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142Notation for Sequen
esWhen � and � are sequen
es, we write� � for the empty sequen
e.� [x℄ for the single-element sequen
e 
ontaining x. (We willomit the bra
kets when x is not a sequen
e.)� ��� for the 
omposition of � followed by �.� �y for the re
e
tion of �.� #� for the length of �.� �i for the ith 
omponent of �.



143Singly-linked List Segmentslseg � (i; j): Æ�1-i Æ�2 j�n* * � � � *
is de�ned by indu
tion on the length of the sequen
e � (i.e., bystru
tural indu
tion on �):lseg � (i; j) def= emp ^ i = jlseg a�� (i; k) def= 9j: i 7! a; j � lseg � (j; k):Properties lseg a (i; j), i 7! a; jlseg ��� (i; k), 9j: lseg � (i; j) � lseg � (j; k)lseg ��b (i; k), 9j: lseg � (i; j) � j 7! b; klist � i , lseg � (i;nil):



144Proof of the Composition Propertylseg ��� (i; k), 9j: lseg � (i; j) � lseg � (j; k)The proof is by indu
tion on the length of �.When � is empty:9j: lseg � (i; j) � lseg � (j; k), 9j: (emp ^ i = j) � lseg � (j; k), 9j: (emp � lseg � (j; k)) ^ i = j, 9j: lseg � (j; k) ^ i = j, lseg � (i; k), lseg ��� (i; k)When � = a��0:9j: lseg a��0 (i; j) � lseg � (j; k), 9j; l: i 7! a; l � lseg �0 (l; j) � lseg � (j; k), 9l: i 7! a; l � lseg �0�� (l; k) (indu
tion hypothesis), lseg a��0�� (i; k)Emptyness Conditionslseg � (i; j)) (i = nil) (� = � ^ j = nil))lseg � (i; j)) (i 6= j) � 6= �):But these formulas do not say whether � is empty when i = j 6=nil.



145Nontou
hing List SegmentsWhen lseg a1 � � � an (i0; in);we have9i1; : : : in�1:(i0 7! a1; i1) � (i1 7! a2; i2) � � � � � (in�1 7! an; in):Thus i0, . . . , in�1 are distin
t, but in is not 
onstrained, and mayequal any of the i0, . . . , in�1. In this 
ase, we say that the listsegment is tou
hing.We 
an de�ne nontou
hing list segments indu
tively by:ntlseg � (i; j) def= emp ^ i = jntlseg a�� (i; k) def= i 6= k ^ i 6= k+ 1 ^ (9j: i 7! a; j � ntlseg � (j; k));or equivalently, we 
an de�ne them in terms of lseg:ntlseg � (i; j) def= lseg � (i; j) ^ : j ,! �:The obvious advantage of knowing that a list segment is non-tou
hing is that it is easy to test whether it is empty:ntlseg � (i; j)) (� = �, i = j):Fortunately, there are 
ommon situations where list segmentsmust be nontou
hing: list � i ) ntlseg � (i;nil)lseg � (i; j) � list � j ) ntlseg � (i; j) � list � jlseg � (i; j) � j ,! � ) ntlseg � (i; j) � j ,! �:



146Inserting a List Element� At the beginning:flseg � (i; j)gk := 
ons(a; i);fk 7! a; i � lseg � (i; j)gf9i: k 7! a; i � lseg � (i; j)gflseg a�� (k; j)gi := kflseg a�� (i; j)g� At the end of a nonempty segment:flseg � (i; j) � j 7! a; kgl := 
ons(b; k) ;flseg � (i; j) � j 7! a; k � l 7! b; kgflseg � (i; j) � j 7! a � j+ 1 7! k � l 7! b; kgflseg � (i; j) � j 7! a � j+ 1 7! � � l 7! b; kg[j+ 1℄ := lflseg � (i; j) � j 7! a � j+ 1 7! l � l 7! b; kgflseg � (i; j) � j 7! a; l � l 7! b; kgflseg ��a (i; l) � l 7! b; kgflseg ��a�b (i; k)g



