

(Diagram 3.2) = consg(div, (n(tailc(z — 2y)),n(y))),

by the inductive hypothesis, div,(n(t),n(s)) is of the form |F, for F,
finite, t = tailo(z — 2y) and s = y. Take F,,; = consg(F,) then
div,1(n(x),n(y)) is of the form |consg(F,). F,; is finite because F},
is.

Let z € F,, 1. We must show that x, < (2)7".
We know that z = consg(t) for some ¢ € F),. By the inductive hypoth-
esis k; < (2)7™". We have: z = consg(t) = 5*; then:
E_ z S (2)—n+1
t+1 t+1 1 _ _
L_LS ~ ) (2) ”+1:(2) n
2 2 2
hence x, < (2)™".

Let z € F,y1. We must show that {z} C n(z/4y). z € F,y1 =
consp(Fy,), so z = consg(s) for some s € F,.

By the inductive hypothesis {s} C n(tailc(z — 2y)/4y), hence:
{z} = {cons(R)} £ consg(n(tailc(z — 2y)/4y))

(definition of tailc) = consg (77 ( x4y y))

(Diagram 3.1) =7 (consR (21 - 1))
Y

(definition of consg) =17 (f_y> )

as we wanted. The rest of the proof follows similarly.
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8.6 Upper integer bound

We present a recursive definition of the continuous extension of the com-
putable upper integer bound function presented in Section 6.2.
The extended map is given by

upper_bound : P#R — PAN,

upper_bound(X) = if rtest,(X)
then
if rtesto(X)
then
if rtest_y.(X)
then (upper_bound(z +1)) —1
else 0
else 1
else
if rtesto,(X)
then 1
else
if rtest,;(X)
then 1
else (upper_bound(z —1)) +1

where a,b € Q such that —-1 <a <0< b< 1.
It is easy to show that for maximal partial numbers, this definition indeed

coincides with the original map.
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Chapter 9

The Programming Language
LRT

In this Chapter, we introduce the Language for Redundant Test (LRT),
which amounts to the language considered by Escardé [22] with the parallel
conditional and the head construction removed and the sequential conditional
and a constant rtest, ; added. We remark that this is a call-by-name language.
Because real-number computations are infinite, and there are no canonical
forms for partial real-number computations, it is not clear what a call-by-
value operational semantics ought to be, we leave this as further work.

In Section 9.1 we present the syntax of the language. The denotational
semantics based on the Hoare powerdomain is presented in Section 9.2. In
Section 9.3 the operational semantics of the language is presented. We show
in Section 9.4 that the operational semantics is computationally adequate
with respect to the denotational semantics given.

9.1 Syntax

The language for redundant test LRT is an extension of Lpcp with a ground
type for real numbers and suitable primitive functions for real-number com-
putation. Its raw syntax is given by:

x € Variable,
= nat |bool |I| o — o,
P := x|k, |true|false| (+1)(P) | (—1)(P) |
(=0)(P) | if, Pthen Pelse P | cons,(P) |
tail,(P) | rtesty(P) | Az°P | PP | Y, P,
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where the subscripts of the constructs cons, tail are rational intervals and
those of rtest are rational numbers. (We apologize for using the letters a,
b and ¢ to denote numbers and intervals in different contexts.) Terms of
ground type I are intended to compute real numbers in the unit interval.
Programs constructed with this type are known as real programs.

It is convenient for our purposes to first define the denotational and then
the operational semantics.

9.2 Denotational Semantics

We denote by A the standard interpretation of LRT. The ground types
bool,nat and I are interpreted as the Hoare powerdomain of the domains of
natural numbers, booleans and intervals, and function types are interpreted
as function spaces in the category of dcpos:

A[nat] = PPN,  A[bool] = P*T,, A[I]="P"T,

[o = 7] =[] = [7]-

The interpretation of the language LRT is a collection of domains {D, },
together with a mapping:

¢ Alc] : LRT — | J{D,}

which is type-respecting in the sense that if ¢ : o then A[c] € D,. We write
[c] instead of A[c] for simplicity.
The interpretation of constants in LRT is defined as follows:

—

. [true] = n(true);

[\)

. [false] = n(false);

- [%a] = n(n);

4. [(+1)] = (+1),

w

——

+DX =c{(+1)z |z € X};

5. [(-0)] = (-1),
(DX =d{(-1)z |z € X};
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(= 0X =c{(=0)z |z € X}

7. [cons,] = éons,,

¢ons, N = cl{cons,n | n € N};

8. [tail,] = tail,,

tail, N = cl{tail,n | n € N},

9. [YoI(F) = Lnso F* ({L}) (F" € Dooso)),
10.
X, if B = 7(
[ig](B. X, v) = { if B = n(false);
U)X Y, if B =1(true) U n(false);
{L},  B={l}

true);

11. [rtest,p] = rtest,p,

rtest, y M = cl U rtest, , m,
meM

where rtest,; is defined as:

Htt, ff}, ifa<z <z <
Htt}, if T <b;

L{ff}, if z > q;

{Ll}, otherwise.

rtesty () =

The functions n,”,~ are defined in Section 2.5, the functions (+1), (—1),
(= 0) are the standard interpretations in the Scott model of PCF (Sec-
tion 5.1), the functions cons,, tail, are defined in Section 5.2, and the function
rtest,p is defined in Chapter 7. The function [Y,] is the least fixed point op-
erator defined in Section 2.3.1.
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9.3 Operational Semantics

We consider a small-step style operational semantics for our language. We
define the one-step reduction relation — to be the least relation satisfying
the one-step reduction rules for evaluation of PCF and those below:

1. cons,(cons, M) — cons, M

2. cons,M — cons, M’ if M — M’

3. tail,(consy M) — Yconsy, ifb<a

4. tail,(consyM) — Yconsg ifb>a

5. tail,(consy M) — consy M ifaCbanda#b

6. tail,(consy M) — consune(tailmpeM) ifa1baZ bbb ab £
aanda £ b

7.tail, (M) — tail,(M') if M — M’

8. iftrue M N —- M
9.if false M N - N

10. if M Ny Ny — if M' Ni N, if M — M’
11. rtesty(cons, M) — true ifa<ec
12. rtesty (cons, M) — false ifb<a
13. rtesty . M — rtesty, M if M —» M

Remark 9.5.1. e Rules 2, 7, and 13 can be applied infinitely often leading
to a divergent computation. This is consistent with the Hoare semantics
which always allows | as a possible denotational value of a term.

e Rules 11-13 cannot be made deterministic given the particular com-
putational adequacy formulation which is proved in Section 9.4. This
means that the set of rewrite rules needs to be rich enough to allow
one to derive operationally everything that the denotational semantics
suggests. This does not mean that we are giving a specification for an
implementation of LRT (see Chapter 10 for a further discussion). On
the other hand, in the absense of rtest,, the rules 1-10 can be made
deterministic without loss of computational adequacy if one so desires.

e In practice, one would like to avoid divergent computations by consid-
ering a strategy of the application for the rules. This is the topic of
Chapter 10 where we study total correctness. For the purposes of this
section, we consider the non-deterministic view.
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We now introduce a notion of operational meaning of a term, where the
operational values are taken in a powerdomain, too. The difference of this
operational semantics with the denotational semantics given above is that
the former is obtained by reduction but the latter is obtained, as usual, by
compositional means.

Definition 9.3.2. Firstly, we define the operational meaning of closed terms
M of ground type v in i steps of computation, written [M];, which is to be
an element of the domain [v].

If M : 1, then we define
M), = Y {n(a)|3IM'Ik < i, M5 cons,M"}

if this set is non-empty. Here the relation K denotes the k-fold composition
of the relation —.
If M : nat, then we define

M), = Yin(n)|3k<i M5k}

if this set is non-empty.
If M : bool, then we define

(M]; = U{n) |3k <i,M L bbe {true, false}}
if this set is non-empty.
The following is immediate
Proposition 9.3.3. [M]; C [M];;;.

Definition 9.3.4.

] = ||,

i

Of course, only in the case of the ground type of real numbers this defi-
nition is non-trivial, but it is convenient to have a uniform treatment for all

types.

9.4 Computational Adequacy

In our setting, computational adequacy amounts to the equation [M] = [M]
for all closed terms M of ground type, where [M] is the operational meaning
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of M defined in Section 9.3 and [M] is the denotational meaning of M defined
in Section 9.2.

For a deterministic language such as PCF, soundness of the denotational
semantics amounts to the fact that M — N implies [M] = [N]. For our
non-deterministic language, we rely on the following:

Lemma 9.4.1. [M] = U {[N] | M — N} (notice that this is a finite
union,).

Proof. The proof is by structural induction on M.

If M is a value, there is nothing to prove.

Suppose M = (—1)M' and M — N, there are three rules that apply to
predecessor.

First case: M = (—1)ko and (—1)ko — ko = N,

[(=1)k] = (-1)[ko] = (=1){0, L} = cl{(-1)0,(-1)L}
= cf0, L} =10, L} = [ko] = [N]-

Second case: M = (—1)kpyy — k, = N,

[(—1)kas] = (D([kats]) = C1{n+1, L} =d{(-1)n+1,(-1)L1}
= c{n, L} ={n, L} = [k.] = [V].

Third case: M = (—1)M' and M — (—=1)N' if M' — N'. By inductive
hypothesis, [M'] = U {[N'] | M' — N'}, applying (—1) to both sides of the
equation:

[M]=[(-D)M] = (-1)[M]= (-1 CA{[N]|M — N'})
= Y{(-)INT| M — N}
G{[(-1)N'] | M" — N'},

as we wanted.

The proof for the other constants follows similarly, except for rtest,,
whose proof we include below.

Suppose M = rtest, ,(M'). There are three possible cases:

First case: M is of the form rtest,,(M') where M’ is not a cons,

term. Hence, the only single-step reductions available are of the form M —
rtest, N’ where M’ — N'. As the semantics of rtest, , is rtest, ,, we get

V] = st (© IV | M = )
= U {rtest, ,[N'] | M' — N'}
d {[rtest, N'] | M' — N'}
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Since the last expression exhausts the terms that are single-step derivable
from M, we are done with this case.

Second case: M is of the form rtest, ,(cons,(M")) where M” is not a
cons, term. Note that the above equality still holds but the last U does not
exhaust the single-step derivations. Furthermore,

[M] = rtest, 4(ons, (M) d rtest,q(a).
As U is inflationary, we can throw smaller terms into the above equation:
[M] = U {rtestqu' | M' — N'}
= rtest, (a (H {[xrtest, N']| | M' — N’})

Now rtest, ,(a) is exactly the set

H {[b] | M — b and b € {true, false}}.

