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Expressions

(exp) =:=0|1|2]---
| (var) | — (exp) | {exp) + (exp) | {exp) — (exp)
| (exp) X (exp) | - -~

(boolexp) ::= true | false

‘ <€Xp> = <eXp> | <exp> £ <exp> ‘
| = (boolexp) | (boolexp) A (boolexp) | (boolexp) V (boolexp)

| (boolexp) = (boolexp) | (boolexp) < (boolexp)

Free Variables

For any phrase p,
FV(p) = “The variables occurring free in p”.

There are no binding constructions in expressions or boolean
expressions, so that for these phrases FV(e) is the set of all
variables occurring in e.

Stores

Storesy =V — Z,

where V is a finite set of variables.



Semantics of Expressions

[e € (exp)]exp € (UVﬁDnFV )Storesv) — Z.

[0]exps =0 (and similarly for 1, 2, ...

[V]exps = S0,

[[_ eﬂexps - = [[eﬂexp87
[[60 + elﬂexp = HeoﬂexpS + [[GlﬂexpS
(and similarly for —, x, ...).

[0 € (boolexp)[porexp € (UV%]FV Storesy ) — B.

[true], e, = true,

[false], ,1exps = false,

[[60 — elﬂboolexps - (ﬂeo]]exps - [[elﬂexps)

(and similarly for #, ...

[[ﬂ b]]boolexps — _I[[b]]bOOIGXPS’

[[bo A bl]]boolexps — [[bo]]boolexps A [[bl]]boolexps
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(and similarly for V, =, <).

For example:

[[X + y = X]]boolexp — [[ + y]]eXpS — [[X]]GXPS)

SX+ Sy = sx)

/\/\/\/\
=|
>< |=|

Xexps + Ylexps = [Xexps)
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Substitution

For any phrase p such that FV(p) C {vy,...,v,}, we write
p/ur = €1, ..., U, — ey

to denote the phrase obtained from p by simultaneously substi-
tuting each expression e; for the variable v;, (When there are
bound variables in p, they will be renamed to avoid capture.)

The Substitution Law for Expressions
Proposition 1 Let 0 abbreviate the substitution
V1 = €1,...,Up = En,
let s be a store such that FV(e;)U---UFV(e,) C doms, and let

s=loler]ops |-+ | vntlen]ops |-

If e is an expression (or boolean expression) such that FV(e) C
{vi,..., 0.}, then

/5Ty = el
Partial Substitution
When FV(p) is not a subset of {vy,...,v,},
p/ur = er, ..., U, — e,
abbreviates
P/VL = €1, .., Uy —> €, U] —> VL, ..., U — Vg,

where {v],...,v.} =FV(p) —{v1,..., 0.}
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Commands

(comm) ::= (var) := (exp) | skip | (comm) ; (comm)
| if (boolexp) then (comm) else (comm)
| while (boolexp) do (comm)
| newvar (var) in (comm)

| newvar (var) := (exp) in (comm)

Free Variables of Commands

FV(v:=e) = {v} UFV(e)

FV(skip) = {}
FV(cy ;) =FV(ey) UFV(eo)
FV(if b then ¢; else c; = FV(b) UFV(¢;) UFV(c2))

FV(while b do ¢ = FV (b)
FV(newvar v in ¢) = FV(c) — {v}
FV(newvar v:=c¢inc) = FV(e) U(FV(c) — {v}),
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Compositional Large-Step Semantics of Commands

[c e (comm)] . C U Storesy x (Storesy U {L})

fin
V2OFV(c)
is the relation such that

® 5|c]..um s iff, starting in store s, there is a finite execution
of ¢ that terminates in store s’.

® 5[] .y L iff, starting in store s, there is a nonterminating
execution of c.

We postpone defining this relation until we consider the more
elaborate language used with separation logic. Note, however,
that execution preserves the domain of the store, i.e., if s []
then dom s = dom s’. Also,

/
comim S )

Totality

Proposition 2 Our semantics is total: If s € Storesy for some

fin
V 2D FV(c), then there is at least one 7' € Storesy U { L} such
that s [c] T’

comim
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Modified Variables

For a command ¢, the set MD(c), whose members are called the
variables modified by c, is defined by structural induction:

Proposition 3 Suppose v e dom(s) and v ¢ MD(c). If

S [[C]] comm 5 )

then s'v = sw.
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Substitution in Commands

Let ¢ be a command such that FV(¢) C {vy,...,v,}, and let §
denote a substitution

V1 7 €1,...,Up — €y

such that, when v; € MD(c), e; is a variable. When ¢ is a variable
declaration, ¢/d is defined by

(newvar v in ¢)/§ = newvar vy, in (¢/[0|v = Vpew])

(newvar v := e in ¢)/§ = newvar vy, := (¢/6) in (¢/[0|v = Vyew]),

where vpey ¢ FV(er) U---UFV(e,), and [d|v — vpey| is the
substitution that is like 0 except that it maps v into vyey.

For other forms of commands,

(v;:=e€)/d = e;:=(e/6)
(copreepa))S = (p1)8) - (Dn)S) - .



43

The Substitution Law for Commands

Proposition 4 Let ¢ be a command such that FV(c) C {vq,...,v,},
and let O be a substitution

V1 7 €1,...,Up — €y

such that, when v; e MD(c), e; is a variable that does not occur
in any other e;.

