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Abstract. Dynamic time-linkage problems (DTPs) are common types
of dynamic optimization problems where "decisions that are made now ...
may influence the maximum score that can be obtained in the future"[3].
This paper contributes to understanding the questions of what are the
unknown characteristic of DTPs and how to characterize DTPs. Firstly,
based on existing definitions we will introduce a more detailed definition
to help characterize DTPs. Secondly, although it is believed that DTPs
can be solved to optimality with a perfect prediction method to predict
function values [3] [4], in this paper will discuss a new class of DTPs
where it might not be possible to solve the time-linkage problems to
optimality because there is not always the possibility to perfectly predict
the future. In addition, in this type of DTPs if we try to predict the future
based on information from the past, we may even get worse results than
not using a predictor at all. We will also propose a benchmark problem
to study that particular type of time-linkage problems.

1 Introduction

This paper studies some unknown characteristics and the solvability of some
classes of dynamic time-linkage problems (DTP)!. DTP is a common type of dy-
namic optimization problems (DOPs) in both real-world combinatorial (schedul-
ing [6], vehicle routing [8], inventory management [4]) and continuous domains
(non-linear predictive control [13], optimal control theory[7]) but has not yet
received enough attention from the Evolutionary Algorithms research. They are
defined as problems where "...there exists at least one time 0 < ¢ < t°"¢ for
which the dynamic optimization value at time ¢ is dependent on at least one
earlier solution..." [5].

Although the importance of DTPs have been shown through their presence
in a broad range of real-world applications, due to the lack of research attention
there are still many characteristics that we do not fully know about this type
of problems. For example, how should we define and classify DTPs in detail; is

! "Dynamic time-linkage problem" is the term given by Bosman[3]. In other fields this
type of problems is given different names, for example "model predictive control" or
"anticipative decision process" although the nature of the problems is the same.



there any characteristics of DTPs that we do not know; with these characteristics
are DTPs still solvable; and what is the appropriate strategy to solve them.

This paper contributes to the work on finding partial answers for the above
questions. Firstly, based on existing definitions we will introduce a more detailed
definition to help characterize DTPs and other DOPs. Secondly, although it is
believed that DTPs can be solved to optimality with a perfect prediction method
to predict future function values [3] [4], in this paper will discuss a new class
of DTPs where it might not be possible to solve the time-linkage problems to
optimality because there is not always the possibility to perfectly predict the
future. In addition, in this type of DTPs if we try to predict the future based
on information from the past, we may even get worse results than not using
a predictor at all. We will also propose a benchmark problem to study that
particular type of DTPs.

2 Existing definition of dynamic time-linkage problems

A DTP is firstly a dynamic optimization problem, hence it also has all the
characteristics of a regular DOP. The additional feature of a DTP, which makes
it different from normal DOPs, is that the dynamic of a parameter may depend
not only on the time variable, but also on earlier decisions made by the algorithm.
It means that at the current time ¢"°* the value of the parameter ~ (¢"°*) of a
function f may depend on the value of the variable z (t),0 < ¢ < t"°* found by
the algorithm at at least one point before ¢"°%.

Equation 1 shows the formal definition (proposed in [3] ) for DOPs (including
DTPs) with the time variable t € T = [0, tend] ,tend > 0.

max {Fy (z (t))} subject to C (z (t)) = feasible with
E@)=Jy o @)d Y
eyt = e, IS 071 o) =

where -y are the time-dependent parameters of f and C is the constraint function.

Although the definition above is useful to generalize DTPs, it might not be
detailed enough if we want to characterize one important property of DTP in-
stances: algorithm-dependency. We consider DTP instances algorithm-dependent
because the structure of a DTP in the future may depend on the current value of
x(t), which in turn depends on the algorithm used to solve the problem. At a par-
ticular change step ¢, different algorithms might provide different solutions x(t),
hence changing the future problem in different ways. Because of this property,
we believe that in order to define a DTP in an unambiguous way, the algorithm
used to solve a problem instance should be considered a part of that instance.
The original definition in eq. 1 does not fully encapsulate this.

Another reason for us to formulate an extended definition is that in (eq.
1) the time-linkage feature is not explicitly expressed. Instead, that feature is
encapsulated in the expression of f, . It would be better if the time-linkage



property can be captured explicitly in the definition. This has been partially
done in [5] and here we will extend that concept further by including previous
solutions that affect future function values in the definition.

