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Notation for Sequences

When o and (3 are sequences, we write
e ¢ for the empty sequence.

e (x| for the single-element sequence containing x. (We will
omit the brackets when x is not a sequence.)

a-( for the composition of a followed by J3.

al for the reflection of .

#a for the length of a.

«; for the ith component of a.
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Singly-linked List Segments

Iseg v (i, ]):

i_’al/OQ/ Jan
O— O— '

is defined by induction on the length of the sequence « (i.e., by
structural induction on «):

seg e (i,)) & emp Ai = ]
Iseg a-cx (i, k) = Jj. i a,j * Iseg o (j, k).
Properties
Isega (i,j) < i+— a,]

Iseg -0 (i, k) < Jj. Iseg a (i, J) * Iseg 3 (j, k)
Iseg b (i, k) < Jj. Iseg v (i,) * j+— b,k

list i < Iseg « (i, nil).
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Proot of the Composition Property

Iseg -0 (i, k) < Jj. Iseg (i, ) * Iseg (5 (J, k)
The proof is by induction on the length of .

When « is empty:
Jj. Iseg € (i,j) * Iseg 3 (j, k)
< Jj. (emp Ai =) * Iseg 5 (j, k)
< Jj. (emp * Iseg B (j,k)) Ni=]
< ). Iseg B (j, k) Ai =
< Iseg 5 (i, k)
& Iseg e-3 (i, k)

When a = a-a':
). Iseg a-a’ (i,]j) * Iseg 3 (j, k)
< dj, L i—a,l x Iseg o (I,)) = Iseg G (j, k)
< dli—a,l * Iseg /-3 (I, k) (induction hypothesis)
& Iseg a-o- 0 (i, k)

Emptyness Conditions
Iseg v (i,j) = (i =nil = (a« = € Aj = nil))
Iseg v (i, ) = (i # ] = a # €).

But these formulas do not say whether « is empty when i = j #
nil.
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Nontouching List Segments

When
Iseg ay - - - a, (ig, in),
we have
Jig, ..
(i > aq,iy) * (ip = ag,ig) * <+ % (ip_1 > Gy, iy).
Thus iy, ..., 1,1 are distinct, but i,, is not constrained, and may

equal any of the iy, ..., i,_1. In this case, we say that the list
segment is touching.

We can define nontouching list segments inductively by:

) def

ntlseg e (i,j) = emp A i =]

ntlseg a-a (i,k) = i £k Ai#£k+ 1A (Jj.i— a,j * ntlseg a (j, k),
or equivalently, we can define them in terms of Iseg:
ntlseg « (i, ) 1 lseg o (i, ) A —j— —.

The obvious advantage of knowing that a list segment is non-
touching is that it is easy to test whether it is empty:

ntlseg a (i,j) = (0 = e & i =j).

Fortunately, there are common situations where list segments
must be nontouching:

list i = ntlseg « (i, nil)
Iseg v (i,j) * list B = ntlseg « (i,]) * list 3]
Iseg v (i,j) * j— — = ntlseg a (i,]) * j — —.
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Inserting a List Element

e At the beginning:
{lseg v (i,))}
k := cons(a,i);
{k+—a,i = Isega(i,]j)}
{Ji. k> a,i * Isega(i,]j)}

{Iseg a-a (k,j)}
1=k

{Iseg a-« (Ia.])}
e At the end of a nonempty segment:

{lseg a (i,j) * j—a,k}

| := cons(b, k) ;

{lseg a (i,j) * j+— a,k x | — b, k}

{lseg  (i,j) * j—a x j+ 1+ k * | — b, k}
{lsega(i,j) * j—a *x j+1+— — x | — bk}
j+1]:=1

{lsegax (i,j) * jr—a x j+1—1 x| — b k}
{lseg a (i,j) * j+— a,| * | — b, k}

{Iseg a:a (i,1) * | — b, k}

{Iseg cv-a-b (i, k) }
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Deleting a List Element

e At the beginning:

{Iseg a-ax (i, k) }

{Jj.i—a,j * Isega(j,k)}
{F.i+1—j x (i—a x Isega(j,k))}
j=li+1];

{i+l—j* (i>ax*lsega(jk))}
dispose i ;

{fi+1—] x Isega(j,k)}

dispose i + 1;

{lseg v (j, k) }

=]

{Iseg a (i, k)}

e At the end of a nonempty segment:

{Iseg v (i,j) * j— a,k * k+— b, I}
j+1]:=1;

{lseg a (i,j) * j— a,l * k— b, I}
dispose k ; dispose k + 1

{lseg a (i,j) * j+— a,l}

{Iseg cv-a (i, 1)}
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A Cyclic Buffer

6. (Iseg a (i,)) * Iseg B (j,1)) Am =F#a An=H#Ha+ #0
When i = j, the buffer is either empty (#a = 0) or full (#6 = 0).