For any store s such that FV(e;) U---UFV(e,) C doms, let
s=lv[e]eps |- | ont[en]exps]-
Then
o Ifs[c/0].omm s then s|c]
o Ifs|c/0].omm L5 then s|c]

/
comm S

comm L ‘



44

Assertions

(assert) ::= (boolexp)
| — (assert) | (assert) A (assert) | (assert) V (assert)
| (assert) = (assert) | (assert) < (assert)
| V(var). (assert) | I(var). (assert)
In other words, assertions are formulas of the predicate calculus
in which the terms are the integer expressions ({exp)) of our

programming language, and the assertions include the boolean
expressions ((boolexp)) of the programming language.

Free Variables of Assertions
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The Semantics of Assertions

t . St — B.
[[p € <asser >]]assert (UVﬁDFV oresv)

Instead of [p] s = true, however, we write s £ p.

assert

s F b iff [b],y0eps = true,
s —p iff s FE p is false,

sFEpoAp iff sEpgand sFE p;

(and similarly for V, =, <),
sEYv.pifft Ve eZ. [s|v:z]Ep,
sEJu.pifft Az eZ. [s|v:x]Ep,

where [s | x:n ]|y = if z = y then n else s(y).

Examples

sEx+y=xiff [x+y=x]
ifft sy =0.

boolexpS

sEVx.x+y=xiff VneZ.|s|xn]|Ex+y=x
iff VneZ.|s|xn]y=0
iff VneZ.sy=20
ifft sy =0.
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Substitution in Assertions

Let p be an assertion such that FV(p) C {vq,...,v,}, and let §
denote a substitution

V1 — €1,...,Up — €.
When p begins with a quantifier, p/d is defined by

(Vv. p) /6 = YUpew- (/610 = Vnew])
(Fv. p)/d = FVpew- (/10| = Vnew])

where vpey ¢ FV(er) U---UFV(e,), and [d|v — vpey| is the
substitution that is like 0 except that it maps v into vyey.

For other forms of assertions:

(o opropn )8 = (p1)8) - (pn)S) .

The Substitution Law for Assertions
Proposition 5 Let 0 abbreviate the substitution
V1 —> €1,...,U, — €y,
let s be a store such that FV(e;)U---UFV(e,) C doms, and let

s=lv[e]eps |- [ ont[en]exps]-

If p is an assertion such that FV(p) C {v1,...,v,}, then

st (p/d) iff sk p.
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Some Cautions

e It is vital to distinguish between variables (in programs or
assertions) and metavariables (which range over phrases of
the programming language or logic). We will use san-serif
font for variables and Roman or Greek fonts for metavari-
ables.

e We suppress any indication of a model or structure, since,
with rare exceptions, the only model we will use for the
predicate calculus is the standard model M;,; of the inte-
gers. In place of M;,; Fs p we write s F p, and we call s a
store, rather than an assignment or environment.

e In standard Hoare logic (and in separation logic), expres-
sions in the programming language are the same as terms
in the predicate calculus, and have the same meaning.
They always terminate, never give error stops, and never
have side effects.
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Some Terminology

Let V contain all of the free variables of p (or p and ¢ in cases
4 and 5). Then

1. When s F p for some store s € Storey, we say

® pis truein s,
e p holds for s,
e p describes s,

e s satisfies p.

2. When s F p for all s € Storey, we say
e p is valid.

3. When s F p for no s € Storey, we say
e p is unsatisfiable.

4. When s F q holds for every s € Storey such that s E p, we
say

e p is stronger than q,

e ¢ is weaker than p.

(Notice that true is weaker than any assertion and false
is stronger than any assertion.)

5. When s F ¢ holds for exactly those s € Storesy such that
s F p, we say

e p is equivalent to q.
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Specifications (Hoare Triples)

(spec) ::= {(assert)} (comm) {(assert)} (partial correctness)

| [ (assert) | (comm) | (assert) | (total correctness)

Let V=FV(p) UFV(c) UFV(q). Then

Partial correctness:
{p} ¢ {q} holds iff Vs e Storesy. s F p implies

<‘v’5’ e Storesy . s [c] s' implies s’ F q).

Total correctness:
[p]c[q]holdsiff Vs e Storesy. s E p implies
o S |:IiCjI:ICOIIlIIl J_

and <V5’ e Storesy . s [c] s" implies s’ F q).

comim
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Examples of Valid Partial Correctness Specifications

{x—y>3}tx:=x—y{x>3}
{x4+y>17} x:=x4+10{x+y > 27}
{x < 10} while x # 10 do x:=x+ 1 {x = 10}
{true} while x # 10 do x:=x+ 1 {x = 10}
{x > 10} while x # 10 do x :=x + 1 {false}

Examples of Valid Total Correctness Specifications

[x—y>3]x:=x—y[x>3]
[ x+y>17]x:=x+ 10 [x+y > 27]
[x <10 | whilex # 10dox:=x+ 1 [x=10]
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Inference Rules and Proofs

e An inference rule for Hoare logic consists of zero or more
premisses (either specifications or assertions) and a single
conclusion (a specification), separated by a horizontal line:

