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178Iterated Separating Conjun
tionhasserti ::= � � � jJhexpihvari=hexpi hasserti
s; h �Je0v=e p i�let m = [[e℄℄exps; n = [[e0℄℄exps; I = f i j m � i � n g in9H 2 I ! Heaps:8i; j 2 I: i 6= j implies Hi ? Hjand h = SfHi j i 2 I gand 8i 2 I: [ s j v: i ℄; Hi � p:Axiom S
hematam > n) (Jni=m p(i), emp)m = n) (Jni=m p(i), p(m))k � m � n+ 1) (Jni=k p(i), (Jm�1i=k p(i) � Jni=m p(i)))Jni=m p(i),Jn�ki=m�k p(i+ k)m � n) ((Jni=m p(i)) � q ,Jni=m(p(i) � q))when q is pure and i =2 FV(q)m � j � n) ((Jni=m p(i))) (p(j) � true))



179Array Allo
ationh
ommi ::= � � � j hvari := allo
ate hexpiSemanti
s(s; h) [[v := allo
ate e℄℄
omm ([ s j v: ` ℄; h � h0);where h ? h0 and domh0 = f i j ` � i < `+ [[e℄℄exps g.Inferen
e RulesNoninterfering:frg v := allo
ate e f(Jv+e�1i=v i 7! �) � rg;where v does not o

ur free in r or e.The lo
al form:fv=v0 ^ empg v := allo
ate e fJv+e0�1i=v i 7! �g;where v0 is distin
t from v, and e0 denotes e=v ! v0.The global form:frg v := allo
ate e f9v0: (Jv+e0�1i=v i 7! �) � r0g;where v0 is distin
t from v, v0 =2 FV(e; r), e0 denotes e=v ! v0,and r0 denotes r=v ! v0.The ba
kward-reasoning form:f8v00: (Jv00+e�1i=v00 i 7! �) �� p00g v := allo
ate e fpg;where v00 is distin
t from v, v00 =2 FV(e; p), and p00 denotes p=v ! v00.



180A Cy
li
 Bu�er Using an ArrayWe assume that an n-element array has been allo
ated at lo
a-tion l. Let �(x) be the unique integer su
h that�(x) �mod n x l � �(x) < l+ n:We will use the variablesm number of a
tive elementsi pointer to �rst a
tive elementj pointer to �rst ina
tive elementLet R abbreviate the assertionR def= 0 � m � n ^ l � i < l+ n ^ l � j < l+ n ^ j �mod n i+mIt is easy to show thatfR ^m < ngm :=m+ 1 ; if j = l+ n� 1 then j := l else j := j+ 1fRgand fR ^m > 0gm :=m� 1 ; if i = l+ n� 1 then i := l else i := i+ 1fRgWhen the bu�er 
ontains a sequen
e �, it should satisfy((Jm�1k=0 �(i+ k) 7! �k+1) � (Jn�m�1k=0 �(j+ k) 7! �))^m = #� ^R:



181Inserting an Elementf((Jm�1k=0 �(i+ k) 7! �k+1) � (Jn�m�1k=0 �(j+ k) 7! �))^m = #� ^R ^m < ngf((Jm�1k=0 �(i+ k) 7! �k+1) � (J0k=0 �(j+ k) 7! �) �(Jn�m�1k=1 �(j+ k) 7! �)) ^m = #� ^R ^m < ngf((Jm�1k=0 �(i+ k) 7! �k+1) � �(j) 7! � �(Jn�m�1k=1 �(j+ k) 7! �)) ^m = #� ^R ^m < ng[j℄ := x ;f((Jm�1k=0 �(i+ k) 7! �k+1) � �(j) 7! x �(Jn�m�1k=1 �(j+ k) 7! �)) ^m = #� ^R ^m < ngf((Jm�1k=0 �(i+ k) 7! �k+1) � �(i+m) 7! x �(Jn�m�1k=1 �(j+ k) 7! �)) ^m = #� ^R ^m < ngf((Jm�1k=0 �(i+ k) 7! (��x)k+1) � �(i+m) 7! (��x)m+1 �(Jn�m�1k=1 �(j+ k) 7! �)) ^m = #� ^R ^m < ngf((Jm�1k=0 �(i+ k) 7! (��x)k+1) � (Jmk=m �(i+ k) 7! (��x)k+1) �(Jn�m�1k=1 �(j+ k) 7! �)) ^m = #� ^R ^m < ngf((Jmk=0 �(i+ k) 7! (��x)k+1) � (Jn�m�1k=1 �(j+ k) 7! �))^m+ 1 = #(��x) ^R ^m < ngf((Jmk=0 �(i+ k) 7! (��x)k+1) � (Jn�m�2k=0 �(j+ k+ 1) 7! �))^m+ 1 = #(��x) ^R ^m < ngm :=m+ 1 ; if j = l+ n� 1 then j := l else j := j+ 1f((Jm�1k=0 �(i+ k) 7! (��x)k+1) � (Jn�m�1k=0 �(j+ k) 7! �))^m = #(��x) ^Rg



