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Convergence of Evolutionary Algorithms
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Definition ([Rudolph, 1998])
An EA converges with probability 1 on fitness function f : S — R if

Pr[lim f*—Ft:O}:l

t—00
where
= max f(x) Maximal value of fitness function f.
Fi:= max f(x) Maximal fitness among the individuals

in population P; at generation t.



Convergence Conditions

Two sufficient conditions® for convergence with probability 1
1. Elitism, i.e. Vt>0 Fiy1 > F;, and

2. Global mutation operator, i.e.

Vx,y € S Pr[x =mut(y)] > dm > 0.

— Convergence easy to achieve.
How about time to reach optimum?

!See [Rudolph, 1998] for more convergence conditions.



Computational Complexity of EAs
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Instance Size

Prediction of resources needed for a given instance.
Usually runtime as function of instance size.

» Exponential runtime = Inefficient algorithm.

» Polynomial runtime = “Efficient” algorithm.




The Black Box Model

[f(xl), f(x2), f(x3), .-y f(xt)]

Function class F

/

» Worst case runtime of algorithm A on function class F

TA F = max TA f
’ feF 7

[Droste et al., 2006]



Expected Runtime and Success Probability

E[Tar(n)]f(n) Instance Size
The runtime T4 £(n) is a random variable
over the outcomes of the random number generator.
» Expected Runtime

E[Tar(n]=> t-Pr[Tar(n)=1t].
t=1

» Success Probability within f(n) steps
Pr[Tar(n) < f(n)].



Asymptotic Notation
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f(n) € O(g(n)) <= there exist positive constants ¢ and ng such that
0 < f(n) <c-g(n)forall n> ng.

f(n) € Qg(n)) <= g(n) € O(f(n))

f(n) € ©(g(n)) <= f(n) € O(g(n)) and f(n) € Q(g(n))

[Cormen et al., 1990]



(14+1) Evolutionary Algorithm

Algorithm 1 (1+1) EA

1: Sample x uniformly at random from {0,1}".

2: repeat

3 X+ x

4 Flip each bit of x’ with probability 1/n.
5. if f(x') > f(x) then

6: x < x'.

7 end if

8: until termination condition met.

» Special case of the (u+A) EA.

» Starting point for rigorous runtime analysis of EAs, e.g.
» [Mihlenbein, 1992]
» [Garnier et al., 1999]
> [Droste et al., 2002]



ONEMAX, a starting point for runtime analysis
Theorem
The expected runtime of (1+1) EA on ONEMAX is ©(nln n),

ONEMAX(x) :=x1 +x2+ - + xp.

(Upper bound proved in [Muhlenbein, 1992].)

Proof ingredients (upper bound).
» Linearity of Expectation E[X + Y] =E[X] + E[Y]

» Geometric Distribution
» Artificial Fitness Levels

» n-th Harmonic Number

1 1 1



Geometric Distribution

Geometric Distribution
Number of indep. trials X until success, with success probability p.

PriX=kl=(1-pk1.p forke{l,23,..}.

Eg. # dice throws until 6 pips is geom. distr. with p = 1/6.
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A geometrically distributed variable has expectation E[X] = 1/p.

E[X]=p-14+(1-p)-(1+E[X])
E[X]-1-(1-p)=p+(1-p)
E[X] = 1/p.



Artificial Fitness Levels - Upper bounds

Search space partitioned into m subsets A, Aa, ..., Am,
with increasing fitness, i.e. f(A;) < f(A;) for all i < J,
and f(An,) optimal.

Fitness

»; : Probability of jumping
from A;j to any A;, i <.

T; : Time to jump from

A; toany Aj, i <.

Expected runtime

E[T] < E[T1+T2+"'+Tm]

E[T1]+E[T2]+ -+ E[Th)]

=1/p+1/pp+-1/pm




Artificial Fitness Levels - Upper bound on ONEMAX
Partitioning of search space in fitness levels

ONEMAX(x) :=x1 +x2 + -+ + Xp

A; @ all bitstrings with i 1-bits.
pi : probability of increasing number of 1-bits, from within A;
(at least prob. of flipping one 0-bit, and no other bits)

1 1\t

pn_,-z:--<1—) > —

n n en
———

>1/e
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Expected runtime

E [TONEMAX] < Z D
n— I

E o O(nlnn)
i
i=1



Artificial Fitness Levels - Exercise

Exercise
Estimate an upper bound on the expected runtime of (1+1) EA on

LEADINGONES(x Z H X;.

i=1j=1

Leading 1-bits. Random bltstrlng

X = 11111111111111110*>(<>(<>l<>l<><>(<>(<>l<>l<>l<><>(<>(<>l<>l<
| First O-bit.




(1+1) EA on Linear Functions

Definition
A function f : {0,1}" — R is linear iff there exist w;, c € R s.t.

f(x) = wixy + waxa + - + Wnpxp + €

Theorem ([Droste et al., 2002, He and Yao, 2003])

The expected runtime of (1+1) EA on the class of linear functions
with all non-zero weights is ©(nlog n).

— All linear functions are easy for the (1+1) EA.



Enforcing Expected Runtimes

Optimum

Fitness

Number of 1-bits.

Figure: llustration of JUMPy.

Theorem ([Droste et al., 2002])

The expected runtime of (1+1) EA on JUMP
is ©(n* 4 nlogn) for k € {1,2,...,n}.

— Difficulty of problem determined by size of the gap k.



When Offspring Populations are Helpful

1

Figure: lllustration of SUFSAMP.

Theorem ([Jansen et al., 2005])
The success probabilities of (14+X) EA on SUFSAMP are
For A\ =1: Within n°®) with prob. 2=V
For A > cnlogn:  Within O(An) with prob. > 1 — ¢, for any € > 0.

— Increasing the offspring population size
can decrease the runtime from exponential to polynomial.



(1+1) EA in Combinatorial Optimisation

Sorting O(n?log n)
MST O(m? log(nWmax))
Max. Matching e®(")
(1 + ¢)-approx in O(ml?/=1)
Partition 4/3-approx. in O(n?)

More results in survey [Oliveto et al., 2007].

[Scharnow et al., 2002]
[Neumann and Wegener, 2007]
[Giel and Wegener, 2003]

[Witt, 2005]



Summary

Convergence of EAs
» Optimum found in finite time?
» Two simple conditions sufficient.
Computational Complexity of EAs
» Expected Runtime and Success Probability
> Artificial Fitness Levels
» (14+1) EA optimises linear functions in ©(nlog n).

» (14+1) EA on classical combinatorial optimisation problems.



Compulsory Reading

1. Section 1 and Section 2 in [Rudolph, 1998].
2. [Oliveto et al., 2007].
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