P, P,
C

e The premisses and conclusion are schemata, i.e., they may
contain metavariables, each of which ranges over some set
of phrases, such as expressions, commands, or assertions.

e An instance of an inference rule is obtained by replac-
ing each metavariable by a phrase in its range. These re-
placements must satisfy the side-conditions (if any) of the
rule. (Since this is replacement of metavariables rather
than substitution for variables, there is never any renam-

ing.)

e A formal proof in Hoare logic is a sequence of assertions
and /or specifications, each of which is either a valid asser-
tion or the conclusion of some instance of a sound inference
rule whose premisses occur earlier in the sequence,

e An inference rule with zero premisses is called an axiom
schema. The overbar is sometimes omitted.

e An axiom schema containing no metavariables is called an
axiom. The overbar is usually omitted.
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Soundness

An inference rule of Hoare logic is sound iff, for all instances,
e if the premisses of the instance are all valid,
e then the conclusion is valid.

Since we require the assertions in a formal proof to be valid and
the inference rules used in the proof to be sound, it follows that
the specifications in a formal proof must all be valid.



Inference Rules for Specifications:

Assignment (AS)

{p/v—e}v:=e{p} [p/v—e]vi=e[p]

Instances

{x—y>3}x:=x—y{x>3}

{2xy)—y>3}x:=2xy{x—y>3}

53
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Inference Rules for Specifications:

Sequential Composition (SQ)

rtalyg  Ageiry lplald  ldelr]

{p} c1;c {r} pleisea|r]

An Instance

{2xy)—y>3}x:=2xy{x—y>3}
{x—y>3}tx:=x—y{x>3}

{2xy)—y>3}x:=2xy;x:=x—y{x>3}

Note

Except for while commands and recursive procedures, reasoning
for partial and total correctness is the same. Henceforth, we will
give only rules for partial correctness, except when the rule for
total correctness is different.
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Inference Rules for Specifications:

Strengthening Precedent (SP)

p=q {q}c{r}

{p}c{r}

An Instance

y>3=2xy)—y>3
{2xy)—y>3}x:=2xy;x:=x—y {x>3}

{y>3}x:=2xy;x:=x—y {x> 3}

Weakening Consequent (WC)

yelap  q=r

{p}c{r}

An Instance
{y>3}x:=2xy:;x:=x—y {x> 3} x>3=x>4
{y>3}x:=2xy;x:=x—y{x>4}

Since they are applicable to arbitrary commands, the rules (SP)
and (WC) are called structural rules. One premiss of each of
these rules is an assertion, which is called a verification con-
dition (VC). The verification conditions are used to introduce
mathematical facts about data types into proofs of specifica-
tions.
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A Simple Proof

6.

7.

{2xy)—y>3}x:=2xy{x—y>3} (AS)
(x—y>3tx:=x—y {x>3) (AS)
(2xy)—y>3tx=2xy:x:=x—y{x>3} (5Q,1,2)
y>3=2xy)—y>3 (VC)
{y>3lx:=2xy:x:=x—y {x >3} (SP,4,3)
Xx>3=>x2>4 (VC)
{y>3bx:=2xy;x:=x—y {x >4} (WC,5,6)

As long as only simple facts about integer arithmetic are in-
volved, we will allow valid verification conditions to appear in
proofs without proving these conditions.
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A More Realistic Proof

1.{f=fiblk+1)Ag=fib((k+1)—1)Ak+1<n}
k:=k+1
{f =fib(k) Ag =fib(k — 1) Ak <n} (AS)

2. {f+t=fiblk+1)Ag=1fib((k+1)—1)Ak+1<n}

f.=f+t

{f=fiblk+1)Ag=fib((k+1) —1)Ak+1<n} (AS)
3.{f+t=fiblk+1)Ag=1fib((k+1)—-1)Ak+1<n}

f=f+t; ki=k+1

{f =fib(k) Ag =fib(k — 1) Ak <n} (5Q,1,2)
4 {f+t="fiblk+1)Af=1fib((k+1)—1)Ak+1<n}

g:=f

{f+t=fiblk+1)Ag=fib((k+1) —1)Ak+1<n} (AS)
5.{ff +t=fib(lk + 1) Af=1fib((k+1)—1)Ak+1<n}

g =f:f:=f4+t; ki=k+1

{f =fib(k) Ng=1fib(k — 1) Ak <n} (SQ,3,4)
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A More Realistic Proof (continued)

6.{f+g="fib(k+ )Af=fib((k+1)—1)Ak+1<n}
t:=g
{f+t=fib(k+1)Af=fib((k+1)—1)Ak+1<n} (AS)
7{f+g="fibk+ ) Af=fib((k+1)—1)Ak+1<n}
ti=g;g:=f;f=f+t; k:=k+1
{f =fib(k) ANg=tfib(k — 1) Ak <n} (5Q,5,6)
8. (f =fib(k) ANg=fiblk—1)Ak<nAk#n)=
(f+g=fibk+ 1) Af=fib((k+1) —1)Ak+1<n)

(VC)
9.{f =fib(k) Ahg=fiblk —1) Ak <nAkz#n}
ti=g;g=f;f=f+t; k:=k+1
{f =fib(k) Ag=1fib(k — 1) Ak <n} (SP,7.8)

*since

fib(0)=0  fib(1) =1  fib(4) = fib(i — 1) + fib(i — 2).
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Inference Rules for Specifications:

An Alternative “Forward” Rule for Assignment (ASALT)

{ptv=e{I . v=€ NP}
where v’ ¢ {v}UFV(e)UFV(p), €' ise/v — v, and p’ isp/v — v'.
The quantifier can be omitted when v does not occur in e or p.