182Conne
ting Two Views of Lists
Æ�1
�1?-i Æ�2

�2? nil�n�n?* * � � � *
If list � i def= emp ^ i = nillist (a��) i def= 9j: i 7! a; j � list � jand listN � i def= emp ^ i = nillistN (b��) i def= b = i ^ 9j: i+ 1 7! j � listN � j;then list � i, 9�: #� = #� ^ (listN � i � #�Kk=1 �k 7! �k):The proof is by indu
tion on �.



183Spe
ifying Subset ListsLet �; � 2 Z� and � 2 (Z�)� inflist � ig\Set j to list of lists of subsets of i"f9�; �: ss(�y; �) ^ (list � j � (Q(�; �) ^R(�)))g;where#exta� def= #�(exta�)i def= a��iss(�; �) def= � = [�℄ss(a��; �) def= 9�0: ss(�; �0) ^ � = (exta�0)y��0Q(�; �) def= #� = #� ^ 8#�i=1(list �i �i � true)R(�) def= (�#� = nil ^ emp) �J#��1i=1 (9a; k: i < k � #� ^ �i 7! a; �k):



184Some PropertiesThe predi
atesQ(�; �) def= #� = #� ^ 8#�i=1(list �i �i � true)R(�) def= (�#� = nil ^ emp) �J#��1i=1 (9a; k: i < k � #� ^ �i 7! a; �k)W (�; 
; a) def= #
 = #� ^J#
i=1 
i 7! a; (�y)isatisfy Q([�℄; [nil℄), trueR([nil℄), empW (�; 
; a) � g 7! a; b , W (��b; g�
; a)Q(�; �) � W (�; 
; a)) Q((exta�)y��; 
��)R(�) � W (�; 
; a)) R(
��)(Q(�; �) ^R(�)) � W (�; 
; a)) Q((exta�)y��; 
��) ^R(
��):



185Proofs (1)W (�; 
; a) � g 7! a; b, #
 = #� ^ (g 7! a; b � J#
i=1 
i 7! a; (�y)i), #g�
 = #��b ^ ((J1i=1(g�
)i 7! a; ((��b)y)i) �(J#g�
�1i=1 (g�
)i+1 7! a; ((��b)y)i+1)), #g�
 = #��b ^J#g�
i=1 (g�
)i 7! a; ((��b)y)i, W (��b; g�
; a):



186Proofs (2)Let p(i) def= list �i �iq(i) def= 
i 7! a; (�y)in def= #�:ThenQ(�; �) � W (�; 
; a)) (#� = n ^ 8#�i=1(p(i) � true)) � (#
 = #� ^J#
i=1 q(i))) #� = n ^#
 = n ^ ((8ni=1(p(i) � true)) � Jni=1 q(i))) #� = n ^#
 = n ^ 8ni=1(p(i) � true � Jnj=1 q(j))) #� = n ^#
 = n ^ 8ni=1(p(i) � true) ^8ni=1(p(n+ 1� i) � true � Jnj=1 q(j))) #� = n ^#
 = n ^ 8ni=1(p(i) � true) ^8ni=1(p(n+ 1� i) � true � q(i))) #� = n ^#
 = n ^ 8ni=1(p(i) � true) ^8ni=1(list (�y)i (�y)i � true � 
i 7! a; (�y)i)) #
 = n ^#� = n ^ 8ni=1(list �i �i � true) ^8ni=1(list ((exta�)y)i 
i � true)) #
�� = #(exta�)y�� ^8#
��i=1 (list ((exta�)y��)i (
��)i � true)) Q((exta�)y��; 
��):



