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36Expressionshexpi ::= 0 j 1 j 2 j � � �j hvari j � hexpi j hexpi+ hexpi j hexpi � hexpij hexpi � hexpi j � � �hboolexpi ::= true j falsej hexpi = hexpi j hexpi 6= hexpi j � � �j : hboolexpi j hboolexpi ^ hboolexpi j hboolexpi _ hboolexpij hboolexpi ) hboolexpi j hboolexpi , hboolexpiFree VariablesFor any phrase p,FV(p) = \The variables o

urring free in p":There are no binding 
onstru
tions in expressions or booleanexpressions, so that for these phrases FV(e) is the set of allvariables o

urring in e.Stores StoresV = V ! Z;where V is a �nite set of variables.



37Semanti
s of Expressions[[e 2 hexpi℄℄exp 2 (SV �n�FV(e) StoresV )! Z:[[0℄℄exps = 0 (and similarly for 1, 2, . . . );[[v℄℄exps = sv;[[� e℄℄exps = � [[e℄℄exps;[[e0 + e1℄℄exps = [[e0℄℄exps+ [[e1℄℄exps(and similarly for �, �, . . . ):[[b 2 hboolexpi℄℄boolexp 2 (SV �n�FV(b) StoresV )! B:[[true℄℄boolexps = true;[[false℄℄boolexps = false;[[e0 = e1℄℄boolexps = ([[e0℄℄exps = [[e1℄℄exps)(and similarly for 6=, . . . );[[: b℄℄boolexps = :[[b℄℄boolexps;[[b0 ^ b1℄℄boolexps = [[b0℄℄boolexps ^ [[b1℄℄boolexps(and similarly for _, ), ,):For example:[[x+ y = x℄℄boolexps = ([[x+ y℄℄exps = [[x℄℄exps)= ([[x℄℄exps+ [[y℄℄exps = [[x℄℄exps)= (s x+ s y = s x)= (s y = 0):



38SubstitutionFor any phrase p su
h that FV(p) � fv1; : : : ; vng, we writep=v1 ! e1; : : : ; vn ! ento denote the phrase obtained from p by simultaneously substi-tuting ea
h expression ei for the variable vi, (When there arebound variables in p, they will be renamed to avoid 
apture.)The Substitution Law for ExpressionsProposition 1 Let Æ abbreviate the substitutionv1 ! e1; : : : ; vn ! en;let s be a store su
h that FV(e1)[ � � �[FV(en) � dom s, and letbs = [ v1: [[e1℄℄exps j : : : j vn: [[en℄℄exps ℄:If e is an expression (or boolean expression) su
h that FV(e) �fv1; : : : ; vng, then [[e=Æ℄℄exps = [[e℄℄expbs:Partial SubstitutionWhen FV(p) is not a subset of fv1; : : : ; vng,p=v1 ! e1; : : : ; vn ! enabbreviatesp=v1 ! e1; : : : ; vn ! en; v01 ! v01; : : : ; v0k ! v0k;where fv01; : : : ; v0kg = FV(p)� fv1; : : : ; vng.



39Commandsh
ommi ::= hvari := hexpi j skip j h
ommi ; h
ommij if hboolexpi then h
ommi else h
ommij while hboolexpi do h
ommij newvar hvari in h
ommij newvar hvari := hexpi in h
ommiFree Variables of CommandsFV(v := e) = fvg [ FV(e)FV(skip) = fgFV(
1 ; 
2) = FV(
1) [ FV(
2)FV(if b then 
1 else 
2 = FV(b) [ FV(
1) [ FV(
2))FV(while b do 
 = FV(b) [ FV(
))FV(newvar v in 
) = FV(
)� fvgFV(newvar v := e in 
) = FV(e) [ (FV(
)� fvg);



40Compositional Large-Step Semanti
s of Commands
[[
 2 h
ommi℄℄
omm � [V �n�FV(
) StoresV � (StoresV [ f?g)

is the relation su
h that� s [[
℄℄
omm s0 i�, starting in store s, there is a �nite exe
utionof 
 that terminates in store s0.� s [[
℄℄
omm? i�, starting in store s, there is a nonterminatingexe
ution of 
.We postpone de�ning this relation until we 
onsider the moreelaborate language used with separation logi
. Note, however,that exe
ution preserves the domain of the store, i.e., if s [[
℄℄
omm s0,then dom s = dom s0. Also,TotalityProposition 2 Our semanti
s is total: If s 2 StoresV for someV �n� FV(
), then there is at least one � 0 2 StoresV [ f?g su
hthat s [[
℄℄
omm � 0.



41Modi�ed VariablesFor a 
ommand 
, the set MD(
), whose members are 
alled thevariables modi�ed by 
, is de�ned by stru
tural indu
tion:MD(v := e) = fvgMD(skip) = fgMD(
0 ; 
1) = MD(
0) [MD(
1)MD(if b then 
0 else 
1) = MD(
0) [MD(
1)MD(while b do 
) = MD(
)MD(newvar v in 
) = MD(
)� fvgMD(newvar v := e in 
) = MD(
)� fvg:
Proposition 3 Suppose v 2 dom(s) and v =2 MD(
). Ifs [[
℄℄
omm s0;then s0v = s v.