To insert an element:

{36. (Iseg a (i,]) * Iseg B(j,i)) Am=FaAn=Ha+#0 A
n—m >0}

{3b, 5. (Iseg a (i,]) * Isegb-G(j,i)) A
m = #a An = #a + #b-G}

(381" (segar(i]) * > —." * Iseg B (".1)) A
m=#aAn—1=#Ha+ #5}

i) :=x;

{38,i". (Iseg a (i,j) = j = x,j" * lseg B(j",1)) A
m=#aAn—1=#Ha+ #5}

{36,j". j+ 1= j" * ((Iseg a (i,j) * j+— x * Iseg B(j",1)) A
m=#aAn—1=H#a+#06)}

=l+1];

{36, "+ 1—j % ((Iseg a (i,j") * j' — x * Iseg B (j,i)) A
m=#aAn—1=#a+#0)}

(38,7 (seg o i, ) * ' > ] * lseg A3, 1)) A
m=#aAn—1=#Ha+ #5}

{36. (Iseg a-x (i,j) * Iseg B (j,1)) Am+1=F#axAn=#Hax+ #6}

m:=m-+1

{36. (Iseg a-x (i,]) * lIseg B (j,1)) Am = H#HaxAn=#Hax+ #0}
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A Cyeclic Buffer (continued)

Note the above use of (LKG) for j:=[j+1], with r as ((Iseg « (i,]') *
o xxlseg B 1)) Am=#aAn—1=H#Ha+ #7).

To remove an element:

{38. (Iseg a-ar (i, ) = Iseg 3 (j,1)) A
m=H#a-aAn=Haa+#5Am>0}
{36,i". (i~ a,i” * Iseg a (i",]) = Iseg B (j,i)) A

m—1=#aAn—1=#a+ #5}
{36,i",)y. (i y,i" x Iseg a (i",]) * Iseg B (j,i)) A
m—1=H#aAn—1=H#a+#6Ny=a}

y =i ;

{38, (i >y, "+ Iseg a (i",j) * Iseg 3 (j,i)) A
m—1l=#aAn—1=#Ha+#L Ny =a}

=i+ 1];

38,1 (1 > y,i % Iseg a(i,]) * lseg (i, 1)) A
m—1=#aAn—1=H#a+#6Ny=a}

(3. (lseg o (i) * Iseg fy (i, 1)) A
m—1=#aAn=#Ha+#6yANy=a}

{38 (Iseg o (i) + Iseg i, 1)) A
m—1=#aAn=#a+#LNy=a}

m:=m—1

{38. (Iseg a (i,]) * Iseg B(i.i) Am = #a An = #a+ #6 Ay = a}
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Bornat Lists

listN o i o1 o o,

i—’(y/cp/.../

nil

is defined by
listN ¢ i & emp A i = nil
listN (a-0)i L a=iATj.i+ 1] = listNoj.

Similarly, one can define Bornat list segments and nontouching
Bornat list segments.
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Reversing a Bornat List
{listN oy i}
{listN 0¢gi * (emp A nil = nil)}
j:=mnil;
{listN ogi * (emp A j = nil)}
{listN o i * listN €}
{Fo, 7. (listN i * listN 7j) A ol-r}
while i # nil do
({EIJ, 7. (listN (i-0)i * listN 7)) Ao} = (i-0)"-7}
{do,7,k. (i+1— k * listNok * listN 7 )
Aol = (o)t}
k:=[i+1];
{Jo,7. i+ 1—k *x listN ok * listN 7))
Aol = (i-0)f-7)
[i+1]:=];
{do, 7. ( +1—j * listNok x listN 7))
Aol = (i-0)f-7}
{3o,7. (listN ok * listN (i-7)i) A o} = of-i-7}
{Jo,7. (listN ok * listN7i) Aol =of-7}
ji=1;i:=Kk
{3o,7. (listNoi * listN7j) Aop = 0T°T})
{Jo, 7. listNTjA ol =olr Ao = e}
{listN o/ j}
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Doubly-Linked List Segments