In addition, because a DTP is firstly a dynamic problem, it would be useful
if its definition is formulated in a detailed enough level to cover all characteris-
tics of a DOP. Such a detailed definition would help to answer the question of
(1) how to classify/characterize DTPs effectively and (2) how to separate the
difficulty caused by the underlying static problem from the difficulty caused by
the dynamic/time-linkage feature. To provide such a detailed level, the proposed
definition will cover such aspects of a DOP as how to control changes, how to ex-
press changes in the domain range/constraints, how to control change frequency
and how to integrate the frequency of change into problem descriptions. Some
aspects as time unit [1], [12], controlling changes [12] [9], and changes in con-
straints [3], [5] have been mentioned elsewhere. In this paper these aspects will
be described in a more formal and detailed level. Other aspects are introduced
for the first time in this paper.

3 A more detailed definition for DTPs

Definition 1 (Optimization algorithm and its solutions). Given a dy-
namic problem fi at the time step t and a set P, of k; point x1,...,Xx, € St
where Sy C R™ is the search space?, an optimization algorithm G can be seen
as a mapping: Gy : R™**e — R™>ket1 capable of producing a solution set Pjyq
of ki1 optimised points x§, ...,xg+1 at the time step® t + 1: Pryq = Gy (Py).4
Generally, at a time step t¢ € NV the set of solutions that we get by applying an
algorithm G to solve f; with a given initial populations Pw_, during the period

b oge] 4b : Gl se) — ’ - 2
[t ,t ] , t° > 1, is denoted sz U P U Gt (Pi—1)

t=tb t=tb

Definition 2 (Full-description form). Given a mathematical expression ﬁ, (x)
with a variable x and a set of parameters v € R™, we call ﬁ (z) the full-

description form of a set of mathematical expressions {f1 (), ..., fn (z)} if there

exists a set of vectors {c1,...,cn},¢c; € R™ i =1 :n so that if v = c; then

ﬁzci (z) is equal to f; (x). In other words:

By (@)= fi (@) (2)

B (@) =5 fu (2)

2 Here we are considering search spaces C R™ but it can be generalized for non-
numerical encoding algorithms by replacing R™ with the appropriate encoding space.

3 As mentioned in [1] and [12], from the perspective of optimization algorithms time
is descrete and the smallest time unit is one function evaluation.

1 To some extents the mapping G is similar to the generation transition function
(GTF) used to represents the EA population sequence in [2]. However, different
from GTF, in this paper G is used to represent any type of optimization algorithms.



Each function f; (x),i=1:n € NT is called an instance of the full-description
form fy (z) at v =¢;.0

Ezample 1. The expression ax + b is the full-description form of a set of expres-
sions {f1 = x; fo = 1; fs = v + 1} with respect to the following set of values for
aand b: {{a=1,0=0},{a=0,b=1},{a=1,0=1}}.

In the original definition (eq. 1), it is implied that changes in dynamic prob-
lems can be represented as changes in the parameter space. This has been de-
scribed more explicitly in [12] and implemented by us in [9]. In this paper this
concept will be formulated in a more formal level and will be explicitly made
applicable to DTPs: most common types of changes in dynamic (time-linkage)
problems can be represented as changes in the parameter space if we can for-
mulate the problem in a general enough full-description form. For example, a
function-switching change from f (x) at t = 0 to g (z) at t > 1, t € NT can be
expressed as f(l’) =a(t) f(x)+ b(t) g(x) where a(t) and b(t) are two time-
a(t)=1land b(t)=0ift=0
a(t) =0 and b(t) = 1 otherwise

In real-world problems, changes in the parameters are usually controlled by
some specific time-dependent rules or functions®. Some time-dependent rules
may also have the time-linkage feature, i.e. they also take solutions found by the
algorithm up to the current time step as their parameters. The dynamic rules
(non-time-linkage and time-linkage) can be defined mathematically as follows.

dependent parameters given by

Definition 3 (Time-linkage dynamic driver). Given a tuple <t,'yt, ?[“]>

where t € NT is a change step variable; v, € R™ is an m-element vector con-
taining all m time-dependant parameters of a full-description form f at t; and
X]C?;[l’t] 18 a set of k m-dimensional solutions achieved by applying an algorithm

