BAR RECURSION AND PRODUCTS OF SELECTION FUNCTIONS

MARTIN ESCARDO AND PAULO OLIVA

Abstract. We show how two iterated products of selection functions can both be used in con-
junction with system T to interpret, via the dialectica interpretation and modified realizability, full
classical analysis. We also show that one iterated product is equivalent over system T to Spector’s
bar recursion, whereas the other is T-equivalent to modified bar recursion. Modified bar recursion
itself is shown to arise directly from the iteration of a different binary product of ‘skewed’ selection
functions. Iterations of the dependent binary products are also considered but in all cases are shown
to be T-equivalent to the iteration of the simple products.

§1. Introduction. Godel’s [13] so-called dialectica interpretation reduces the
consistency of Peano arithmetic to the consistency of a quantifier-free calcu-
lus of functionals T. In order to extend Godel’s interpretation to full classical
analysis PA“ + CA, Spector [18] made use of the fact that PA“ + CA can be
embedded, via the negative translation, into HA“ + ACn + DNS. Here PAY
and HA“ denote Peano and Heyting arithmetic, respectively, formulated in the
language of finite types, and

CA : IFN=ByyN(f(n) « A(n))
is full comprehension,

ACN : VnNIxXA(n, x) — 3fVnA(n, fn)
is countable choice, and

DNS : VnN-=B(n) — -=VnB(n),
is the double negation shift, with A(n) and A(n, x) standing for arbitrary for-
mulas, and B(n) = 3x—A(n, x). Since HAY + ACp;, excluding the double nega-
tion shift, has a very straightforward (modified) realizability interpretation [19],
as well as a dialectica interpretation [1, 13], the remaining challenge is to give a
computational interpretation for DNS.

A computational interpretation of DNS was first given by Spector [18], via the
dialectica interpretation. Spector devised a form of recursion on well-founded
trees, nowadays known as bar recursion, and showed that the dialectica inter-
pretation of DNS can be witnessed by such kind of recursion. A computational
interpretation of DNS via realizability only came recently, first in [2], via a non-
standard form of realizability, and then in [4, 5], via Kreisel’s modified realiz-

ability. The realizability interpretation of DNS makes use of a new form of bar
recursion, termed modified bar recursion.
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It has been shown in [5] that Spector’s bar recursion is definable in system T
extended with modified bar recursion, but not conversely, since Spector’s bar
recursion is S1-59 computable the model of total continuous functionals, but
modified bar recursion is not.

In the present paper we revisit these functional interpretations of classical
analysis from the perspective of the newly developed theory of selection func-
tions [8, 9, 10, 11]. Selection functionals are functionals of type (X — R) — X,
for arbitrary finite types X, R. We think of mappings p: X — R as generalised
predicates, and of functionals e: (X — R) — X as witnessing, when possi-
ble, the “non-emptiness” of any given such predicate. For instance, if R = B
is the set of booleans, Hilbert’s e-constant can be viewed as a selection func-
tion. Just as e-terms in Hilbert’s calculus can be used to define the existential
quantifier, so can any selection function be used to define a generalised quantifier
¢$: (X —-R) — Ras

o(p) = ple(p)).

Moreover, just like the usual quantifiers 3X and V¥ can be nested to produce
a quantifier on the product space X X Y, so can generalised quantifiers and
selection functions. We prefer to think about the nesting of selection functions
(and quantifiers) as a product operation, since it transform selection functions
over spaces X and Y into a new selection function on the product space X x Y
(cf. [11]).

In this article we define two different iterations of the binary product of se-
lection functions, one which we call implicitly controlled and the other which we
call explicitly controlled. We show that modified bar recursion is T-equivalent to
the implicitly controlled product of selection functions, whereas Spector’s bar
recursion is T-equivalent to the explicitly controlled product of selection func-
tions. Moreover, we also show how the two different products can be used to
interpret DNS directly via modified realizability and the dialectica interpreta-
tion, respectively.

§2. Preliminaries. Before we present our main results, let us first define the
formal systems used, and give an introduction to our recent work on selection
functions.

2.1. Heyting arithmetic and system T. We work with a definitional exten-
sion of the finite types, allowing for infinite sequence of elements with different
types. The main reason for this is to improve legibility of our constructions, as
working with infinite sequence of a single type would obscure the shuffling of
elements. This is formally defined as follows:

DEFINITION 2.1 (Finite types). The set of all finite types T and the sequences of
finite types Ts are simultaneously defined inductively as
B (booleans) and IN (integers) are in T
If Xand Y arein T then X X Y (product) and X — Y (functions) are in T
If Xisin T then X* (finite sequence) is in T
If(Xi)iE]N isin Ts then T;enX; isin T
and also
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If Xisin T then (X);eN (constant sequence) is in Ty

If(Xi>i€]N and (Y;);en arein T then (X; X Y;)ijew and (X; — Y;) e are in Ty
If (Xi)ien is in Ts then (X )ien is in Ts

If (Xi)ien is in Ts then (I, X;)peN is in Ts

If (Xi)ien is in Ts then (Xjic)ieN is in Ts, where c: IN.

We also assume to have a unit type I so that IT;.(X; = . We use X,Y, Z for
variables ranging over the elements of 7. We often write I1;X; for I'l;cyX;, and
also HiZkXi for HiXi+k-

Let HA® be usual Heyting arithmetic in all finite types, extended to sequence
types as well, with a fully extensional treatment of equality, as in the system
E-HA® of [19]. Its quantifier-free fragment is the usual Godel’s system T, also
extended with sequence types. Godel’s primitive recursion for each sequence
of types (X;)ien € T is given by

Rfg0 et g

Rfg(n+1) "= fu(Rfgn)

where R has finite type I, (X,, — X;11) — Xo — ILX;. If the reader prefers,
however, she can assume that all X; are equal X and read I1;cnX; as X“. We
also assume that we have a constant 0¥ of each finite type X, and the usual
constructors and destructors such as (tX,s¥): X x Y and ni((sgo,sflﬂ = s,
where i = {0,1}, for instance. For the newly introduced sequence types we
have that if t: IT;X; then ti: X;; and if ¢t: X; then Ai.t: IT;X;. If s: T1;., X;, we
write s;: X; for the i-th element of the sequence, fori < n. If s: I, (X; X Y;) is
a sequence of pairs, we write s’: T1;, X; and s': TI;,,Y; for the projection of the
sequence on the first and second coordinates, respectively. If « has type ;e X;
we use the following abbreviations

alk,n] = (a(k),...,a(n)), (finite segment from position k to n)
[a](n) = wa[0,n—1], (initial segment of a of length n)
w,n = (a(0),...,a(n—1),0,0,...), (infinite extension of [a](n) with 0’s)

where in the last case the type of 0 at the i-th coordinate is the same type of «(i).
If x has type X, and s has type I];,, X; then s  x is the concatenation of s with x,
which has type I1;.,, 11 X;. Similarly, if x has type Xp and « has type I1;X; 1 then
x * o has type I'; X;.

In the following we shall assume that certain types are discrete. Semantically,
in the model of total continuous functionals, discreteness means that singletons
are open or that all points are isolated. Syntactically, the following grammar
produces discrete types in that model (along with compact types) [8].

DEFINITION 2.2 (Discrete and compact types). Define the two subsets of T in-
ductively as follows:

compact = 1B | compact X compact | discrete — compact

discrete  := 1B |IN | discrete x discrete | discrete® | compact — discrete.
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For the first part of the paper, up to the end of Section 5, we work with a
model independent notion of definability. Formally, given a term f in system T,
we view an equation F(x) = t(F, x) as defining or specifying a functional F. We
do not worry whether such an equation has a solution in any particular model
of HAY, or whether it is unique, when it has a solution. After this general
model-independent development we consider particular models in the final
section, and prove some non-definability results. The two main models we
will consider are that of partial/total continuous functionals [17], and strongly
majorizable functionals [7].

DEFINITION 2.3. We say that a functional G is T-definable from a functional F
(written G <t F) over a theory S if there exists a term s in system T such that s(F)
satisfies the defining equation of G provably in S. We say that F and G are T-equivalent
over S, written F =1 G,if G >7 Fand F >1 G.