So the last expression exhausts the terms that are single-step derivable
from M.

Third case: M is of the form rtest,,(cons,(cons,M")) where M" is
not a cons term. Note that [M] = [rtest,(consy(M"))]. Because U is
idempotent, we get throw this term in as well:

[M] = [rtest, (consy(M™))]
= rtest, 4(ab) Y (H {[rtest, N'] | M" — N’})

And again, these exhaust the terms that are single-step derivable from
M.

0
Lemma 9.4.2. Vj, [M] = e{[[N]]\M—>N}

Proof. We proceed by induction on the length of the evaluation j. If the
length is zero, then it follows trivially.
Suppose that it follows for j-folds and we want to prove that it holds for

j + 1-folds. Assume that M — AR — N, M — AR — Ng,--- M — AR — N, then there are
NI, NY,... N such that M % NI — Ny, M —>N§ > Ny,..., M 5N —
N,. By assumption [M] =4 [N;],0 <4 < n. By Lemma 9.4.1 by induction
on the structure of M, we must therefore have [M] = U [N;],0<i<n. O

To prove soundness of the operational semantics we state the following
Lemma:
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Lemma 9.4.3. For all programs M, [M]; C [M] =Y {[N] | M N N}.

Proof. Let b € [M];,b # L. By definition, b C a for some a and M’ such that
M % cons,M'. b C aC cons,z,Vz € [M']. As cons,[M'] C [cons,M'], by
Lemma 9.4.2, b € |[cons,M']| then b € [M]. O

Proposition 9.4.4. (Soundness) For all closed terms M of ground type,
[M] C [M].

Proof. 1t suffices to show that, for all closed terms M of ground type,
[M]; E [M].

Let b € [M];,b # L. By definition, b C a for some a and M’ such that

M - cons,M'. Because cons,[M'] = [cons,M'], Lemma 9.4.3 shows that
b € |[cons,M']. Therefore b € [M] because a C cons,(z) for all z € Z, and
in particular for all x € [M']. O

In order to establish completeness, we work with a notion of computability
as in [68, 22|.

Definition 9.4.5. The set of computable terms is the least collection of
terms such that:

e A closed term M of ground type is computable whenever [M] C [M],

e A closed term M : o — T is computable whenever MQ : T is computable
for every closed computable term @ of type o,

e An open term M : o with free variables x1 : 01,T2 : O9,...,%y : Op
is computable whenever [Ny/x1] -« [Ny/xn]|M is computable for every
family N; : o; of closed computable terms.

Because PH (D) is a continuous domain if D is, we have:

Lemma 9.4.6. A closed term M of ground type is computable iff for every
X < [M] there is i with X C [M];.

Proof. (=) Suppose that M is computable and let X < [M]. We have that
[M]; T [M]z C --- is a chain whose supremum is [M], and hence there is ¢
with X C [M];. (<) By continuity of the Hoare powerdomain of a continuous
domain, in order to show that [M] C [M], it suffices to show that for all
X < [M], X C [M]. But this holds by hypothesis. O
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Theorem 9.4.7. (Completeness) Every term is computable.

Proof. The proof is by structural induction on the formation rules of terms.
Constants: (1) rtest,, is computable:
We have to show that

[rtest, M] C [rtest, M]
for computable M. So

[rtest, ,M] = rtest,,[M]
rtest, o[ M|

rtest, , |_|[M li

3

= |_| rtest, ,[M];

= U@M H {n(a) | 3M'3k < i.M —* cons,M'}

I

= rtest, ,(n(a)) | IM'Ik < i.M —* cons, M’
y2U

= |_| H {rtest, (a) | IM'Ik < i.M —* cons,M'} .

But when M —* cons,M' holds, so does rtest,,(a) C [M]ry1 C [M]. So
the directed sup of formal joins also lies below [M].

(2) if is computable:

We have to show that

[if L M N| C [if L M N].

Suppose n(true) C [L]. By the inductive hypothesis, [L] C [L], so L —! true
for some . Thus if L M N —!™' M. Hence, [M] C [if L M N]. Similarly,
if n(false) C [L], then [M] C [if L M N]. Now, we need the four cases
of the proof: if [L] = n(Ll), then [if L M N] = n(L); if [L] = n(true),
then [if L M NJ| = [M]; if [L] = n(false), then [if L M N] = [N]; and
if [L] = n(true) Q n(false), then [if L M N]| = [M] Y [N]. Because Y is
inflationary (and (L) is the identity for it); in all four cases [if L M N] C
[if L M N].

(3) cons, is computable:

We have to show that if M is computable, then so is cons, M.
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Assume that [cons,M] # L for a computable term M of type I. Let
Y < [cons,M] = cons,[M]. We need to show that there is ¢ with ¥ C
[cons,M];. By Lemma 2.4.6, there is X < [M] with YV < ¢ons,X. As M
is computable, there is j such that X T [M];. Because Y C cons, X and
by monotonicity of ¢ons,, we have that Y C cons,[M];. So for every y € Y,
there is m € cons,[M];, with y C m. Let m € cons,[M];, by Lemma 2.4.9
there is ¢t € [M]; with m C cons,(t) = at. Because there is t € [M];, we
deduce that there is M’ such that the reduction M % cons,M', k < j
holds, and so cons, M N cons,(cons;M’) N cons; M'. Hence we can take
1=k+ 1.

(4) tail, is computable:

We have to show that if M is computable, then so is tail,M. As-
sume that [tail,M] # L for a computable term M of type I. Let V <
[tail,M] = t/a\ila[[M]]. We need to show that there is ¢ with Y C [tail, M];.
By Lemma 2.4.6, there is X < [M] with ¥ <« tail, X. As M is computable,
there is j such that X C [M],. It follows that [M]; Z {a}, because Y # { L}
and if [M]; T {a} then Y < tail, X C tail,[M]; C tail,{a} = cI{L} = {L1}.
Then exactly one of the following four cases holds:

(a) [M]; < {a} Then since X C [M]J, we have that tail,X C tail, [M];
and since Y C tallaX, we have Y C ta|Ia[M]J. So for every y € Y, there is
m € t/a\ila[M]j with y C m. Let m € t/a\ila[M]j, so by Lemma 2.4.9 there is
t € [M]; with m II tail,(¢). Because there is ¢t € [M]; it follows that there is
M’ such that M * cons,M', k < j holds. Because [M]; < {a} we conclude
that tail, M *, tail,(cons; M') N Ycons;. Hence we can take i = k + 1.

(b) {a} < [M]; Similar to (a).

(¢) {a} C [M];: Then since X C [M]J, we have that tail, XC tail o M]; =
{b\a|be [M];} and since Y C tail, X, we have that Y C tail a[M];. So for
every y € Y, there is m € talla[M]j with y C m. Let m € talla[M]], so there
is t € [M]; with m C tail,(t) = t \ a. Because there is ¢t € [M]; it follows
that there is M’ such that M % cons;M' k < j holds. We conclude that
tail, M % tail o(cons; M'") 2 tail,, M'. Hence we can take i = k + 1.

(d) {a} 1 [M];: Then since X C [M]J, we have that tail, X C fail [M]]
{(eid)\ a | b e [M];} and since ¥ tail, X, we have that ¥V C talla[M]
So for every y € Y, there is m € tail o[M]; with y C m. Let m € tail o[ M];, so
there is ¢t € [M]; with m C tail,(t) = (aUt) \ a. Because there is ¢t € [M]; it
follows that there is M’ such that the reduction M = cons; M', k < j holds.
We conclude that tail, M i) tail,(cons, M') N tail,,M'. Hence we can
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take it =k + 1.

(5) For M = (+1),(—1), (= 0) the proof is similar to the if case.

Abstractions

(6) If M is computable so is AaM:

We must show that LNy,...N, is computable whenever Ni,...N,, are
closed computable terms and L is a closed instantiation of A\aM by com-
putable terms. Here L must have the form AaM’ where M’ is an instantiation

of all free variables of M, except «, by closed computable terms.
If P < [LN;...N,] then we have:

P < [[Ni/a]M'Ny...N,] = [LN; ... N,].

But [N;/a]M' is computable and so therefore [N;/a]M'N,...N,. Hence
there is j with P C [[Ny/a]|M'N, ... N,],. Since

LNan — [Nl/a]M'NQ...Nn,

and the reduction relation preserves meanings, in order to evaluate LNy ... N,
it suffices to evaluate [N;/a]M'N, ... N,. Hence we can take i = j.
Fiz-point
(7) Y, is computable:
In order to prove that Y, is computable it suffices to show that the term

Y(o1,...,00,P0)N1 - - - N}, is computable whenever Ny : 01,... , N : 0} are closed

computable terms. It follows from (6) above that the terms v

putable. Because the proof of computability of Y depends only on the
fact that variables are computable and that the combination and abstraction
formation rules preserve computability.

Let P < [YN; --- Ng] be different from 1. Because [Y] = | [[Y™], by
a basic property of the way-below relation of any continuous dcpo, there is
some n such that P < [Y"N; .- Ng]. Since Y™ is computable, there is
j with P C [YON, ... N];. Since there is a term M with YN, ... N, 5
cons M and from the syntactic information order (Definition 5.1.3), which
routinely generalizes to our language as Lemma 9.4.8, Y(™) <Y we have that

YNi--- Ny N cons.M for some M and therefore i = j. ]

are com-

Lemma 9.4.8. If M X N and M — MM — Ms,--- , M — M, then
either Vi, M; < N,1 < i < n or else for some terms Ny, Ny, ... , Ny, N —
Ni,N = Nyg,--- ,N = Np,, and VM;,AN;, M; < N;,;1 <i<n,1 <j<m.

Proof. The case that we must consider is the one that involves rtest,;. The
other cases are treated as in Real PCF.
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1. rtest,yM < rtest,,M is just the definition.
2. rtest,,M' X rtest,,M" and M — true. These follows if
rtest,,M — rtest,(cons . M")

and ¢ < b. By inductive hypothesis, M' — M" so rtestq,M" —
rtest,y(cons,M*™) where d < b so rtest,,M" — true and true <
true.

3. rtest,,M' < rtest,,M"” and M — false. Similar to the previous
case.

