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Abstract- Local search techniques have been ap-
plied in variant global optimization methods.
The effect of local search to the function land-
scape can make multimodal problems easier to
solve. For evolutionary algorithms, the usage of
the step size control concept normally will result
in failure by the individual to escape from the lo-
cal optima during the final stage. In this paper,
we propose an algorithm combining landscape
approximation and local search (LALS) which
is designed to tackle those difficult multimodal
problems. We demonstrate that LALS can solve
problems with very rough landscapes and also
that LALS has very good global reliability.

1 Introduction

Evolutionary algorithms (EA) have been applied to
many optimization problems successfully in recent years.
Genetic algorithms (GA) 1], evolution strategies (ES) [2]
and evolutionary programming (EP) [3] are three major
fields in EA. One of the essential applications of EA is
global optimization on numerical problems [4, 5, 6, 7]. A
common feature of EA on solving numerical functions is
the usage of the step size concept. EP and ES both use
self-adaptation to adjust the step size and improve the
search progress. The self-adaptation schemes normally
have the trend of tuning the objective variables with
smaller step sizes during the latter evolutionary stage.
In a multimodal problem, if the individual stays in a lo-
cal optimum at this time and the landscape between the
final local optimum and the global one is really rough
or very hilly, it is inevitable that the final solution will
become trapped and the probability to jump over the
hurdle will be very small.

To overcome this difficulty, local search techniques
can be used to indirectly change the roughness of the
fitness landscape. In Figure 1, the effect of local search
on the one-dimensional (1D) landscape of generalized
Rastrigin’s function is displayed. The difficult problem
becomes easier to solve after applying the local search
method. It has previously been used in genetic algo-
rithms for function optimization [8, 9]. In this paper we
use the Lamarckian evolution to form a population such
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that each individual is located in different local min-
ima. Using the landscape bottom information, we can
approximate the combined shape of the function land-
scape. Therefore a better offspring can be generated
using interpolation approximation methods.

In this paper we develop a novel method using land-
scape approximation and local search (LALS) with EA
to solve multimodal problems. The empirical results of
18 benchmark problems show that LALS has very good
global reliability, which means the finding of the global
optimum is almost guaranteed. However, local search is
expensive. In a few case LALS consumes more compu-
tation time than the other method used in this study for
comparison.

The rest of this paper is organized as follows. Sec-
tion 2 describes the benefits of applying local search tech-
niques in global optimization. The details of the LALS
algorithm are also given here. The empirical results and
discussion are presented in Section 3. Finally, Section 4
concludes with some remarks and future research direc-
tions.

2 Benefits from Local Search

The local search techniques have been applied in vari-
ant global optimization methods. The simplest way to
benefit from a local search procedure is known as Mul-
tistart. This method applies local search from each ran-
domly generated point. However, local searches are the
most time consuming parts in the algorithm. Obviously,
the inefficiency is caused by using many local searches
to find the same minimum several times. To improve
the inefficiency, clustering methods [10] and the Multi
Level Single Linkage [11] are designed. They use variant
clustering techniques to link points to different groups.
Within each group local search is only conducted on one
point and the found local optimum is assumed to be the
representative of that group. These methods provide im-
pressive results to the benchmark test function in Dixon
and Szegd (1978) [12]. However, when solving a problem
with a large number of minima, these methods may not
be suitable [11, 13].

In recent years, evolutionary algorithms become in-
creasingly robust and easy to use as a global optimization
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Figure 1: The effect of local search on the 1D landscape of generalized Rastrigin’s function.

method. Applying local search in the GA has substan-
tially improved their performance for some multimodal
problems [8, 9]. In terms of evolution, the local search
can be thought of as a consequence of individual learn-
ing during the individual’s life time. Combining learning
and evolution has the effect of changing the fitness land-
scape. The fitness of an individual will be changed after
applying a learning process (i.e., local search). However,
the individual’s genetic codes (parameters) may or may
not be altered depending on the way that learning and
evolution interact. They are known as Lamarckian evo-
lution and the Baldwin effect [14, 15], respectively. In
Hart and Belew [9], the performance of the Baldwin ef-
fect and Lamarckian evolution are compared. It should
be noticed that the usage rates of local search to the GA
have different impacts on the evolutionary process. To
design an efficient search algorithm, the application of
the local search should be carefully considered.