When stating in a theorem or proposition that G is T-definable in F, we will
explicitly write after the theorem /proposition number the theory S that is need
for the verification. In most cases this theory will be an extension of HA“ with
the following two principles: the axiom of continuity

X, Xn R
CONT : Vg'iXi=Ryadnyp([a)(n) = [B](n) — q(a) = q(B))
with R discrete, and the scheme of relativised quantifier-free bar induction BI

5(())

A\
VaeS3InP(a](n)) — P(()),
A
Vs € S(Vx[S(s* x) = P(sxx)] = P(s))

where S(s) is an arbitrary predicate, P(s) a quantifier free predicate in the lan-
guage of HA“, and @ € S and s € S are shorthands for VnS([a](n)) and S(s)
respectively. For CONT it is essential that the type R is assumed to be discrete.
In fact, in most cases we will only use the following consequence of Bl + CONT:

LEMMA 2.4 (Continuous bar induction C-BI). Let (X;);eN be a sequence of fi-
nite types and R a discrete finite type. Let A, (q) be a formula of HA® with

q: <Hxi+n — R> =Y.
i

The following holds in HA® + BI + CONT. If for all n,

(i) for all cR we have A, (Aa.c), and
(i) for all g% such that ¥x*n A, 1(qx) we also have Ay (q),

then for all n™N and for all g¥» we have A, (q).
PROOF. Leta formula A(g) be fixed, and assume (i) and (ii). Given n: IN and
q: Yy, define
P(S) = Anﬂs\(qs)

and S(s) = true. It is clear that P(()) implies the desired conclusion. We prove
P(()) by BL First, let us show that Va3kP([a](k)). Given a: IT;,X; let k the
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point of continuity of g on «, using CONT. That implies that () is a constant
function, and by (i) we have A, ;¢ ([ (x))- We must now show Vs(VxP(s*x) —
P(s)). Unfolding the definition of P(s) we this is the same as

vS(VXAanHl (%*x) - Anﬂs\ (‘75))
Fixing s, this follows directly from (ii). =

It is easy see that continuous bar induction implies CONT.

2.2. Selection functions and generalised quantifiers. In [11] we have stud-
ied the properties of functionals having the type (X — R) — R, and called
these generalised quantifiers. When R = B we have that (X — B) — B is the
type of the usual logical quantifiers ¥, 3. We also showed that some generalised
quantifiers ¢: (X — R) — R are attainable, in the sense that for some selection
functione: (X — R) — X, we have

¢p = plep)
for all (generalised) predicates p. In the case when ¢ is the usual existential
quantifier, for instance, € corresponds to Hilbert’s epsilon term. Since the types
(X - R) - Rand (X — R) — X will be used quite often, we abbreviate them
as KrX and JrX, respectively. Moreover, when R is fixed, we often simply
write KX and JX, omitting the subscript R. In [11] we also defined products of
quantifiers and selection functions.

DEFINITION 2.5 (Product of selection functions and quantifiers). Given gener-
alised quantifiers ¢: KX and : KY, define the product quantifier (¢ @ ¢): K(X x Y)
as

(e p) (P 7F) £ pX gy p(x,y)).
Also, given selection functions €: JX and §: JY, define the product selection function
(e®6): (X xY)as
(e@8) () "= (a,b(a))
where
a X e(AxX.p(x,b(x)))

b(x*) = s(Ay .p(x,y))-

One of the results we obtained is that the product of attainable quantifiers is
also attainable. This follows from the fact that the product of quantifiers corre-
sponds to the product of selection functions, as made precise in the following
lemma.

LEMMA 2.6 ([11], lemma 3.1.2). Let R be fixed. Given a selection function € : | X,
define a quantifier €: KX as
ep = plep)- B
Then fore: JX and 6: JY wehavee ® 6 =€ ® 0.

1=

Given a finite sequence of selection functions or quantifiers, the two binary
products defined above can be iterated so as to give rise to finite products of
selection functions and quantifiers. We have shown that such a construction
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also appears in game theory (backward induction), algorithms (backtracking),
and proof theory (interpretation of the infinite pigeon-hole principle) — see [11]
for details.

In the following (Sections 3 and 4) we will describe two possible ways of
iterating the binary product of selection function an infinite, or unbounded,
number of times.

§3. Explicitly Controlled Product. The finite product of selection functions
of Definition 2.5 can be infinitely iterated in two ways. The first, which we
define in this section is via an explicitly controlled iteration, which we will show
to correspond to Spector’s bar recursion. In the following section we also define
an implicitly controlled iteration, which we will show to correspond to modified
bar recursion.

DEFINITION 3.1 (eps). Let e: Iy ] X be a family of selection functions. Define their
explicitly controlled infinite product as

I X4, 0 lfl(q(O)) <n
1) eps,,(¢)(q) =" { , .
(en ®eps, 1(€))(q) otherwise,
where q: I1;X;, — Rand I: R — IN. We call | the length function since it controls
the length of the recursive path.

Given an infinite sequence of selection functions ¢e: 11 ] Xy, we repeatedly
apply the binary product of selection functions to the first element of the se-
quence ¢, and the result of the recursive call on the tails of the sequence. That
is done until the condition I(g(0)) < n is met. In order to see why such a condi-
tion is eventually met (assuming continuity, for instance) it is best to look at the
following equivalent formulation of eps.

LEMMA 3.2 (HAY). Let q: I;X;y, — Rand I: R — IN. The functional eps can
be equivalently defined as
X, | O if 1(q(0)) <n
epsh(e)(q) "2 { l |
c*eps, 1(€)(qc) otherwise,

!
n+1

%, { 0 if A

where ¢ = e, (Ax.eps. . (€)(qx)); or even more generally

epsy (€)(9) (1) "=

ei+n(/\x.eps§+n+1 (€)(Gtsx)) otherwise,

where A = 35 < t(1(gs(0)) < n+ |s|) and t = [epsl, () (q)] (7).

PROOF. The first equivalent formulation is obtained by simply unfolding of
binary product of selection functions. For the second formulation one uses
course-of-values induction noticing that as soon as the condition /(g5(0)) < n+
|s| is satisfied for some s then the value of eps/, (¢)(q) (i) will be 0 fori > |s|. -

It is easy to see that eps exists in the model of total continuous functionals,
and is in fact uniquely characterized by its defining equation. Note that the
functional eps,, (¢)(q) returns an infinite sequence, say a: I1;X;,,. Intuitively, at
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each recursive call the functional g gets information about one more element of
its input sequence. If g is assume to be continuous it will eventually always re-
turn a fixed value, no matter what the rest of the input sequence is. This means
that as n increases we will eventually have /((0)) < n. It is perhaps surprising
that such a functional also exists in the model of strongly majorizable function-
als [7], which contains discontinuous functionals! Following the construction
of Bezem [7] one can prove this directly, but this result will also follow from our
result that eps is T-definable from Spector’s bar recursion (Section 3.3).

Although we only need eps for the sake of all results in this paper, it will nev-
ertheless be useful, for the sake of clarity, to define a corresponding explicitly
controlled product of quantifiers:

DEFINITION 3.3 (epq). Let ¢: IT KX} be a sequence of generalised quantifiers. Their
explicitly controlled infinite product is defined as

[0 it 1(g(0)) < n
Pa, (¢)(q) {(¢n®epqi+1(¢))(q) otherwise,

where q: 11;X; 1, — Rand I: R — IN. Unfolding the definition of the binary product
of quantifiers we have

q(0) if 1(q(0)) < n
¢H(AxX".epq£1+1(¢)(qx)) otherwise.

epdl,(9)(g) £ {

First, we show that in terms of T-definability epq is stronger than eps. Al-
though care has to be taken when spelling out the details, the proof essen-
tially makes use of the fact that each selection function ¢ defines a quantifier,

as ¢(p) = p(e(p))-

PROPOSITION 3.4 (HA® + C-BI). epq > eps.

PROOF. In order to define eps for the types X; and R we shall use epq for the
types X; and R’ = I1;X;. Define

I Xin n Xl X
epsy,(e)(q) =" (epqy, (¢°7") (Aa! X 0Mien i s )",
where
/ R\ R .
¢ (PR = plei(Ax¥ig(p(x))))
and a"(i) = a(i +n) and g" (a!li%) R g(a™). The construction a” drops the

first n elements of @ whereas g" behaves as g except that it ignores the first n
elements of its input sequence. Assuming /(¢(0)) > n and that i > 0 (the other
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case being trivial) we have
epsh(e)()(1) = epal (") (A0 ien Xk a) (n + i)
= ¢ (Ax%repal, 1 (99" (A0 x a)2)) (n + i)
= @7 (Axrepal (") (Aa.0 % x % &) (n + i)
equvrl (057" ) (A0 % ¢ % &) (1 + 1)
epal, 11 (979" ) (Aa0licn1Xi ) (n +1) + (i — 1))
(epsy,1(e)(gc)) (i — 1)

I+

where

o
|

(Ax¥Xr.q" (epal 1 (¢77") (A0 % x % 1))
en(Axn. (g )”*1(epq£,+1(¢€'(qx>”“)(M.ow)))
en(Ax%n.qx (epd), 4 L (getax)"” (A0 %))+

en(Axr.qx(eps), 1 (e) (qx))).