42Substitution in CommandsLet 
 be a 
ommand su
h that FV(
) � fv1; : : : ; vng, and let Ædenote a substitutionv1 ! e1; : : : ; vn ! ensu
h that, when vi 2 MD(
), ei is a variable. When 
 is a variablede
laration, 
=Æ is de�ned by(newvar v in 
)=Æ = newvar vnew in (
=[Æjv ! vnew℄)(newvar v := e in 
)=Æ = newvar vnew := (e=Æ) in (
=[Æjv ! vnew℄);where vnew =2 FV(e1) [ � � � [ FV(en), and [Æjv ! vnew℄ is thesubstitution that is like Æ ex
ept that it maps v into vnew.For other forms of 
ommands,(vi := e)=Æ = ei := (e=Æ)(� � � p1 � � � pn � � �)=Æ = � � � (p1=Æ) � � � (pn=Æ) � � � :



43The Substitution Law for CommandsProposition 4 Let 
 be a 
ommand su
h that FV(
) � fv1; : : : ; vng,and let Æ be a substitutionv1 ! e1; : : : ; vn ! ensu
h that, when vi 2 MD(
), ei is a variable that does not o

urin any other ej.For any store s su
h that FV(e1) [ � � � [ FV(en) � dom s, letbs = [ v1: [[e1℄℄exps j : : : j vn: [[en℄℄exps ℄:Then� If s [[
=Æ℄℄
omm s0, then bs [[
℄℄
omm bs0.� If s [[
=Æ℄℄
omm?, then bs [[
℄℄
omm?.



44Assertionshasserti ::= hboolexpij : hasserti j hasserti ^ hasserti j hasserti _ hassertij hasserti ) hasserti j hasserti , hassertij 8hvari: hasserti j 9hvari: hassertiIn other words, assertions are formulas of the predi
ate 
al
ulusin whi
h the terms are the integer expressions (hexpi) of ourprogramming language, and the assertions in
lude the booleanexpressions (hboolexpi) of the programming language.Free Variables of AssertionsFV(: p) = FV(p)FV(p1 ^ p2) = FV(p1) [ FV(p2)FV(p1 _ p2) = FV(p1) [ FV(p2)FV(p1 ) p2) = FV(p1) [ FV(p2)FV(p1 , p2) = FV(p1) [ FV(p2)FV(8v: p) = FV(p)� fvgFV(9v: p) = FV(p)� fvg



45The Semanti
s of Assertions[[p 2 hasserti℄℄assert 2 (SV �n�FV(p) StoresV )! B:Instead of [[p℄℄asserts = true, however, we write s � p.s � b i� [[b℄℄boolexps = true;s � : p i� s � p is false;s � p0 ^ p1 i� s � p0 and s � p1(and similarly for _, ), ,);s � 8v: p i� 8x 2 Z: [ s j v: x ℄ � p;s � 9v: p i� 9x 2 Z: [ s j v: x ℄ � p;where [ s j x:n ℄ y = if x = y then n else s(y).Exampless � x+ y = x i� [[x+ y = x℄℄boolexpsi� s y = 0:s � 8x: x+ y = x i� 8n 2 Z: [ s j x:n ℄ � x+ y = xi� 8n 2 Z: [ s j x:n ℄ y = 0i� 8n 2 Z: s y = 0i� s y = 0:



46Substitution in AssertionsLet p be an assertion su
h that FV(p) � fv1; : : : ; vng, and let Ædenote a substitutionv1 ! e1; : : : ; vn ! en:When p begins with a quanti�er, p=Æ is de�ned by(8v: p)=Æ = 8vnew: (p=[Æjv ! vnew℄)(9v: p)=Æ = 9vnew: (p=[Æjv ! vnew℄)where vnew =2 FV(e1) [ � � � [ FV(en), and [Æjv ! vnew℄ is thesubstitution that is like Æ ex
ept that it maps v into vnew.For other forms of assertions:(� � � p1 � � � pn � � �)=Æ = � � � (p1=Æ) � � � (pn=Æ) � � � :The Substitution Law for AssertionsProposition 5 Let Æ abbreviate the substitutionv1 ! e1; : : : ; vn ! en;let s be a store su
h that FV(e1)[ � � �[FV(en) � dom s, and letbs = [ v1: [[e1℄℄exps j : : : j vn: [[en℄℄exps ℄:If p is an assertion su
h that FV(p) � fv1; : : : ; vng, thens ` (p=Æ) i� bs ` p:



47Some Cautions� It is vital to distinguish between variables (in programs orassertions) and metavariables (whi
h range over phrases ofthe programming language or logi
). We will use san-seriffont for variables and Roman or Greek fonts for metavari-ables.� We suppress any indi
ation of a model or stru
ture, sin
e,with rare ex
eptions, the only model we will use for thepredi
ate 
al
ulus is the standard modelMint of the inte-gers. In pla
e of Mint �s p we write s � p, and we 
all s astore, rather than an assignment or environment.� In standard Hoare logi
 (and in separation logi
), expres-sions in the programming language are the same as termsin the predi
ate 
al
ulus, and have the same meaning.They always terminate, never give error stops, and neverhave side e�e
ts.



48Some TerminologyLet V 
ontain all of the free variables of p (or p and q in 
ases4 and 5). Then1. When s � p for some store s 2 StoreV , we say� p is true in s,� p holds for s,� p des
ribes s,� s satis�es p.2. When s � p for all s 2 StoreV , we say� p is valid.3. When s � p for no s 2 StoreV , we say� p is unsatis�able.4. When s � q holds for every s 2 StoreV su
h that s � p, wesay� p is stronger than q,� q is weaker than p.(Noti
e that true is weaker than any assertion and falseis stronger than any assertion.)5. When s � q holds for exa
tly those s 2 StoresV su
h thats � p, we say� p is equivalent to q.