The problem with this rule is the accumulation of quantifiers.
For example, when we use it to prove

{f =fib(k) Ag=1fib(k —1) Ak <nAk#n}
t:=g;g:=f;f=f+t; k:i=k+1
{f =fib(k) Ag =fib(k — 1) Ak < n},

we get the verification condition

(k. . g k=K +1Af=f+tAhg=fAt=¢g

AN =fib(K)ANg =1fib(k' = 1)AK <nAkK #n)=
f =fib(k) Ag=fib(k — 1) Ak <n.



60

Inference Rules for Specifications:

Variable Declaration (DC)
i} cid;

{p} newvar v in ¢ {q}

when v does not occur free in p or q.

Here the requirement on the declared variable v formalizes the
concept of locality, i.e., that the value of v when ¢ begins execu-
tion has no effect on this execution, and that the value of v when
c finishes execution has no effect on the rest of the program.

Locality is a property of the specification of a command rather
than just the command itself, since it depends on the use to
which the command may be put. For example, the same com-
mand satisfies both of the specifications

{ftrue} t:=x+y;z:=txt{z= (x+y)?}
{true} t:=x+y;z:=txt{z=(x+y)* At=x+y}.

But the variable t is local only in the first case, so that newvar t
in (t:=x4y;z:=t x t) meets only the first specification:

{true} newvar tin (t:=x+y;z:=t xt) {z= (x +y)*}.
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An Instance of the Rule for Declarations
{f =fib(k) Ag=1fib(k —1) Ak <nAk#n}
ti=g;g:=f;f=f+t; k:=k+1

{f =fib(k) Ag =fib(lk — 1) Ak < n}
{f =fib(k) Ag =1fib(k — 1) Ak < nAk#n}
newvartin (t:=g;g:=f;f:=f+t; k:=k+1)
{f =fib(k) Ag=1fib(k — 1) Ak <n}
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Inference Rules for Specifications:

Partial Correctness of while (WHP)

{i Nb} c {i}
{i} while b do ¢ {i A — b}

Here 7 is the invariant.

An Instance
{f =fib(k) Ag =1fib(k — 1) Ak < nAk#n}
newvar tin (t:=g;g:=f;f:=f+t; k:=k+1)
{f =fib(k) Ag=tfib(k — 1) Ak < n}

{f =fib(k) Ag =fib(lk — 1) Ak <n}
while k # n do

newvartin (t:=g;g:=f;f:=f+t; k:=k+1)
{f =fib(k) Ag=1fib(k —1) Ak <nA—-k#n}
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Inference Rules for Specifications:
Total Correctness of while (WHT)
[iANbAe=wvg|c[iNe <] (tAb)=e>0

7] whilebdoc[iAN— D]

when vy does not occur free in ¢, b, ¢, or e.
Here 1 is the wnvariant, e is the variant, and vy is a ghost variable.

An Instance
f =fib(k) Ag=1fib(k—1)Ak<nAk#nAn—k=vg
newvartin (t:=g;g:=f;f:=f+t; k:=k+1)
[f =fibk) Ag=1fib(k—1)Ak<nAn—k < vg

(f =fib(k) Ag=fiblk —1)Ak<nAk#n)=n—-k>0
[f =fib(k) Ag=fib(k — 1) Ak < nj
while k ## n do

newvartin (t:=g;g:=f;f:=f+t; k:=k+1)
f =fib(k) Ag =1fib(k — 1) Ak <nA =k #n]
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Other Well-Ordered Sets

Sometimes, the range of variants must be a larger well-ordered
set than the set of natural numbers. For example, to show the
termination of

[true]
while x # 0 do

if x < 0 then (newvary in x:=|y|) else x:=x — 1
x = 0]

we can use the variant if x < 0 then oo else x, which ranges
over the well-ordered set {m |n >0} U {oco}.

This program contains the command
newvar y in x := |y|,

which always terminates, yet has an infinite number of possible
outcomes. This is called unbounded nondeterminism.
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Inference Rules for Specifications:

Conditional (CD)

pAbyertgy {pPA- D {g)
{p} if b then ¢ else ¢ {q}

An Instance
{n>0An=0}
f:=0
{f = fib(n)}

{n>0A-n=0}
newvar g in newvar k in
(k:zl;g::();f:zl;
while k # n do
newvar t in (t::g;g::f;f::f—i—t;k::k—|—1))

{f = fib(n)}

{n >0}
if n =0 then f :=0 else
newvar g in newvar k in
(k:zl;g:zO;f:zl;
while k # n do
newvartin(t::g;g::f;f::f—l—t;k::k—l—l))

{f = fib(n))
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Inference Rules for Specifications:

An Alternative Rule for Conditionals (CDALT)
{p:1} e {a} {p2} 2 {q}

{(b=p1) A (= b= py)} if b then ¢, else c» {q}

skip (SK)