2.1 Landscape Approximation with Local Search
Algorithm (LALS)

In this paper, we propose an evolutionary search algo-
rithm which uses Lamarckian evolution to initialize the
population. Each individual can be thought of as a point
located at different basins of the fitness landscape. With
the landscape information, we apply the quadratic ap-
proximate to estimate the approximate location of the
next offspring. Hopefully, after learning, this offspring
will have a higher probability to reach a better minimum.
Figure 2 demonstrates the 1D landscape approximation
with local search result on Ackley’s function. Py, P», P3
are three local minimal points, Py is the estimated point
and is mapped to the fitness point P;. After proceeding
a local search from Pj, the potential of finding better
optimum can be strongly expected.

The landscape approximation with local search is im-

plemented as follows:

1. Initialize p individuals at random, each individual
performs a local search.

2. REPEAT

(a) Generate 3 points P;, Ps, P3 by global discrete
recombination.

(b) Perform a quadratic approximation using
P, Py, P3 to produce a point Py.

(c) Proceed a local search from Py and update P4
with the search result.

(d) Place Py, Py, P3, P, in the population and do
a (i +4) truncation selection.

3. UNTIL termination criteria are met.

The local search method used in this paper is the
Local Evolutionary Search with Random Memorizing
(LESRM) from Voigt and Lange (1998) [16]. LESRM
generates promising new search directions from pre-
stored solutions to the current point. A generated good
solution is stored in a sequential memory which is ran-
domly accessed later. Very impressive results of solving
some unimodal functions are shown in {16].

For global discrete recombination, each new individ-
ual’s objective variable is decided at random and copied
from one of the parents:

Zij = szﬁvj € {17 ' "an}y

where z; j denotes the j-th component of the vectors z;,
Vi € {1,2,3}, n is the dimensionality. x denotes a uni-
form distributed random integer in {1,---, x}, and p is
the population size.

We approximate the position of P; using the
quadratic interpolation method as follow.
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Figure 2: The 1D landscape approximation with local search result on Ackley’s function
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The algorithm terminates when the maximum num-
ber of function evaluations used is reached or the dif-
ferences of the fitness values of Py, P,, P3 are less than
le-6.

3 Experiments

The LALS algorithm is designed to solve multimodal
problems. We use all the multimodal functions tested
in [7] and two Schaffer’s functions [17] in our experi-
mental studies. Table 1 lists all the test functions. We
use the same problem numbering as in [7] followed by
the two Schaffer’s functions. Each problem was run 50
times, the population size was 30, and the maximum
number of function evaluations was 500000.

To evaluate the performance of LALS, we also list
the results of Improved Fast EP(IFEP) [18] in the tables
in the next two sections. In IFEP each parent gener-
ates two offspring, one with Gaussian and the other with
Cauchy mutation. It is a very simple and effective algo-
rithm for function optimization. The parameter setup
follows the suggestions from [18]. It is difficult to rate
one algorithms against another since the solution preci-
sion, function evaluations, and ratios of global optimum
differ in such a way that neither algorithm demonstrate
superiority. These three indices are used for comparison
in our studies.

3.1 Multimodal Functions With Many Loecal
Minima(fg—f]_a)

Functions fs—f13 are multimodal functions with many
local minima. The number of local minima increases ex-
ponentially as the function dimension increases [2, 19)].
These functions appear to be very “rugged” and difficult
to optimize. Table 2 lists experimental results for IFEP

and LALS. LALS has better solution quality and global
hits on all functions except fi3. However, more function
evaluations used were necessary on fio and fi3. For fia,
we increased the limitation of the maximal function eval-
uations to 700000. A better mean fitness 1.82e-11 was
obtained with full global hit and 614252 evaluations on
average.

Although the better results of fs and fy are found
using LALS, the global hits are not as high as for other
functions. We run the experiments again with popula-
tion sizes 50 and 60. The results are shown in table 3.
Both fs and fo obtained improved mean fitness at the
cost of increased computation time. The global hits of fy
increase as expected, but not for fg. Figure 3 illustrates
why fs may be difficult for LALS. The main reason lies
in our simple one-dimensional quadratic approximation
which may generate a point that is a “local maximum”
as the curve is convex. However, this can be fixed by
moving away from the calculated Py if the curve is con-
vex.