49Spe
i�
ations (Hoare Triples)hspe
i ::= fhassertig h
ommi fhassertig (partial 
orre
tness)j [ hasserti ℄ h
ommi [ hasserti ℄ (total 
orre
tness)Let V = FV(p) [ FV(
) [ FV(q). ThenPartial 
orre
tness:fpg 
 fqg holds i� 8s 2 StoresV : s � p implies(8s0 2 StoresV : s [[
℄℄
omm s0 implies s0 � q):Total 
orre
tness:[ p ℄ 
 [ q ℄ holds i� 8s 2 StoresV : s � p implies: s [[
℄℄
omm?and (8s0 2 StoresV : s [[
℄℄
omm s0 implies s0 � q):



50Examples of Valid Partial Corre
tness Spe
i�
ationsfx� y > 3g x := x� y fx > 3gfx+ y � 17g x := x+ 10 fx+ y � 27gfx � 10g while x 6= 10 do x := x+ 1 fx = 10gftrueg while x 6= 10 do x := x+ 1 fx = 10gfx > 10g while x 6= 10 do x := x+ 1 ffalsegExamples of Valid Total Corre
tness Spe
i�
ations[ x� y > 3 ℄ x := x� y [ x > 3 ℄[ x+ y � 17 ℄ x := x+ 10 [ x+ y � 27 ℄[ x � 10 ℄ while x 6= 10 do x := x+ 1 [ x = 10 ℄



51Inferen
e Rules and Proofs� An inferen
e rule for Hoare logi
 
onsists of zero or morepremisses (either spe
i�
ations or assertions) and a single
on
lusion (a spe
i�
ation), separated by a horizontal line:P1 � � � PnC� The premisses and 
on
lusion are s
hemata, i.e., they may
ontain metavariables, ea
h of whi
h ranges over some setof phrases, su
h as expressions, 
ommands, or assertions.� An instan
e of an inferen
e rule is obtained by repla
-ing ea
h metavariable by a phrase in its range. These re-pla
ements must satisfy the side-
onditions (if any) of therule. (Sin
e this is repla
ement of metavariables ratherthan substitution for variables, there is never any renam-ing.)� A formal proof in Hoare logi
 is a sequen
e of assertionsand/or spe
i�
ations, ea
h of whi
h is either a valid asser-tion or the 
on
lusion of some instan
e of a sound inferen
erule whose premisses o

ur earlier in the sequen
e,� An inferen
e rule with zero premisses is 
alled an axioms
hema. The overbar is sometimes omitted.� An axiom s
hema 
ontaining no metavariables is 
alled anaxiom. The overbar is usually omitted.



52SoundnessAn inferen
e rule of Hoare logi
 is sound i�, for all instan
es,� if the premisses of the instan
e are all valid,� then the 
on
lusion is valid.Sin
e we require the assertions in a formal proof to be valid andthe inferen
e rules used in the proof to be sound, it follows thatthe spe
i�
ations in a formal proof must all be valid.



53Inferen
e Rules for Spe
i�
ations:Assignment (AS)fp=v ! eg v := e fpg [ p=v ! e ℄ v := e [ p ℄Instan
es fx� y > 3g x := x� y fx > 3gf(2� y)� y > 3g x := 2� y fx� y > 3g



54Inferen
e Rules for Spe
i�
ations:Sequential Composition (SQ)fpg 
1 fqg fqg 
2 frgfpg 
1 ; 
2 frg [ p ℄ 
1 [ q ℄ [ q ℄ 
2 [ r ℄[ p ℄ 
1 ; 
2 [ r ℄An Instan
ef(2� y)� y > 3g x := 2� y fx� y > 3gfx� y > 3g x := x� y fx > 3gf(2� y)� y > 3g x := 2� y ; x := x� y fx > 3gNoteEx
ept forwhile 
ommands and re
ursive pro
edures, reasoningfor partial and total 
orre
tness is the same. Hen
eforth, we willgive only rules for partial 
orre
tness, ex
ept when the rule fortotal 
orre
tness is di�erent.



55Inferen
e Rules for Spe
i�
ations:Strengthening Pre
edent (SP)p) q fqg 
 frgfpg 
 frgAn Instan
ey > 3) (2� y)� y > 3f(2� y)� y > 3g x := 2� y ; x := x� y fx > 3gfy > 3g x := 2� y ; x := x� y fx > 3gWeakening Consequent (WC)fpg 
 fqg q) rfpg 
 frgAn Instan
efy > 3g x := 2� y ; x := x� y fx > 3g x > 3) x � 4fy > 3g x := 2� y ; x := x� y fx � 4gSin
e they are appli
able to arbitrary 
ommands, the rules (SP)and (WC) are 
alled stru
tural rules. One premiss of ea
h ofthese rules is an assertion, whi
h is 
alled a veri�
ation 
on-dition (VC). The veri�
ation 
onditions are used to introdu
emathemati
al fa
ts about data types into proofs of spe
i�
a-tions.



56A Simple Proof
1. f(2� y)� y > 3g x := 2� y fx� y > 3g (AS)2. fx� y > 3g x := x� y fx > 3g (AS)3. f(2� y)� y > 3g x := 2� y ; x := x� y fx > 3g (SQ,1,2)4. y > 3) (2� y)� y > 3 (VC)5. fy > 3g x := 2� y ; x := x� y fx > 3g (SP,4,3)6. x > 3) x � 4 (VC)7. fy > 3g x := 2� y ; x := x� y fx � 4g (WC,5,6)As long as only simple fa
ts about integer arithmeti
 are in-volved, we will allow valid veri�
ation 
onditions to appear inproofs without proving these 
onditions.