147Deleting a List Element� At the beginning:flseg a�� (i; k)gf9j: i 7! a; j � lseg � (j; k)gf9j: i+ 1 7! j � (i 7! a � lseg � (j; k))gj := [i+ 1℄ ;fi+ 1 7! j � (i 7! a � lseg � (j; k))gdispose i ;fi+ 1 7! j � lseg � (j; k)gdispose i+ 1 ;flseg � (j; k)gi := jflseg � (i; k)g� At the end of a nonempty segment:flseg � (i; j) � j 7! a; k � k 7! b; lg[j+ 1℄ := l ;flseg � (i; j) � j 7! a; l � k 7! b; lgdispose k ; dispose k+ 1flseg � (i; j) � j 7! a; lgflseg ��a (i; l)g



148A Cy
li
 Bu�er9�: (lseg � (i; j) � lseg � (j; i)) ^m = #� ^ n = #�+#�When i = j, the bu�er is either empty (#� = 0) or full (#� = 0).To insert an element:f9�: (lseg � (i; j) � lseg � (j; i)) ^m = #� ^ n = #�+#� ^n�m > 0gf9b; �: (lseg � (i; j) � lseg b�� (j; i)) ^m = #� ^ n = #�+#b��gf9�; j00: (lseg � (i; j) � j 7! �; j00 � lseg � (j00; i)) ^m = #� ^ n� 1 = #�+#�g[j℄ := x ;f9�; j00: (lseg � (i; j) � j 7! x; j00 � lseg � (j00; i)) ^m = #� ^ n� 1 = #�+#�gf9�; j00: j+ 1 7! j00 � ((lseg � (i; j) � j 7! x � lseg � (j00; i)) ^m = #� ^ n� 1 = #�+#�)gj := [j+ 1℄ ;f9�; j0: j0 + 1 7! j � ((lseg � (i; j0) � j0 7! x � lseg � (j; i)) ^m = #� ^ n� 1 = #�+#�)gf9�; j0: (lseg � (i; j0) � j0 7! x; j � lseg � (j; i)) ^m = #� ^ n� 1 = #�+#�gf9�: (lseg ��x (i; j) � lseg � (j; i))^m+ 1 = #��x^ n = #��x+#�gm :=m+ 1f9�: (lseg ��x (i; j) � lseg � (j; i)) ^m = #��x ^ n = #��x+#�g



149A Cy
li
 Bu�er (
ontinued)Note the above use of (LKG) for j:=[j+1℄, with r as ((lseg � (i; j0) �j0 7! x � lseg � (j00; i)) ^m = #� ^ n� 1 = #�+#�).To remove an element:f9�: (lseg a�� (i; j) � lseg � (j; i)) ^m = #a � � ^ n = #a�� +#� ^m > 0gf9�; i00: (i 7! a; i00 � lseg � (i00; j) � lseg � (j; i)) ^m� 1 = #� ^ n� 1 = #�+#�gf9�; i00; y: (i 7! y; i00 � lseg � (i00; j) � lseg � (j; i)) ^m� 1 = #� ^ n� 1 = #�+#� ^ y = agy := [i℄ ;f9�; i00: (i 7! y; i00 � lseg � (i00; j) � lseg � (j; i)) ^m� 1 = #� ^ n� 1 = #�+#� ^ y = agi := [i+ 1℄ ;f9�; i0: (i0 7! y; i � lseg � (i; j) � lseg � (j; i0)) ^m� 1 = #� ^ n� 1 = #�+#� ^ y = agf9�: (lseg � (i; j) � lseg ��y (j; i)) ^m� 1 = #� ^ n = #�+#��y ^ y = agf9�: (lseg � (i; j) � lseg � (j; i)) ^m� 1 = #� ^ n = #�+#� ^ y = agm :=m� 1f9�: (lseg � (i; j) � lseg � (j; i)) ^m = #� ^ n = #�+#� ^ y = ag



150Bornat ListslistN � i:
Æ
�1?-i Æ

�2? nil
�n?* * � � � *

is de�ned by listN � i def= emp ^ i = nillistN (a��) i def= a = i ^ 9j: i+ 1 7! j � listN � j:Similarly, one 
an de�ne Bornat list segments and nontou
hingBornat list segments.