4. rtest,,M' X rtest,;M" and M — true, M — false. These follows
if rtest,yM — rtestyy(cons,M") and a < ¢ < b. By inductive
hypothesis, M’ — M" so rtest,,M" — rtest,;(consyM*) where
a < d < bsortest,,M" — true,rtest,,M" — false and true <
true, false < false.

O

9.5 Translation of signed-digit programs to
LRT programs

In this section, we develop a technique for translating programs from signed-
digit representation to programs in the language LRT. A similar technique
can be used to translate programs from any other concrete representation for
exact real-number computation into programs in LRT. The main purpose of
presenting this translation resides in the use of already existent programs in
the literature for exact real number computation.

In Section 4.5, we presented the different approaches to exact real-number
computation. Among these approaches, we explained signed-digit represen-
tation.

A real number z in signed-digit representation is given by a computable
sequence of elements z = (zj,...,2;,...) over the signed alphabet 3 =
{-1,0,1} such that

,’IJ:ZZZ X 27i.

1€EN

Although this representation does not make explicit use of rational (dyadic)
intervals, an equivalent representation based on rational (dyadic) intervals
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-1/2 0 12
T

(=1::xs) (2::xs)

Figure 9.1: Signed-digit Representation.

can be presented. Given a finite part of a sequence which represents a real
number x, we can provide an estimation for  with the finite information.

Given a sequence (2, ..., Zm,-..) from the element z,, we know that the
value of z lies in the interval

m m
[(Z 2 X 2—i> —o ™ (Z 2 X 2—i> + 2™
i=1 i=1

Figure 9.1 shows the range of values represented by the signed-digit
streams starting with each of the three possible digits.

We use zq :: zs instead of (zg, 21, 22,...). In this notation z, represents
an element of the sequence while zs represents a sequence itself, in this case
the sequence (21, 29,...). This notation is used in most of the functional
programming languages when lists of elements are considered. For example,
given the sequence 1 :: 0 :: 0 :: 1 :: zs the meaning of the four digits presented
explicitly amount to saying that the real number represented by this sequence
is contained in the interval [1/2,5/8].

A real number z in the interval representation is obtained as follows:

i€EN Jj=

Given an input sequence in signed-digit representation, programs are con-
structed by considering operations over the elements of the input sequence.
These operations typically refer to the first element of a sequence, called the
head operation, and to the rest of the sequence, called the tail operation.

head(zp :: 25) = 2

tail(zg :: z8) = zs

Most of the time, programmers take advantage of the concrete repre-
sentation of a sequence in signed-digit representation and they often write
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programs analysing a finite number of digits of the input sequences of the
program and producing a finite number of digits of the output sequence.
Further digits are produced by analysing the remaining digits of the input
sequence by recursive calls.

Nevertheless, in our setting we work with an abstract data type for real
numbers; hence, programmers do not have access to the representation of
real numbers, but they have access to linear maps which can be used to
obtain information about the interval in which the solution is contained as
in signed-digit representation.

The main goal in this section is to present equivalent primitive construc-
tions in the language LRT from those in signed-digit representation. In
signed-digit representation programmers have access to each digit of a given
sequence, hence they can compare digits explicitly from the representation.
However, we are not in the same position. Even more, given two real num-
bers x, ¥y, we cannot present constructions to check whether z < y or x = y
or x > y. To overcome this difficulty, the non-deterministic construction in
the language LRT can be used as explained below.

In order to be able to construct programs which produce the same interval
at each stage of a computation as signed-digit representation does, we have
to present suitable definitions for the primitive operations which deal with
real numbers in the language LRT. The three primitive operations for real-
number computation in the language LRT are cons,, tail, and rtest;,.

The operation cons, is an increasing affine map which is used to represent
real numbers. A real number x is constructed by an infinite composition of
the cons, operator.

T = CONS8,, ©CONS,, ©---CONS,, O - - -

Hence, infinite compositions of the cons, operation will be used to represent
real numbers in the translation instead of an infinite sequence of digits.

The purpose of the tail, operation in LRT is as a left inverse operation
of cons,; in the translation it is used as the remainder of an infinite sequence
when the leading digit (the digit examined) is removed.

Finally, the rtest;. construct will be used to decide whether the real
number z is in any of the intervals [—1,¢) or (b, 1], with b < ¢. Of course the
non-deterministic nature of the construct allows us to present multi-valued
programs, but the advantage is that the programs are still sequential.

We are now in a position to present the translation from programs in
signed digit representation to programs in LRT. From Figure 9.1 it can be
seen that infinite sequences of the form —1 :: zs, 0 :: zs and 1 :: zs add up to
saying that the real number in question is contained in the intervals [—1, 0],
[—1/2,1/2] and |0, 1] respectively.
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Let us define L = [-1,0], C = [-1/2,1/2] and R = [0,1]; from Sec-
tion 3.2.1 we can obtain the following definitions of the maps cons and tail:
z—1 x o+l

consy(z) = 5 consc(:r):§, consg(z) = 5

tail,(z) =2z + 1, tailo(z) =2z and  tailg(z) = 22 — 1.

9.5.1 Translation

In the translation, we assume that programs for signed-digit representa-
tion are defined using conditional expressions rather than pattern matching
(see [47, page 17| for a detailed explanation). As an example of a program in
the pattern matching style we present the program for the identity function:

id(—1 : xs) = —1 ::id(xs)
id(0 :: zs) =0 ::id(zs)
id(1 ::zs) =1 :id(xs)

The equivalent definition using conditional expressions is as follows:

id(z)= if head(z)=—1
then — 1 ::id(tail(z))
else if head(z)=0
then 0 ::id(tail(z))
else 1 ::id(tail(z))

Given a program P in signed-digit representation, the translation to a
program in the language LRT is as follows:

1. Replace -1 by consy..

2. Replace 0 by consc.

3. Replace 1 by consg.

4. Replace :: by o (i.e. composition of maps).
5. Replace tail(z) by taily(x), where

o ifr=—1:2xsthenY =L,
e ifr=0:2zsthen Y =C,
e ifr=1:2sthenY =R.
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6. Replace the body of a program of the form:

if head(z)=—1
then A
else if head(z)=0
then B
else C
by
if rtest_l/g,l/g(x)
then
if I’teSt_l/g,o(.T)
then A
else B
else
if rtesto,l/Q(x)
then B
else C

where A, B and C are subprograms of P.

Hence, as an example, the translation of the program for the identity
function given above is as follows:

if rtest_l/g,l/g (.’E)

then
if rtest_l/g,o(x)
then cons;, (id(tail;(z)))
else consc(id(tailc(z)))
else

if I’teSto,l/z(l')
then consc(id(tailc(z)))
else consp(id(tailgz(x)))

Remark 9.5.1. This translation is for algorithms in signed-digit representa-
tion which require one digit from the input to be observed in order to produce
a digit of the output. A translation for algorithms which consider more than
one digit from the input to produce one or more digits as output can be given
by a careful, but routine, modification of step 6.

A more elaborated application of this technique is developed in Section 8.5
to derive an LRT program for division.
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Chapter 10

Correctness of Programs

Computational adequacy allows us to prove partial correctness of programs,
but given that denotationally L is always a possible result in the Hoare
semantics, it does not allow us to prove termination of programs, as explained
above. To overcome this problem, we introduce a generalisation of the notion
of termination. This notion is based on the idea of convergence of terms. In
Section 10.1 we present a definition of strong convergence and some results
derived from it. Finally in Section 10.2 we show that the programs which
represent the equations presented in Chapter 8 are strongly convergent.

10.1 Termination of Programs

Our main concern is on writing totally correct programs in the programming
language LRT (see Chapter 9). In order to show that a given program
satisfies total correctness with respect to a given specification, we show that

1. If a program converges, it satisfies the specification.
2. That a program in fact converges.

Item 1 will be achieved using the denotational semantics and computa-
tional adequacy. Item 2 will be achieved using the operational semantics.
Hence, we need to define an operational notion of convergence. However,
given the way the operational semantics is defined in Chapter 9.3, it allows
divergence when:

e the second rule of cons, is used infinitely often in a row,
e the fifth rule of tail, is used infinitely often in a row,

e the third rule of rtest,; is used infinitely often in a row.
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In order to avoid the divergence that arises, we impose a strategy for the
application of the rules. Nevertheless, we still keep the rules non-deterministic
(the non-determinism is only introduced by rtest,) and adopt the following
particular strategy.

Definition 10.1.1 (Theoretical strategy). By a theoretical strategy we
mean the following:

o We never apply the second rule of cons,, and the fifth rule of tail,
infinitely often unless the other rules are not applicable.

o We never apply the third rule for rtest,; infinitely often unless the first
two rules are not applicable. Thus, we may still get the two answers
true and false in some cases for a term of the form rtest,,(M)
but we will get a divergent computation for such a term only if no
computation leading to true or false is possible.

Thus, in the definition of convergence given below, we quantify over all
possible reduction paths except those ruled out by the strategy that we adopt.
This theoretical strategy ensures that for any term M which converges to a
total real number, rtest, (M) always converges to true or false but never
diverges (as specified in Chapter 1).

In a particular implementation of LRT, it may be appropriate to further
refine the theoretical strategy so that the application of the rules becomes
completely deterministic.

Definition 10.1.2 (Practical strategy). By a practical strategy we mean
a strateqy such that:

e The application of the rules is completely deterministic.

o We never apply the third rule for rtest,; infinitely often unless the
first two rules are not applicable.

Examples of practical strategies.

1. In the order that the rules are given in Section 9.3, apply the first one
which is applicable.

2. The same strategy as 1, but swap the order of the first two rules for
rtest,.

3. Invoke an oracle to make the decision of which of the first two rules
for rtest,, try to apply first (an oracle is a sequence of binary digits,
which is part of the strategy).
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Termination { Convergence

Figure 10.1: Correctness of a program

We now present our definition of strong convergence.

Definition 10.1.3. e A term M of type 1 is strongly convergent if
for every infinite reduction sequence

M — M — My — ...,
and Ye > 0,3i, AM’', 3b such that M; = cons,M' and Ky < .

o A term M of type o — 7 is strongly convergent whenever M N s
strongly convergent for every strongly convergent term N of type o.

Remark 10.1.4. e Notice that any term which is strongly convergent with
respect to the theoretical strategy is also strongly convergent with re-
spect to any practical strategy. Because one cannot be sure what prac-
tical strategy is adopted in a particular implementation, we work with
the theoretical strategy as this takes into account all possible practical
possibilities.