{p} skip {p}
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Annotated Specifications

In an annotated specification, additional assertions called anno-
tations are placed within the command in such a way that the
proof of the specification can be reconstructed from the annota-
tions. For example, the following is a (highly) annotated total
correctness specification for the Fibonacci program:

[n > 0]

if n = 0 then
[0 = fib(n)]
f:=0

else

newvar g in newvar k in

(1 = fib(1) A0 =fib(1 — 1) A1 <n]

k:=1:
[1 = fib(k) A0 = fib(k — 1) Ak < n]
g:=0;

[1 =fib(k) Ag =fib(k —1) Ak < n]
f:=1;

[

= fib(k) Ag = fib(k — 1) A k < n]
while [vrnt:n — k] k # n do newvar tin (- )
[f = fib(k) Ag = fib(k — 1) Ak < n A—k=n])
[f = fib(n)]
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Annotated Specifications (continued)

n > 0]

while [vrnt:n — k] k # n do newvar t in
([f+g = fib(k+1)Af = fib((k+1)—1)Ak+1 < nAn—(k+1) < vg

t:=g;

[f+t = fib(k+1)Af = fib((k+1)—1)Ak+1 < nAn—(k+1) < v]
g:=f

[f+t = fib(k+1)Ag = fib((k+1)—1)Ak+1 < nAn—(k+1) < vg]
f.=f+t;

[f = fib(k+1)Ag = fib((k+1)—1)Ak+1 < nAn—(k+1) < vg]
ki=k+1)

[f = fib(k) Ag = fib(k — 1) Ak <nA—k+#n])
[f = fib(n)]
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Why Annotations Are Needed

Without annotations, it is not straightforward to construct a
proof of a specification from the specification itself. For example,
if we try to use the rule for sequential composition,

{p} e {q} {q} 2 {r}
{p} c1;ea {r},

to obtain the main step of a proof of the specification

{n>0}

(k:=0;s:=1);

while k #ndo (k:=k+1;s:=2 X s)
{s=2"},

there is no indication of what assertion should replace the metavari-
able gq.
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Why Annotations Are Needed (continued)

But if we change the rule to

{p}c1{d} {q} c2 {r}
{p}c1i{q} c2 {r},

then the new rule requires the annotation ¢ to occur in the
conclusion:

{n>0)
(k:=0;s:=1);

{s=2"Ak<n}

while k #ndo (k:=k+1;s:=2 X s)
{s=2"}.

Then, once ¢q is determined, the premisses must be

{n> 0}
(k:=0;s:=1);
{s=2"Ak <n}

and
{s=2"Ak<n}
while k #ndo (k:=k+1;s:=2 X s)
{s=2"}.

The basic trick is to add annotations to the conclusions of the
inference rules so that the conclusion of each rule completely
determines its premisses.
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Rules for Annotated Specifications

To obtain annotated specifications, we must change the following
rules (and avoid using the “alternative” rules given earlier):

Sequential Composition (SQAN)

{p} i {q} {q} 2 {r}
{p} c1;{q} 2 {r}

Strengthening Precedent (SPAN)

p=q {q}c{r}

i ar cir}
Weakening Consequent (WCAN)

yclay  q=r

{p} c{gp{r}

Total Correctness of while
[iANbAe=uvy|c[itNe <] (tAb)=e>0
|7 ] while [vrnt:e]bdoc|[iA— b]

when vy does not occur free in ¢, b, ¢, or e.
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More Rules for Annotated Specifications

In their present form, our inference rules lead to many more an-
notations than necessary. To reduce the number of annotations,
it is useful to change further rules. (Each of the following rules
can be derived from earlier rules.)

Assignment (ASAN)

po = (p/v — e) {po} c{p/v — e}

{po} v:=e{p} {po} c;v:=e{p}

skip (SKAN)
Do =P

{po} skip {p}

Partial Correctness of while (WHPAN)

{t ANb} c{i} (e A—=b)=0p
{¢} while b do ¢ {p}

Total Correctness of while (WHTAN)

[itANbANe=vy]cliNne<wvy] (iANb)=e>0 (EA-D)=p

[ 7] while [vrnt:e]bdo ¢ [p]

when vy does not occur free in ¢, b, ¢, or e.
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A Minimally Annotated Specification for Fibonacci
Numbers

n > 0]
if n =0 thenf:=0 else

newvar g in newvar k in
(k:zl;g::();fzzl;
[f = fib(k) Ag =fib(k — 1) Ak < n]
while [vrnt:n — k] k # n do
newvar t in (t::g;g::f;f::f—i—t;k::k—|—1))
f = fib(n)]

Verification Conditions

1.n>0An=0=0=fib(n)
2.n>0A-n=0=1=fb(1)A0=fib(1-1)A1<n

3. f=fib(k)Ag=1fib(k—1)Ak<nAk#nAn—k=vy=
f+g=fiblk+1)Af=1fib((k+1)—1)Ak+1<n
/\n—(k—|—]_)<V0

4. f =fib(k) Ag=fiblk—1)Ak<nAk#n=n—-k>0

5. f =fib(k) Ag =fib(k —1) Ak < nA -k #n=f=fib(n)
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The Proof Determined by the Annotated Specifica-

tion

(n>0An=0)= (0= fib(n)) (VC)