G to solve f during the period [1,t]; a dynamic rule D (’yt, X?[”] , t) can be seen

as a mapping R™ x R™* x Nt — R™. The output of D (’yt,X}?“’”,t) s a
vector v, € R™
G
’Yt-‘,-l = D (’}/thf[Lt]at) (3)
If all elements of v, are used as values for m time-dependant parameters of
i G . .
f at the next change step t + 1 then we call D (’yt, f[”],t) the time-linkage
dynamic driver® of the time-dependant parameters set v, of f.D
® For example, in some real-world systems changes of parameters can be represented
by a linear, chaotic or other non-linear equations of the time variable ¢. Dimensional
changes can also be represented as changes in the parameter given that the maximum
number of variables is taken into account in the full-description form. For example,
the function >}, z2 with dimension n varies from 1 to 2 can be represented as the
full-description form 3°7 | b; (t) 2? with b; (t) € {0,1} depending on ¢.
b Dynamic driver is a term used by Morrison[10] in his work to refer to the logistic

function in his benchmark. We can borrow this term to refer to any rules/functions
that control the dynamic of a dynamic problem.
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G .
There are cases where X f[”] does not have any influence on the future of

f. In these cases D (vt,X?[l’”,t> becomes a regular dynamic driver with no
time-linkage feature.

Definition 4 (Time unit). In a dynamic optimization problem, a time unit, or
a unit for measuring time periods in the problem, represents the time durations
needed to complete one function evaluation of that problem.” The number of
evaluations (or time units) that have been evaluated so far in a DOP is measured
by the variable T € NT.

Definition 5 (Change step and change frequency). In a DOP, a change
step represents the moment when an environmental change happens. The number
of change steps that have happened so far in a dynamic environment is measured
by the variable t € N7T. Obviously t is a time-dependent function of T- the
number of evaluations made so far; t (1) : Nt — NT . Because t (1) is also a
time-dependent parameter of the DOP f, its dynamic is controlled by a problem-
specific time-based dynamic driver Dy (¢t (7),7). Dr decides the frequency of
change of the problem and can be described as follows:

1
Y=t(r)+1if Dr(t(r),7) = true (4)
) =t(7) otherwise

Definition 6 (Dynamic time-linkage optimization problem). Given a tu-
ple <f, 6, Dp,Dp, Dr, G> , a dynamic time-linkage optimization problem in the

end]

period [1,7’ function evaluations, 7" € NT, can be defined as

end

wax ) 27, xa) () )

T This has been mentioned in [1] and [12].



subject to aizhkeé\f]) (ks tr) < 0; and (£, X209) < %0 < u (4, X700)
y(tr, X o Lt
f

f is the full-description form of the objective function

where

CL...C* are the full-description forms of k dynamic constraints®

Dp is the dynamic driver for parameters in objective and constraint functions (see below)
Dp is the dynamic driver for domain constraints (see below)

Dr is the dynamic driver for times and frequency of changes(eq. 4)

G is the algorithm used to solve the problem

TE [1, Te"d] NN is the number of function evaluations done so far

tr, ort(r) € Nt is the current change step; t () is controlled by Dr (eq. 4)

G

Xf Iis the set of solutions achieved by applying the algorithm G to solve f during [1,1t]

V¢, € RP is the time-dependant parameters off and éi;'ytTH =Dp <7tT7Xf§“‘ﬂ,t)

' ' 1(t-+1)=Dp (1(::0,)(?“‘” ,t,)

1(t;),u(t;) € R” are domain constraints; o
(1.4

u(t;+1)=Dp (u(t.r),XfA ,t7>

The new definition brings us some advantages. Firstly, we can now classify
DTPs based on three distinguished components: the full-description forms (de-
termine the statics), the dynamic drivers (determine the dynamics), and the
solvers (determine the future problem). Secondly, it supports an important yet
not fully considered feature of DTP instances: algorithm-dependency. Finally it
represents a general case when solutions from multiple previous steps can affect
future performance. The definition can also be used to represent other types of
DOPs.

4 Time-deceptive and the anticipation approach

According to [5], a dynamic problem is said to be time-deceptive toward an

optimizer if the problem is time-linkage and the optimizer cannot efficiently

take into account this time-linkage feature during its optimization process.
Bosman|[3] illustrates this property by proposing the following benchmark:

given n = 1;h(z) = e” — 1; max {fotm f(z(t),t) dt} (6)

- Y (@ (), — 1) ifo<t<1
fleet) = { -2 {(x (t);, — ) + (|t — 1)1|)} otherwise

The benchmark problem above is a DTP because for any ¢ > 1, the current
value of f (z,t) depends on z (¢t — 1) found at the previous time step.