151Reversing a Bornat ListflistN �0 igflistN �0 i � (emp ^ nil = nil)gj := nil ;flistN �0 i � (emp ^ j = nil)gflistN �0 i � listN � jgf9�; �: (listN � i � listN � j) ^ �y0 = �y��gwhile i 6= nil do(f9�; �: (listN (i��) i � listN � j) ^ �y0 = (i��)y��gf9�; �; k: (i+ 1 7! k � listN � k � listN � j)^ �y0 = (i��)y��gk := [i+ 1℄ ;f9�; �: (i+ 1 7! k � listN � k � listN � j)^ �y0 = (i��)y��g[i+ 1℄ := j ;f9�; �: (i+ 1 7! j � listN � k � listN � j)^ �y0 = (i��)y��gf9�; �: (listN � k � listN (i��) i) ^ �y0 = �y�i��gf9�; �: (listN � k � listN � i) ^ �y0 = �y��gj := i ; i := kf9�; �: (listN � i � listN � j) ^ �y0 = �y��g)f9�; �: listN � j ^ �y0 = �y�� ^ � = �gflistN �y0 jg



152Doubly-Linked List Segmentsdlseg � (i; i0; j; j0):
i0Æ
�1-i ÆÆ�2 Æj�n j0�* * *k k k� � �� � �is de�ned bydlseg � (i; i0; j; j0) def= emp ^ i = j ^ i0 = j0dlseg a�� (i; i0; k; k0) def= 9j: i 7! a; j; i0 � dlseg � (j; i; k; k0);Propertiesdlseg a (i; i0; j; j0), i 7! a; j; i0 ^ i = j0dlseg ��� (i; i0; k; k0), 9j; j0: dlseg � (i; i0; j; j0) � dlseg � (j; j0; k; k0)dlseg ��b (i; i0; k; k0), 9j0: dlseg � (i; i0; k0; j0) � k0 7! b; k; j0:Emptyness Conditionsdlseg � (i; i0; j; j0) ^ i = nil ) (� = � ^ j = nil ^ i0 = j0)dlseg � (i; i0; j; j0) ^ j0 = nil ) (� = � ^ i0 = nil ^ i = j)dlseg � (i; i0; j; j0) ^ i 6= j ) � 6= �dlseg � (i; i0; j; j0) ^ i0 6= j0 ) � 6= �:(One 
an also de�ne doubly-linked lists and nontou
hing seg-ments.)



153Deleting an Element from a Doubly-Linked List
nilÆ
�1?i ÆÆ�m

?(j)
ÆÆb
?k

ÆÆ�1?(l) Ænil�n?m*k *k *k *k *k *k� � �� � � � � �� � �
f9j; l: dlseg � (i;nil; k; j) � k 7! b; l; j � dlseg � (l; k;nil;m)gl := [k+ 1℄ ; j := [k+ 2℄ ;fdlseg � (i;nil; k; j) � k 7! b; l; j � dlseg � (l; k;nil;m)gdispose k ; dispose k+ 1 ; dispose k+ 2 ;fdlseg � (i;nil; k; j) � dlseg � (l; k;nil;m)gif j = nil thenfdlseg � (l; k;nil;m) ^ i = k ^ nil = j ^ � = �gi := lfdlseg � (l; k;nil;m) ^ i = l ^ nil = j ^ � = �gelsef9�0; a; n: (dlseg �0 (i;nil; j; n) � j 7! a; k; n� dlseg � (l; k;nil;m)) ^ � = �0�ag[j+ 1℄ := l ;f9�0; a; n: (dlseg �0 (i;nil; j; n) � j 7! a; l; n� dlseg � (l; k;nil;m)) ^ � = �0�agfdlseg � (i;nil; l; j) � dlseg � (l; k;nil;m)g...