Property (+) epanrl (7" ) (A0 % cx a) = equwl (4)8'(‘75)"“)(}\0@0 o) follows
from the definition of $*7 by C-BI, taking

An() = (epdlir (97" ) (A0 5 c 5 a) = epal 1 (970" ) (Aw0 x4 )

Note that g"(Aa.0 % ¢ x 0) = (g.)""!(Aa.0), and hence I(g"(Aa.0 ¥ c % 0)) =
1((gc)"*1(Aa.0)). Thus, whenever the left-hand side functional reaches the stop-
ping condition, so does the right-hand side functional. =

En

I+

n+1

Hence, we have shown that eps is T-definable in epq. In the following lemma
we show that epq can in turn be defined from eps, if we are working with at-
tainable quantifiers, i.e. quantifiers that have associated selection functions.

LEMMA 3.5 (HA® + C-BI). epql,(g) = epsl, (¢).

PROOF. The above equation can also be shown by C-BI. Let
An(g) = (epas (B)(9) = epsh(e) (7)) -

The case (i) when g is constant Aa.c is trivial, as eps/,(g)(q) = ¢ = epd,(¢)(q).
To show (ii) we fix 4 and assume (IH) VxA,,11(gx). We must show A, (g). We
consider two cases: If 1((0)) < n then

epa,,(£)(9) = 9(0) = q(eps,,(¢)(9)) = epsl,(e)(q).

If, however, 1(g(0)) > n, then
epay(E)(q) = (& ®@epa, 4(8))(q)

= Eu(Axepd,,;(5)(qx))

M 5, (Axeps,, 1 (e)(9:))

2 (e @epd 1 (0)(0) = epsh(E)(0)
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_{

3.1. Dialecticainterpretation of classical analysis. In order to find witnesses

for the dialectica interpretation of DNS, and hence full classical analysis, Spec-
tor arrived at the system of equations

n = wa,
(2 a(n) X en(p),
pla(n)) = qa,

where ¢,: JgX and g: (N — X) — Rand w: (N — X) — N are given and
n:INand a: N — X and p: X — R are the unknowns. We now show how eps
can be used to solve Spector’s equations. We first solve a slightly different set
of equations, and as a corollary we obtain a solution to Spector’s original one.

THEOREM 3.6 (HA” + (1)). Let q: II;X; — Rand 1: R — N and ¢: T1;Jgr X; be
given. Define
w = epsy(e)(q)
pn(x) = epq;+1(€)(q[zx}(n)*x)'
Forn < 1(g(«)) we have

a(n)

R
pu(a(n)) = qu.

PROOF. The proof is very similar to Spector’s proof (cf. lemma 11.5 of [16]).

First, let us show by induction that for all n the following holds:
(i) &= [a](n) *eps),(e) (9] (n))-

If n = 0 this follows by definition. Assume this holds for n, we wish to show it
also holds for n + 1. Consider two cases.
(@) If 1(q(4)(n)(0)) = I(q(a, 7)) < n then eps@(e)(q[a](n)) = 0 and hence

a(g)ﬁza,n+1.

Therefore, I(q(a,n+ 1)) = I(q(&, 7)) < n <n+1. So,
[@](n+1) * eps,, 1 (€) (q1a) (ns1) = &1+ 1 =T 7 = a.
(b) If, on the other hand, I(q(4)(,)(0)) = I(q(&, 7)) > n, then

& B [a] (1) * epshy (€) (qpay ) = [a] (1) €  €pSh 1 (€) (Ga) (nyec)s

where ¢ = a(n). Hence & = [a](n + 1) xeps),_, (&) 1) (n+1))-
(a

Now, let n < I(g(a)). We argue that (ii) n < I(q(«,7)). Otherwise, assuming
n > 1(q(@,n)) = 1(q]4)(»)(0)) we would have, by (i), that « = &, 7. And hence,
by extensionality, 11 > 1(qy](n)(0)) = I(g(«)) > n, which is a contradiction.

It follows easily that, if n < I(g(«)),
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—
=

=
=

S~—
I

epsy, (€) (q1u)(n)) (0)
(en © epst, 1 (€)) (q[a](m) ) (0)
€n(AX.G 1) ()52 (€PS) 11 () (A1) ()42)))
= en(Axeps, ;(€) (o] (n)ex))
= en(Axepq) 1 (E) (qaj(m)ex) =

—
~

For the second equality, we have
pu(a(n)) = epql 1 (&)@ (ns1))
eps,_ 1 (&) (9] (ns1))
= u)(n+1) (ePSh 11 (8) (Faj(nr1)))

=

= q([a](n+1) xeps,,; (e) (Ga)(ns1))) = ().
_{

COROLLARY 3.7. For any given ¢,,: JgX and q: (N — X) — Rand w: (N —
X) = N, thereare a: N — X and p: X — R satisfying equation (2).

PROOF. Let R = Rx NN, and let 1p: Rx N — Rand r;: RxN — N
denote the first and second projections. Define

q'(a) B (), w(w))

G(rFF) = e (A (p(0)).
Let & = eps™ (¢/)(¢') and py(x) = epal (€)(dujonyer)- Assume n < w(a) =
711(¢'(«)). By Theorem 3.6 we have

a(n)

R/
pu(a(n)) = q'a
Finally, let n = w(a) and p(x) = pu(x) = mo(p;,(x)). Then a and p satisfy the
desired equation, since €, (p},) = €n(pn)- =

[]><

It should be noted that we are only using the explicitly controlled product of
quantifiers for the sake of clarity. As shown in Lemma 3.5, any use of epq above
can be replaced by an instance of eps. Therefore, it is the recursion schema eps
that solves Spector’s equations. In this way, also the use of bar induction (in the
proof of Lemma 3.5) is avoided. Therefore, Theorem 3.6 and Corollary 3.7 can
be proven in HA® plus the product of selection functions, without assuming
continuity or bar induction.

3.2. Dependent variant of eps. We have considered in previous papers [9,
11] a slight generalisation of the product of selection functions, where a selec-
tion function at stage n can have access to the previously computed values X;
for i < n. We called this the dependent product of selection functions and quan-
tifiers.
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DEFINITION 3.8 (Dependent product of selection functions and quantifiers).
Given a quantifier ¢ : KX and a family of quantifiers p: X — KY, define the dependent
product quantifier (¢ ®4): K(X x Y) as

R
(¢ 2a ) (P 7) = p(Ax (2, Ay"p(x,y))).
Also, given a selection function e: [X and a family of selection functions §: X — JY,
define the dependent product selection function (e ®406): J(X x Y) as

(€4 0) (P Y7R) XY (4, b(a))
where

S(Axx.p(x, b(x)))

b(x) 5(x, Ay¥.p(x,y)).

As done for the simple product of selection functions, we can also iterate the
dependent product of selection functions as follows:

a

1=

DEFINITION 3.9 (EPS). Given a family of parametrised selection functions
e: I (T X — ] Xi),
define their dependent explicitly controlled product (denoted EPS) as

gy (o) T 0 if 1(q(0)) < Is|
@ EPs() = { (es ®q (AxXFLEPSL, (€)))(q) otherwise.

As done for eps in Lemma 3.2, EPS can also be equivalently formulated as

EPS(c) () (1) Xs—*"{ 0 - !
M - et (AXXI EPSL . (€)(Grax)) otherwise,
where A = 3s < t(1(qs(0)) < n + |s|) and t = [EPSL(e) ()] (i).

In the dialectica interpretation of countable choice given above (Section 3.1),
the selection functions ¢, do not depend on the history of choices already made.
Thus, it was sufficient to use an iteration of the simple product of selection func-
tions. Nevertheless, Spector bar recursion and modified bar recursion are nor-
mally formulated in the most general form, where selection functions at point
n have access to the values i < n.

We now show that the two iterations of the product of selection functions are
T-equivalent. The idea is to make use of a construction of type

(X=]JY)=](X=Y)
that turns a family of selection function into a single selection function of a
(possibly) higher type level.
THEOREM 3.10 (HAY). EPS =7 eps.

PROOE. It is clear that eps is T-definable from EPS. We now show how EPS
is T-definable from eps. We use the alternative formulation of eps given in
Lemma 3.2. A family of selection functions ¢ : Hf;ol X; — JXy can be turned
into a single selection function & ](Hé:ol X; — Xi) as
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*1x,— X -
=0 2 )\SHL(}XR&S(/\ka.P(/\t.y)).