dlseg v (i,1',J,]):
| — 1 0% (07 ~—]
*/

diseg € (i,1',],]) ifemp/\l—J/\l =

is defined by

dlseg a-a (i, 1, k, k’) i a, i diseg o (], i, k, k'),

Properties

dlsega (i,i',},j) i a,j,i' Ni=]
dlseg -0 (i, 1", k, k') < Jj,j'. dlseg a (i, 1',],)') = dlseg 5 (j,}', k, k')

diseg a-b (i, 1, k, k') < Jj'. dlseg (i, ', K', ') * k' — b, k..

Emptyness Conditions
disega (i,i',j,j)) A i=nil = (a=eAj=nilAi =])

diseg a (i,',j,j)) A J=mnil = (a=eAi =nilAi=])

dlseg a (i,1',j,)') N i1 #] = aFe¢€

diseg a (i,i',j,}]) N V"#) = a#e

(One can also define doubly-linked lists and nontouching seg-
ments.)
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Deleting an Element from a Doubly-Linked List

i W k) m
! ! ! ! !
a7 A b 61 Bn
X
nil ~O ~O ~O ~O

{3, 1. dlseg « (i, nil, k,j) * k — b,1,j x dlseg 5 (I, k,nil,m)}
l:=[k+1];j:=k+2];
{dlseg « (i, nil, k,j) * k+— b,1,j x dlseg 8 (I, k, nil,m)}
dispose k ; dispose k + 1 ; dispose k + 2 ;
{dIseg « (i, nil, k,j) * dlseg 3 (I, k,nil,m)}
if | = nil then
{dlseg G (I, k,nilL, m) Ai =k Anil=jAa =€}
=
{dlseg G (I, k,nil, m) Ai =1 Anil = j A a =€}
else
{3a’,a,n. (dlseg o (i,nil,j,n) * j+— a k,n
x dlseg B (I, k,nil, m)) A a = o-a}
i+1]:=1;
{3a’,a,n. (dlseg ' (i,nil,j,n) * j+—a,l,n
x dlseg 0 (I, k,nil, m)) A o = o’-a}
{dIseg « (i, mil, |, j) * dlseg 3 (I, k, nil, m)}
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Deleting from a Doubly-Linked List (continued)

{dlseg o (i,nil, I, j) * dlseg 3 (I, k, nil, m)}
if | = nil then
{dlseg o (i, nil, | j) Al=nil Ak =mA 3 =€}

m:= |
{dlseg a (i, nil, L)) Al=nilAj=mA [ = ¢}
else

{3a, 3, n. (dlseg a (i, nil, I, j) * | — a,n k
x dlseg 3’ (n,l,nil, m)) A B = a-0'}
I+ 2]:=}
{3a,3',n. (dlseg « (i, nil, I, j) * | — a,n,]
x dlseg 5" (n,I,nil, m)) A 8 = a-('}
{dIseg (i, mil, |, j) * dlseg B (l,],nil,m)}
{dlseg -3 (i, nil, nil, m) }
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Inference for Simple Procedures

A simple procedure definition has the form

h(xlfnaxm;ylf"ayn):Ca

where y1, - - -, y,, are the free variables modified by ¢, and x4, - - -, z,,
are the other free variables of c.

If one can prove the specification {p} ¢ {q}, then one can assume
the specification {p} h(z1, -, ZTm;y1, -, ¥n) {q} in proving a
specification of a command that contains calls of h:

Simple Procedures (SPROC)
When h(x1, iy, 3 Yn) = €
{r} c{q}

{p} h(xh sy Tmy Y1, ,yn) {Q}
From the conclusion of this rule, one can reason about other
calls by using the rule for free variable substitution (FVS), and

MD(h(xla oy Imsy Y1, 7?/71)) =Y, Yn-
For partial correctness, if ¢ contains recursive calls, one can as-
sume {p} h(x1, -, Tm;y1, -+, ya) {¢} in proving {p} ¢ {q}:

Simple Recursive Procedures (SRPROC)
When h(xh Iy Y, 7yn) — G,

{p} h(z1, - i1, Yn) {a}

(v} e {g}

{p} h(z1, - Ty, yn) {a}-
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A Lookup-Pointer Procedure for Doubly-Linked Lists