We henceforth refer to strong convergence simply as convergence for the
sake of brevity. The following Lemma states that cons cannot be reduced to
any other term different than itself. This means that we get better or equal
partial information in the computation of a term of the form cons,.

Lemma 10.1.5. If a term M is of the form cons,M' and M —* N then N
is of the form consy N' with a C b.

Proof. According to the operational semantics if the reduction is in zero steps
we are done, otherwise there are two cases:

1. If cons,(cons,N') — consg,N', then M’ is of the form cons, N' with
a C ab. Hence N is of the form cons,,/N'.
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2. If cons,M' — cons,M" and M' — M", then N has to be of the form
cons,M" for M' — N’ and hence we can take b = a.

O

From Definition 10.1.3 and Lemma 10.1.5 it follows immediately that a
term M of type I is convergent iff for every sequence of reductions

M—)+M1—)+M2—>+M3—)+"'

I

and Ve > 0,3n, 3M’, Ja such that M, is of the form cons,M' with x, < e.
If we have a convergent term, all its possible reductions have to be con-
vergent.

Lemma 10.1.6. If a term M 1is convergent and M —* N then N is conver-
gent.

Proof. Immediate. ]

Our main theorem of this section states that cons, and tail, are con-
vergent terms. As a corollary of the proof of cons, we have that Ycons, is
convergent.

Theorem 10.1.7. The terms cons, and tail, are convergent.

Proof. We must show that if M is a convergent term then cons,(M) and
tail, (M) are convergent. The proof is by induction over the number of
reduction steps. The first is trivial, but the second is not.

1. cons,(M) is convergent.

Let

cons, (M) = My —* My = My =+ ...,

be an infinite sequence where + stands for one or more reduction steps.
Let € > 0 and put § = €/k,. According to the operational semantics to
reduce cons,(M) we may apply the rule
cons,(consy(M)) — cons,, M .
In order to apply this rule we must reduce M. By hypothesis M is

convergent so AN’ 3b such that M —* cons, N’ and k; < 0, then

cons,(M) —7 cons,(consy(N')) — cons,, N/,
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Kap < Kq -0 = Kq - (€/Kq) = €.

2. tail,(M) is convergent.
Let

taila(M) = M, — M, — M, -t s

be an infinite reduction sequence.
Let € > 0. According to the operational semantics, to reduce tail, M we
must apply one of the following rules:

1.tail,(cons,M) — Yconsy, if b < a;
2.tail,(consy M) — Yconsg, if b > q;
3.tail,(cons, M) — consy M, if a C b and a # b;
4.tail,(cons, M) — cons(gp)\a(tailip)\oM), ifa 1 b,aZ b,bZ a,
b# aanda£b;
5.tail,(M) — tail, (M), if M — M.

We assume the theoretical strategy presented before. Intuitively this
means that rule 5 for tail cannot be applied infinitely often giving rise to a
divergent computation, unless rules 1-4 are never applicable.

We can assume that the given reduction starts by n applications of rule
5 by allowing n to be zero. After that we must have an application of one of
the rules 1-4 and tail, (M) —* tail,(cons.,, MM).

If one of the rules 1,2 or 3 applies then tail,(M) is convergent, because
the terms cons,, Ycons, and M are convergent. That M® s convergent,
follows from Lemma 10.1.6. If rule 4 happens we get

taily (M) —* tail,(cons,, M) — cons,, (tailg, M)

where oy = (aU¢p) \a and 51 = (aU ) \ c1.

If at this stage ko, < € then we have found the required ay. Other-
wise we reduce cons,, (tails, M™). To reduce this term, we need to reduce
tailg, M (1), Again we assume that the reduction starts by n applications
of rule 5 by allowing n to be zero. After that we must have an appli-
cation of one of the rules 1-4 and taily(M) —* consg, (tailg, M) —*
cons,, (tailg, (cons., M?)). If one of the rules 1, 2 or 3 applies then tail, (M)
is convergent, because the terms cons,, Ycons, and M ) are convergent. If
rule 4 follows, we get

tail, (M) —* consg, (cons,,(tails, M)
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where ap = (81 U ¢ez) \ B1 and By = (1 LU ca) \ ¢2. According to the reduction
rules for cons,, we reduce cons,, cons,, (which is valid according to the op-
erational semantics) and we get taily (M) —* consy,q,(tails, M?) (a;ay
is an affine map such that oy C ayap). If at this stage k4,4, < € then we have
found the required interval. Otherwise we carry on reducing tailg, M®. We
can observe that

M —* cons,, MV —* cons,, (cons,,M?) =' cons,,., M®
—*  cons,,,(cons,, M®) = cons,,ge, M®)
%*

Due to the fact that M is convergent the chain ¢; C ¢ico C cicoc3 £ - -+
converges.

If we cannot apply rules 1-3 and we carry on applying rules 5 and 4
respectively, we get:

tail(M) —* consg,(tailg, M)
—*  cons,, (cons,, (tails, M®)) =' cons,,q, (tails, M®)
—*  CONS4,a,(CONSy, (tails, M) —! cons,, gya, (tails, M®)
%*

where

a;=(alec)\a, pr=(alec))\ e, (10.1)

Vn > 1, ap = (511—1 u Cn) \ﬁn—l; 511 = (,Bn—l U Cn) \ Cp-

This general case is illustrated with the following picture:

rule 5 (finitely many times)
L rule 4 (once)

Figure 10.2: Application of rules for tail,

In order to find an interval whose length is smaller than the given €, we
must show that sy o, < €. By Lemma 10.1.8 below, for n = 2 the same
interval is obtained either:

e if M is reduced to cons,, (cons,,(M?))) and then tail,(cons,,, (M®))
is reduced to cons,, ,(tailg, ,(M®)), or
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e iftail,(cons,, (cons., M®?))isreduced to cons,, (tails, (cons.,M®))
and then cons,, (tailg, (cons., M?)) is reduced to cons,,q, (tails, (M?)).

Using the same reasoning as above, it is immediately clear that for n
arbitrary, this still holds as illustrated in the following diagram:

tail, (M)
+

+
tail,(cons,, - - - cons., (M")) — cons,, - - - cons,, (tailg, (M"))

taila (Conscl---cn (Mn)) Consal...n (tallﬂln (Mn))

In other words, the same interval is obtained no matter how the reduction
rules illustrated in Figure 10.2 are applied.

Hence, without lost of generality, if M is reduced to cons,, - - - cons,, (M™)
where ke,..., < 3= then K[y, < € as required. O

Lemma 10.1.8. For any term M of the form
M — cons.,, M' — cons,, cons,, M?,

and any non-mazximal a € T, we have the following commuting reductions:

taily (M)

:

tailg (conseq (Ml)) —+> tailg (conscy (conscy (MZ))) —— tailg(conscqcqy (Mz)) — consqg, 2(kailﬁl 2(M2))

|

consq g (tailﬁl (Ml)) —-t consq (tailﬁ1 (caﬂsc2 (MZ))) —> consq g COnsag (1;'=.lilﬁ2 (M2)) —> consajag (tailg2 (Mz))

it is to say 12 = oy and P12 = Pa, where the pairs (a,c1), (a,ci1c2) and
(B1, c2) satisfy the conditions of rule 4 for tail, and the oy, B; are defined in
Equation 10.1

Proof. There are two cases to consider. Case 1. afc; and ¢; < @. In this
case:

ajae = ((aUep)\ a) asg,
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Keq C
and oy = |=2=2 1|, hence
2 a—c,’ )

e ] - () () 422
a—a a—c a—a a—c a—a

KeiCo+C —a GC —a
[ Y } [ a2’ } [c1c9,a] \a = (aUcic2) \ @

(aU (c1c2)) \ @ = ay0.

b= (Ui \a= (U (ad\a)\a=(eu o =2 ) o=

C1

a—c¢ a— cic
[2; 7_1} \e= [0, A} = [c1ep,@] \ c1e2 =

c1 Keies

(creaUa) \ crea = B o
The proof of the second case afc; and a < ¢; follows similarly. O
Corollary 10.1.9. The term Ycons, s convergent.

Proof. Immediate. H

10.2 Convergence of Programs

In this section we show termination of the programs which represent the
equations defined in Chapter 8. These proofs together with partial correct-
ness show that our programs are totally correct, in the sense that for any
given input, they produce the correct answer (in the case of real number
computation, they shrink to the exact solution).

Remark 10.2.1. Although item 2 of Lemmas 8.1.2, 8.2.2, 8.3.2, 8.4.2 and
8.5.2 capture precisely the convergence of the programs presented below,
1 is always a possible value in the Hoare Semantics which in our programs
means divergence. Hence, we have to present the proofs of the convergence of
the programs when the theoretical strategy is assumed, which as mentioned
before, captures all possible practical strategies.

113



It will be noticed that there are some common parts in the proofs of con-
vergence and their semantics counterpart. The induction over the number of
unwindings of the recursive definition in the convergence proofs is equivalent
to the induction over the F),s in their semantics counterpart. However, the
proofs are not the same because in the case of convergence, one has to check
that a complete unwinding has to happen after finitely many steps while in
the semantics this is not assumed. At present it is not clear to us how to
relate these proofs in order to make a simplification. This will be explored
in further research.

10.2.1 Complement Function

We show termination of the program that implements the complement oper-
ation

comp(z) =1-—x,

given in section 8.1. We write the following program as a shorthand for a
definition in our language using the recursion combinator:

comp(z)= if rtesti/sa/s()
then
if rtestl/g,l/Q(x)
then consp(comp(taily(z)))
else conscg(comp(tailg(z)))
else
if I’teStl/Q’Q/g(.I)
then consc(comp(taile(x)))
else consy(comp(tailg(x)))

where L =10,1/2],C =[1/3,2/3],R=[1/2,1].
Theorem 10.2.2. The term comp is convergent.

Proof. We have to show that if Nj : I is a convergent term then comp(/NV;) is
convergent. The proof is by induction over the number of unfoldings of the
recursive definition. Let

comp(NV;) = M, —T M, =T My — -+,

be an infinite reduction sequence. Let (%)n < €,n > 0. According to the op-
erational semantics, to reduce comp(/V;), we must reduce if rtesty s /3(N1)
then we must apply one of the following rules:
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iif true M N — M,
ii if false M N — N,
iiiifBMN— ifBMN if B— B

In order to reduce if rtest; s z/3(/V1) we need to reduce rtest; s z/3(NVy).