187Proofs (3)R(�) � W (�; 
; a)) (�#� = nil ^ emp) �J#
i=1 
i 7! a; (�y)i �J#��1i=1 (9a; k: i < k � #� ^ �i 7! a; �k)) ((
��)#
�� = nil ^ emp) �J#
i=1(9a; k: #
 < k � #
�� ^ (
��)i 7! a; (
��)k) �J#
���1i=#
+1(9a; k: i < k � #
�� ^ (
��)i 7! a; (
��)k)) ((
��)#
�� = nil ^ emp) �J#
���1i=1 (9a; k: i < k � #
�� ^ (
��)i 7! a; (
��)k)) R(
��):From (2) and (3), we have(Q(�; �) ^R(�)) � W (�; 
; a)) (Q(�; �) � W (�; 
; a)) ^ (R(�) � W (�; 
; a))) Q((exta�)y��; 
��) ^R(
��):



188An Iterative Program for Subset ListsFinal Assertion9�; �: ss(�y; �) ^ (list � j � (Q(�; �) ^R(�)))Outer Invariant9�0; �00; �; �: �0y��00 = � ^ ss(�0; �) ^(list �00 i � list � j � (Q(�; �) ^R(�)))Inner Invariant9�0; �00; �; �0; �00; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0 (j;m) � list �00 m �(Q(�; �0��00) ^R(�0��00)) � W (�0; 
; a))After inner loop:9�0; �00; �; �0; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � list �0 j �(Q(�; �0) ^R(�0)) � W (�0; 
; a))



189Iterative Subset Lists: The Main Program
flist � igj := 
ons(nil;nil) ;flist � i � j 7! nil;nilgflist � i � list [nil℄ jgfss(�; [�℄) ^ (list � i � list [nil℄ j � (Q([�℄; [nil℄) ^R([nil℄)))gf9�0; �00; �; �: �0y��00 = � ^ ss(�0; �) ^(list �00 i � list � j � (Q(�; �) ^R(�)))gwhile i 6= nil do Body of the Outer Loopf9�; �: ss(�y; �) ^ (list � j � (Q(�; �) ^R(�)))g



190Iterative Subset Lists: Body of the Outer Loopf9�0; �00; �; �; a; k: �0y�a��00 = � ^ ss(�0; �) ^(i 7! a; k � list �00 k � list � j � (Q(�; �) ^R(�)))g(a := [i℄ ; k := [i+ 1℄ ; dispose i ; dispose i+ 1 ; i := k ;f9�0; �00; �; �: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � list � j � (Q(�; �) ^R(�)))gf9�0; �00; �; �: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg � (j; j) � lseg � (j; j) � list � j �(Q(�; ���) ^R(���)) � W (�; �; a))gl := j ;m := j ;f9�0; �00; �; �: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg � (l; j) � lseg � (j;m) � list �m �(Q(�; ���) ^R(���)) � W (�; �; a))gf9�0; �00; �; �0; �00; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0 (j;m) � list �00 m �(Q(�; �0��00) ^R(�0��00)) � W (�0; 
; a))gwhile m 6= nil do Body of the Inner Loopf9�0; �00; �; �0; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � list �0 j �(Q(�; �0) ^R(�0)) � W (�0; 
; a))gf9�0; �00; �; �0; 
: (a��0)y��00 = � ^ ss(a��0; (exta�)y��) ^(list �00 i � list (
��0) l � (Q((exta�)y��; 
��0) ^R(
��0)))gf9�0; �00; �; �: �0y��00 = � ^ ss(�0; �) ^(list �00 i � list � l � (Q(�; �) ^R(�)))gj := l)