Given /: R — IN, the infinite (simple) product of selection functions gives
epsy(8)  JIL(IeiXy — Xi)-
The dependent product can then be defined as

) ) I X5 44 B
EPSL(e) (g6 R) L (epsl (8)(°)),

where s: T X; and @ (i) 2 (i) (s * [a](i)) and ¢° () = q(a%). We must show
that EPS as defined above satisfies the defining equation (3). We do this by
course-of-values induction on i. Let

= [EPSL(e)()() = [(epsl (@) ()] ),
where q: IT; X5 ; = Rand ¢°: ITg(IT;< g4 Xi — Xjsj44) — R. If forsomeu =<'t
we have 1(g,(0)) < |s| + |u| the result is trivial, because (4°),/(0) = g,(0) for
some 1/ < t' = [eps!_(£)(g°)](i), and hence (eps! |(§)(q5))s(i) = 0. On the other

Is| s
hand, assuming Vu <t 1(g,(0)) > |s| + |u|, unfolding definitions we have

EPS, (¢) (4) (i) (epsl, (&) (7)) ()

= eps, (B)(") (i) (s * 1)
B g i (AL e (P8l 14y (O (e (5 7 )
et (A0 )uar (P8l 111 0 (6)nr)

gk(P(H;.‘:_&X,-HXk)eR)

Xls|4

—
~

Ss*t()\x'qt*x(epsiﬂ—l—iﬁ-l (€)<(qs)u*/\r.x))s*t*x)
Ss*t(Ax-Qt*x(ePsisHHl (E)((Qt*x)

€S*t(Ax-qt*X(EPSé*t*x(€)(qt*X)))
= ss*t()\x.EPSé*t*x(s)(qt*x)),
where u = [epsis| (8)(4°)](i). We used that

(i) (txa)® =% (a)%F, forall t,s, a,

—
=

s*t*x))s*t*x)

(ii) u® =t,fort,s and u as above.
_4

QUESTION 3.11. Note that a similar construction does not work in the case of quan-
tifiers, since there is no typed A-term of type (X — KY) — K(X — Y), for arbitrary
X and Y. In fact, in the case of quantifiers it sill still open whether the simple explicitly
controlled iteration is T-equivalent to the explicitly controlled iteration of the dependent
product of quantifiers.

3.3. Relation to Spector’s bar recursion. As we have shown in Theorem 3.6,
which is essentially Spector’s solution, the explicitly controlled product of se-
lection functions eps can also be used to give a computational interpretation of
classical analysis. When presenting his solution in [18], Spector first formulates
a general “construction by bar recursion” as
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R %(0) if ws(o) < |S|
BRs(w)(¢)(q) = { (ps()txx"“.BRs*x(w)(‘P)(q)) otherwise.

This is usually referred to as Spector’s bar recursion, but we argue that this is
misleading. We show that BR is closely related to the product of quantifiers EPQ,
whereas the special case of this used by Spector is equivalent to the (dependent)
product of selection functions EPS, which we have shown to be equivalent to eps
(Section 3.2).

REMARK 3.12. In fact, Spector’s definition seems slightly more general than BR
as defined here, since in Spector’s definition q might also depend on the length of the
sequence s. As we show in Lemma 5.1, however, it is possible to reconstruct |s| from
the sequence s * 0 if s is the point where Spector’s condition first happens.

PROPOSITION 3.13 (HA“ + C-BI). EPQ = BR.
PROOF. In order to define EPQ from BR, let g"a = gq(Ai.a(i 4+ n)), and define
EPQ:(w)(¢)(q) = BRy(w)(9)(¢*).

We then have (assuming ws(0) > |s|, the other case being trivial)
EPQs(w)(¢)(9) = BRs(w)(¢)(q")
= ¢s(AXH BRyw (@) (¢)
= §s(Ax BRyux (w) (¢)
= ¢s(Ax"HLEPQuux () (¢) ()
= (s @ AXHLEPQuur (@) (9))(9)

where (4) BRgsx (@) (¢) () = BRsux (@) () ((gx)¥**!) can, as in Proposition 3.4,
be proved by C-BI, since gl*l (s * x x a) = (g2)* (s  x % a).
On the other hand, BR can be defined from EPQ as

BR; (w)(¢)(9) = EPQs(w)(¢)(9s),

as a simple verification shows. =

q°))

(@)
)(@)((g2)

Spector, however, explicitly says that only a restricted form of BR is used for
the dialectica interpretation of (the negative translation of) countable choice. It
is this restricted form that we shall from now on call Spector’s bar recursion:

DEFINITION 3.14 (Spector’s bar recursion). Let R = I1;X;. Spector’s bar recur-
sion [18] is the recursion schema

SBR.(w) (¢) R [ 3 if ws(0) < |s]
w)(e) =
’ SBRs«c(w)(e) otherwise,

where ¢ ot es(AxXE SBRyyx (w) (€)), and where € : J X5 and w: T1;X; — IN.

We now show that Spector’s bar recursion is T-equivalent to the explicitly
controlled product of selection functions EPS.

LEMMA 3.15 (HAY + C-BI). SBR > EPS.



14 MARTIN ESCARDO AND PAULO OLIVA
PROOF. In order to define EPS for type R and (X;);cn we use SBR for R’ =
IL;X;. Letes: JrX|s and g: I;X; — R and I: R — N be given. Let
W' (a) = 1(g(x))-

Moreover, define the following family of selection functions & : Jg/ X Is|

X

() = e q(f (1),
For q: I1;X;,,, — R define also g": II;X; — R as q"a = q(Ai.a(i +n)). EPS is
then defined from SBR as:

HZ 1+|s S s

EPS,(e)(q) =" ALSBR(w! ") (&) (Is] + ).

The proof is by course-of-values induction on i. Assume
. . ~als| . .

t = [EPS{(e)(9)](7) = [Ai.SBRs(co1)(277)(|s] +1)]( )-
We verify the case Yu < #(1(4,4(0)) = w"qlus‘(o) = wu 1(0) > |s| + |u|) (the other
case is trivial) by course-of-values induction

EPSL(e)()(i) L SBRy(w!™ ) (&) (|s| + 1)

= SBRu(wh) (@) (5] + )
\ . .
— R @)
= esnt(AxgPl(SBRyux (@) (&17)))
(;) eset(Ax '(Qt*x)lu‘(SBRu(wl'(fh*x)‘“‘)(~(qt*x)\u\)))
= ear(Axqrx(ALSBR, (! =) ) (@) (Ju] 4 1))

—
—

2) Ss*t(Ax-Qt*x(EPSL(8)(qt*x)))

where u = s*tx*x, and ((i — 1) x) means unfolding SBR’s definition (i — 1)
times so that |t =i — 1. And, for j < i

_glsl S|\, _ls
o= & (AXSBR g (W) (1))

] s*[t](f)
e () (A2 (SBRyy g (1w (01 (217)))
€5k 1] (j (/\xq SBRS* ](j)*x(wlq)(gq)>)
(IH) i

= S Ax. q18G) *x(EPSs*[t]( j)*x (gq[f](j)*x)»/

where (a) = (q](«x)"17"! () = qPl(a) for & = s« [£](f) * x = p. Step (+)
is again similar to that in the proofs of Propositions 3.4 and 3.13, and can be
proven by C-BL -

PROPOSITION 3.16 (HA“ + C-BI). EPS =1 SBR.

PROOF. By Lemma 3.15, it remains to show that EPS T-defines SBR. Let R =
IT;X; x N and

i 2 me
7@ £ (g(a),w(a)).
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Define
SBRs(w)(e) = 5% EPSL(e) (A Xist+i (5 % )R).
Assume ws(0) > |s| as the other case is trivial. We then have
SBRs(w)(e) = s*EPSL(e)(Ay ¥+ (s % ¢)R)
= sxcxEPSL (&) (Ay i Xbl+i (s % ¢ % )R)
= SBRs«c(w)(¢)
where ¢ = e5(Ax.s % x * EPSL_(€)(A7.(s x x % 7)) = es(Ax.SBRgsx (w)(€)). -
QUESTION 3.17. By Propositions 3.4 and 3.16, we have that
BR =7 EPQ >7 SBR =1 EPS.

It is open whether EPQ is T-definable from EPS (and hence from SBR) or not. We are
inclined to believe this is not the case, since in EPQ we are given quantifiers, from which
we might not be able to re-construct selection functions to apply EPS (see diagram in
Figure 1).