57A More Realisti
 Proof
1. ff = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � ngk := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ng (AS)2. ff + t = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � ngf := f + tff = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � ng (AS)3. ff + t = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � ngf := f + t ; k := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ng (SQ,1,2)4. ff + t = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � ngg := fff + t = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � ng (AS)5. ff + t = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � ngg := f ; f := f + t ; k := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ng (SQ,3,4)



58A More Realisti
 Proof (
ontinued)
6. ff + g = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � ngt := gff + t = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � ng (AS)7. ff + g = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � ngt := g ; g := f ; f := f + t ; k := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ng (SQ,5,6)8. (f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n))(f + g = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � n)(VC�)9. ff = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= ngt := g ; g := f ; f := f + t ; k := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ng (SP,7,8)�sin
e�b(0) = 0 �b(1) = 1 �b(i) = �b(i� 1) + �b(i� 2):



59Inferen
e Rules for Spe
i�
ations:An Alternative \Forward" Rule for Assignment (ASALT)fpg v := e f9v0: v = e0 ^ p0gwhere v0 =2 fvg[FV(e)[FV(p), e0 is e=v ! v0, and p0 is p=v ! v0.The quanti�er 
an be omitted when v does not o

ur in e or p.The problem with this rule is the a

umulation of quanti�ers.For example, when we use it to proveff = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= ngt := g ; g := f ; f := f + t ; k := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ng;we get the veri�
ation 
ondition(9k0: 9f 0: 9g0: k = k0 + 1 ^ f = f 0 + t ^ g = f 0 ^ t = g0^ f 0 = �b(k0) ^ g0 = �b(k0 � 1) ^ k0 � n ^ k0 6= n))f = �b(k) ^ g = �b(k� 1) ^ k � n:



60Inferen
e Rules for Spe
i�
ations:Variable De
laration (DC)fpg 
 fqgfpg newvar v in 
 fqgwhen v does not o

ur free in p or q.Here the requirement on the de
lared variable v formalizes the
on
ept of lo
ality, i.e., that the value of v when 
 begins exe
u-tion has no e�e
t on this exe
ution, and that the value of v when
 �nishes exe
ution has no e�e
t on the rest of the program.Lo
ality is a property of the spe
i�
ation of a 
ommand ratherthan just the 
ommand itself, sin
e it depends on the use towhi
h the 
ommand may be put. For example, the same 
om-mand satis�es both of the spe
i�
ationsftrueg t := x+ y ; z := t� t fz = (x+ y)2gftrueg t := x+ y ; z := t� t fz = (x+ y)2 ^ t = x+ yg:But the variable t is lo
al only in the �rst 
ase, so that newvar tin (t := x+ y ; z := t� t) meets only the �rst spe
i�
ation:ftrueg newvar t in (t := x+ y ; z := t� t) fz = (x+ y)2g:



61An Instan
e of the Rule for De
larationsff = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= ngt := g ; g := f ; f := f + t ; k := k+ 1ff = �b(k) ^ g = �b(k� 1) ^ k � ngff = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= ngnewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)ff = �b(k) ^ g = �b(k� 1) ^ k � ng



62Inferen
e Rules for Spe
i�
ations:Partial Corre
tness of while (WHP)fi ^ bg 
 figfig while b do 
 fi ^ : bgHere i is the invariant.An Instan
eff = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= ngnewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)ff = �b(k) ^ g = �b(k� 1) ^ k � ngff = �b(k) ^ g = �b(k� 1) ^ k � ngwhile k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)ff = �b(k) ^ g = �b(k� 1) ^ k � n ^ : k 6= ng



63Inferen
e Rules for Spe
i�
ations:Total Corre
tness of while (WHT)[ i ^ b ^ e = v0 ℄ 
 [ i ^ e < v0 ℄ (i ^ b)) e � 0[ i ℄ while b do 
 [ i ^ : b ℄when v0 does not o

ur free in i, b, 
, or e.Here i is the invariant, e is the variant, and v0 is a ghost variable.An Instan
e[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0℄newvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ n� k < v0℄(f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n)) n� k � 0[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ : k 6= n℄



64Other Well-Ordered SetsSometimes, the range of variants must be a larger well-orderedset than the set of natural numbers. For example, to show thetermination of[true℄while x 6= 0 doif x < 0 then (newvar y in x := jyj) else x := x� 1[x = 0℄we 
an use the variant if x < 0 then 1 else x, whi
h rangesover the well-ordered set fn j n � 0 g [ f1g.This program 
ontains the 
ommandnewvar y in x := jyj;whi
h always terminates, yet has an in�nite number of possibleout
omes. This is 
alled unbounded nondeterminism.