By assumption, rule 3 of rtest,; (see section 9.3) cannot be applied
infinitely often giving rise to a divergent computation, unless rules 1 and 2
are never applicable, but as N; is convergent it never happens. We start by
n applications of rule 3, allowing n to be zero. After that, we must have an
application of one of the rules 1 or 2 hence we can apply i or ii (at this point
rtesty/sa/3(N1) =" rtesty s z/s(cons.Ny).

We proceed by induction on n. In the base case, there are 3 possibilities:

1. LLec
comp(N;) —* cons(comp(taily(cons.N;))).
Take M,, = consp(comp(taily(cons.(N7)))) and we have kp < e.
2. 0Ckc
comp(N;) —* cons¢(comp(taily(cons.N,))).
Take M,, = consc(comp(taily(cons.(/N7)))) and we have k¢ < €.
3. R<Ke
comp(N;) —* consy(comp(tailg(cons,N,))).
Take M,, = consy,(comp(tailg(cons.(N)))) and we have k1, < e.

Suppose it is true for n and we want to show that if (1/2)""" < ¢, AM,,, Ib
such that M, = cons, M’ and kj < €.
We know by inductive hypothesis that:

/

comp(NV;) —* cons,(comp(tailg, (cons,,V;))),

with ke = (1/2)" < €.
According to the operational semantics, to reduce

cons, (comp(tailg, (cons,, N;))),

we need to reduce comp(tailg, (cons,, NV;)).
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By Theorem 10.1.7 tailg, (cons,, N;) is convergent, then there is ¢,y
such that

tailg, (cons,, N;) —* cons,,,, Nn1.
Hence
rtesty/sz/s(conse,,, Nny1) — true (or to false depending of ¢, 1).
Then again we have three cases:
1. L < cpy

comp(tailg, (cons.,(N,))) =" consp(comp(taily, , (cons,, ., Nypt1))).

By the inductive hypothesis and the last reduction:
comp(N;) =" cons,consp(comp(tailg, ., (cons,, ., Nyt1))),
and Kop = Kokr < €(1/2) < e.
2. O cpyqn
comp(tailg, (cons,,(N,))) =" consc(comp(tailg,,, (cons., ., Nnt1)))-
By the inductive hypothesis and the last reduction:
comp(N;) —* cons,consc(comp(tailg,  (cons,, ., Nni1))),
and Koo = Kok < €(1/2) < e.

3. R < ¢py1. Similar to 1, with Koz, = Kok < €(1/2) <.

10.2.2 Absolute Value Function

We show termination of the program that implements the absolute value
operation

x, if x > 0;
abs(x) =

-z, otherwise;

given in section 8.2. We write the following program as a shorthand for a
definition in our language using the recursion combinator:

116



abs(z)= if rtest_y/51/3(7)
then
if rtest_i/30(7)
then conspg(comp(taily(z)))
else consg(abs(taile(z)))
else
if rtest071/3($)
then consc(abs(taile(z)))
else consp(abs(tailg(z)))

where L = [-1/2,0],C =[-1/3,1/3], R=[0,1/2].
Theorem 10.2.3. The term abs is convergent.

Proof. We have to show that if Ny : I is a convergent term then abs(/NVy) is
convergent. The proof is by induction over the number of unfoldings of the
recursive definition. Let

abs(Ny) = My =+ My = My — --- |

be an infinite reduction sequence. Let (%)n < €,n > 0. According to the op-
erational semantics, to reduce abs(V;), we must reduce if rtest_y/31/3(/N1)
then we must apply one of the following rules:

iif true M N — M,

ii if false M N — N,

iiiifBMN— ifBMN if B— B

In order to reduce if rtest_/31/3(/N1) we need to reduce rtest_y/31/3(N1).

By assumption, rule 3 of rtest,; (see section 9.3) cannot be applied
infinitely many often giving rise to a divergent computation, unless rules 1
and 2 are never applicable, but as /Ny is convergent it never happens. We
start by n applications of rule 3, allowing n to be zero. After that, we must
have an application of one of the rules 1 or 2 hence we can apply i or ii (at

this point rteSt_l/g,l/g(Nl) —* rteSt_1/3’1/3(C0nSCN{).
We proceed by induction on n. In the base case, there are 3 possibilities:

1. L < ¢, then:
abs(N;) —* consg(comp(taily(cons,N,))).

Take M,, = consg(comp(taily(cons.(N7)))) and we have kg < e.
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2. 0CLc
abs(N;) —* cons¢(abs(taile(cons,.N,))).
Take M,, = consc(abs(tailg(cons.(/V])))) and we have k¢ < e.
3. RKec
abs(N;) —* consg(abs(tailg(cons.N,))).
Take M,, = consg(abs(tailg(cons.(/N7)))) and we have kg < .

Suppose it is true for n and we want to show that if (1/2)"™ < €, IM,,, Ib
such that M, = consy M’ and k; < €.
We know by inductive hypothesis that:

abs(N;) —* cons, (comp(tailg, (cons.,N,))),
or
abs(N;) —* cons, (abs(tailg, (cons,, N;))),

with k, = (1/2)" < €.

In the first case, as the complement map is convergent 10.2.1, there is
nothing to do.

In the second case, according to the operational semantics, to reduce

cons,(abs(tailg, (conanNi))),

we need to reduce abs(tailg, (cons,, N;)).
By Theorem 10.1.7 tailg, (cons,, N;) is convergent, then there is ¢,y
such that

tailg, (cons,, N;) =" cons,,, Nnt1-
Hence
rtest_y/3,1/3(cons,,,, Nny1) — true (or to false depending of ¢, 1).
Then again we have three cases:
1. L < ¢p41, hence

abs(tailg,(cons.,(/N,))) =" consp(comp(tailg,,, (cons., ,Npi1)))-

By the inductive hypothesis and the last reduction:
abs(NV;) =" cons,consg(comp(tailg, ,(cons., ., Nyi1))),

and Kor = Kokr < €(1/2) < e.
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2. C < cp41 hence
abs(tailg,(cons.,(/N,))) =" consc(abs(tailg,,,(cons, , Nni1)))-
By the inductive hypothesis and the last reduction:
abs(N;) —* cons,consc(abs(tailg, , (cons., , Nni1))),
and Koo = kakeo < €(1/2) < e.

3. R < ¢pq1. Similar to 1.

10.2.3 Average Function

We show termination of a recursive program that implements the average
operation
r+y

a:EBy:T.

defined in Section 8.3. We write the following program as a shorthand for a
definition in our language using the recursion combinator:

Average(xy,z2)= if rtestggz/s(z:)
then
if rtest0,3/4(a:2)
then consy(Average(taily(z),taily(zz)))
else consg(Average(taily(z;),tailg(zs)))
else
if rtest0,3/4(x2)
then consc(Average(tailg(z:),taily(z2)))
else consp(Average(tailg(zi),tailg(zs))),

where L =[0,3/4],C =[1/8,7/8], R = [1/4,1].
Theorem 10.2.4. The term Average is convergent.

Proof. We have to show that if N1, N, : I are convergent terms then Average(NV;, N»)
is convergent. The proof is by induction over the number of unfoldings of
the recursive definition. Let

Average(Ny, No) = My —T My —T My — -+ |

be an infinite reduction sequence. Let (%)n < €,n > 0. According to the op-
erational semantics, to reduce Average(N;, N;), we must reduce if rtestg s/ (/NV;)
then we must apply one of the following rules:
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iif true M N — M,
ii if false M N — N,
iii if BMN— ifBMN if B— B

In order to reduce if rtestgs/4(/N;) we need to reduce rtestoz/a(Ny).

By assumption, rule 3 of rtest,; (see section 9.3) cannot be applied
infinitely many often giving rise to a divergent computation, unless rules 1
and 2 are never applicable, but as /V; is convergent it never happens. We
start by n applications of rule 3, allowing n to be zero. After that, we must
have an application of one of the rules 1 or 2 hence we can apply i or ii (at
this point rtestg s/ (N1) —=* rtestgs/(cons.Ny).

The same argument as above follows for reducing if rtestg s/ (V) and
rtestogs/(N2) —* rtestos/s(consyNy). We proceed by induction on n. In
the base case, there are 4 possibilities:

1. LKL, LKd

Average(Ny, N3) —*

consy (Average(taily(cons N, ), taily (consyN,))).

Take M,, = consy (Average(tail; (cons.(N7)),taily(consy(Vs)))) and
we have k1, < e.

2. LK, Rk d

Average(Ny, No) —*

cons¢(Average(taily (cons.N,), tailg(consyN,))).

Take M,, = consc(Average(taily(cons.(N7)), tailg(consy(N3)))) and
we have ko < €.

3. R < ¢, L < d Equivalent to 2.
4. R<c, R« d
Average(Ny, No) —*

cons p(Average(tailg(cons.N,), tailg(consyNN,))).

Take M,, = consg(Average(tailg(cons.(/N])),tailg(consy(N5)))) and
we have kp < €.
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Suppose it is true for n and we want to show that if (3/4)"*! < ¢, AM,,,3b
such that M, = cons,M' and k; < e.
We know by inductive hypothesis that:

Average(Ny, Ny) —*
cons,(Average(tailg, (cons,, NV,), tailg,(consg, Ny))),

with ko = (3/4)" < €.
According to the operational semantics, to reduce

cons, (Average(tailg, (cons,, N,), tailg,(consy, N,))),

we need to reduce Average(tailg, (cons,,N;),tails,(consg, N,)).
By Theorem 10.1.7 tailg, (cons., N;) and tailg,(consy, N,) are conver-
gent, then there are ¢, 1, d, 1 such that

tailg, (cons,, N;) =" cons,,, Nni1.
and
tailg,(consg, N,) —* consg,,, N/ ;.
Hence
rtestog/s(cons,,,, Noy1) — true (or to false depending of ¢p41),
and
rtestgs/a(consq1 N, 1) — true (or to false depending of d,1).
Then again we have four cases:

1. L < Cn+1&L < dn+1

*

Average(tailgn(conscn(Nn)),tailﬂ;(consdn(N;))) —

consy(Average(tailg,,,(cons,,, Nypt1),

!