In>0An=0]

f: =0

[f = fib(n)] (ASANT,1)

(N>0A—-n=0)=(1=1fib(1)A0=1fib(1—-1)A1<n)
(VC)

n>0A—-n=0]

k:=1

[1 =fib(k) A0 =fib(k — 1) Ak < n] (ASANT1,3)

INn>0A=n=0]

k:=1;g:=0

[1 =fib(k) Ag =fib(k — 1) Ak < n] (ASAN2.4)

n>0A—-n=0]

k:=1;g:=0;f:=1

[f = fib(k) Ag =fib(k — 1) Ak < n] (ASAN2,5)

(f =fib(k) Ag =fib(k—1)Ak<nAk#nAn—k=vy) =

(f+g=fibk+1)Af=1fib((k+1)—1)Ak+1<nA
n—(k+1) <vo) (VC)
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f =fib(k) Ag=fib(k—1)Ak<nAk#nAn—k=vg

t=g
[f+t=fib(k+1)Af=1fib((k+1)—1)Ak+1<nA
n—(k+1)<vg] (ASAN1,7)
f =fib(k) Ag=1fib(k—1)Ak<nAk#nAn—k=vg
t:=g;g:=f
f+t=1fiblk+1)Ag=1fib((k+1)—1)Ak+1<nA
n—(k+1)<vg (ASANZ2,8)

10. [f =fib(k) Ag=fib(k —1) Ak <nAk#nAn—k=vg

ti=g:;g:=f;f:=f+1t

f=fiblk+1)Ag=1fib((k+1)—1)Ak+1<nA
n—(k+1) < v (ASAN2,9)
11. [f =fib(k) Ag=fib(k —1) Ak <nAk#nAn—k=vg

t:=g;g:=f;f=f+t; ki=k+1
f =fib(k) Ag=1fib(k —1) Ak <nAn—k < v
(ASAN2,10)

12. [f =fib(k) Ag=fib(k—1) Ak <nAk#nAn—k=yg

newvar tin (t:=g;g:=f;f:=f+t; k:=k+1)
f =fib(k) Ag=1fib(lk —1)Ak<nAn—k<vy] (DC,11)
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13.

14.

15.

16.

17,

(f =fib(k) Ag=fiblk —1)Ak<nAk#n)=n—-k>0
(VC)

(f =fib(k) Ag =fiblk—1) Ak <nA—-k%#n)=f=fib(n)
(VC)

[f =fib(k) Ag=1fiblk —1) Ak <

while [vrnt:n — k] k # n do
newvartin (t:=g;g:=f;f:=f+t;k:=k+1)

[f = fib(n)] (WHTAN,12,13,14)

)

INn>0A—-n=0]

k:=1;g:=0;f:=1;

[f =fib(k) Ag=1fiblk —1) Ak <

while [vrnt:n — k| k # n do
newvartin (t:=g;g:=f;f:=f+t;k:=k+1)

[f = fib(n)] (SQAN,6,15)

)

INn>0A—-n=0]
newvar k in
(k:zl;g:zO;f:zl;
[f = fib(k) Ag =fib(k — 1) Ak < n]
while [vrnt:n — k] k # n do
newvar t in (t::g;g::f;f::f—i—t;k:zk—l—l))
[f = fib(n)] (DC,16)
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18. [n>0A—=n=0]
newvar g in newvar k in
(k:zl;g::();fzzl;
[f =fib(k) Ag =fib(k — 1) Ak < n]
while [vrnt:n — k] k # n do
newvar t in (t::g;g::f;f::f—i—t;k:zk—l—l))
[f = fib(n)] (DC,17)

19. [n > 0]
if n =0 then f :=0 else
newvar g in newvar k in
(k:zl;g::();fzzl;
[f =fib(k) Ag=fib(k — 1) Ak <nj
while [vrnt:n — k] k % n do
newvar t in (t::g;g::f;f::f—l—t;k::k—l—l))
[f = fib(n)] (COND,2,18)
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An Annotated Specification for Fast Exponentiation

n > 0]
newvar k in newvar z in
<k::n;z::x;y::1;
[y x 2 =x" Ak > 0]
while [vrnt: k] k # 0 do
(if odd(k) then (k:=k —1;y:=y x z) else skip;
k::k+2;z::z><z))
ly =]

Verification Conditions

I.n>0=1xx"=x"An>0

2. yXZ"=x"Ak > 0Ak#0Ak=kyAodd(k) =
(y x z) x (z x z)(k=DF2 = xn
Ak—1)+2>0A(k—1)+2 < kg

3. yxZ"=x"Ak>0Ak#0Ak=koA—odd(k) =
yX (zx2)2=x"Ak+2>0Ak+2 <k

4. y xZ=x"Ak>0Ak#0=k>0

5. y X Z*=x"Ak>0A-k#0=y=x"
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Interderivability of the Assignment Rules

{p/v—ervi=ec{p}

{ptv:=e{F . v=€e Ap'}
where v’ ¢ {v}UFV(e)UFV(p), ¢’ ise/v — v, and p’ is p/v — v'.