191Iterative Subset Lists: Body of the Inner Loopf9�0; �00; �; �0; �00; 
; b;m00: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0 (j;m) � m 7! b;m00 �list �00 m00 � (Q(�; �0�b��00)^R(�0�b��00)) � W (�0; 
; a))g(b := [m℄ ;f9�0; �00; �; �0; �00; 
;m00: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0 (j;m) � m 7! b;m00 �list �00 m00 � (Q(�; �0�b��00)^R(�0�b��00)) � W (�0; 
; a))gm := [m+ 1℄ ;f9�0; �00; �; �0; �00; 
;m0: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0 (j;m0) � m0 7! b;m �list �00 m � (Q(�; �0�b��00) ^R(�0�b��00)) � W (�0; 
; a))gf9�0; �00; �; �0; �00; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0�b (j;m) � list �00 m �(Q(�; �0�b��00) ^R(�0�b��00)) � W (�0; 
; a))gg := 
ons(a; b) ;f9�0; �00; �; �0; �00; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg 
 (l; j) � lseg �0�b (j;m) � list �00 m �(Q(�; �0�b��00) ^R(�0�b��00)) � W (�0; 
; a) � g 7! a; b)gl := 
ons(g; l)f9�0; �00; �; �0; �00; 
; l0: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � l 7! g; l0 � lseg 
 (l0; j) � lseg �0�b (j;m) � list �00 m �(Q(�; �0�b��00) ^R(�0�b��00)) � W (�0; 
; a) � g 7! a; b)gf9�0; �00; �; �0; �00; 
: �0y�a��00 = � ^ ss(�0; �) ^(list �00 i � lseg g�
 (l; j) � lseg �0�b (j;m) � list �00 m �(Q(�; �0�b��00) ^R(�0�b��00)) � W (�0�b; g�
; a))g) ;



192
A Re
ursive Program for Subset ListsLet W 0(�; 
; a) def= #
 = #� ^J#
i=1 
i 7! a; �i;whi
h satis�esW 0(�; 
; a) � g 7! a; b, W 0(b��; g�
; a):Then the pro
edureextapp(a; i; j; k) =if i = nil then k := j elsenewvar b; i0; g in(b := [i℄ ; i0 := [i+ 1℄ ;extapp(a; i0; j; k) ;g := 
ons(a; b) ; k := 
ons(g; k))satis�esflist � igextapp(a; i; j; k)f9
: list � i � lseg 
 (k; j) � W 0(�; 
; a)g



193sin
eflist � igif i = nil then k := j elsef9b; i0; �0: � = b��0 ^ (i 7! b; i0 � list �0 i0)gnewvar b; i0; g in(b := [i℄ ; i0 := [i+ 1℄ ;f9�0: � = b��0 ^ (i 7! b; i0 � list �0 i0)gf9�0: (� = b��0 ^ i 7! b; i0) � list �0 i0gextapp(a; i0; j; k) ;f9�0: (� = b��0 ^ i 7! b; i0) �(9
0: list �0 i0 � lseg 
0 (k; j) � W 0(�0; 
0; a))gf9�0; 
0: � = b��0 ^(list (b��0) i � lseg 
0 (k; j) � W 0(�0; 
0; a))gg := 
ons(a; b);f9�0; 
0: � = b��0 ^(list (b��0) i � lseg 
0 (k; j) � W 0(b��0; g�
0; a))gk := 
ons(g; k)f9�0; 
0: � = b��0 ^(list (b��0) i � lseg g�
0 (k; j) � W 0(b��0; g�
0; a))g)f9
: list � i � lseg 
 (k; j) � W 0(�; 
; a)g



194Reasoning about the CallFrom the re
ursion assumption:flist � igextapp(a; i; j; k)f9
: list � i � lseg 
 (k; j) � W 0(�; 
; a)gby free variable substitution (FVS):flist �0 i0gextapp(a; i0; j; k)f9
: list �0 i0 � lseg 
 (k; j) � W 0(�0; 
; a)gby renaming (RN) in the post
ondition:flist �0 i0gextapp(a; i0; j; k)f9
0: list �0 i0 � lseg 
0 (k; j) � W 0(�0; 
0; a)gby the frame rule (FR):f(� = b��0 ^ i 7! b; i0) � list �0 i0gextapp(a; i0; j; k) ;f(� = b��0 ^ i 7! b; i0) �(9
0: list �0 i0 � lseg 
0 (k; j) � W 0(�0; 
0; a))gby introdu
ing existential quanti�
ation (EQ):f9�0: (� = b��0 ^ i 7! b; i0) � list �0 i0gextapp(a; i0; j; k) ;f9�0: (� = b��0 ^ i 7! b; i0) �(9
0: list �0 i0 � lseg 
0 (k; j) � W 0(�0; 
0; a))g