Nyi1)))-

By the inductive hypothesis and the last reduction:

tailg,, (consg,,,

Average(Ni, No) —*
cons,consy(Average(tailg, , (cons,,,, Npi1),

tailﬁn+1 (Consdn+1 Nn—|—1)))’

and Kor = Kokr < €(3/4) < e.
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2. L<<Cn_|_1 &R<<dn+1

*

Average(tailgn(conscn(Nn)),tailﬂ;(consdn(N;b))) —
consc(Average(tailg,  (cons,, ., Nny1),
tailﬂn+1(Consdn+1Nr’L+1)))-

By the inductive hypothesis and the last reduction:

Average(Ni, Ny) —
cons,consc(Average(tailg, , (cons,, ., Nyt1),

tailg (consg,,; Nyyi1))),
and Koo = Koko < €(3/4) < e.
3. R<L cpy1 & L K dypy 1. Similar to 2.

4. R <K ¢py1 & R < dpy1. Similar to 1, with kor = kakr < €(3/4) < €

10.2.4 Multiplication Function

We show termination of a recursive program that implements the multipli-
cation operation

mult(z,y) =z X y.

defined in Section 8.4. We write the following program as a shorthand for a
definition in our language using the recursion combinator:

mult(X,Y) =
if rtestgg/s(X)
then
if rtestgg3(Y)
then consc, (mult(taily(X),tail(Y)))
else consc, (mult(taily(X),tailg(Y))) + 2 (taily (X))
else
if rtestogs(Y)
then consc, (mult(tailg(X),tail(Y))) + 2 (taily(Y))
else consc,(mult(tailg(X),tailg(Y)))+
2 (tailg(X) + tailg(Y)),

where L =[0,2/3],R=[1/3,1],C, = [0,4/9] and Cy = [1/9,5/9].
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Theorem 10.2.5. The term mult s convergent.

Proof. We have to show that if N1, N, : I are convergent terms then mult(Ny, No)
is convergent. The proof is by induction over the number of unfoldings of
the recursive definition. Let

mult(Nl,NQ) = MO —t ]\4'1 —t j\l2 —

be an infinite reduction sequence. Let (%)n < €,n > 0. According to the op-
erational semantics, to reduce mult(N;, N;), we must reduce if rtestq/s(/NV;)
then we must apply one of the following rules:

iif true M N — M,
ii if false M N — N,
iiiif BMN— ifBMN ifB— B.

In order to reduce if rtestgo/3(/N1) we need to reduce rtestgg/s(Vy).

By assumption, rule 3 of rtest,; (see section 9.3) cannot be applied
infinitely many often giving rise to a divergent computation, unless rules 1
and 2 are never applicable, but as V; is convergent it never happens. We
start by n applications of rule 3, allowing n to be zero. After that, we must
have an application of one of the rules 1 or 2 hence we can apply i or ii (at
this point rtestgg/3(/N1) —=* rtestgo/3(cons.Ny).

The same argument as above follows for reducing if rtestgy/3(/N2) and
rtestog/3(N2) —* rtestoy/s(consyNy). We proceed by induction on n. In
the base case, there are 4 possibilities:

1. LKL, LKd

mult(Ny, Ny) —* consg, (mult(taily (cons, N, ), taily(consyNy))).

Take M, = consc, (mult(tails(cons.(/V])),tails(consy(N5)))) and
we have k¢, < e.

2. LKL e, Rk d
mult(N;, No) —* consc, (mult(taily(cons,N;),tailg(consyN,)))

2 ,
+ 9 (tailL(consch)) .

Take M,, = consc, (Average(taily(cons.(N7)),tailg(consy(N3))))

+2Z (tailg(cons.N;)) and we have k¢, < € (the + operation
is a translation map which does not affect the length).
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3. R < ¢, L < d Equivalent to 2.
4. R<c, R« d
mult(N;, N3) —* consc, (mult(tailg(cons.N,), tailg(consyN,)))

2 ! /
+ §(tai1R(conscN1), tailg(consyN,)).

Take M,, = consc,(mult(tailg(cons.(NV])),tailg(consy(N5))))
+2(tailg(cons.(Ny)), tailg(consy(N3))) and we have k¢, < €.

Suppose it is true for n and we want to show that if (3/4)"*! < ¢, IM,,, b
such that M, = cons, M’ and kj < €.
We know by inductive hypothesis that:

mult(N;, Ny) —* cons,(mult(tailg, (cons,, N;),tailg,(consg, N,)))
+ K,

with ko = (3/4)" < ¢ and K < 2.
According to the operational semantics, to reduce

cons,(mult(tailg, (cons,, N;), tailg,(consy, N,))) + K,

we need to reduce mult(tailg, (cons., N;),tails,(consg, N,)).
By Theorem 10.1.7 tailg, (cons,., N;) and tailg,(consy, N,) are conver-
gent, then there are ¢, 1, d, 1 such that

tailg, (cons,, N;) —* cons,,,, Not1-
and
tailg,(consg, N,) —* consg,,,Ni, ;.
Hence
rtesto/s(cons,,,, Nny1) — true (or to false depending of ¢,41),
and
rtestg(consg,,, N, ;) — true (or to false depending of dp1).

Then again we have four cases:
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1. L < Cn+1&L <K dn+1
mult(tailgn(conscn(Nn)),tailﬁ;(consdn(N;))) —*

7

consc, (mult(tailg, (cons,,, Nny1),tailg,, (consg,, N, ,))).
By the inductive hypothesis and the last reduction:
mult (N, N;) —"cons,conse, (mult(tailg, , (cons,, ., Nyt1),
Nii1))),

tailg,,, (consg,,,
and Koo, = Kako, < €(3/4) < e.
2. LKL 1 &R dyyy
mult(tailg,(cons,,(N,)), taily (consg, (N)))) =*

consc, (mult(tailg,  (cons,,  Npy1),tailg, (consdnHN,;H)))

2. .
+ 9 (tailg,,,(cons., , Npi1)).

By the inductive hypothesis and the last reduction:

mult(N;, Ny) = cons,consc, (mult(tail cons,., ., Nyi1),
1 Bn+1 41 +

!

, 9
taily . (consg,, Ny,y1))) + 5(1‘.:—111[3RJrl (conse,,, Nnt1)),

n+1

and Koo, = Kako, < €(3/4) < e.
3. R<L cpy1 & L K dypy1. Similar to 2.
4. R < cp1 & R < dpyyq. Similar to 1, with kac, = Kakco, < €(3/4) < e.
I

10.2.5 Division Function

We show termination of a recursive program that implements the division
operation

div(z,y) = z/4y.

defined in Section 8.5. We write the following program as a shorthand for a
definition in our language using the recursion combinator:
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div(z,y) =
if rteSt,1/2’1/2 (X)

then
if rtest_y/o_1/4()
then
if rtest_i1/0(z+y)
then

if rteSt_1/21_1/4(.T + y)
then consy(div(taile(z + 2y),v))
else consc,(div(taile(z +vy),v))
else
if rtest1/4,1/2(x + y)
then consg,(div(taile(z +y),y))
else consg,(div(taile(z) +y,9))
else consg(div(taile(z),y))
else
if rtest1/4,1/2(m)
then conscg(div(taile(z),y))
else
if rtest_l/g,l/g(x — y)
then
if rtest_l/g,_1/4(x - y)
then consg,(div(taile(z) — v,
else consg, (div(taile(z —vy),
else
if rtest1/4,1/2(x — y)
then consg, (div(tailc(z —y),y))
else consg(div(taile(z — 2y),y)),

where L = [-1,0],C = [-1/2,1/2],R = [0,1],C; = [-1/4,3/4],Cy =
(~3/8,5/8],Cs = [—3/4,1/4] and Cy = [~5/8,3/8].

)
)

y
y))

Theorem 10.2.6. The term div is convergent.

Proof. We have to show that if Ny, Ny are convergent terms then div(/Ny, Na)
is convergent. The proof is by induction over the number of unfoldings of
the recursive definition. Let

diV(NI,NQ) = MO —)+ Ml —)+ M2 — e

be an infinite reduction sequence. Let (%)W2 < e,n > 0. According to the
operational semantics, to reduce div(/N;, Ny), we must reduce if rtest_o1/2(N)
then we must apply one of the following rules:
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iif true M N — M,
ii if false M N — N,
iiiifBMN— ifBMN ifB—B.

In order to reduce if rtest_j s 1/2(/V1) we need to reduce rtest_;/o;1/2(N1).

By assumption, rule 3 of rtest,; (see section 9.3) cannot be applied
infinitely many often giving rise to a divergent computation, unless rules 1
and 2 are never applicable, but as /Ny is convergent it never happens. We
start by n applications of rule 3, allowing n to be zero. After that, we must
have an application of one of the rules 1 or 2 hence we can apply i or ii (at
this point I'teSt_l/Q,l/Q(Nﬂ —* rteSt_l/le/Q(COIlSCN{) )

The same argument as above follows for reducing the other conditions.
We proceed by induction on n. In the base case, there are 10 possibilities:

1. If [-1,-1/2] € c and [-1,—1/2] C d where:
rtest i 1/4(N1) =" rtest_q/ 1/4(cons.Ny)
and
rtest_ijo_1/4(N1 + No) =" rtest_s_1/4(consyNy)
then
div(Ny, Np) —* consy(div(taile(cons.N; 4+ 2N,), Na))

Take M, = consg(div(tailg(cons.(N7) + 2N;), N})) and we have
Kp < €.

2. If [1/2,1] C c and [1/2,1] C d where:
rtesty/ai/2(N1) =" rtestis/2(cons, Ny)
and
rtesty i /2(N1 — No) =" rtesty a1 2(consyNy)
then
div(Ny, N,) —* consg(div(taile(cons Ny — 2N5), Ny))

Take M, = consg(div(tailg(cons.(N]) — 2N,), Nj)) and we have
Kr < €.
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A similar, but routine, analysis follows on the other basic cases.
Suppose it is true for n. We want to show that if (%)”’1 < ¢, then 3M,,, 3b
such that M,, = cons, M’ and k; < . We know by inductive hypothesis that:

div(Ny, Ny) —* cons,(div(tailg, (cons,, N, + 2N;), Ny))

with kq = (1/2)"72 < €.
According to the operational semantics, to reduce

cons,(div(tailg, (cons., N, + 2N,), Ny)),

we need to reduce div(tailg, (cons,, Ny + 2N), Ny).
By Theorem 10.1.7 tailg, (cons,, N} + 2Ny) is convergent, then there is
Cn+1 such that

tailg, (cons., N, + 2N,) —* cons., ; Npy1.