§4. Implicitly Controlled Product. We have seen in Section 3 above that the
explicitly controlled iterated product of selection functions is sufficient to wit-
ness the dialectica interpretation of classical countable choice. In this section
we show that when interpreting this same principle via modified realizability,
one seems to need an unrestricted or, as we we shall call it, implicitly controlled
infinite product of selection functions.

DEFINITION 4.1 (ips). The implicitly controlled product of a family €: 11, | X of
selection functions is defined as
. J (HiXi 11) .
ips,(e) " =" ey ®ips,41(e).

We call the above infinite product implicitly controlled because under the as-
sumption of continuity for functionals of type I1;X;,, — R, the bar recursive
calls eventually terminate. Unwinding the definition of the binary product, ips
can also be equivalently formulated as follows.

LEMMA 4.2 (HAY). The functional ips can be equivalently defined by the equation

ips,(€)(9) () "= &4 (AXX000ps, 11 (6) (dsex))
where q: 11;X,,.; — Rand s = [ips,,(€)(q)](i).

PROOF. By unfolding the definition of the binary product of selection func-
tions using course-of-values induction. =

4.1. Realizability interpretation of classical analysis. We now describe how
ips can be used to interpret countable choice via modified realizability. As dis-
cussed in the introduction, a computational interpretation of full classical anal-
ysis can be reduced to an interpretation of the double negation shift DNS. Given
that the formula A(n) (in DNS) can be assumed to be of the form 3x—B(n, x),
DNS is equivalent to

Vn((A(n) »1) = A(n)) = VnA(n) = L1) — VnA(n).
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That is because, for A(n) = Ix—B(n, x), we have both | — A(n) and 1 —
VnA(n) in minimal logic. Moreover, since the negative translation brings us
into minimal logic, falsity L can be replaced by an arbitrary £{-formula R. (This
is known as the (refined) A-translation [6], and is useful to analyse proofs of I
theorems in analysis.) R. Recall that we are using the abbreviation
JRA=(A—R) = A.
The resulting principle we obtain is what we shall call the J-shift
J-shift :  VnJrA(n) — JrVnA(n).
Thus, DNS corresponds to the K-shift, considering the other type construction
KrX = (X — R) — R. One advantage of moving to the J-shift is that A(1n) now
can be taken to be an arbitrary formula, not necessarily of the form 3x—B(#n, x).
Hence the principle J-shift is more general than DNS. We analyse the logical
strength of the principle J-shift in more detail in [10], where a proof transla-
tion based on the construction [X is also defined. Our proof of the following
theorem is very similar to that of [4, Theorem 3]. We assume continuity and
relativised bar induction as formulated in Section 2.1.

THEOREM 4.3 (HA®” + BI + CONT). ipsy modified realizes J-shift.
PROOF. Assume that
en, mr (A(n) = R) = A(n),
g mr VnA(n) — R.
We show Vs € SVnP(s, n) by relativised bar induction, where
P(s,n) = (s xipsjs|(e)(gs)) (n) mr A(n)
and the predicate used in the relativisation is
s €S =Vn<|s| (sp mrA(n)).
We write « € S as an abbreviation for Vn([a](n) € S). We now prove the first

two assumptions of the bar induction, and the third assumption S(()) is vacu-
ously true.

(i) Ya € S 3kVt = [a] (k) VnP(t,n), where t = s means that ¢ is an extension of the
finite sequence s. Given a we pick k to be the point of continuity of g on a. The
result follows simply by unfolding the definition of ips.

(i) VseS(Vt,x(sxtxx€S — VnP(sxtxx,n)) — VnP(s,n)). Let s € S and as-
sume

(@) Vt,x(s*xt*xx€S — VnP(sxtxx,n)).

We prove VnP(s, n) by course-of-values induction. Assume Vk <n P(s, k), i.e.
(b) V<1 ((s * ipsy) () (g5)) (K) mr A(K)).
We want to show (s x ipsjs| (€)(qs)) (n) mr A(n). If n < [s| we are done, since in
this case (s * ipsj;|(€)(qs)) (1) = sp (and s € S). Assume n > [s|. Then our goal
becomes
en(AX® Gostax (1P 41 (€) (dsstsx))) mr A(n),
where t = [ips| (€)(qs)](n — [s|). This follows from
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A5 st (ipSy 41 (€) (Gsstax)) mr A(n) — R

which, by definition, is

VaXe(xmr A(n) = qortex (ipSy11(€) (setx)) mrR).

Let x such that x mr A(n). By our assumption (b) we have thats*t+x € S. And
by assumption (a) we get (s * t * x % ips, 1 (€) (gsst+x)) mr VA (n). The proof is
then concluded by the assumption that g mr VnA(n) — R. -

4.2. Dependent variant of ips. The proof given for the equivalence between
EPS and eps in Section 3.2 can be easily adapted to show that also ips is T-
equivalent to its dependent variant IPS.

DEFINITION 4.4 (IPS). Let e: IT(I1;.xX; — JX¢). Define the dependent im-
plicitly controlled product of selection functions (denoted IPS) as

IHiXS i
Ps,(e) R o s (A RS (e)).

As in Lemma 4.2 for ips, we can also equivalently define IPS as

X : -
IPSs(€) (9) (i) "= st (AX 61 1Pz (€) (q1ix)),

where t = [IPS;(€)(q)] (7).

We again use the fact that a family of selection functions I'ly;X; — JX, can
be turned into a single section function J(ITy-; Xy — X;) in order to simulate
EPS over T using eps.

THEOREM 4.5 (HA® + C-BI). IPS =7 ips.

PROOF. It is clear that IPS is a generalisation of ips. We now show that IPS
is T-definable from ips, following the same ideas used to show that EPS is T-
equivalent to eps (Section 3.2). In fact, the proof here is slightly simpler since
we do not have to worry about the length function /. Let & be as defined in
Lemma 3.10. The infinite (simple) product of selection functions applied to &
gives

ips(€) : JIL(Ik<i Xy — X))
IPS can then be defined as (where s: IT;;X)

X iXs i, N S\\S
IPSs(e) (g7 R) = (ipsyg (8) (%))
where a° (i) & a(i)(s * [a°](i)) and ¢°(«) = q(«®). Unfolding the definitions
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X\s +i

IPSs(e)(9) (i) =" (ipsis((8)(4°))° (0)
= ipss(8)(q°) (D) (s % 1)
Dé4 €|5|+i()\f-(qs)u*f<ips\s\+i+1( ) q )u*f)))(s * t)
: es*t()\x-(qs)u*)\r.x(ip5|s|+i+l(g)(( )u*)\r.x)))
D et Ao 05 11 (O (7 )usar) 1)
(;)

oot (Ao (1P5]g 741 () (1)) %)

€s*t(Ax-Qt*x(|PSs*t*x (5) (Qt*x)))

= es*t()\x~|PSs*t*x(€)(Qt*x))
where t = [(ips|s|(8)(4°))°] (i) and u = [ips|| (&) (g°)](i). We used that

(i) (t*a)® =% (a)5F, forall t, s, a,

(ii) u® =t, fort,s and u as above.
Property (+) is again similarly proven as in Propositions 3.4, 3.13 and 3.15.

4.3. Relation to modified bar recursion. The proof that ips interprets full
classical analysis, via modified realizability, is very similar to the one given in
[4, 5] that modified bar recursion MBR interprets full classical analysis. In this
section we show how MBR corresponds directly to the infinite iteration of a dif-
ferent form of binary product of selection functions. We also show (Sections 5.2
and 5.3) that this different product when iterated leads to a form of bar recur-
sion (MBR) which is nevertheless T-equivalent to IPS.

DEFINITION 4.6. Given a function e € (X — R) — X x Y and a selection func-
tion & € JY define a selection function e @ € J(X x Y) as

(e©0)(p) = e(Ax.p(x,b(x)))

where b(x) Ls (Ay.p(x,y)). We shall also consider a dependent version @, of the
product where 6: X — JY and b(x) = 6(x, Ay.p(x,y)).

The above construction shows how a mapping of type (X — R) - X x Y
can be extended to a selection function on the product space, given a simpler
selection function on Y. We shall use this when X = Xy and Y = IL;X; x4, so
that we obtain a selection function in J(IT; X, ).

DEFINITION 4.7 (mbr). Define the iterated skewed product mbr as

(&) ](Hz‘;(kﬂ)

mbry (e e @ mbreyq(e),

where ¢: T ((Xx = R) — I1; Xy ;). We name this mbr because we will show this is
essentially modified bar recursion as defined in [4, 5].