154Deleting from a Doubly-Linked List (
ontinued)...fdlseg � (i;nil; l; j) � dlseg � (l; k;nil;m)gif l = nil thenfdlseg � (i;nil; l; j) ^ l = nil ^ k = m ^ � = �gm := jfdlseg � (i;nil; l; j) ^ l = nil ^ j = m ^ � = �gelsef9a; �0; n: (dlseg � (i;nil; l; j) � l 7! a; n; k� dlseg �0 (n; l;nil;m)) ^ � = a��0g[l+ 2℄ := jf9a; �0; n: (dlseg � (i;nil; l; j) � l 7! a; n; j� dlseg �0 (n; l;nil;m)) ^ � = a��0gfdlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)gfdlseg ��� (i;nil;nil;m)g



155Inferen
e for Simple Pro
eduresA simple pro
edure de�nition has the formh(x1; � � � ; xm; y1; � � � ; yn) = 
;where y1; � � � ; yn are the free variables modi�ed by 
, and x1; � � � ; xmare the other free variables of 
.If one 
an prove the spe
i�
ation fpg 
 fqg; then one 
an assumethe spe
i�
ation fpg h(x1; � � � ; xm; y1; � � � ; yn) fqg in proving aspe
i�
ation of a 
ommand that 
ontains 
alls of h:Simple Pro
edures (SPROC)When h(x1; � � � ; xm; y1; � � � ; yn) = 
,fpg 
 fqgfpg h(x1; � � � ; xm; y1; � � � ; yn) fqg:From the 
on
lusion of this rule, one 
an reason about other
alls by using the rule for free variable substitution (FVS), andMD(h(x1; � � � ; xm; y1; � � � ; yn)) = y1; � � � ; yn:For partial 
orre
tness, if 
 
ontains re
ursive 
alls, one 
an as-sume fpg h(x1; � � � ; xm; y1; � � � ; yn) fqg in proving fpg 
 fqg:Simple Re
ursive Pro
edures (SRPROC)When h(x1; � � � ; xm; y1; � � � ; yn) = 
,fpg h(x1; � � � ; xm; y1; � � � ; yn) fqg...fpg 
 fqgfpg h(x1; � � � ; xm; y1; � � � ; yn) fqg:



156A Lookup-Pointer Pro
edure for Doubly-Linked ListsSin
efdlseg � (i;nil; j0; j0)gif j0 = nil thenfdlseg � (i;nil; j0; j0) ^ i = j0gj := ielsef9�0; b; k0: � = �0�b^ (dlseg �0 (i;nil; j0; k0) � j0 7! b; j0; k0)gj := [j0 + 1℄f9�0; b; k0: � = �0�b ^(dlseg �0 (i;nil; j0; k0) � j0 7! b; j0; k0) ^ j = j0gfdlseg � (i;nil; j0; j0) ^ j = j0g;the pro
edurelookuprpt(i; j0; j) =if j0 = nil then j := i else j := [j0 + 1℄satis�esfdlseg � (i;nil; j0; j0)glookuprpt(i; j0; j)fdlseg � (i;nil; j0; j0) ^ j = j0g:



157A Set-Pointer Pro
edure for Doubly-Linked ListsSin
ef9j: dlseg � (i;nil; j; j0)gif j0 = nil thenf� = � ^ emp ^ j0 = nilgi := jf� = � ^ emp ^ j0 = nil ^ i = jgelsef9�0; b; j; k0: � = �0�b ^ (dlseg �0 (i;nil; j0; k0) � j0 7! b; j; k0)g[j0 + 1℄ := jf9�0; b; k0: � = �0�b ^ (dlseg �0 (i;nil; j0; k0) � j0 7! b; j; k0)gfdlseg � (i;nil; j; j0)g;the pro
eduresetrpt(j; j0; i) =if j0 = nil then i := j else [j0 + 1℄ := jsatis�esf9j: dlseg � (i;nil; j; j0)gsetrpt(j; j0; i)fdlseg � (i;nil; j; j0)g:



158Upon Re
e
tionThe pro
edurelookuplpt(i; j0; i0) =if i = nil then i0 := j0 else i0 := [i+ 2℄satis�esfdlseg � (i; i00;nil; j0)glookuplpt(i; j0; i0)fdlseg � (i; i00;nil; j0) ^ i0 = i00g;and the pro
eduresetlpt(i; i0; j0) =if i = nil then j0 := i0 else [i+ 2℄ := i0satis�esf9i0: dlseg � (i; i0;nil; j0)gsetlpt(i; i0; j0)fdlseg � (i; i0;nil; j0)g:



159Inserting an Element into a Doubly-Linked List
nilÆ
�1?i ÆÆ�m

?j
ÆÆ�1?(l) Ænil�n?m*k *k *k *k *k� � �� � � � � �� � �

f9l: dlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)glookuprpt(i; j; l) ;fdlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)gk := 
ons(a; l; j) ;fdlseg � (i;nil; l; j) � k 7! a; l; j � dlseg � (l; j;nil;m)gsetrpt(k; j; i) ;fdlseg � (i;nil; k; j) � k 7! a; l; j � dlseg � (l; j;nil;m)gsetlpt(l; k;m)fdlseg � (i;nil; k; j) � k 7! a; l; j � dlseg � (l; k;nil;m)gfdlseg ��a�� (i;nil;nil;m)g



160Deriving the Spe
i�
ation of the Call of lookuprptFrom:fdlseg � (i;nil; j0; j0)glookuprpt(i; j0; j)fdlseg � (i;nil; j0; j0) ^ j = j0g;using Free Variable Substitution (FVS):fdlseg � (i;nil; j0; j)glookuprpt(i; j; l)fdlseg � (i;nil; j0; j) ^ l = j0g;using the Frame Rule (FR) and an obvious property of equality:fdlseg � (i;nil; j0; j) � dlseg � (j0; j;nil;m)glookuprpt(i; j; l)f(dlseg � (i;nil; j0; j) � dlseg � (j0; j;nil;m)) ^ l = j0gfdlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)g;using the rules for Existential Quanti�
ation (EQ), Renaming(RN), and the elimination of a va
uous quanti�er:f9l: dlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)gf9j0: dlseg � (i;nil; j0; j) � dlseg � (j0; j;nil;m)glookuprpt(i; j; l)f9j0: dlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)gfdlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)g:



161Deleting an Element from a Doubly-Linked List

nilÆ
�1?i ÆÆ�m

?(j)
ÆÆb
?k

ÆÆ�1?(l) Ænil�n?m*k *k *k *k *k *k� � �� � � � � �� � �
f9j; l: dlseg � (i;nil; k; j) � k 7! b; l; j � dlseg � (l; k;nil;m)gl := [k+ 1℄ ; j := [k+ 2℄ ;fdlseg � (i;nil; k; j) � k 7! b; l; j � dlseg � (l; k;nil;m)gdispose k ; dispose k+ 1 ; dispose k+ 2 ;fdlseg � (i;nil; k; j) � dlseg � (l; k;nil;m)gsetrpt(l; j; i) ;fdlseg � (i;nil; l; j) � dlseg � (l; k;nil;m)gsetlpt(l; j;m)fdlseg � (i;nil; l; j) � dlseg � (l; j;nil;m)gfdlseg ��� (i;nil;nil;m)g



162An Indu
tive De�nition: Xor-Linked List Segmentsxlseg � (i; i0; j; j0):
�i0Æ
�1-i �ÆÆ�2 �Æj�n j0�* * *k k k� � �� � �

is de�ned byxlseg � (i; i0; j; j0) def= emp ^ i = j ^ i0 = j0xlseg a�� (i; i0; k; k0) def= 9j: i 7! a; (j� i0) � xlseg � (j; i; k; k0):Propertiesxlseg a (i; i0; j; j0), i 7! a; (j� i0) ^ i = j0xlseg ��� (i; i0; k; k0), 9j; j0: xlseg � (i; i0; j; j0) � xlseg � (j; j0; k; k0)xlseg ��b (i; i0; k; k0), 9j0: xlseg � (i; i0; k0; j0) � k0 7! b; (k� j0):Emptyness Conditions (as with dlseg)xlseg � (i; i0; j; j0) ^ i = nil ) (� = � ^ j = nil ^ i0 = j0)xlseg � (i; i0; j; j0) ^ j0 = nil ) (� = � ^ i0 = nil ^ i = j)xlseg � (i; i0; j; j0) ^ i 6= j ) � 6= �xlseg � (i; i0; j; j0) ^ i0 6= j0 ) � 6= �:



163A Set-Pointer Pro
edure for Xor-linked ListsSin
efxlseg � (i;nil; j; j0)gif j0 = nil thenf� = � ^ emp ^ j0 = nilgi := kf� = � ^ emp ^ j0 = nil ^ i = kgelsef9�0; b; k0: � = �0�b ^ (xlseg �0 (i;nil; j0; k0) � j0 7! b; (j� k0))gnewvar x in (x := [j0 + 1℄ ; [j0 + 1℄ := x� j� k)f9�0; b; k0: � = �0�b ^ (xlseg �0 (i;nil; j0; k0) � j0 7! b; (k� k0))gfxlseg � (i;nil; k; j0)g;the pro
edurexsetrpt(j; j0; k; i) =if j0 = nil then i := k elsenewvar x in (x := [j0 + 1℄ ; [j0 + 1℄ := x� j� k)satis�esfxlseg � (i;nil; j; j0)gxsetrpt(j; j0; k; i)fxlseg � (i;nil; k; j0)g:



164Upon Re
e
tionThe pro
edurexsetlpt(i; i0; k; j0) =if i = nil then j0 := k elsenewvar x in (x := [i+ 1℄ ; [i+ 1℄ := x� i0 � k)satis�esfxlseg � (i; i0;nil; j0)gxsetlpt(i; i0; k; j0)fxlseg � (i; k;nil; j0)g:



165Inserting an Element into a Xor-Linked List
�nilÆ
�1?i �ÆÆ�m

?j
�ÆÆ�1?l �Ænil�n?m*k *k *k *k *k� � �� � � � � �� � �

fxlseg � (i;nil; l; j) � xlseg � (l; j;nil;m)gk := 
ons(a; l� j) ;fxlseg � (i;nil; l; j) � k 7! a; (l� j) � xlseg � (l; j;nil;m)gxsetrpt(l; j; k; i) ;fxlseg � (i;nil; k; j) � k 7! a; (l� j) � xlseg � (l; j;nil;m)gxsetlpt(l; j; k;m)fxlseg � (i;nil; k; j) � k 7! a; (l� j) � xlseg � (l; k;nil;m)gfxlseg ��a�� (i;nil;nil;m)g



166Deleting an Element from a Xor-Linked List
�nilÆ
�1?i �ÆÆ�m

?j
�ÆÆb
?k

�ÆÆ�1?(l) �Ænil�n?m*k *k *k *k *k *k� � �� � � � � �� � �
f9l: xlseg � (i;nil; k; j) � k 7! b; (l� j) � xlseg � (l; k;nil;m)gnewvar x in (x := [k+ 1℄ ; l := x� j) ;fxlseg � (i;nil; k; j) � k 7! b; (l� j) � xlseg � (l; k;nil;m)gdispose k ; dispose k+ 1 ;fxlseg � (i;nil; k; j) � xlseg � (l; k;nil;m)gxsetrpt(k; j; l; i) ;fxlseg � (i;nil; l; j) � xlseg � (l; k;nil;m)gxsetlpt(l; k; j;m)fxlseg � (i;nil; l; j) � xlseg � (l; j;nil;m)gfxlseg ��� (i;nil;nil;m)g



167Reversing an Xor-Linked List Segmentxlseg � (i; i0; j; j0):
�i0Æ
�1-i �ÆÆ�2 �Æj�n j0�* * *k k k� � �� � �

xlseg � (i; i0; j; j0), xlseg �y (j0; j; i0; i)Proof (by indu
tion on �):Base 
ase:xlseg � (i; i0; j; j0), emp ^ i = j ^ i0 = j0 , xlseg �y (j0; j; i0; i)Indu
tion step:xlseg a�� (i; i0; k; k0), 9j: i 7! a; (j� i0) � xlseg � (j; i; k; k0), 9j: xlseg �y (k0; k; i; j) � i 7! a; (i0 � j), xlseg �y�a (k0; k; i0; i), xlseg (a��)y (k0; k; i0; i):



168ImagesThe image f�g of a sequen
e � is the setf�i j 1 � i � #� gof values o

urring as 
omponents of �. It satis�esf�g = fg (3)f[x℄g = fxg (4)f���g = f�g [ f�g (5)#f�g � #�: (6)