Hence

rtest_y/91/2(cons,,,, Nny1) — true (or to false depending of ¢pi1),
Then again we have ten cases:

1. [-1,-1/2] C ¢cp1&[-1,—-1/2] C d,

div(tailg,(cons,, (N,) + 2Ns), Ny) —*
consy(div(tailg,,, (cons,,,, (Nnpt1) + 2N3), Ny)).
By the inductive hypothesis and the last reduction:

diV(Nl, N2) —*
cons,consy(div(tailg,,, (cons., , (Nnt1) + 2N2), Na)),
and cons,cons;, = cons,([—1,0]), and

cons,([—1,0]) = [%(—1) 4+ e Zeg) 4 te

b5
2

hence K[O,%] =% <e

div(tailg,(cons,, (N,) + 2Ns), No) —*
consp(div(tailg, ,(cons., ,(Npi1) — 2N;), Ny)).
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By the inductive hypothesis and the last reduction:

diV(Nl, NQ) —*
cons,consp(div(tailg, , (cons, ., (Npy1) — 2Nz), Ny)),

and cons,consg = cons,([0,1]), and

Ka Ka Ka Ko
0,1) = [+ 5, 2+ 52
consa([0,1]) = [22(0) + %2, 2 1) +
Ra
= [77 ’{a] )
— Ka
hence lﬁj[%&_’na] = <e
A similar, and routine, analysis follows in the other cases. O

10.3 Root finding

In this section, we present a program for root finding. This program is
based in the algorithm presented by Edalat [19]. It is a trisection method
which can be considered as the redundant version of the well-known bisection
method. Let g : [—1,1] — [—1, 1] be a continuous function with a unique root
n (—1,1). We only consider the cases when ¢ is increasing or decreasing, i.e.

Definition 10.3.1. We say that g 1s:

e increasing if (Vy € [-1,1l.y < z = ¢g(y) < 0) and (Vy € [-1,1].y >
z = g(y) > 0),

e decreasing if (Vy € [-1,1].y <z = g(y) > 0) and (Vy € [-1,1].y >
z = g(y) <0).

The trisection algorithm is described as follows:

e We first try to establish whether g(0) is greater or smaller than 0. If
g(0) > 0 or g(0) < 0 then we can output consy, or consg respectively.

e Otherwise, we know the sign of ¢ = g (—3) and d = g(3) and so

— if ¢ and d are greater than 0 then we output consyp when g is
decreasing and cons; when g is increasing.

— if ¢ and d are smaller than 0 then we output cons; when g is
decreasing and consy when g is increasing.
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— if ¢ and d do not have the same sign, then we output consc.

Obviously after we output a partial result, we proceed the recursive defi-
nition with a careful but routine analysis of the parameters.

We now present the trisection program to compute recursively the root
of a continuous function as specified above.

Notation 10.3.2. In order to present a simplified version of our program,
we use:

cases if a
a : 1 instead of then 1
b : 2 else
default : 3 if b
then 2
else 3

root : ([—1,1] = [~1,1]) = [~1,1]

rooia)=xoov (5 (-2) 0 2)

root’ : ([=1,1] = [~1,1]) = [=1,1] = [=1,1] — [~1,1] — [~1, 1]

root'(g z y 2) =
cases
check pos(g,y) = —1 : consp (root’ (g y 5= z))
check_pos(g,y) = 0 :

cases
check_pos(g,z) = —1
cases
check_pos(g, z) = : consg (root (g z 1 Zi1))
check pos(g,z) = : consc (root’ (g z ¥ %))
check_pos(g, z) = : consc (root' (g £ y £))
5 3))

check_pos(g,z) =0 : consc (root’ (g x
check_pos(g,z) =1
cases

check_pos(g, z) = : consc (root’ (g £ y Z))

check_pos(g, z) = : consc (root/ (g z ¥ Z))

check_pos(g,z) = : consy, (root’ (g &1 21 7))
check_pos(g,y) = 1 : consp (root ( (z; )
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where check _pos is defined as:
check pos : ([-1,1] —» [-1,1]) = [-1,1] = N

check pos(g w) =
if rtesty,(g(w))

then
if rtest,o(g(w))
then —1
else 0
else
if rtestgy(g(w))
then 0
else 1

with -1 <a<0<b< 1
Following the same arguments as in the previous sections, it is easy to
prove that the term root is convergent.

131



Part 1V

Conclusions
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Chapter 11

Summary of Work Done

In this chapter, we present the summary of the results presented in this work,
which are presented in the second and third part of the thesis.

11.1 A Multi-valued Construction

Given a multi-valued construction, we have shown that it is possible to recon-
cile the aims of data abstraction, sequentiality and expressivity (at least for
some computable first order functions, see Section 12.1) in a programming
language for exact real-number computation.

We have presented a denotational semantics for the multi-valued or non-
deterministic construction proposed by Boehm and Cartwright [10]. A pow-
erdomain construction has been used to model the non-deterministic con-
struction. Following the tradition in domain theory, we have used powerdo-
mains to model the non-deterministic nature of the construction. We have
shown that, among the well known powerdomains, neither the Plotkin nor
the Smyth powerdomain can be used for this purpose. In fact, we have
shown that not even other powerdomains, such as the Sandwich and the
Mixed powerdomains, can be used for our purpose. Moreover, none of the
known powerdomains can be used, unless they arise as the composition of
powerdomains with the Hoare powerdomain as the last component in the
composition.

11.2 A Sequential Program for Addition

Recalling the negative result of Escardé et al. [27] that “In the interval do-
main model addition is inherently parallel”, we have been able to overcome
the problem by considering a powerdomain of the interval domain as a model.
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We have presented a sequential program for addition which in the case of to-
tal inputs, shows all the possible paths converging to the desired solution,
i.e. a solution which is single-valued.

Furthermore, we have shown that it is possible to have sequential pro-
grams for important functions which admit only parallel realizations in the
interval domain model. We have presented sequential programs for com-
putable first order functions, such as multiplication, division, negation and
absolute value. We have proved the correctness of these programs.

11.3 Recursive definitions

We have presented recursive definitions of first-order functions using the
multi-valued construct and we have proved that, for total inputs, they pro-
duce the desired single-valued outputs. The definitions presented are: addi-
tion, multiplication, negation, absolute value and division.

11.4 The Programming Language

This is one of the main contributions of the thesis. We have presented a
sequential programming language (called LRT') with a built-in abstract data
type for real numbers. The language LRT can be seen from two different
points of view:

e An extension of PCF [68] with the following additions: a ground type
for real numbers and primitive operations for real-number computation,
among which there is a non-deterministic constructor.

e A variation of Real PCF [24] with two primitive constructors removed
from Real PCF: the parallel constructor pif and the test constructor
head (also referred as <) and two primitive constructors added: the
non-deterministic constructor rtest and the sequential conditional if.

Our main result for the language is computational adequacy between the
operational and the denotational semantics of the language. To ensure ade-
quacy, given the non-deterministic nature of the language, we introduce the
notion of the operational meaning of a term, where, like the denotational val-
ues, the operational values are also taken in a powerdomain. The difference
between the operational semantics and the denotational semantics is that the
former is obtained by reduction but the latter is obtained by compositional
means.
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11.5 Total Correctness of Programs

By the results of Chapter 7, we are forced to use the Hoare powerdomain
as a model for the programming language LRT. As is well known, Hoare
models can be used only to prove the partial correctness of programs. In
order to obtain the total correctness of programs from partial correctness,
we introduce a generalization of the notion of termination in the case of real-
number computation. This notion is needed because computations with real
numbers are infinite, while computations with natural numbers are not. The
recursive definitions discussed in Section 11.3 immediately give rise to LRT
programs. Hence, we have proved with operational arguments that any of
the programs defined above converge, and with denotational methods, that
they converge to the desired value.
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Chapter 12

Open Problems and Further
Work

12.1 Expressivity of the language at first or-
der types

Although we have shown a number of computable first order single-valued
functions to be definable in LRT, we have not shown that all computable first
order single-valued functions are definable in the language. By a straightfor-
ward extension of the results of [24], it is easily shown that every computable
real number can be defined in the language. In addition, the definitions
presented in Chapter 8 for the unit interval domain, can be easily extended
to the whole interval domain. The previous observations and the fact that
the four basic arithmetic operations are definable in the language allow us
to conclude that at least all computable polynomial functions are definable
in the language. The definability of all computable first order single-valued
functions in LRT is still an open question, but we conjecture that these
functions are definable. In this direction, we have at present some results.

In order to study definability in LRT, we consider a well known framework
to exact real-number computation called computable analysis [86], where
definability for the computable real numbers and the computable functions
has been established. Furthermore, in this framework, it has been proved
that signed digit representation (see Section 4.5.2) is an admissible naming
system to define computable reals and computable functions.

Based on the theory of computable analysis, Weihrauch [86] has shown
that in order to define the computable first order function ((R)"” — R), it
suffices to define all computable first order functions in signed digit represen-
tation ((3“)" — 3“). If we confine our attention to the computable function
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of one argument, as a first step, we want to prove that for every computable
function ¢ : 3¥ — 3“, there exists a corresponding definable single-valued
function f : PHZ[—1,1] — PH¥Z][-1,1] such that the following diagram com-
mutes:

g0 L)< 7-1,1] < pHT-1,1]

¢ f f
3 [_1: 1] — I[_L 1] — PHI[_la 1]
q S n

Because there is no explicit type in LRT for streams, in order to represent
elements of 3 we define programs of the type nat — nat in the language
(the correct representation of elements of 3“ is given by programs of type
nat — 3, hence we assume that only three elements from the codomain are
used). The interpretation in the model of such programs is given by func-
tions of type PPN, — PHN,. Hence our main goal is: given a continuous
single-value function ¢ : (PPN, — P¥N,) — (PN, — PHN,) for which
there is a (unique) continuous function ¢ : 3¥ — 3“ such that Diagram 12.1
commutes and there is a (unique) continuous function f : [—1,1] — [—1,1]
such that Diagram 12.2 commutes to define a functional

F:((PEIN, —» PHN,) = (PEN, —» PAN,)) = (PHZ]-1,1] = PHI[-1,1])
such that the following diagram commutes:

(PUN, — PUN,) > 3 L] e T1,1] . prT1,1]

[0 ¢ f F(o)
(PEN, — PHN,) >3 — -1, e Z[-1,1 < pHT[—1,1]

That is to say, given any computable function from 3“ to 3“ we want to
obtain an equivalent computable function from P#[—1,1] to P#[-1,1]. Our
proposed definition of the function F'is given by:

F(¢) X =
let d = head(¢(0%)) in
if forall(Aa.head(é(«r)) == d)
tP|1en consy(F(Aa.tail(p(a))) (X))
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if rtest_;/91/2(X)
then
if rtest_;/50(X) N
then F()\oz.gb(consL(a)))(EilL(X))
| else F'(Aa.¢(consg(a)))(tailg(X))
if rtesty /o (X) N
then F()\a.qﬁ(cons(;(a)))(;cEiIC(X))
else F'(Aa.¢(consg(a)))(tailgr(X))

where forall [77] is defined by:

witness-not : (PN, — PHET,) — PHET,) — (PN, — PHT))
witness-not (P) =
let w = witness-not(\a. P(consy(a)))
in if P(consz(w)) then consg(witness-not(Aa.. P(¢onsg(a))))
else consz(w)

forall : (PN, — PHT,) — PHT,) — PHT,
forall (P) = P (witness-not P)

In other words, forall takes a total function ¢ : (PYN, — PAT,) —
PHT, , and if there exists « € PN, — PHT, such that ¢(a) = n(false)
then [witness-not](¢) is one such «; otherwise [witness-not](¢) = Yconsg.