We think of € as a matrix of skewed selection functions. The idea is that some-
times a witness for X is automatically a witness for all types X; fori > k. In
such cases, a selection function ¢,,: (X — R) — X gives rise to a skewed se-
lection function e: (X — R) — IT;>,X;, so that the more intricate product of
selection functions (Definition 2.5) can be replaced by the simpler product given
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in Definition 4.6. As with IPS and EPS (Sections 3.2 and 4.2), we now show that
also the simple iterated skewed product mbr (cf. Section 4.3) is T-equivalent to
its dependent variant MBR.

THEOREM 4.8 (HAY). mbr >1 MBR.
PROOF. For any given e: IT;(IT;;X; — (X; = R) — I Xj;x), let
A] =B x (Hi<in — HkaJrk),

and define
g H]((A] — R) — HkAj-i-k)
by
 piy g At [ AT QP ) itk =0,
& _=
! (fF, 047+ ifk >0,

where £ = (tt, As"i<i%i (x%i,0%+1,0%+2,..)). The simple skewed product of
selection functions gives mbry(&): J(IT;A;). MBR can then be defined from mbr
as

I X 44
MBRG (&) (g ¥+ R) "= (mbryg (2)(g°) ).
Here, for a: I1;A ), 4,
7 (a) = q(a®)

and
@ (i) f(s+[2%](2))(0) if (i) = (et, fsre i),
g(s*[a°](n))(i —n) otherwise,

where 7 is the last position before i where a(n) is of the form (tt, g). Unfolding
the definitions we have

;X
MBR;(e)(q)

45| +i

(mbri (&) (4°))°

= E L) b B)(49))°
es(Ax™F1.(g°) ¢ (mbrig 41 (8) ((4°)1)))

= es(/\xX|5‘-q;c((mbr|s*x\(€ )((4:)%))™))
£5(AXF.qx (MBRswx (¢) (qx))),

using that (7°)¢(a) = qx (") = (4:)" (). n
We now show that a slight generalisation of modified bar recursion [4, 5] is
T-equivalent to the iterated product of skewed selection functions.

THEOREM 4.9 (HA® + C-BI). Define MBR’ as
IT; X;
MBR{(e)(q) £ s = es(Ax™5.q(MBRL,.(¢)(4)))

where q: 11;X; — Roand e: TIj (I, X; X (X — R) — I1;Xyy;). Then mbr and
MBR’ are T-equivalent.
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PROOF. MBR'is a generalisation of modified bar recursion to sequence types.
If all X; = X we have precisely modified bar recursion, as defined in [4, 5]. As
just shown, mbr is T-equivalent to its dependent version MBR. Therefore, for
one direction, let g: IT;X; — R and s: I'l;,X; and define

MBR. (&) (q) "2 s * MBR; (e) (5)-
Unfolding definitions we have
MBR;(e)(q) = sxMBRs(e)(qs)

= 5% ((&5s @3 Ax.MBRssx(€))(gs))
= 5% &(AX" ) Goux (MBRyux (€) (dssx) ))
= sxes(AxXlg(s % x % MBRgux (€) (gssx)))
= sxes(AxH.g(MBRL.(e)(9))).

For the other direction, let q: I1;X|;|; — R. Define

X g 4i

MBR;s(¢)(q) = MBR’<>(/\t.sS*t)(q).
We then have
MBR;s(¢)(q) = MBR’<>(/\t.£s*t)(q)

= es(Ax"kLg(MBR (At.est) (q)))
£s(Ax™ g (MBR) ) (At.£5.xet) (q2)))

= &s(Ax"Hqx (MBRsix (€) (gx))),
where (%) MBR!, ., (At.€sx¢)(q) = 1% MBR),(At.€55r4¢)(qr) can be proven by bar

!
induction on the sequence r’, assuming continuity of 4. =

—
*
~

COROLLARY 4.10. Gandy’s functional T is T-equivalent to MBR with X; = IN for
alli € IN.

PROOF. It has been shown in [5] that the I functional is T-equivalent to MBR
of lowest type. It remains to observe that the equivalence of Theorem 4.9 re-
spects the types. —

QUESTION 4.11. It should be mentioned that in [2] yet another form of bar recur-
sion is used for the interpretation of countable choice (although they also use modified
bar recursion when dealing with dependent choice). We refer to this different bar re-
cursion as the bbc functional. It completely open how the bbc functional fits into the
picture in Figure 1. For more information on the bbc functional see [3].

§5. Further Inter-definability Results. Figure 1 gives a diagrammatic pic-
ture of all known results concerning T-definability between the different forms
of bar recursion, and products of selection functions and quantifiers. Some of
the results are known, and some have already been proved above. In this sec-
tion we prove the remaining results which are depicted in this diagram.
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IPQ
_J/
S5.4
(. ) S52 S4.3 (type 0)
; 1ps > mbr < » MBR [|* > Gamma
—p— l
| 54.2 |
! \4 |
1 S5.3 !
: IPS < :
[N e — 5 )
S5.1
o - T =
| S3.3 |
! EPQ |« > BR | |:| Standard bar rec.

| ? :] Iterated products

epq ] CoT " Equivalence classes
S3 2
S Sttt ettt e e =
‘ 53.2 S3.3 |
! €ps EPS «— SBR |

FIGURE 1. Diagram of inter-definability results

5.1. IPS > EPQ. It has been shown in [5] that BR is T-definable from modi-
fied bar recursion. Here we simplify that construction and use it to show that
EPQ is T-definable from IPS. First we prove that Spector’s search functional is
definable in Godel’s system T.

LEMMA 5.1 (HAY). The Spector’s search functional
psc(w) () = least n(w(w, 1) < n)
is T-definable.

PROOF. We show how this unbounded search can be turned into a bounded
search. Abbreviate A, (w,«) = (w(w,7) < n). Consider the following construc-
tion, given a: I'; X; define a® as

0 if Ik<i+1Ap(w,a)
“(i) =
(i) otherwise.

Let n is the least number such that A, (w,«) holds. Then it is easy to see that
a® = a,n — 1. Because n is the least, we must have that w(a®) > n — 1, and
hence n < w(a®) + 1. Therefore, w(a®) + 1 serves as an upper bound on the
search pisc. =

It had been normally assumed that Spector’s search functional was not defin-
able in system T, although it is clearly definable in T extended with Spector’s
bar recursion as shown in [15].
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REMARK 5.2. In particular we have that bar recursion BR as formulated in Sec-
tion 3.3 is T-equivalent to the version where we slightly change the stopping condition
to guarantee monotonicity, as used in [12],

/ X 7:(0) if Ir<s(we(0) < |£])
SRl _{ $ O BR., (@)(@)(q)  otherwise,

where t < is the shortest sequence such that (w;(0) < |t|). Notice that if s is such that
ws(0) < |s| then g(F), with t the least prefix of s also satisfying the condition, can be
computed as g(£) = §(8) where §(x) = g(&,7) and n = least n(w(a,7) < n), which
is a T-definable construction by Lemma 5.1. The same holds for SBR.

THEOREM 5.3 (HA“ + C-BI). IPS >1 EPQ.

PROOF. We use a generalisation of the search operator above, namely
pk (w)(a) = least n(w (&) < k+n),

which is clearly definable in pgsc. Let ¢y: IT; . X; — KX be a given indexed
family of quantifiers. Let also X ¥ Y denote the sum of types X and Y, which
can be implemented as B x X X Y, since we assume all types are inhabited. Let
injx: X = XWY and injy: X WY be the standard injections. We first turn each
family of quantifiers ¢y into a family of selection functions i : IT; 4 (X; W R) —
J(Xx WR) as

(s XIR), FOGR) =R SR i (y (5, A% F(injy, 1))
where
@), & { X if s; = injx, (x;)
0%i otherwise.

We will also make use of the dual operation that given an s: 11, X; injects this
into §: IT; ¢ (X; W R). Finally, given q: IT;X;,; — R and w: IT;X; — IN define
qw,s: Hi(XkJri W R) — Ras
795 (a1 (KR ) R g([&](N)*0) if Vi<N (a(i) € Xi14)

a otherwise,

Is|

where N = pgc (ws) (&) and a(pi < N (a(i) € R)) = injg(a). Intuitively, when
g“* reads an input sequence, it uses Spector’s condition functional on w to
compute the point N where Spector’s condition is satisfied in «&. If all values
in « up to that point are X; values, then we apply gq. Otherwise, some value
is encoding the return of the computation R, and the first such value is then
returned. We claim that

EPQu(w) () (9" ¥4+1775) £ g2 (IS5 () (4))
does the job. Let us unfold the definitions. Assume first that ws(0) < |s|. Then
EPQs(w)(¥)(4) g~ (IPSs() ()
= 4(0).