Since
{d|seg (87 (|7 nilajOJ.j/)}
if j’ = nil then
{dlseg a (i, nil, jo,j") Ai =jo}

Ji=1

else
{3a’,b,k'. a=a'-bA(dlsega’ (i,nil,j’, k') * j +— b,jo,k')}
ji=1[+1]

{3d/,b,k". a=da'bA
(dlseg o' (i,nil,j", k') * j = b,jo,K) Aj=]o}
{dlseg 04 (|7 nilaj())j/) /\J — j0}7

the procedure

lookuprpt(i, /s j) =
if ' = nil then j:=ielse:=[] + 1]
satisfies
{dlseg (i, mil, jo, ') }
lookuprpt(i, j’;
{dlseg o (|7 nilajOaj/) /\J — JO}
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A Set-Pointer Procedure for Doubly-Linked Lists

Since

{3j. diseg a (i,nil,j,j')}
if j’ = nil then
{a = e Aemp Aj = nil}
=]
{a=ecAempAj =nilAi=j}

else
{3a’,b,j,k'. a=a-bA (dlsega’ (i,nil,j’, k') x j' — b,j,k')}
i"+1]:=]

{3a’,b,k'. a=a'-bA (dlseg’ (i,nil,j’, k') * |+ b,j,k')}
{dlseg o (i, nil, j,j') },

the procedure

setrpt(j,J'; 1) =
if j/ = nil then i :=j else [j' + 1] :=]

satisfies
{3j. dlseg o (i, nil, j,j)}

setrpt(j,j'; i)
{dIseg (i, nil, j, ) }.
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Upon Reflection
The procedure

lookuplpt(i, ;i) =
if i = nil then i :=j else i’ :=[i + 2]
satisfies
{dlseg o (i, ip, nil, ') }

lookuplpt(i,j’; i)
{dIseg « (i, iy, nil,j') A i =iy},

and the procedure

setlpt(i,i’;j) =
if i = nil then j' :=i'else [i + 2] .=

satisfies

{3i". diseg « (i,i", nil,j")}
setlpt(i,i’; ')
{dlseg & (i, 1", mil, j')}.



Inserting an Element into a

Doubly-Linked List

m

l

Dn

I J (1)
} } }
e
nil ~O ~O

nil

X

{3l. diseg a (i, nil, 1,j) * dlseg 3 (l,j,nil, m)}

lookuprpt(i, j; 1) ;

{dlseg o (i,nil, I, j) * dlseg 3 (I,],nil, m)}

k :=cons(a,l,)) ;

{dlseg v (i, nil, |, j) * k> a,l,j * dlseg 3 (l,j,nil,m)}

setrpt(k, j; i) ;

{dlseg « (i, nil, k,j) * k+— a,l,j * dlseg 5 (I,], nil, m)}

setlpt(l, k; m)

{dlseg « (i, nil, k,j) * k> a,l,j % dlseg 3 (I, k, nil, m)}
{dlseg av-a-G (i, nil, nil, m)}

159
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Deriving the Specification of the Call of lookuprpt

From:
{dlseg o (i, nil, jg,j)}
lookuprpt(i, |';])
{dIseg c (i, nil, jo,j') Aj=jo},
using Free Variable Substitution (FVS):
{dlseg « (i, nil, jo,j)}
lookuprpt(i, j; 1)
{dlseg « (i, nil, jg,j) Al = jo},
using the Frame Rule (FR) and an obvious property of equality:
{dlseg o (|7 nila.jOaj) * dlseg B (j07.j7 Ilil, m)}
lookuprpt(i, j; 1)
{(dlseg Q (IJ nilajOaj) * dlseg ﬂ (j07j7 nil7 m)) Nl = JO}
{dlseg o (i,nil, I, j) * dlseg 3 (I,],nil, m)},

using the rules for Existential Quantification (EQ), Renaming
(RN), and the elimination of a vacuous quantifier:

{3l. diseg a (i, nil, l,j) * dlseg 3 (l,j,nil, m)}

{3jo. dlseg (i, nil, jo,j) * dlseg B (jo,]j, nil, m)}

lookuprpt(i, j; 1)

{3jo. dlseg a (i,nil, | j) * dlseg 3 (I,]j, nil, m)}

{dIseg « (i, mil, |, j) * dlseg 3 (l,], nil, m)}.