65Inferen
e Rules for Spe
i�
ations:Conditional (CD)fp ^ bg 
1 fqg fp ^ : bg 
2 fqgfpg if b then 
1 else 
2 fqgAn Instan
efn � 0 ^ n = 0gf := 0ff = �b(n)gfn � 0 ^ : n = 0gnewvar g in newvar k in(k := 1 ; g := 0 ; f := 1 ;while k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1))ff = �b(n)gfn � 0gif n = 0 then f := 0 elsenewvar g in newvar k in(k := 1 ; g := 0 ; f := 1 ;while k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1))ff = �b(n)g



66Inferen
e Rules for Spe
i�
ations:An Alternative Rule for Conditionals (CDALT)fp1g 
1 fqg fp2g 
2 fqgf(b) p1) ^ (: b) p2)g if b then 
1 else 
2 fqgskip (SK) fpg skip fpg



67Annotated Spe
i�
ationsIn an annotated spe
i�
ation, additional assertions 
alled anno-tations are pla
ed within the 
ommand in su
h a way that theproof of the spe
i�
ation 
an be re
onstru
ted from the annota-tions. For example, the following is a (highly) annotated total
orre
tness spe
i�
ation for the Fibona

i program:[n � 0℄if n = 0 then[0 = �b(n)℄f := 0elsenewvar g in newvar k in([1 = �b(1) ^ 0 = �b(1� 1) ^ 1 � n℄k := 1 ;[1 = �b(k) ^ 0 = �b(k� 1) ^ k � n℄g := 0 ;[1 = �b(k) ^ g = �b(k� 1) ^ k � n℄f := 1 ;[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n do newvar t in (� � �)[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ : k 6= n℄)[f = �b(n)℄



68Annotated Spe
i�
ations (
ontinued)
[n � 0℄...while [vrnt: n� k℄ k 6= n do newvar t in([f+g = �b(k+1)^f = �b((k+1)�1)^k+1 � n^n�(k+1) < v0℄t := g;[f+t = �b(k+1)^f = �b((k+1)�1)^k+1 � n^n�(k+1) < v0℄g := f;[f+t = �b(k+1)^g = �b((k+1)�1)^k+1 � n^n�(k+1) < v0℄f := f + t;[f = �b(k+1)^g = �b((k+1)�1)^k+1 � n^n�(k+1) < v0℄k := k+ 1)[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ : k 6= n℄)[f = �b(n)℄



69Why Annotations Are NeededWithout annotations, it is not straightforward to 
onstru
t aproof of a spe
i�
ation from the spe
i�
ation itself. For example,if we try to use the rule for sequential 
omposition,fpg 
1 fqg fqg 
2 frgfpg 
1 ; 
2 frg;to obtain the main step of a proof of the spe
i�
ationfn � 0g(k := 0 ; s := 1) ;while k 6= n do (k := k+ 1 ; s := 2� s)fs = 2ng;there is no indi
ation of what assertion should repla
e the metavari-able q.



70Why Annotations Are Needed (
ontinued)But if we 
hange the rule tofpg 
1 fqg fqg 
2 frgfpg 
1 ; fqg 
2 frg;then the new rule requires the annotation q to o

ur in the
on
lusion:fn � 0g(k := 0 ; s := 1) ;fs = 2k ^ k � ngwhile k 6= n do (k := k+ 1 ; s := 2� s)fs = 2ng:Then, on
e q is determined, the premisses must befn � 0g(k := 0 ; s := 1);fs = 2k ^ k � ngandfs = 2k ^ k � ngwhile k 6= n do (k := k+ 1 ; s := 2� s)fs = 2ng:The basi
 tri
k is to add annotations to the 
on
lusions of theinferen
e rules so that the 
on
lusion of ea
h rule 
ompletelydetermines its premisses.



71Rules for Annotated Spe
i�
ationsTo obtain annotated spe
i�
ations, we must 
hange the followingrules (and avoid using the \alternative" rules given earlier):Sequential Composition (SQAN)fpg 
1 fqg fqg 
2 frgfpg 
1 ; fqg 
2 frgStrengthening Pre
edent (SPAN)p) q fqg 
 frgfpg fqg 
 frgWeakening Consequent (WCAN)fpg 
 fqg q) rfpg 
 fqg frgTotal Corre
tness of while[ i ^ b ^ e = v0 ℄ 
 [ i ^ e < v0 ℄ (i ^ b)) e � 0[ i ℄ while [vrnt: e℄ b do 
 [ i ^ : b ℄when v0 does not o

ur free in i, b, 
, or e.



72More Rules for Annotated Spe
i�
ationsIn their present form, our inferen
e rules lead to many more an-notations than ne
essary. To redu
e the number of annotations,it is useful to 
hange further rules. (Ea
h of the following rules
an be derived from earlier rules.)Assignment (ASAN)p0 ) (p=v ! e)fp0g v := e fpg fp0g 
 fp=v ! egfp0g 
 ; v := e fpgskip (SKAN) p0 ) pfp0g skip fpgPartial Corre
tness of while (WHPAN)fi ^ bg 
 fig (i ^ : b)) pfig while b do 
 fpgTotal Corre
tness of while (WHTAN)[ i ^ b ^ e = v0 ℄ 
 [ i ^ e < v0 ℄ (i ^ b)) e � 0 (i ^ : b)) p[ i ℄ while [vrnt: e℄ b do 
 [ p ℄when v0 does not o

ur free in i, b, 
, or e.



73A Minimally Annotated Spe
i�
ation for Fibona

iNumbers
[n � 0℄if n = 0 then f := 0 elsenewvar g in newvar k in(k := 1 ; g := 0 ; f := 1 ;[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1))[f = �b(n)℄Veri�
ation Conditions1. n � 0 ^ n = 0) 0 = �b(n)2. n � 0 ^ : n = 0) 1 = �b(1) ^ 0 = �b(1� 1) ^ 1 � n3. f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0)f + g = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � n^ n� (k+ 1) < v04. f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n) n� k � 05. f = �b(k) ^ g = �b(k� 1) ^ k � n ^ : k 6= n) f = �b(n)