R
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On the other hand, if ws(0) > |s|, we have

=

g (IPSs() (4“7))

IPS()\x'(q ’ )ian‘s‘(x)(IPS§*ian‘S‘(x) (lp)((qw's)injx‘ﬂ(x))))
s (Ax. (42) " (IPSgez () ((92) ™))
l/JS()\x'EPQs*x(w)(lp)(qx))

(s @4 AX-EPQsux (w) (¥)) (9),

EPQs(w)(1)(q)

N

using that (q“"s)injx‘s‘ (x) = (gx)“*** and that 5 * injx,, (x) = s*x. We use C-BI

to show step (+), as in Propositions 3.4, 3.13, 3.15 and 4.5. -

5.2. ips > mbr. The main difference between MBR and IPS is that in the recur-
sive call for the n-th value the recursion IPS uses potentially all previous values
below n. Moreover, in MBR the selection function ¢; updates the sequence s at
point |s| whereas IPS updates it at position i. Nevertheless, we show the two

forms of bar recursion are T-equivalent. In this section we show that MBR is
T-definable from IPS. The converse will be shown in the following section.

THEOREM 5.4 (HAY). ips >7 mbr.

PROOF. A family of mappings ¢;: (X; — R) — II;X;,; can be turned into a

family of selection functions &;: J(IT;X;, ])

ITX!, Ry WXy g
E(FTE) ST A, e (A () (1),
where
» (tt, x%iy  ifj=0
2(j) = P
(tt, 0%y if j > 0.
Also, q: I1jX;y; — R can be turned into §: H]-HkX{ﬂ.Jrk — Roas §(a) = g(
where

i) { (@(7)(0)) if vk <j ((a(k)(0))o = tt
(a(k)(j—k)); otherwise,

=N
~—

where k = pk < j(a(k)(0))o = ff. Lete: T;((X; — R) — II;X;y;) and
q: I1;X;,; — R. We claim that mbr can be defined as

X,
mbr;(e) () ="

Unfolding definitions

((ips;(2) ()" XEsik (0)) 1.
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X, ;
mbr;(e)(q) ="

using that §;z = gx. —

5.3. MBR > IPS. We now show that the implicitly controlled product of se-
lection functions IPS is in fact T-equivalent to MBR. The proof that IPS defines
MBR in Godel’s system T, however, will make use of the assumption that finite
sequences of X;’s can be coded as single elements. This is true in the particular
case when all X; are the same (as it is usually considered), but might not be the
case in the full general case where arbitrary dependent types are permitted. In
such a general case it might still be that MBR is weaker than IPS over system T.
We start by considering equivalent variants of MBR.

LEMMA 5.5 ([4], lemma 2). MBR is T-equivalent to

4) MBR? N X ) S i< el
() S(©)(@)) = { es()\r)\xXi.q(MBRg*,*x(e)(q)))(i) otherwise,

where r: Msl<k<i Xk,

PROOF. This is a variant of MBR where the bar recursion can make use of any
value bar recursively computed, and not just the immediate children s * x of the
node s. MBRY is clearly more general than MBR. The fact that MBR T-defines
MBR? is very similar to the one given in ([4], lemma 2) and hence omitted here.
We only note that the proof of equivalence can be carried out in HA®. =

The following T-equivalent formulation of MBR allows the selection func-
tions & to access the course-of-value results computed so far. Using an analogy
with standard primitive recursion, this is like moving from iteration to recur-
sion. It is well-know that primitive recursion is definable from simple iteration.
We show that the analogous situation holds for MBR as well.

THEOREM 5.6 (HA). MBR' is T-equivalent to
N X | S ifi < s
(5) MBR;(e)(q)(i) = X . . .
€s(ts,i, ArAX"1.g(MBRg,,., (€)(q))) (i) otherwise,
where r: g <je; Xy and ts; = MBR!(e)(q)[|s|,i — 1].

PROOF. This can be viewed as a form of modified bar recursion combined
with course-of-values recursion. In order to define the point i of the infinite
sequence MBR! we are allowed to use MBR! up to point i — 1. MBR! is clearly
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more general than MBRY. For the other direction, consider the following con-
struction

&(f)(i) = es( szrf)(l)
where ts, = hs(0) % ...hs(n — |s|), and hs(i) is calculated by course-of-value
recursion as

hs (i) = es([hs] (i), £)(Is] +1).
Define MBR! from MBR” as MBR!(g)(g) = MBRY(8)(g). We show that MBR!
satisfies equation (5). Leti > |s| (if i < |s| the result is trivial), we have

MBR; () (q)(i) = MBRJ(#)(q)(i)
= &(Ar, x.MBRY, . (8)(9)) (i)
= &(Ar, 2.MBRG, . (€) (9)) (1)
= es(tsif AT, X.MBRU i (6) (9)) (0),
where t,; = MBR! (¢)(q)[|s|, i — 1]. =

As a straightforward consequence of the above lemmas we obtain that MBR
is T-definable in IPS.

COROLLARY 5.7 (HAY). IPS is T-definable from MBR.
PROOF. Let IPSs(¢)(q) = MBRL(8)(g), where &(t, ) = es(ft). .

5.4. IPQ > MBR. Finally, we conclude with the observation that MBR is also
T-defined from IPQ. Given a family of functions

Es: (X‘S‘ — R) — HiX|s|+1'
where s: I1; |5 Xj, and a predicate q: IT;X; — R, define the following family of
quantifiers as

; R
<(p = gs(es(p))-
Then MBR can be defined from IPQ as

MBR,(e)(9) 2" ey (Ax™H1IPQuur (959 (g1)),
where ¢" (a!li%i) = g(Ai.a(n +i)). We have

MBRs()(q) = es(Ax FLIPQuur(¢%1”)(q2))
= g (A (AP Quiy (917 (01)))
= (AL (79 (s (AP IPQuueny (6%17) (41y)))
= e (A g (sr (AP IPQuay (%17 ) (q20y)))
(
(A

= & /\XX\ \ qX(ss*x(/\y Iswx] |PQs*x*]/(4)S 1 \S*X\)(qx*y))))
— € X\S\ qx(MBRs*x( )(Qx)))

= (Ss ®d /\JCX‘S| -MBRS*X(S)) (q)

Note, however, that IPQ is not defined in general, but MBR is, assuming conti-
nuity. The reason is that under the continuity assumption ¢, eventually (for
long enough s) becomes constant.
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§6. Non-definability results. It is well known that in the model C of contin-
uous functionals there is a functional fan: (B¥ — IN) — IN such that for every
f:B“ — IN in the model,

Vi <fan(f) (a; = Bi) = f(a) = f(B)-
That is, fan(f) is a modulus of uniform continuity of f. We may assume with-
out loss of generality, because we can perform bounded search in system T, that
fan(f) is the smallest modulus of uniform continuity, which makes the fan func-
tional unique. It is also well known that the fan functional of the model C is not
51-59 definable. From the fan functional one can easily T-define a functional

forall: (BY — B) — B
such that, for every p: BY — B in the model,
forall(p) =1 <= Va(p(a) =1).
THEOREM 6.1. The forall functional of model C is not T-definable.

Before proving Theorem 6.1, we formulate two consequences. The first con-
sequence gives further non-definability results.

COROLLARY 6.2. The fan functional and the countable product of selection func-
tions of model C are not T-definable, and there is no T-definable selection function for
the Cantor space B in C.

PROOEF. Because the fan functional T-defines forall, because a selection func-
tion for the Cantor space also T-defines forall, and because the countable prod-
uct of selection functions T-defines a selection function for the Cantor space, as
shown in [8]. =

The second consequence gives a model independent view of the non defin-
ability result formulated in the theorem.

COROLLARY 6.3. HA does not prove the formula
FFE BBy BB (p(p) =1 e vaP (pla) = 1)) .

PROOF. From such a proof one would be able to extract a system T term
whose interpretation in the model C is a functional forall: (B¥ — B) — B such
that for every functional p : BY — B in model C, one has that forall(p) = 1 iff
p(a) =1 for all « € B®. This would contradict Theorem 6.1, which concludes
the proof. .

Notice that, by the previous development, we also have that HA“ does not
prove the evident, model independent, formulations of the existence of a fan
functional or of a selection function for the Cantor space.