195Another Re
ursive Pro
edureLet ss0(�; �) def= � = [�℄ss0(a��; �) def= 9�0: ss0(�; �0) ^ � = (exta�0)��0and, as before,Q(�; �) def= #� = #� ^ 8#�i=1(list �i �i � true)R(�) def= (�#� = nil ^ emp) �J#��1i=1 (9a; k: i < k � #� ^ �i 7! a; �k)#exta� def= #�(exta�)i def= a��i;whi
h satisfy Q([�℄; [nil℄), trueR([nil℄), empQ(�; �) � W 0(�; 
; a)) Q((exta�)��; 
��)R(�) � W 0(�; 
; a)) R(
��)(Q(�; �) ^R(�)) � W 0(�; 
; a)) Q((exta�)��; 
��) ^R(
��):



196Then the pro
eduresubsets(i; j) =if i = nil then j := 
ons(nil;nil) elsenewvar a; i0; j0 in(a := [i℄ ; i0 := [i+ 1℄ ;subsets(i0; j0) ;extapp(a; j0; j0; j))satis�esflist � igsubsets(i; j)f9�; �: ss0(�; �) ^ (list � i � list � j � (Q(�; �) ^R(�)))g



197sin
eflist � igif i = nil then j := 
ons(nil;nil) elsef9a; i0; �0: � = a��0 ^ (i 7! a; i0 � list �0 i0)gnewvar a; i0; j0 in(a := [i℄ ; i0 := [i+ 1℄ ;f9�0: � = a��0 ^ (i 7! a; i0 � list �0 i0)gf9�0: (� = a��0 ^ i 7! a; i0) � list �0 i0gsubsets(i0; j0) ;f9�0: (� = a��0 ^ i 7! a; i0) �(9�0; �0: ss0(�0; �0) ^ (list �0 i0 �list �0 j0 � (Q(�0; �0) ^R(�0))))gf9�0; �0; �0: (� = a��0 ^ ss0(�0; �0) ^(list (a��0) i � (Q(�0; �0) ^R(�0)))) �list �0 j0gextapp(a; j0; j0; j)f9�0; �0; �0: (� = a��0 ^ ss0(�0; �0) ^(list (a��0) i � (Q(�0; �0) ^R(�0)))) �(9
: list �0 j0 � lseg 
 (j; j0) � W 0(�0; 
; a))gf9�0; �0; �0; 
: � = a��0 ^ ss0(a��0; (exta�0)��0) ^(list (a��0) i � list (
��0) j �(Q((exta�0)��0; 
��0) ^R(
��0)))g)f9�; �: ss0(�; �) ^ (list � i � list � j � (Q(�; �) ^R(�)))g



198Arrays that Denote Sequen
esarray � (a; b) def= #� = b� a+ 1 ^Jbi=a i 7! �i�a+1:Propertiesarray � (a; b)) #� = b� a+ 1array � (a; b)) i ,! �i�a+1 when a � i � barray � (a; b), b = a� 1 ^ emparray x (a; b), b = a ^ a 7! xarray x�� (a; b), a 7! x � array � (a+ 1; b)array ��x (a; b), array � (a; b� 1) � b 7! xarray � (a; 
) � array � (
+ 1; b), array ��� (a; b) ^ 
 = a+#�� 1, array ��� (a; b) ^ 
 = b�#�A SubtletyIn the following annotated spe
i�
ation, note that the assertionfollowing the se
ond else depends upon
+ 1 ,! x ^ d� 1 ,! y ^ x > r ^ y � r) 
+ 1 6= d� 1:



199Partitionfarray �(a; b)gnewvar d; x; y in (
 := a� 1 ; d := b+ 1 ;f9�1; �2; �3: (array �1 (a; 
) � array �2 (
+ 1; d� 1) � array �3 (d; b))^ �1��2��3 � � ^ f�1g �� r ^ f�3g >� rgwhile d > 
+ 1 do (x := [
+ 1℄;if x � r thenf9�1; �2; �3: (array �1 (a; 
) � 
+ 1 7! x � array �2 (
+ 2; d� 1)� array �3 (d; b)) ^ �1�x��2��3 � � ^ f�1�xg �� r ^ f�3g >� rg
 := 
+ 1else (y := [d� 1℄;if y > r thenf9�1; �2; �3: (array �1 (a; 
) � array �2 (
+ 1; d� 2) � d� 1 7! y� array �3 (d; b)) ^ �1��2�y��3 � � ^ f�1g �� r ^ fy��3g >� rgd := d� 1elsef9�1; �2; �3: (array �1 (a; 
) � 
+ 1 7! x� array �2 (
+ 2; d� 2) � d� 1 7! y � array �3 (d; b))^ �1�x��2�y��3 � � ^ f�1g �� r ^ f�3g >� r ^ x > r ^ y � rg([
+ 1℄ := y ; [d� 1℄ := x ; 
 := 
+ 1 ; d := d� 1))))f9�1; �2: (array �1(a; 
) � array �2(
+ 1; b))^ �1��2 � � ^ f�1g �� r ^ r <� f�2gg