74The Proof Determined by the Annotated Spe
i�
a-tion
1. (n � 0 ^ n = 0)) (0 = �b(n)) (VC)2. [n � 0 ^ n = 0℄f := 0[f = �b(n)℄ (ASAN1,1)3. (n � 0 ^ : n = 0)) (1 = �b(1) ^ 0 = �b(1� 1) ^ 1 � n)(VC)4. [n � 0 ^ : n = 0℄k := 1[1 = �b(k) ^ 0 = �b(k� 1) ^ k � n℄ (ASAN1,3)5. [n � 0 ^ : n = 0℄k := 1 ; g := 0[1 = �b(k) ^ g = �b(k� 1) ^ k � n℄ (ASAN2,4)6. [n � 0 ^ : n = 0℄k := 1 ; g := 0 ; f := 1[f = �b(k) ^ g = �b(k� 1) ^ k � n℄ (ASAN2,5)7. (f = �b(k)^ g = �b(k� 1)^ k � n^ k 6= n^ n� k = v0))(f + g = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � n ^n� (k+ 1) < v0) (VC)



75
8. [f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0℄t := g[f + t = �b(k+ 1) ^ f = �b((k+ 1)� 1) ^ k+ 1 � n ^n� (k+ 1) < v0℄ (ASAN1,7)9. [f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0℄t := g ; g := f[f + t = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � n ^n� (k+ 1) < v0℄ (ASAN2,8)10. [f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0℄t := g ; g := f ; f := f + t[f = �b(k+ 1) ^ g = �b((k+ 1)� 1) ^ k+ 1 � n ^n� (k+ 1) < v0℄ (ASAN2,9)11. [f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0℄t := g ; g := f ; f := f + t ; k := k+ 1[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ n� k < v0℄(ASAN2,10)12. [f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n ^ n� k = v0℄newvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)[f = �b(k) ^ g = �b(k� 1) ^ k � n ^ n� k < v0℄ (DC,11)



76
13. (f = �b(k) ^ g = �b(k� 1) ^ k � n ^ k 6= n)) n� k � 0(VC)14. (f = �b(k)^ g = �b(k� 1)^ k � n^: k 6= n)) f = �b(n)(VC)15. [f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)[f = �b(n)℄ (WHTAN,12,13,14)16. [n � 0 ^ : n = 0℄k := 1 ; g := 0 ; f := 1 ;[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1)[f = �b(n)℄ (SQAN,6,15)17. [n � 0 ^ : n = 0℄newvar k in(k := 1 ; g := 0 ; f := 1 ;[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1))[f = �b(n)℄ (DC,16)
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18. [n � 0 ^ : n = 0℄newvar g in newvar k in(k := 1 ; g := 0 ; f := 1 ;[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+ 1))[f = �b(n)℄ (DC,17)19. [n � 0℄if n = 0 then f := 0 elsenewvar g in newvar k in(k := 1 ; g := 0 ; f := 1 ;[f = �b(k) ^ g = �b(k� 1) ^ k � n℄while [vrnt: n� k℄ k 6= n donewvar t in (t := g ; g := f ; f := f + t ; k := k+1))[f = �b(n)℄ (COND,2,18)



78An Annotated Spe
i�
ation for Fast Exponentiation
[n � 0℄newvar k in newvar z in(k := n ; z := x ; y := 1 ;[y� zk = xn ^ k � 0℄while [vrnt: k℄ k 6= 0 do(if odd(k) then (k := k� 1 ; y := y � z) else skip ;k := k� 2 ; z := z� z))[y = xn℄Veri�
ation Conditions1. n � 0) 1� xn = xn ^ n � 02. y � zk = xn ^ k � 0 ^ k 6= 0 ^ k = k0 ^ odd(k))(y � z)� (z� z)(k�1)�2 = xn^ (k� 1)� 2 � 0 ^ (k� 1)� 2 < k03. y � zk = xn ^ k � 0 ^ k 6= 0 ^ k = k0 ^ :odd(k))y � (z� z)k�2 = xn ^ k� 2 � 0 ^ k� 2 < k04. y � zk = xn ^ k � 0 ^ k 6= 0) k � 05. y � zk = xn ^ k � 0 ^ : k 6= 0) y = xn



79Interderivability of the Assignment Rulesfp=v ! eg v := e fpgfpg v := e f9v0: v = e0 ^ p0gwhere v0 =2 fvg[FV(e)[FV(p), e0 is e=v ! v0, and p0 is p=v ! v0.To show the se
ond rule, assuming the �rst:fpgfe = e ^ pgf(e = e0 ^ p0)=v0 ! vgf9v0: e = e0 ^ p0gv := ef9v0: v = e0 ^ p0gTo show the �rst rule, assuming the se
ond:fp=v ! egv := ef9v0: v = e0 ^ ((p=v ! e)=v ! v0)gf9v0: v = e0 ^ (p=v ! e0)gf9v0: v = e0 ^ pgf9v0: pgfpgNote that these are proof s
hemata, i.e., they be
ome proofswhen the metavariables are repla
ed by appropriate phrases.



80Interderivability of the Conditional Rulesfp ^ bg 
1 fqg fp ^ : bg 
2 fqgfpg if b then 
1 else 
2 fqgfp1g 
1 fqg fp2g 
2 fqgf(b) p1) ^ (: b) p2)g if b then 
1 else 
2 fqgAssume the premises of the se
ond rule. Thenf(b) p1) ^ (: b) p2) ^ bgfp1g
1fqgandf(b) p1) ^ (: b) p2) ^ : bgfp2g
2fqg;and the �rst rule gives the 
on
lusion of the se
ond rule:f(b) p1) ^ (: b) p2)gif b then 
1 else 
2fqg:



81Interderivability of the Conditional Rules (
ontinued)fp ^ bg 
1 fqg fp ^ : bg 
2 fqgfpg if b then 
1 else 
2 fqgfp1g 
1 fqg fp2g 
2 fqgf(b) p1) ^ (: b) p2)g if b then 
1 else 
2 fqgAssume the premises of the �rst rule. Then the se
ond rule givesthe main step infpgf(b) p ^ b) ^ (: b) p ^ : b)gif b then 
1 else 
2fqg;whi
h is the 
on
lusion of the se
ond rule.