Deleting an Element from a Doubly-Linked List

i (i) k (1) m
! ! ! ! !
1 U b 61 Bn
X
nil ~O ~O ~O ~O
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{3j,1. dlseg a (i, nil, k,j) * k— b,1;j x dlseg 3 (I, k,nil,m)}

l:=]k+1];j:=[k+

2] ;

{dlseg « (i, nil, k,j) * k+— b,1,j x dlseg 8 (I, k, nil, m)}
dispose k ; dispose k + 1 ; dispose k + 2 ;
{dIseg « (i, nil, k,j) * dlseg 3 (I, k,nil,m)}

setrpt(l,j;i) ;

{dIseg c (i, mnil, |, j) * dlseg B (I, k, nil, m)}

setlpt(l,j; m)

{dlseg o (i,nil, I, j) * dlseg 3 (I,],nil,m)}
{dlseg - (i, nil, nil, m) }
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An Inductive Definition: Xor-Linked List Segments

xlseg a (i, 1, ],]'):

| —

1
O._/
D

i/

is defined by

%) Qp — |
~O ~O

xlseg e (i,i,j,j') = emp Ai=jAi =]

ef

xlseg a-a (i, 1", k, k) e Jj.i—a, (i) * xlseg a (j, i, k, k').

Properties

xlsega (i,1',},j') < i—a, (i) ANi=]

xlseg a3 (1,1, k, k') < Jj, . xlseg a (i, 7', ],]) * xlseg 6 (j,J', k, k')

xlseg a-b (i,1", k, k') < Jj’. xlseg a (i, 1", k', }') « k' = b, (k@ ]).

Emptyness Conditions (as with dlseg)

. =/

I?' 7.]7.]

. -/

SENEN

I7I 7.]7.]

!

/
/
/
xlseg o (1,1, ], ]

) A
) A
) A
) A

(
(
AN,
(

I = nil

j = nil

7]

£ §

=

=
=
=

(a=€eANj=nilAi =]
(a=€eANV" =nilNi=))
o F €
a # €.
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A Set-Pointer Procedure for Xor-linked Lists

Since

{xlseg o (i, nil, j, ")}
if j’ = nil then
{a = e ANemp Aj = nil}
=k
{a=eANemp Aj =nil Ai=k}
else
{3a/,b, K. a=a'bA (xlsega’ (i,nil,j’ k') « j— b, (jBk'))}
newvar x in (x:=[j' + 1];[[' + 1] :=x® D k)
{3a’,b,k'. a=a'bA (xlsega (i,nil,j’ k") * j — b, (k@ k'))}
{xlseg o (i, nil, k, ')},

the procedure

xsetrpt(j, ', k; i) =
if j' = nil then i := k else

newvar x in (x:=[j' + 1];[[' + 1] :=x B D k)
satisfies

{X|Seg Q (|7 nilajaj,)}
xsetrpt(j, J', k; i)
{xlseg o (i, nil, k, ') }.
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Upon Reflection
The procedure

xsetlpt(i,i’, k;j') =
if i = nil then |’ := k else
newvar xin (x:=[i+ 1];[i+ 1] :=x® i @ k)

satisfies

{xlseg « (i, i',nil, ')}
xsetlpt(i, i, k; ')
{xlseg v (i, k, nil, j')}.
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Inserting an Element into a Xor-Linked List

|
!
b

m

l

i J
} }
aq (@ .
nil ~O

i

O—
D
~O

Dn

X

nil
D

~O

{xlseg o (i,nil, |,j) * xlseg B (I,},nil, m)}

k :=cons(a,| ®j) ;

{xlseg v (i, nil, I, j) * k—a, (1@ j) = xlseg B(l,],nil, m)}

xsetrpt(l,j, k;i) ;

{xlseg a (i,nil, k,j) * k+— a,(I®j) * xlseg B (l,]j, nil,m)}

xsetlpt(l, j, k; m)

{xlseg a (i,nil, k,j) * k+—a,(I®j) * xlseg B (I, k,nil, m)}

{xlseg a-a-( (i, nil, nil, m) }
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Deleting an Element from a Xor-Linked List

i ] k (1) m
| | | | |
a1 o (8799 b 61 o Bn
N EEEC G

{3l. xlseg a (i, nil, k,j) * k — b, (1®j) * xlseg 3 (I, k,nil, m)}
newvar x in (x:= [k+ 1] ;1 :=x®j) ;
{xlseg o (i, nil, k,j) * k+— b, (1&]) * xlseg 3 (I, k,nil, m)}
dispose k ; dispose k + 1 ;
{xlseg o (i,nil, k,j) * xIseg & (I, k,nil, m)}
xsetrpt(k,j, ;i) ;