The explanation of F' is as follows: F' compares the first digit obtained
by applying the function ¢ to the input 0¥ with every possible first digit
generated by applying ¢ to any other input. If the first digit is known to be
the same for every possible output of ¢, then the first digit of the result is
output, otherwise, the input X is examined.

If X is examined, there are four cases which can apply at this stage. If
X is known to be within the interval [—1, 0] then we know that the function
¢ should look at all the inputs which have —1 as first element (equivalently
consy,). Hence, we call recursively the function F with first argument ¢oconsy,
and with second argument tail (X)) which is the remainder of X after looking
at the first digit. The criteria for reasoning applied to the other cases follows
similarly.

We have already the proof of the total correctness of the function forall.
For the function ' we want to prove the following:

Conjecture 12.1.1. For any continuous single-valued function ¢ : (PN, —
PEN,) — (PEN. — PEN)) such that there exists a continuous function
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b : 3% — 3% making Diagram 12.1 commute and such that there ezists a
continuous f : [—1,1] — [—1, 1] making Diagram 12.2 commute, it holds that

F(¢)(m{«}) =n{f(x)}, for all x € [-1,1].

We have already proved that F(¢)(n{z}) C n{f(z)}. However the proof
of n{f(z)} C F(¢)(n{x}) is still in progress.

A possible proof for n{ f(z)} C F(¢)(n{z}) is as follows. Because n{f(z)} =
L {n(b) | b < {f(x)}}, it is enough to show that for every b < {f(z)} there
is some n such that n(b) C F,(¢)(n{z}). So we assume that b < {f(z)}.
This amount to saying that f(z) € b°. Hence by continuity of f, there is an
interval ¢ € Z[—1,1] with z € ¢® and f(c°) C b°. Because {z} is a closed set
as [—1, 1] is Hausdorff, the set ¢~ '{z} is closed by continuity of ¢, and hence
compact by the compactness of 3“. By the hypothesis that fog = go ¢, we
have that ¢(¢~"{z}) is contained in the open set ¢~ (6°). By continuity of ¢
and the fact that the sets B,,(«) = {8 € 3 | Vi < m.«;; = 5;}, m € N, form
a base of the topology of 3“, we have that for each o € ¢ '{z} there is an
me € Nsuch that ¢(Bpm, (o)) C ¢ *(b°). Now because ¢ *{x} is compact and
{By, () | @ € ¢7'{z}} is an open cover of ¢g~'{z}, there is F' C ¢~ '{z} such
that {By, (a) | @ € F} is already a cover of ¢~'{z}. For each a € ¢~'{z},
we have ¢(a) € ¢7!(b°), and hence there is a smallest number [, such that
By (()) C ¢~ 1(b°). Hence we have ¢(By, (a)) C By, (¢(a)) C ¢ ' (b°). If
it suffices to consider b of the form ¢{5' € 3¥ | 8 < '} for 5 € 3*, then we
believe that a candidate for n would be n = max{k, + 8 | « € F'} but the
proof is still in progress.

The proof of convergence of the equivalent program for F' and the gen-
eralization of ¢ to ¢' : (PEN, — PEN, )" — (PN, — PHN,) are left for
further development.

(PPN, — PIN}) 2. (PPN, — PUN))

e e (12.1)
3¢ i - 3¢
3¢ ¢ 3¢
q Iq (12.2)
1,1 -1 21, 1]



12.2 Denotational Semantics

We have seen that it is possible to have an expressive programming lan-
guage for exact real-number computation with an abstract data type for real
numbers and sequential operational semantics. However, it is still an open
question whether it is possible to find a denotational semantics which would
allow us to prove total correctness without the need to resort to operational
methods, such as strong convergence.

As described above, in the interval domain model parallel operators are
definable and, even if we consider a powerdomain of the interval domain as
a model operational methods are needed. Although it is possible to prove
total correctness in this way, it complicates the task of the programmers who
want to verify the correctness of their programs, because they cannot rely
completely on the mathematical model for the validity of their programs.

We draw attention to at least two possible directions to proceed:

e Looking for a new domain to represent real-numbers in domain theory.
The interval domain has been the most widely used domain to repre-
sent real-numbers in domain theory. Being a continuous domain and
representing all the elements of the real line, the interval domain is the
ideal model to use. However in order to achieve sequentiality a new
direction has to be taken.

e Using game semantics to present a model for real-numbers. Game
semantics is an alternative technique for giving denotational semantics
to programming languages; it would be interesting to know if there is a
model in game semantics for the kind of language that we are looking
at.

12.3 Full abstraction

Is LRT a fully abstract language?

Suppose we are given a semantics [-] for LRT which interprets types by
the Hoare powerdomain of posets. The interpretation [-] is said to be fully
abstract if the operational and denotational orderings coincide, that is, for
every pair M, N of well-typed terms: [M] = [N] if, and only if, [M] = [N].
We conjecture that the language LRT is not fully abstract.
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12.4 Universality

Is LRT a universal language? We have said that a language is universal
if every computable element of its domain of definition is definable on it.
Because it is not clear what the notion of computability should be in the
multi-valued setting, we do not have an answer to the above question. This
also has to be investigated. There are some proposals in this direction by
Weihrauch [86], but it is also not clear whether his considerations apply in our
setting. Because we are dealing with multi-valued functions, we conjecture
that the language LRT is represented by the dashed polygon in Figure 12.1
and is not universal.

In the figure, the language Real PCF+ is the language Real PCF with an
existential quantifier added. It was showed by Escardé [24] that this language
is universal, in the sense that every computable element of its universe of
discourse is definable in the language. Real PCF is contained in Real PCF+,
because there exists at least a computable function called 4 which is not
definable in Real PCF, and so is not universal (for the construction of this 3
see Plotkin [68]). There is a weaker version called weak Real PCF, which is
Real PCF without the parallel conditional pif. Farjudian [29] has shown that
all first order weak Real PCF definable functions are Vuillemin sequential [3]
(moreover, his arguments shows that any extension of the language with
continuous first-order unary functions has the same property).

12.5 Efficiency

Is LRT an efficient language?

One of the major concerns in exact real-number computation is the lack
of an efficient programming language or calculator to compute with real
numbers (it is believed that the price of being inefficient is a consequence of
guaranteeing correctness in the solution). For example, although Real PCF
is universal, in practice it is inefficient (at each step of the computation of
some computable first order function, at least three new parallel processes
are needed to compute the answer and for second order computable functions
the situation is even worse).

There have been other implementations [69, 58, 59|, which have been
proved to be more efficient for particular programs, but not in general. An im-
plementation of exact-real number computation using linear fractional trans-
formations is believed to be more efficient, although there is no formal proof
of such a contention. Heckmann [38, 39|, has studied this approach in more
detail with some interesting results.
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Real PCF+

Real PCF

weak Real PCF

weak Real PCF + rtest = LRT

Figure 12.1: Expressiveness of Languages

It would be useful to implement the programming language LRT to com-
pare its efficiency with previous approaches. Being a sequential language,
LRT is, we believe, more efficient than Real PCF but we do not have any
clue to its behaviour with respect to the other approaches.

12.6 A different language

A new syntax would be obtained if we added the power constructor P as a
data type to the language.

The denotational semantics given to the language LRT in Chapter 9 is in
terms of the Hoare powerdomain. If the syntax of the language is modified
in such a way that the power constructor Po is included as an element of it
in the following way:

ou=...|Po]...,

it would be interesting to present a denotational semantics for such a language
because we may be able to interpret programs for example of type (I — I) —
I as (Z — Z) — PI when required, instead of the actual interpretation
(P — PI) — PL.
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12.7 A different paradigm

Levy [55] introduced a new programming language paradigm called call-by-
push-value (CBPV). His work is based on Moggi and Filinski. The interesting
part of CBPYV for this thesis, it seems to me, is the distinction of types in the
syntax of the language defined. Under the slogan “a value is, a computation
does”, Levy distinguishes what he called values from computations in the
type system. The two classes of types presented in CBPV are:

value types A = UB|Y A |1|AxA

computation types B = FA|[[.,B;|A—B
The value types contain the usual: product type A x A, the unary type 1
and the sum (possibly infinite) of types »_..; A;. In the computation types
the usual (possibly infinite) product [],.; B; is considered.
The interesting types in our setting would be UB, FA and A — B. The
explanation given of these types, according to Levy, is as follows:

e A value of type UB is a thunk of a computation of type B. In our
setting, if we consider that a computation of type B lives in the Hoare
powerdomain of a cpo, this type would allow us to define constructors
in the language from computations to values.

e Given that the computational effect in the language is nondeterminism,
a computation of type F'A would be a value of PA.

e A computation of type A — B takes a value and then returns a com-
putation of type B.

This distinction of types would allow us to present a denotational se-
mantics in the usual domain theoretical sense with F A interpreted as P A.
The interesting problem would be to present the meaning of a thunk of a
computation in real number computation. It is compelling because we have
only partial information about the result which we are working on, since
computations with reals are infinite, whereas for example the flat domain of
natural numbers is finite. This raises another open question: that of defining
a call-by-value semantics for real number computation.
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