To show the second rule, assuming the first:

{p}

{e =eAp}

{le=€e" NP )/ — v}
{'.e=€ ANp'}
(T v=¢Ap'}

To show the first rule, assuming the second:

{p/v— e}

. v=€eAN((p/v—e)/v—)}
{F'. v=¢€eAN(p/v—e€)}
{F.v=r¢€ Ap}

{3 p}

{p}

Note that these are proof schemata, i.e., they become proofs
when the metavariables are replaced by appropriate phrases.
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Interderivability of the Conditional Rules
pAbya{qt  {pA—b}eaigs

{p} if b then ¢ else ¢ {q}

{p1} 1 {q} {p2} c2 {q}

{(b=p1) A (= b= py)} if b then ¢, else ¢ {q}

Assume the premises of the second rule. Then

{(b=p1) A (— b= p2) N\ b}

{p1}

C1

{q}

and

{(b=pi) AN (= b=py) A= b}

{pz }

{q},

and the first rule gives the conclusion of the second rule:

{(b=p1) A= b= p2)}
if b then c¢; else ¢

{q}
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Interderivability of the Conditional Rules (continued)
pAbyafey  {pA-beadiq)
{p} if b then ¢ else ¢ {q}
{p1} a{q} {p2} 2 {q}

{(b=p1) A (— b= py)} if b then ¢; else c; {q}

Assume the premises of the first rule. Then the second rule gives
the main step in

{p}
{b=pAb)AN(-b=>pA—-Db)}

if b then ¢, else ¢

{q},

which is the conclusion of the second rule.
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Structural Inference Rules

In addition to Strengthening Precedent and Weakening Con-
sequent, there are a number of other structural rules that are
applicable to all commands.

Renaming (RN)

{p} c{d}

W'y dAdy,
where p', ¢/, and ¢’ are obtained from p, ¢, and ¢ by zero or more
renamings of bound variables.

It is sometimes necessary to use renaming in combination with
the rule for variable declarations, e.g.

{x=0}y:=1{x=0}
{x =0} newvaryiny:=1{x =0}

{x =0} newvar xin x:=1 {x = 0}.
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Substitution (SUB)
1} c 14}

{p} c{q})/v1 — €1, ..., v, — ey,

where vy,...,v, are the variables occurring free in p, c, or g,
and, if v; is modified by c, then e; is a variable that does not
occur free in any other e;.

For example, in

{x=y}x:=x+y{x=2xy},
one can substitute x — z, y — 2 x w — 1 to infer
{z=2xw—-1}z:=z4+2xw—-1{z=2%x (2xw—1)}.

But one cannot substitute x — z,y — 2 x z — 1 to infer the
invalid

{z=2xz—-1}z:=2z42xz—-1{z=2x(2xz—-1)}.

The rule for substitution will become important when we con-
sider procedures.

A special case of this rule occurs for an identity substitution, in
which each e; is v;. Such substitutions still permit renaming (by
choosing the v,ey ). Thus the Renaming rule is a special case of
the substitution rule.
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Structural Inference Rules:

Conjunction (CONJ)
{p1} c{a:} {p2} c{q2}

{pr Ap2}c{ar A g}
Disjunction (DISJ)
{1} c{a} {p2} c{q2}

{pVp)ce{a Vel

Universal Quantification (UQ)

{p} c{a}
{Vv. p} c {Vo. ¢},

where v is not free in c.

Existential Quantification (EQ)

{p} c{q}
{Jv. p} ¢ {Fv. ¢},

where v is not free in c.




Structural Inference Rules:

Constancy (CONST)
i} c {4}

{pAryc{gnr}

when no variable occurring free in r is modified by c.
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Structural Rules for Annotated Specifications

The use of the structural rules for renaming, substitution, dis-
junction, and conjunction cannot easily be indicated in anno-
tated specifications. But we can give versions of the remaining
rules that are suitable:

Existential Quantification (EQAN)

i} c g}
{Fv. p} {Fv} in ¢ {Tv. ¢}

where v is not free in c.

Universal Quantification (UQAN)

{p} cig;
{Vv. p} {Vo}in ¢ {Vu. ¢}

where v is not free in c.

Constancy (CONSTAN)
1P} c 14}

{p A1} coninv rinc{gAr}

when no variable occurring free in r is modified by c.
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Ghost Variables

A ghost variable of a specification is a variable that occurs in
the specification but not in the command being specified.

The main use of ghost variables is to relate stores at different
points in the program. For example, in the following program,
the ghost variable kg is used to “remember” the initial value of
k, in order to specify that the final value of y is x raised to the
initial value of k:

k >0 Ak =k
newvar z in
(z::x;yzzl;
[y x = x Ak > 0]
while [vrnt: k] k # 0 do
(if odd(k) then (k:=k —1;y:=y x z) else skip;
k::k+2;z::z><z)>

[y = x]
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Totality is built into the Predicate Calculus

Suppose we permit an ill-defined expression such as z =+ 0. Then
our rules of inference allow us to prove such specifications as:

[true]y :=x+0;y:=7[y="7]
[x =7]if x+0 =29 then x:=x+1 else x:=x—1 [x = 8Vx =6 |

(x=T7]ifx+0=x+0thenx:=x+1lelsex:=x—1[x=8].