(i,nil |, j) * xlseg 5 (I, k,nil, m)}
xsetlpt(l, k,j; m)
{xlseg « (i, nil, |, j) * xlseg & (I,]j, nil,m)}
{xIseg a-( (i, nil, nil, m) }

{xlIseg a
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Reversing an Xor-Linked List Segment

xlseg a (i, 1, ],]'):

| — 1 Qo Qp +— |
i/ ~O ~O

xlseg o (i,1,],j) < xlseg o' (j',j,1,1)

Proof (by induction on «a):

Base case:
xlseg € (i,i',j,j') @ emp ANi=jAi' =] < xlseg €' (j/,],7,1)
Induction step:
xlseg a-a (i, ', k, k)
S dlia (i) * xlseg a(j,i, k, k')
& Jj. xlseg of (K, k,i,j) * i—a,(i"®))
& xlseg af-a (K, k, ', 1)

& xlseg (a-a)T (K, k, 1, 1).
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Images

The image {a} of a sequence « is the set
{a; |1 <i < #a}
of values occurring as components of «. It satisfies

tey = 4

{lzl} = Az}
laf} = {ajU{b}
#a} < #oa
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Pointwise Extension of Relations

If p is a binary relation between values (e.g., integers), then p*
is the binary relation between sets of values such that

SpTiftVeeS VYyeT. xpuy.

Pointwise extension satisfies:

S'CSASpT = SpT (7)
T'"CTASp'T = SpT (8)
{} »» T (9)

S o {} (10)

{z} " {y} = zpy (11)
SUS)p'T & SpTANS p'T (12)
Sp*(TUT) & Sp"TANSpT. (13)

Some Abbreviations

* def * * def *
zpT={z}p"T Sp'y=Sp {y}
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Ordering

We write ord « if the sequence « is ordered in nonstrict increas-
ing order. Then

#a <1 = orda (14)
ord a-f < ord aAord g A{a} <" {5} (15)
Rearrangement

We say that a sequence [ is a rearrangement of a sequence a,
written 3 ~ «a, iff #08 = #a and there is a permutation ¢ such
that

Vk. 1 <k < #a implies By = agr)-

Then

(16)

(17)

a~ BAB A~ (18)
a~nd AB~f = aB~adf (19)
(20)

(21)

Y
Q

2
2

a~f = {of={f}
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Specifications for Sorting by Merging
We define the abbreviation

Iseg a (e, —) ' 3z Iseg a (e, x).
Then we will define procedures satisfying

{lseg a (i,jo) N#a=nAn > 1}
mergesort(n; i, j)
{3B.1seg B (i,—) ANB~aANord BANj=jo}

and

{(Iseg B1 (i1, —) Nord By A #B1 =nl Anl > 1)
x (Iseg B2 (12, =) Nord o AN #8 =n2 An2 > 1)}
merge(nl, n2,il,i2;i)

{38. Iseg B (i, —) A B ~ B1-B> A ord (3}.

An Arithmetical Note

Suppose n > 2. Then 2 < n < 2 x n— 2, and since division by
two 18 monotone:

1=2+2<n+2<(2xn—-2)+-2=n-1.
Thus if n1 =n-+2 and n2 =n — nl, then

1<nl<n-1 1<n2<n-1 nl +n2 =n.



172

A Proof for mergesort

{lseg v (i,jo) AN #a=nAn > 1}
if n =1 then
{lseg a(i,—) ANord a Ai— —, jo}
ji=[i+1]
{lsega(i,—) Aord a Aj=jo}
else
(nl::n+2;n2::n—n1;i1::i;
{Jay, as,is. ((Iseg vy (i1,i2) A #a; =nl Anl > 1)
% (Iseg a (i, jo) AN #ae =n2ANn2 > 1)) Aa = aj-as}
mergesort(nl;il,i2) ;
{Jay, as, B1. ((Iseg B1 (Il,—) A B1 ~ a3 Aord 1 A #a3 =nl Anl > 1)
% (Iseg g (12,jo) AN #as =n2ANn2 > 1)) A= a-as}
mergesort(n2;i2,j) ;
{Ja, as, B, Bo. ((Iseg B1 (i1, —) A By ~ a3 ANord By A #a; = nl
Anl>1)
* (Iseg B (12, —) A B2 ~ as Aord s AN #as =n2 An2 > 1))
ANa=oaq-as Nj=jo}
{351, B2- ((Iseg B1 (i1, —) ANord By A #B1 =nl Anl > 1)
x (Iseg B2 (12, =) ANord o A#B=n2An2> 1)) ANa~ B1-Bo ANj=]o}
merge(nl, n2,il,i2;i)
{36, 61, B seg (i, =) A ~ i Nord B A~ Brfy A =o})
{3B. I1seg B(i, =) ANB~aANord BAj=]o}.
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A Proof for mergesort (continued)