82Stru
tural Inferen
e RulesIn addition to Strengthening Pre
edent and Weakening Con-sequent, there are a number of other stru
tural rules that areappli
able to all 
ommands.Renaming (RN) fpg 
 fqgfp0g 
0 fq0g;where p0, 
0, and q0 are obtained from p, 
, and q by zero or morerenamings of bound variables.It is sometimes ne
essary to use renaming in 
ombination withthe rule for variable de
larations, e.g.fx = 0g y := 1 fx = 0gfx = 0g newvar y in y := 1 fx = 0gfx = 0g newvar x in x := 1 fx = 0g:



83Substitution (SUB) fpg 
 fqg(fpg 
 fqg)=v1 ! e1; : : : ; vn ! en;where v1; : : : ; vn are the variables o

urring free in p, 
, or q,and, if vi is modi�ed by 
, then ei is a variable that does noto

ur free in any other ej.For example, in fx = yg x := x+ y fx = 2� yg;one 
an substitute x! z; y ! 2� w � 1 to inferfz = 2� w � 1g z := z+ 2� w � 1 fz = 2� (2� w � 1)g:But one 
annot substitute x ! z; y ! 2 � z � 1 to infer theinvalidfz = 2� z� 1g z := z+ 2� z� 1 fz = 2� (2� z� 1)g:The rule for substitution will be
ome important when we 
on-sider pro
edures.A spe
ial 
ase of this rule o

urs for an identity substitution, inwhi
h ea
h ei is vi. Su
h substitutions still permit renaming (by
hoosing the vnew). Thus the Renaming rule is a spe
ial 
ase ofthe substitution rule.



84Stru
tural Inferen
e Rules:Conjun
tion (CONJ)fp1g 
 fq1g fp2g 
 fq2gfp1 ^ p2g 
 fq1 ^ q2gDisjun
tion (DISJ)fp1g 
 fq1g fp2g 
 fq2gfp1 _ p2g 
 fq1 _ q2gUniversal Quanti�
ation (UQ)fpg 
 fqgf8v: pg 
 f8v: qg;where v is not free in 
.Existential Quanti�
ation (EQ)fpg 
 fqgf9v: pg 
 f9v: qg;where v is not free in 
.



85Stru
tural Inferen
e Rules:Constan
y (CONST) fpg 
 fqgfp ^ rg 
 fq ^ rgwhen no variable o

urring free in r is modi�ed by 
.



86Stru
tural Rules for Annotated Spe
i�
ationsThe use of the stru
tural rules for renaming, substitution, dis-jun
tion, and 
onjun
tion 
annot easily be indi
ated in anno-tated spe
i�
ations. But we 
an give versions of the remainingrules that are suitable:Existential Quanti�
ation (EQAN)fpg 
 fqgf9v: pg f9vg in 
 f9v: qg ;where v is not free in 
.Universal Quanti�
ation (UQAN)fpg 
 fqgf8v: pg f8vg in 
 f8v: qg ;where v is not free in 
.Constan
y (CONSTAN)fpg 
 fqgfp ^ rg 
oninv r in 
 fq ^ rgwhen no variable o

urring free in r is modi�ed by 
.



87Ghost VariablesA ghost variable of a spe
i�
ation is a variable that o

urs inthe spe
i�
ation but not in the 
ommand being spe
i�ed.The main use of ghost variables is to relate stores at di�erentpoints in the program. For example, in the following program,the ghost variable k0 is used to \remember" the initial value ofk, in order to spe
ify that the �nal value of y is x raised to theinitial value of k:[k � 0 ^ k = k0℄newvar z in(z := x ; y := 1 ;[y� zk = xk0 ^ k � 0℄while [vrnt: k℄ k 6= 0 do(if odd(k) then (k := k� 1 ; y := y � z) else skip ;k := k� 2 ; z := z� z))[y = xk0℄



88Totality is built into the Predi
ate Cal
ulusSuppose we permit an ill-de�ned expression su
h as x�0. Thenour rules of inferen
e allow us to prove su
h spe
i�
ations as:[ true ℄ y := x� 0 ; y := 7 [ y = 7 ℄[ x = 7 ℄ if x�0 = 29 then x:=x+1 else x:=x�1 [ x = 8_x = 6 ℄[ x = 7 ℄ if x� 0 = x� 0 then x := x+ 1 else x := x� 1 [ x = 8 ℄:Even in the absen
e of any axioms about �, the assumption isbuilt into our logi
 that x� 0 terminates without an error stopor side e�e
ts, and always gives the same value.