Even in the absence of any axioms about =, the assumption is
built into our logic that x + 0 terminates without an error stop
or side effects, and always gives the same value.
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Varied Arithmetic

In general, integer division satisfies

y#0 = x=(x+y)Xy+xremy

(1)

Xx>0Ay>0 = 0<xremy <y,

However, although most machines provide division that is “odd”
in x and vy:
y#0 = (=x) +y=—(x+y)

y#0 = x+(-y)=—(x+y),

a few machines provide a “number-theoretic” division satistying
y>0=0<xremy <y,

so that, for example, -3 +2 = —2 and —3 rem 2 = 1.

If one limits the axioms about division to (1), then anything one
proves will hold for both kinds of arithmetic. One can also add
a monotonicity law, since it holds in both situations:

y>0AXx<X = x+y<x +y.
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Weakest Preconditions

We extend our langauge of assertions with notations for weakest
preconditions and weakest liberal preconditions:

(assert) 1= .- -
| wp({comm), (assert))

<
| wlp((comm), (assert))

with the semantics

s Fwlp(c,q) iff Vs’ e Storesy. s[c] s’ implies s’ F ¢

comimn

s Ewp(c,q) iff —s|c] 1 and

comim

(Vs e Storesy. s [c] s implies ' E q).

comimn

It follows that specifications can be defined as:

{p} c {q} iff p= wlp(c,q) is valid,
[plclq] it p=wp(c,q) is valid.
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General Rules

The following inference rules for our extended assertion language
are sound, in the sense that, when all the premisses of an in-
stance are valid, then the conclusion is valid.

e Law of the Excluded Miracle

wp(c, false) < false,

e Monotonicity
p=4q

wp(c,p) = wp(c, q),

e Conjunction

(wp(e,p) Awp(c,q)) & wp(e,p A q),

e Disjunction

(wp(c,p) vV wp(c,q)) = wp(c,pV q).

Note that the inference rules (CONJ) and (DISJ) follow from
the above rules for conjunction and disjunction.

The analogous rules hold for wlp, except for the law of the
excluded miracle.
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Rules for Specific Commands

For most commands. one can give an axiom schema that ex-
Y/

presses the weakest precondition in terms of the weakest pre-

conditions of subcommands:

e Assignment

wp(v:=¢e,q) < (q/v — e),

e skip

wp(skip, ¢) & g,

e Sequential Composition

Wp(CO y C1, Q) = Wp<607 Wp(cla Q))a

e Conditional

wp(if b then ¢ else ¢, q) &

(bi Wp(co,q)) A (ﬂ b= Wp(cl,q)>.

Note that the inference rules (AS), (SK), (SQ), and (CDALT)
follow from the above rules.
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Rules for Specific Commands (continued)

e Uninitialized Variable Declaration

wp(newvar v in ¢, q) < (Yv. wp(c,q))
when v is not free in ¢,

e [nitialized Variable Declaration

wp(newvar v:=e¢inc,q) < (Wp(c, q)/v— e)

when v is not free in gq.

All of the command-specific rules for wp also hold for wlp.

There are no similar rules for while commands. This is why
it is necessary to provide the invariants of while commands
(and the variants, in the case of total correctness) in order to
mechanically generate verification conditions.
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Weakest Preconditions versus Annotated Specifica-
tions

Sometimes weakest precondition reasoning requires fewer inter-
mediate assertions than annotated specifications. For example,
to prove

{x=3Vvy=3}

Z:1=Y;

if z=3then x:=3elsey:=3
{x=3Ay =3}

using annotated specifications requires an intermediate asser-

tion:
{x=3vy=3}

Z:1=Y;

{x=3Vvy=3)Az=y}

if z=3then x:=3elsey:=3

{x=3Ay=3}
which leads to three verification conditions

(x=3Vy=3)=(x=3Vy=3)Ay=y)

JANz=yANz=3)=(3=3Ay=23)
=3)ANz=yAN—"z=3)=(x=3A3=3).
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Weakest Preconditions versus Annotated Specifica-
tions (continued)

On the other hand, using weakest preconditions,
wp(z:=y;if z=3thenx:=3elsey:=3,x=3Ay =23)

& wp(z:=y,
wp(if z=3then x:=3elsey:=3,x=3 Ay =3))
& wp(z:=y,
(z=3=wp(x:=3,x=3Ay=23))
& wp(z:=y,
(z=3=3=3Ay=23)
AN(—nz=3=x=3AN3=23))

S (y=3=3=3Ay=3)A(ny=3=x=3A3=3)),
which leads to the single verification condition:

(x=3Vy=3)
S (y=3=3=3Ay=3)A(-y=3=x=3A3=3)).
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The Rule of Continuity

e Continuity

Vv.vEOi(qé(q/v%v—l—l))

wp(c,Fv. v > 0Aq) & Fv. v > 0Awp(c,q)

when v does not occur free in c.

This rule holds if we exclude the uninitialized variable declara-
tion. However, if we include this or any other language construct
that permits unbounded nondeterminism, the rule is no longer
sound.

For example, take v to be v, ¢ to be the command
newvary in x := |y|

(which sets x to an arbitrary nonnegative integer), and ¢ to be
v > x. Then the premise of the continuity rule is valid, and

wp(newvar y in x:=|y|, Fv.v > 0 A v > x)
is true, but
dv.v > 0 A wp(newvar y in x := |y|,v > x)

is false.