169Pointwise Extension of RelationsIf � is a binary relation between values (e.g., integers), then ��is the binary relation between sets of values su
h thatS �� T i� 8x 2 S: 8y 2 T: x � y:Pointwise extension satis�es:S 0 � S ^ S �� T ) S 0 �� T (7)T 0 � T ^ S �� T ) S �� T 0 (8)fg �� T (9)S �� fg (10)fxg �� fyg , x � y (11)(S [ S 0) �� T , S �� T ^ S 0 �� T (12)S �� (T [ T 0) , S �� T ^ S �� T 0: (13)Some Abbreviationsx �� T def= fxg �� T S �� y def= S �� fyg



170OrderingWe write ord � if the sequen
e � is ordered in nonstri
t in
reas-ing order. Then#� � 1 ) ord � (14)ord ��� , ord � ^ ord � ^ f�g �� f�g: (15)RearrangementWe say that a sequen
e � is a rearrangement of a sequen
e �,written � � �, i� #� = #� and there is a permutation � su
hthat 8k: 1 � k � #� implies �k = ��(k):Then � � � (16)� � � ) � � � (17)� � � ^ � � 
 ) � � 
 (18)� � �0 ^ � � �0 ) ��� � �0��0 (19)��� � ��� (20)� � � ) f�g = f�g: (21)



171Spe
i�
ations for Sorting by MergingWe de�ne the abbreviationlseg � (e;�) def= 9x: lseg � (e; x):Then we will de�ne pro
edures satisfyingflseg � (i; j0) ^#� = n ^ n � 1gmergesort(n; i; j)f9�: lseg � (i;�) ^ � � � ^ ord � ^ j = j0g:and f(lseg �1 (i1;�) ^ ord �1 ^#�1 = n1 ^ n1 � 1)� (lseg �2 (i2;�) ^ ord �2 ^#�2 = n2 ^ n2 � 1)gmerge(n1; n2; i1; i2; i)f9�: lseg � (i;�) ^ � � �1��2 ^ ord �g:An Arithmeti
al NoteSuppose n � 2. Then 2 � n � 2 � n � 2, and sin
e division bytwo is monotone:1 = 2� 2 � n� 2 � (2� n� 2)� 2 = n� 1:Thus if n1 = n� 2 and n2 = n� n1, then1 � n1 � n� 1 1 � n2 � n� 1 n1+ n2 = n:



172A Proof for mergesortflseg � (i; j0) ^#� = n ^ n � 1gif n = 1 thenflseg � (i;�) ^ ord � ^ i 7! �; j0gj := [i+ 1℄flseg � (i;�) ^ ord � ^ j = j0gelse(n1 := n� 2 ; n2 := n� n1 ; i1 := i ;f9�1; �2; i2: ((lseg �1 (i1; i2) ^#�1 = n1 ^ n1 � 1)� (lseg �2 (i2; j0) ^#�2 = n2 ^ n2 � 1)) ^ � = �1��2gmergesort(n1; i1; i2) ;f9�1; �2; �1: ((lseg �1 (i1;�) ^ �1 � �1 ^ ord �1 ^#�1 = n1 ^ n1 � 1)� (lseg �2 (i2; j0) ^#�2 = n2 ^ n2 � 1)) ^ � = �1��2gmergesort(n2; i2; j) ;f9�1; �2; �1; �2: ((lseg �1 (i1;�) ^ �1 � �1 ^ ord �1 ^#�1 = n1^ n1 � 1)� (lseg �2 (i2;�) ^ �2 � �2 ^ ord �2 ^#�2 = n2 ^ n2 � 1))^ � = �1��2 ^ j = j0gf9�1; �2: ((lseg �1 (i1;�) ^ ord �1 ^#�1 = n1 ^ n1 � 1)� (lseg �2 (i2;�) ^ ord �2 ^#�2 = n2 ^ n2 � 1)) ^ � � �1��2 ^ j = j0gmerge(n1; n2; i1; i2; i)f9�; �1; �2: lseg �(i;�) ^ � � �1��2 ^ ord � ^ � � �1��2 ^ j = j0g)f9�: lseg � (i;�) ^ � � � ^ ord � ^ j = j0g:



173A Proof for mergesort (
ontinued)Thus we may de�nemergesort(n; i; j) =if n = 1 then j := [i+ 1℄ else(n1 := n� 2 ; n2 := n� n1 ; i1 := i ;mergesort(n1; i1; i2) ;mergesort(n2; i2; j) ;merge(n1; n2; i1; i2; i)):



174A Proof for mergeSupposef9�; a1; j1; 
1; j2; 
2:(lseg � (i; i1) � i1 7! a1; j1 � lseg 
1 (j1;�) � i2 7! a2; j2� lseg 
2 (j2;�))^#
1 = n1 ^#
2 = n2 ^ a1 � a2 ^ ��a1�
1�a2�
2 � �1��2^ ord (a1�
1) ^ ord (a2�
2) ^ ord � ^ f�g �� fa1�
1g [ fa2�
2ggmerge1(n1; n2; i1; i2; a2)f9�: lseg � (i;�) ^ � � �1��2 ^ ord �gThen f(lseg �1 (i1;�) ^ ord �1 ^#�1 = n1 ^ n1 � 1)� (lseg �2 (i2;�) ^ ord �2 ^#�2 = n2 ^ n2 � 1)gnewvar a1 in newvar a2 in (a1 := [i1℄ ; a2 := [i2℄ ;if a1 � a2 then (i := i1 ;merge1(n1; n2; i1; i2; a2))else (i := i2 ;merge1(n2; n1; i2; i1; a1)))f9�: lseg � (i;�) ^ � � �1��2 ^ ord �g:Thus we may de�nemerge(n1; n2; i1; i2; i) =newvar a1 in newvar a2 in (a1 := [i1℄ ; a2 := [i2℄ ;if a1 � a2 then (i := i1 ;merge1(n1; n2; i1; i2; a2))else (i := i2 ;merge1(n2; n1; i2; i1; a1)))



175A Proof for merge1f9�; a1; j1; 
1; j2; 
2:(lseg � (i; i1) � i1 7! a1; j1 � lseg 
1 (j1;�) � i2 7! a2; j2� lseg 
2 (j2;�))^#
1 = n1 ^#
2 = n2 ^ a1 � a2 ^ ��a1�
1�a2�
2 � �1��2^ ord (a1�
1) ^ ord (a2�
2) ^ ord � ^ f�g �� fa1�
1g [ fa2�
2ggif n1 = 0 then [i1+ 1℄ := i2f9�; a1; j2; 
2:(lseg � (i; i1) � i1 7! a1; i2 � i2 7! a2; j2 � lseg 
2 (j2;�))^#
2 = n2 ^ a1 � a2 ^ ��a1�a2�
2 � �1��2^ ord (a2�
2) ^ ord � ^ f�g �� fa1g [ fa2�
2ggelse newvar j1 in newvar a3 in(j1 := [i1+ 1℄ ; a3 := [j1℄ ;f9�; a1; j3; 
3; j2; 
2:(lseg � (i; i1) � i1 7! a1; j1 � j1 7! a3; j3 � lseg 
3 (j3;�)� i2 7! a2; j2 � lseg 
2 (j2;�))^#
3 = n1� 1 ^#
2 = n2 ^ a1 � a2 ^ ��a1�a3�
3�a2�
2 � �1��2^ ord (a1�a3�
3) ^ ord (a2�
2) ^ ord �^ f�g �� fa1�a3�
3g [ fa2�
2ggif a3 � a2 then merge1(n1� 1; n2; j1; i2; a2)else ([i1+ 1℄ := i2 ;merge1(n2; n1� 1; i2; j1; a3)))f9�: lseg � (i;�) ^ � � �1��2 ^ ord �g



176A Proof for merge1 (
ontinued)Thus we may de�nemerge1(n1; n2; i1; i2; a2) =if n1 = 0 then [i1+ 1℄ := i2else newvar j1 in newvar a3 in(j1 := [i1+ 1℄ ; a3 := [j1℄ ;if a3 � a2 then merge1(n1� 1; n2; j1; i2; a2)else ([i1+ 1℄ := i2 ;merge1(n2; n1� 1; i2; j1; a3)))