It is also well-known, on the other hand, that in the model HEO of hereditar-
ily effective operations [19] there are no forall or fan functionals satisfying the
above specifications. However, in the model M of majorizable functionals [7],
there is a forall functional but there is no fan functional (cf. Lemma 6.11 below).
This is exploited in the proof of Theorem 6.7 below, which shows that the non
definability of the forall functional is a stronger result than the non definability
of the fan functional.
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To prove Theorem 6.1, we consider the Scott model of system T [17]. We con-
sider the notion of C-totality in the Scott model, defined by induction on types:
At ground types, an element is called C-total iff it is distinct from bottom. At
product types, an element is C-total iff every coordinate is C-total. At function
types, an element is C-total iff it maps C-total elements to C-total elements.

The Scott model admits a notion of computability. One defines enumerations
of the compact (or finite) elements, and an element is said to be computable iff
its compact approximants form an r.e. set. We define the HEO-fotal elements
of the sub-model of computable elements by induction on types as follows: At
ground types, all elements are computable, and an element is HEO-total iff it is
C-total. At product types, a computable element is HEO-total iff every coordi-
nate is HEO-total. At function types, a computable element is HEO-total iff it
maps HEO-total elements to HEO-total elements.

LEMMA 6.4. Every T-definable element of the Scott model is computable, C-total
and HEO-total.

This is well known with an easy proof by induction on the formation of sys-
tem T terms. The following is also well known.

LEMMA 6.5. There is a non-compact, HEO-total element p: BY — B | of the Scott
model with p(a) = 1 for every HEO-total & € BY.

PROOF. Consider a Kleene singular tree, that is, a decidable, binarily branch-
ing, infinite tree with no computable infinite paths. Define p by the following
algorithm: p(a) = 1 if there is n such that a; # L for every i < n and such
that the finite prefix [a](n) is not in the tree, and otherwise p(a) = L. If a is
HEO-total then p(a) = 1, because otherwise every prefix of « would be in the
tree and & would be a computable infinite path. Hence p is HEO-total, because
it is computable. Now, « € B¢ is compact iff ; = L for all but finitely many i,
and p is compact iff it can be written as a finite join | |;s; — b; with s; € BY
compact and b; € B, where the step function s; — b; is the smallest continuous
function that maps s; to b;. Hence if p were compact, there would be finitely
many minimal words s € B* not in the tree, and hence because the tree is in-
finite, it would have the full binary tree as a subtree, and hence a computable
infinite path, leading to a contradiction. -

Call this a Kleene singular predicate. Notice that such a predicate is not C-
total, because a C-total predicate on the Cantor space is necessarily compact.
(This shows that the Kleene singular predicate is not T-definable, in view of
Lemma 6.4, but we do not rely on this fact.) As shown by Ershov, the model C
can be obtained from the Scott model by quotienting the C-total elements by
a suitable equivalence relation, where members of the equivalence classes are
called representatives of the element of C that they correspond to [17]. (Ershov
also showed that the model HEO can be obtained from the Scott model by suit-
ably quotienting the HEO-total elements, and this is the reason for our termi-
nology HEO-total, but we do not use this fact.)

LEMMA 6.6. Every representative A: (BY — B, ) — B of the forall functional
of model C fails to be HEO-total.
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PROOF. Assume that some representative A is HEO-total. Then A(p) is de-
fined for the Kleene singular predicate p, because p is HEO-total. Now, by con-
tinuity of A, there is a compact p’ C p with A(p’) = A(p). We will define two
predicates pg J p’ and p; 3 p’ such that A(py) = 0and A(p1) = 1. This gives
a contradiction, because by monotonicity of A and the fact that A(p’) # L, we
get A(po) = A(p") = A(p1). We can take p; to be simply the constant function
Aa.1. The construction of py is more elaborate. Because p’ is compact below p,
itis [|{s — 1 | s € F;} for some finite set F; of compact elements of the do-
main BY. Define the rank of a compact element « € BY to be the first index n
such that «; = L for all i > n. Let m be the maximum of the ranks of the com-
pact elements collected in Fj, and Fy be the compact elements of rank m which
are inconsistent with all elements of F;. Then p’ is consistent with the predicate
p" =LU{s — 0] s € R}, and because F is finite, the predicate p, = p’ U p” is
compact. It is also C-total, because for any C-total « € B, the first m elements
of « determine a compact below «a of rank m that is either above a member of
F; or in Fy, and hence mapped by py to either 1 or 0. Because p is not C-total,
there is a C-total # € B¢ such that p(a) = L. For such an «, the compact ele-
ment s T « of rank m is in Fy, and hence pg(a) = 0. Therefore A(py) = 0 by
specification of A, as required. =

It follows from this and Lemma 6.4 that no representative of the forall func-
tional can be T-definable, which concludes the proof of Theorem 6.1. There
are C-total, computable representatives of the forall functional, but they map
the Kleene singular predicate to L, and hence they are not HEO-total because
the Kleene singular predicate is HEO-total. At type BY — B, the notion of
C-totality is a much more restrictive condition than HEO-totality, and it is this
that makes the existence of the functional forall: (B¢ — B) — B in the model C
possible. (At higher types, the two notions of totality become incomparable.)

A selection function for the Cantor space in model C is T-definable from the
forall functional, as shown in [8] (the construction given in that reference does
not mention system T explicitly, but clearly can be carried out in system T). On
the other hand:

THEOREM 6.7. The fan functional of model C is not T-definable from the forall func-
tional.

COROLLARY 6.8. HA does not prove
JF IsForall(F) — 3G IsFan(G),

where IsForall(F) and IsFan(G) are the evident, model independent, specifications of
the forall and fan functionals expressed in HAY.

The proof is as that of Corollary 6.3. In order to prove Theorem 6.7, we simul-
taneously define, for elements x and y of model C, binary and unary majoriza-
tion relations, “x majorizes y” and “y is majorizable” by induction on types.
At ground types (natural numbers or booleans 0, 1), we say that an element x
majorizes an element y iff x > y, and any element is majorizable (by itself). At
function types, we say that f majorizes g iff f(x) majorizes both g(y) and f(y)
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whenever x majorizes y, for all majorizable x and y, and we say that g is ma-
jorizable iff it is majorized by some f. Countable products are treated as func-
tion types. At finite products, majorization and majorizability are defined co-
ordinatewise. A similar construction appears in [7] where the full set-theoretic
model is used as a starting point, instead of the model C. Here we are adapting
Bezem’s notion of strong majorizability, rather than Howard'’s original notion of
majorizability [14], as the former gives rise to more direct proofs.

LEMMA 6.9. The majorizable elements of model C form a submodel C vq of system T.

PROOF. It is enough to show that the S and K combinators, the recursion
combinator, and the projections of product types are majorizable. This is a
straightforward adaptation of the proof that M is a model of system T. =

COROLLARY 6.10. If an element y in model C is T-definable from a majorizable
element x of model C, then y is majorizable.

PROOF. Let f be a T-definable function of model C with y = f(x). Then f is
majorizable by Lemma 6.9, and, by definition of majorizability, y is majorizable
because x is majorizable. -

LEMMA 6.11. (1) The forall functional of model C is majorizable, but (2) the fan
functional of model C is not majorizable.

PROOF. (1) The forall functional is majorized by the constant function Ap.1.
(2) Assume the fan functional of C is majorized by some F: (BY — IN) — IN.
Then F(Aa.1) > fan f for any f majorized, and hence bounded, by Aa.1. This
is a contradiction, because we can construct a continuous function f: BY — IN
bounded by Aa.1 with modulus of uniform continuity bigger than the num-
ber F(Aa.1), for example f(B) = Bra.1)- -

Therefore, by Corollary 6.10, the fan functional of model C is not T-definable
from the forall functional, which concludes the proof of Theorem 6.7. In sum-
mary:

1. Model C has fan and forall functionals, but they are not T-definable, and
forall is T-definable from fan. To prove the non-definability result, we used
submodels of the Scott model consisting of the C-total and HEO-total func-
tionals.

2. Model M does not have a fan functional, but does have a forall functional.
We defined a submodel of C, based on the construction of the model M,
to show that the fan functional of C is not T-definable from the forall func-
tional.

3. Model HEO does not have any of these two functionals. This is well
known, but was not used in the above development. What we used, in
item (1), is the existence of the Kleene singular predicate in HEO (not de-
finable in T) as an auxiliary tool to establish the failure of T-definability of
the forall functional of model C. This relies on the fact that both C and HEO
can be seen as quotients of submodels of the Scott model.

The non definability results developed in this section refer to the particular
model C of continuous functionals, with the above models and submodels used
as tools for the proofs. We applied these results to deduce the non provability of
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the existence, or relative existence, of functionals in the language of HA®, for-
mulated in a model independent way. This closes some of the gaps in the model
independent inter-definability results developed in the previous sections.
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