8 These also include equality constraints because any equality constraint ¢(z) = 0 can
be transformed into an inequality |c¢(z)| — e < 0 with a small value €.
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Fig. 1. This figure (reproduced from [3]) illustrates the time-deception property. We
can see that the trajectory of f(z:) when we optimize the present (dash line, with
optimum solution z(t) = t) is actually worse than the trajectory of f(z:) with a simple
solution z(t) = 0 (the solid line). To solve this problem to optimality, we need to use a
predictor to predict the trajectory of function values given different outcomes of current
solutions, then choose the one that give us the maximum profit in the future.

An interesting property is revealed when we try to optimize the above prob-
lem using the traditional approach: optimizing the present. That property is: the
trajectory formed by optimum solutions at each time step might not be the opti-
mal trajectory. For example, in figure 1 we can see that the trajectory of f(x*,t)
when we optimize the present (with optimum solution x* (¢) = ¢ at the time step
t) is actually worse than the trajectory of a f(x°,t) with a simple solution x° = 0
Vt. It means that the problem is deceptive because an optimizer following the
traditional approach is not able to take into account the time-linkage feature.

Bosman [3] [5] suggested that DTPs can be solved to optimality by estimating
the values of the function for future times given a trajectory Ul_," {f:,t} of
history data and other previously evaluated solutions. From that estimation,
we can choose a future trajectory with optimal future function values. In other
words, it is suggested that time-linkage problems can be "solved to optimality"
by prediction methods and the result could be "abitrarily good” if we have a
"perfect predictor"[3] [4] [5]°. The authors also made some experiments on the
benchmark problem mentioned in eq. 6 and on the dynamic pickup problem,
showing that under certain circumstances prediction methods do help to improve
the performance of the tested algorithms.

% A predictor, as defined in [5, line 8-12, pg 139, is "a learning algorithm that ap-
proximates either the optimization function directly or several of its parameters...
When called upon, the predictor returns either the predicted function value directly
or predicted values for parameters". Hence, perfect predictors should be ones that
can predict values exactly as the targets.



5 Can anticipation approaches solve all DTPs?

Contrary to existing belief, we will show below that there might be cases where
the hypothesis above does not hold: if during the predicted time span, the tra-
jectory of the future function values changes its function form, it might not be
possible to solve the time-linkage problems to optimality because there is not
always the possibility to perfectly predict the future.

Let us consider the situation where predictors help achieving optimal results
first. At the current time ¢"°* > 1, in order to predict the values of f (z (t)) at
a future time tP7¢?, a predictor needs to take the history data, for example the
previous trajectory of function values Z[0t""—1] = Ui:ow_l {ft,t}, as its input.
Given that input, a perfect predictor would be able to approximate correctly
the function form of ZI%*"** =1 and hence would be able to predict precisely the
future trajectory Z [£77.#7*] if it has the same function form as ZI04""* 1],

One example where predictors work is the problem in eq. 6. In that problem,
for each trajectory of x(t) the trajectory of f (z (t)) always remains the same.
For example with z(t) = ¢ the trajectory is always 1 — e!~1 or with z(t) = 0 the
trajectory is always —t2 (see figure 1). As a result, that problem is predictable.

Now let us consider a different situation. If at any particular time step
% e [t”"w,tpred] , the function form of Z L changes, the predicted tra-
jectory made at t"°% to predict f (x(t)) at t”"*? is no longer correct. This is
because before t° there is no information about how the the function form of
2 ould change. Without such information, it is impossible to pre-
dict the optimal trajectory of function values after the switch, regardless of how
good the predictor is. It means that the problem cannot be solved to optimality
because it is not possible to perfectly predict the future.

To illustrate this situation, let’s consider the following simple problem where
the trajectory of function values changes over time (illustrated in figure 2).