89Varied Arithmeti
In general, integer division satis�esy 6= 0 ) x = (x� y)� y + x rem yx � 0 ^ y > 0 ) 0 � x rem y < y; (1)However, although most ma
hines provide division that is \odd"in x and y: y 6= 0 ) (�x)� y = �(x� y)y 6= 0 ) x� (�y) = �(x� y);a few ma
hines provide a \number-theoreti
" division satisfyingy > 0 ) 0 � x rem y < y;so that, for example, �3� 2 = �2 and �3 rem 2 = 1.If one limits the axioms about division to (1), then anything oneproves will hold for both kinds of arithmeti
. One 
an also adda monotoni
ity law, sin
e it holds in both situations:y > 0 ^ x � x0 ) x� y � x0 � y:



90Weakest Pre
onditionsWe extend our langauge of assertions with notations for weakestpre
onditions and weakest liberal pre
onditions:hasserti ::= � � �j wp(h
ommi; hasserti)j wlp(h
ommi; hasserti)with the semanti
ss � wlp(
; q) i� 8s0 2 StoresV : s [[
℄℄
omm s0 implies s0 � qs � wp(
; q) i� : s [[
℄℄
omm? and(8s0 2 StoresV : s [[
℄℄
omm s0 implies s0 � q):It follows that spe
i�
ations 
an be de�ned as:fpg 
 fqg i� p)wlp(
; q) is valid,[ p ℄ 
 [ q ℄ i� p)wp(
; q) is valid.



91General RulesThe following inferen
e rules for our extended assertion languageare sound, in the sense that, when all the premisses of an in-stan
e are valid, then the 
on
lusion is valid.� Law of the Ex
luded Mira
lewp(
; false), false;� Monotoni
ity p) qwp(
; p))wp(
; q);� Conjun
tion(wp(
; p) ^wp(
; q)), wp(
; p ^ q);� Disjun
tion(wp(
; p) _wp(
; q)))wp(
; p _ q):Note that the inferen
e rules (CONJ) and (DISJ) follow fromthe above rules for 
onjun
tion and disjun
tion.The analogous rules hold for wlp, ex
ept for the law of theex
luded mira
le.



92Rules for Spe
i�
 CommandsFor most 
ommands, one 
an give an axiom s
hema that ex-presses the weakest pre
ondition in terms of the weakest pre-
onditions of sub
ommands:� Assignment wp(v := e; q), (q=v ! e);� skip wp(skip; q), q;� Sequential Compositionwp(
0 ; 
1; q), wp(
0;wp(
1; q));� Conditionalwp(if b then 
0 else 
1; q),(b)wp(
0; q)) ^ (: b)wp(
1; q)):Note that the inferen
e rules (AS), (SK), (SQ), and (CDALT)follow from the above rules.



93Rules for Spe
i�
 Commands (
ontinued)� Uninitialized Variable De
larationwp(newvar v in 
; q), (8v: wp(
; q))when v is not free in q,� Initialized Variable De
larationwp(newvar v := e in 
; q), (wp(
; q)=v ! e)when v is not free in q.All of the 
ommand-spe
i�
 rules for wp also hold for wlp.There are no similar rules for while 
ommands. This is whyit is ne
essary to provide the invariants of while 
ommands(and the variants, in the 
ase of total 
orre
tness) in order tome
hani
ally generate veri�
ation 
onditions.



94Weakest Pre
onditions versus Annotated Spe
i�
a-tionsSometimes weakest pre
ondition reasoning requires fewer inter-mediate assertions than annotated spe
i�
ations. For example,to prove fx = 3 _ y = 3gz := y ;if z = 3 then x := 3 else y := 3fx = 3 ^ y = 3gusing annotated spe
i�
ations requires an intermediate asser-tion: fx = 3 _ y = 3gz := y ;f(x = 3 _ y = 3) ^ z = ygif z = 3 then x := 3 else y := 3fx = 3 ^ y = 3g;whi
h leads to three veri�
ation 
onditions(x = 3 _ y = 3)) ((x = 3 _ y = 3) ^ y = y)((x = 3 _ y = 3) ^ z = y ^ z = 3)) (3 = 3 ^ y = 3)((x = 3 _ y = 3) ^ z = y ^ : z = 3)) (x = 3 ^ 3 = 3):



95Weakest Pre
onditions versus Annotated Spe
i�
a-tions (
ontinued)On the other hand, using weakest pre
onditions,wp(z := y ; if z = 3 then x := 3 else y := 3; x = 3 ^ y = 3), wp(z := y;wp(if z = 3 then x := 3 else y := 3; x = 3 ^ y = 3)), wp(z := y;(z = 3)wp(x := 3; x = 3 ^ y = 3))^ (: z = 3)wp(y := 3; x = 3 ^ y = 3))), wp(z := y;(z = 3) 3 = 3 ^ y = 3)^ (: z = 3) x = 3 ^ 3 = 3)), (y = 3) 3 = 3 ^ y = 3) ^ (: y = 3) x = 3 ^ 3 = 3));whi
h leads to the single veri�
ation 
ondition:(x = 3 _ y = 3)) (y = 3) 3 = 3 ^ y = 3) ^ (: y = 3) x = 3 ^ 3 = 3)):



96The Rule of Continuity� Continuity 8v: v � 0) (q) (q=v ! v + 1))wp(
; 9v: v � 0 ^ q), 9v: v � 0 ^wp(
; q)when v does not o

ur free in 
.This rule holds if we ex
lude the uninitialized variable de
lara-tion. However, if we in
lude this or any other language 
onstru
tthat permits unbounded nondeterminism, the rule is no longersound.For example, take v to be v, 
 to be the 
ommandnewvar y in x := jyj(whi
h sets x to an arbitrary nonnegative integer), and q to bev � x. Then the premise of the 
ontinuity rule is valid, andwp(newvar y in x := jyj; 9v: v � 0 ^ v � x)is true, but9v: v � 0 ^wp(newvar y in x := jyj; v � x)is false.