For most approximations, the estimated points will
fall close in the central area like arc(ajazas). Only a few
arcs like arc(aiaza3) and arc(asasag) will generate points
over the boundaries. In this case we reset the points to
the boundary values which may help to locate the global
minimum. However, the two best minima are located far
apart. It is difficult for fs to use the quadratic interpo-
lation method and have a large jump from one side to
another.

3.2 Multimodal Functions With a Few Local
Minima( f14—f25 )

The final results of IFEP and LALS on functions fi4—
f25 are summarized in Table 4. It is clear that LALS
has better global reliability than IFEP. For fi¢, fi7, fis,
f19, fos, LALS performs the same as IFEP, but spends
more function evaluations on all but fi6. For the rest of
the problems, LALS has a better ratio of finding global

1516



Table 1: The 18 test functions used in our experimental studies, where n is the dimension of the function, fmin is
the minimum value of the function, and S C R".

Test function n S fmin

fo@) = 5oy —z; sin(+/]7i]) 30 [-500,500]" -12569.5

fo(z) = Y7, [27 — 10 cos(27z;) + 10)] 30 [-5.12,5.12]* 0

fio(z) = =20 exp (—0.2, [E3r  z?) —exp (L 7., cos2nz;) 30 [-32,32]" 0
+20 4+ e

F1(2) = g T 2 — [Ty cos (%) +1 30 [—600,600]" 0

fia(z) = & {10sin2(1ry1) + 0 s — 1)1 + 10sin®(myi4q)] 30 [—50, 50] 0

+(yn - 1)2} + E?:l U(I,‘, 101 1001 4)7
vi =1+ j(zi+1)

k(zi —a)™, =z >aq,
u(zi,a, k,m) = ¢ 0, —a<z;<a,
k(-z; —a)™, z; < —a.

fia(z) = 0.1 {sin2(37r:z:1) + 30 (i = 1)?[L + sin®(37zipa)] 30 [-50, 50]" 0

+(2a = 1)?[1 + sin®(27z,)]} + S0, u(zi, 5,100, 4)

~1
25 n
fra(z) = [ﬁ + ¥ JT[V‘_,TET-TT] 2 [-65.536,65.536] 1
g i:_tl 2

fis(@) = Tily [ai - poEe)] 4 [-5, 5] 0.0003075
fro(z) = 42} - 2.1z + 22§ + w1z = 4z2 + 4z 2 [-5,5]" -1.0316285
fir(z) = (2 — £l + 22, —6)" + 10 (1~ &) coszy + 10 2 [-5,10] x [0,15] 0.398
fls(:l,‘) = [1 + ($1 +z2+ 1)2(19 — 14zy + 31:% — 14z, 2 [—2, 2]" 3

+62122 + 322)] x [30 + (221 — 322)%(18 — 3224

+1223 + 48z, — 36z1z2 + 2723))
fro=—Ticy ciexp |- oy aij(z — pij)? 4 [0,1]" -3.86
fa0=— E:=1 Ciexp (— E?=1 aij(zj — pij)? 6 [0, )" -3.32
for ==Yl - a) (2 — @) + ] 4 [0, 10]" -1/
fr==~ Ll ~a) (2 - a)+ ] 4 [0, 10]" ~1/ex
fis = = i [(& — @) (@ — @) + ] ! 4 [0, 10} —1/es

where ¢; = 0.1

sin? zi+x3-0.5 n

f2a =05+ [Tafomlz(zf:gw 2 (—100, 100]
fos = (22 + o) [sin’ (50(22 + 22)°1) + 1.0] 2 [—100, 100]" 0

Table 2: The results of IFEP and LALS on fs—fi3. “Eval.” is the number of evaluations.

Prob | IFEP LALS

Eval. Mean Std Dev Found at Global hit Eval. Mean Std Dev Global hit
8 900000 -10640.18 431.21 757500 0/50 | 199244 -11834.65 298.78 1/50
9 500000 2.89 1.98 500000 1/50 | 306280 2.67 1.58 5/50
10 150000 6.33e-4  3.86e-4 150000 50/50 | 370686  2.08e-12 2.11e-12 50/50
11 200000 1.27e-1 1.90e-1 176500 3/50 | 173592 1.87e-10 1.31e-9 50/50
12 150000 2.49e-2 5.70e-2 150000 40/50 | 476245 5.84e-9 2.16e-8 50/50
13 300000 4.42¢-8  2.65¢-8 150000 50/50 | 504212 1.19¢-2  3.01e-2 33/50
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Figure 3:

Table 3: The results of LALS on fs—fo with population size 50 and 60.