Thus we may define
mergesort(n; i, j) =
if n =1 then j:=[i+ 1] else
(nl::n+2;n2::n—n1;i1::i;
mergesort(nl;il,i2) ; mergesort(n2;i2,j) ;
merge(n1,n2,il,i2;)).
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A Proof for merge

Suppose
{367317j17717j2772'
(Iseg G (i,11) * il — al,jl * Isegy; (j1,—) * i2 — a2,j2
+ Iseg 72 (j2, —))
AN#y1=nl A#y =n2Aal <a2 A B-al-y-a2y; ~ 3109

Aord (al-y;) Aord (a2-y) ANord B A {8} <* {al-y1} U {a2:y}}
mergel(nl, n2,il,i2,a2)

{38. Iseg B (i, —) A B ~ B1-f> A ord B}
Then
{(Iseg B1 (i1, =) Nord By A #0By =nl Anl > 1)
x (Iseg B2 (12, =) Nord o AN #82 =n2 An2 > 1)}
newvar al in newvar a2 in <a1 = [il] ;a2 :=[i2] ;
if al < a2 then (i:=il; mergel(nl, n2,il,i2,a2))
else (i :=i2 ; mergel(n2,nl,i2,i1,al)))
{38. Iseg B (i, —) A B ~ B1-f> A ord B}.
Thus we may define
merge(nl, n2,il,i2;i) =
newvar al in newvar a2 in (al = il] ;a2 :=[i2] ;
if al < a2 then (i:=il; mergel(nl,n2,il,i2, a2))
else (i :=i2 ; mergel(n2,nl,i2,i1,al)))
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A Proof for mergel

{36,aL,j1,71,j2,72.
(Iseg B (i,i1) * il — al,jl * Iseg v, (j1,—) * i2 — a2, 2
+ lseg 7 (2, )
AN#v =nl A #v =n2Aal <a2A (-al-vy-a2-yy ~ (31-05
Aord (al-y;) Aord (a2-y) Aord B A {B} <* {al-y1} U{a2:y}}
if n1 =0 then [i1l + 1] :=i2
{38, al,j2, 7.
(Iseg B (i,i1) * il — al,i2 x i2+— a2,j2 * Isegy2 (j2,—))
N #v =n2ANal < a2 A (3-al-a2-yy ~ 31
Aord (a2-y) ANord B A {G} <* {al} U {a2-y1}}
else newvar j1 in newvar a3 in
(j1:=[i1+1];a3:=[j1];
{38.aL,3,73,i2, 7.
(Iseg B (i,i1) = il — al,jl = j1 > a3,j3 * Iseg 3 (j3, —)
* 12 — a2,j2 * Iseg s (j2,—))
AN#v3=nl—1A#v =n2Aal <a2A (-al-a3-y3-a2-y, ~ (31-0
A ord (al-a3:-y3) A ord (a2-y2) A ord (3
N{B} <7 {al-a3-y3} U {a27.}}
if a3 < a2 then mergel(nl — 1,n2,j1,i2, a2)
else ([il + 1] :=i2; mergel(n2,nl — 1,i2,j1, a3))>
{38. 1seg B(i,—) A B ~ B1-02 A ord B}
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A Proof for mergel (continued)

Thus we may define
mergel(nl,n2,il,i2,a2) =
if n1 =0 then [i1 + 1] :=i2
else newvar j1 in newvar a3 in
(j1:=[i1+1];a3:=[j1];
if a3 < a2 then mergel(nl — 1,n2,j1,i2, a2)
else ([il + 1] :=i2; mergel(n2,nl — 1, i2,j1,a3))>