F(xy) =arf (@) + big (x1) + eth () 0<z; <1 (7)
where ﬁ(m) is the full-description form of a dynamic function; f(x;) = xy;
g(xt) = 2 +(d—2); h(zy) = x¢ + d; as, by and ¢ are the time-dependent

A

parameters of F' (x;). Their dynamic drivers are set out as follows:
ar =L =c, =0 if (t < t9)
a; =050y = 1;¢, = 01if (¢t > ¢°) and ﬁts,l (ngl) >1 (8)
a; =0;b; = 0;¢, = 11if (¢ > ¢°) and Es_l (ngl) <1

where t* > 1 is a pre-defined time step, d € R is a pre-defined constant, and
x$_, is a single solution produced at t*— 1 by an algorithm G. Eq. 8 means that
with ¢t < t%, the form of F (z4) is always equal to f (x4); with ¢ > t*, depending
on the solution of & _, the form of F' (z;) would switch to either g (2;) or h (z;).

In the above problem, because at any t > ¢° the values of as, by and ¢; (and
consequently the value of the function F ) depend on the solution found by G at
t* — 1, according to the definition in [5] the problem is considered time-linkage.



This problem has a special property: at any ¢ < ¢* one can only predict the
value of F' up to t° — 1. Before ¢°, history data does not reveal any clue about the
switching rule in eq. 8, hence it is impossible to predict (1) whether the function
will switch at ¢%; (2) which value 2% _, should get to switch F (z;) to g (2;) /
h (z¢) and (3) which form, g or h, would provide better future trajectory.

Even worse, even a predictor that can perfectly learn the current function
form of the system might still be deceived to provide worse result than not using
any predictor while solving this time-linkage problem! Figure 2 illustrates the
situations where the best predictor could provide the worst result while the worst
predictor could provide better results after ¢°!

Summarizing, the example problem we proposed in this section illustrates
a previously unknown class of DTPs where it is not guaranteed to get optimal
results because it is impossible to find a perfect predictor to predict the function
values. We call this class time-linkage problems with unpredictable optimal func-
tion trajectories. The example illustrates a special case where any predictor that
relies on past data can be deceived and hence provide the worse results than
not using predictor at certain time steps. We call these types of problems the
prediction-deceptive time-linkage problems.

6 Another benchmark for time-linkage problems

Currently the only available DTP benchmarks are from [3][5]. Both unfortunately
do not cover the prediction-deceptive case. To study prediction-deception and
other types of DTPs, besides the problem that we have proposed in eq.7, we
also developed a more comprehensive benchmark which covers all three types of
dynamics: non-time-linkage, predictable time-linkage and prediction-deceptive
time-linkage. Due to limited space we do not introduce details of the benchmark
in this paper. Interested readers are referred to the technical report in [11].

7 Conclusion

In this paper we have proposed an extended definition for DTPs/DOPs where
the problems can be classified based on three components: the full-description
forms (determine the static description), the dynamic drivers (determine the
dynamics), and the solver (determine how the future problem would be). It is
expected that by separating the dynamics/time-linkage feature from the static
part of the problem, the definition would make it easier to study the behaviour of
DTPs. The definition will also help in generating DTP benchmarks from existing
well-studied static benchmarks. It also takes into account aspects as time unit,
change step, change frequencies and domain range changes. These details help
defining, classifying and characterizing DTPs better.

Secondly, the paper revealed a new class of DTPs that has not been con-
sidered before: DTPs with unpredictable optimal function trajectories. We have
illustrated that, contrary to previous suggestions, this class of DTPs cannot be
solved to optimality because a perfect predictor cannot be found.
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Fig. 2. This figure illustrates a situation where even the best predictor + the best
algorithm (A) still perform worse than the worst predictor + the worst algorithm
(B) due to the prediction-deceptive property of the problem in eq.7. Assume that we
want to predict the trajectory of F(x) from [0,t°"%]. In case A, the best predictor
allows us to predict F(z) ~ f(z) = z in just only one time step [0,1]. With that
perfect prediction the algorithm is able to find the best solution x = 1, which is valid
until ¢°. Now at ¢® although the history data tells the predictor that the trajectory
must still be F(z) ~ f(z) = x, according to eq.8 the actual F(z) does switch to
g(z) = z+(d—2), which is the worst trajectory. In other words, the best predictor chose
the worst trajectory to follow. On the contrary, in the case B the worst predictor+worst
algorithm actually get benefit from the switch: the terrible solution (z = 0) they found
during [0, ¢°] does help them to switch to F(z) ~ h(z) = d + =, whose trajectory after
t® is always better than A regardless of the value of .

Finally, we have proposed a time-linkage benchmark problem to study that
particular type of time-linkage problems. We also provided a link to a technical
report where a more complete set of DTP benchmarks are described.
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