Prob. | Pop. size Eval. Mean Std Dev Global hit
8 50 327434 -12296.68 119.27 1/50
8 60 391634 -12358.64 166.33 12/50
9 50 508021 2.98e-1  4.97e-1 36/50
9 60 610163 2.19¢-1  4.12e-1 39/50
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The 1D landscape approximation examples on Schwefel’s function (fs)

Table 4: The results of IFEP and LALS on fi4—f25. “Eval.” is the number of evaluations.

Prob | IFEP LALS

Eval. Mean Std Dev Found at Global hit Eval. Mean Std Dev Global hit
14 10000 1.56 0.96 10000 33/50 3052 1.04 0.20 48/50
15 400000 4.17e-4  2.98e-4 235500 44/50 | 111748 3.0749e-4 2.45e-10 50/50
16 10000 -1.031628 2.70e-8 3500 50/50 2817 -1.031628  2.70e-8 50/50
17 10000 0.3979 8.26e-9 4500 50/50 5496 0.3979  8.26e-9 50/50
18 10000 3 0 4500 50/50 4676 3 0 50/50
19 10000 -3.86 0 6000 50/50 6852 -3.86 0 50/50
20 20000 -3.26 5.90e-2 17500 24/50 17504 -3.32  2.35e-7 50/50
21 10000 -7.02 2.74 10000 21/50 13790  -10.1532 0 50/50
22 10000 -8.42 2.96 9500 34/50 13354  -10.4029  2.16e-7 50/50
23 10000 -9.09 2.87 7500 39/50 14312  -10.5364  4.58e-7 50/50
24 10000 8.86e-3 2.67e-3 8500 4/50 10754 3.89%e-4 1.90e-3 48/50
25 10000 2.47e-3 1.27e-3 10000 50/50 15614 1.07e-4 7.51e-4 50/50
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optima. However, LALS spends more computation ef-
forts except fi4 and fi5. It is worth noticing that the
big difference of global hits happens on fz4. Figure 4
displays the 1D landscape of Schaffer’s function fa4. For
traditional step size control EA, it is difficult for indi-
viduals to escape out of local minima during the later
evolutionary stage. The way LALS is designed, it does
ignore the high barriers among the global minimum and
local minima. For fi4 and f4, LALS can improve the
global hits to 100% with population size 40.

3.3 Discussion

According to the experimental results, the population
size is a very important factor to affect LALS’s perfor-
mance. Larger population sizes generate better diver-
sity and more information of the fitness landscape which
provides higher probability to find the global minimum.
However, the basic premium will increase at the begin-
ning because each individual needs to perform a local
search. In table 5, by using a lesser population size on
simpler functions ( fig—f23) one can also obtain the same
quality of solution, but spend less function evaluations
than IFEP, It is difficult to determine the population size
while applying LALS to practical problems which have
little knowledge about the landscape.

One disadvantage that can be observed is that LALS
does not perform efficiently on some multimodal func-
tions with many local minima. We believe that the
inefficiency is caused by either the inadequacy of the
quadratic interpolation method or duplicate usages of
the local search method with close start points. This
is something we would like to find out in our future re-
search.

4 Conclusion

This paper proposes a new evolutionary algorithm for
global optimization (i.e., LALS). Extensive empirical
studies on 18 benchmark multimodal problems were car-
ried out to evaluate the performance of LALS. For most
of problems, LALS can find the global minima with
100% reliability. The population size is an important
parameter to control the LALS efficiency. For problems
with convex bottom structure, the quadratic interpola-
tion method may not be a good approach. However, it
still can improve the solution quality with large popula-
tion size.

The future work of this research includes theoreti-
cal analysis of LALS and the improvement of its effi-
ciency. The local search method(LESRM) we use is a
very fast and robust algorithm when applied in a stand
alone mode. However, it may be better to combine an-
other local search technique such as Powell method [20]
into LALS to provide better efficiency. The quadratic
approximation currently is done on a one-dimensional

base. It would be better done by approximating the
original landscape on the n-dimensional base.
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