200From Partition to Qui
ksortThus, if we de�nepartition(a; b; r; 
) =newvar d; x; y in (
 := a� 1 ; d := b+ 1 ;while d > 
+ 1 do(x := [
+ 1℄ ; if x � r then 
 := 
+ 1 else(y := [d� 1℄ ; if y > r then d := d� 1 else([
+ 1℄ := y ; [d� 1℄ := x ; 
 := 
+ 1 ; d := d� 1))));we have farray �(a; b)gpartition(a; b; r; 
)f9�1; �2: (array �1(a; 
) � array �2(
+ 1; b))^ �1��2 � � ^ f�1g �� r ^ r <� f�2gg:Now assume farray � (a; b)gqui
ksort(a; b)f9�: array � (a; b) ^ � � � ^ ord �g:Then



201Qui
ksort (
ontinued)farray � (a; b)gif a < b then newvar 
 in(f9x1; �0; x2: (a 7! x1 � array �0(a+ 1; b� 1) � b 7! x2)^ x1��0�x2 � �gnewvar x1; x2; r in(x1 := [a℄ ; x2 := [b℄ ;if x1 > x2 then ([a℄ := x2 ; [b℄ := x1) else skip ;r := (x1+ x2)� 2 ;f9x1; �0; x2: (a 7! x1 � array �0(a+ 1; b� 1) � b 7! x2)^ x1��0�x2 � � ^ x1 � r � x2gpartition(a+ 1; b� 1; r; 
)f9x1; �1; �2; x2:(a 7! x1 � array �1(a+ 1; 
) � array �2(
+ 1; b� 1) � b 7! x2)^ x1��1��2�x2 � � ^ x1 � r � x2 ^ f�1g �� r ^ r <� f�2gg) ;f9�1; �2: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1��2 � � ^ f�1g �� f�2ggqui
ksort(a; 
) ;f9�1; �2: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1��2 � � ^ f�1g �� f�2g ^ ord �1gqui
ksort(
+ 1; b)f9�1; �2: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1��2 � � ^ f�1g �� f�2g ^ ord �1 ^ ord �2g)else skipf9�: array � (a; b) ^ � � � ^ ord �g



202Qui
ksort (
ontinued)so that we may de�nequi
ksort(a; b) =if a < b then newvar 
 in(newvar x1; x2; r in(x1 := [a℄ ; x2 := [b℄ ;if x1 > x2 then ([a℄ := x2 ; [b℄ := x1) else skip ;r := (x1+ x2)� 2 ; partition(a+ 1; b� 1; r; 
)) ;qui
ksort(a; 
) ; qui
ksort(
+ 1; b))else skip:Reasoning about the First Re
ursive CallFrom the assumptionfarray � (a; b)gqui
ksort(a; b)f9�: array � (a; b) ^ � � � ^ ord �g;substitution (SUB) givesfarray �1 (a; 
)gqui
ksort(a; 
)f9�1: array �1 (a; 
) ^ �1 � �1 ^ ord �1g:



203Reasoning about the First Re
ursive Call (
ontinued)Then the frame rule (FR) gives the main step inf(array �1 (a; 
) � array �2 (
+ 1; b))^ �1��2 � � ^ f�1g �� f�2ggfarray �1 (a; 
)� (array �2 (
+ 1; b) ^ �1��2 � � ^ f�1g �� f�2g)gqui
ksort(a; 
)f(9�1: array �1 (a; 
) ^ �1 � �1 ^ ord �1)� (array �2 (
+ 1; b) ^ �1��2 � � ^ f�1g �� f�2g)gf9�1: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1 � �1 ^ ord �1 ^ �1��2 � � ^ f�1g �� f�2gg;and existential quanti�
ation (EQ) gives the main step inf9�1; �2: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1��2 � � ^ f�1g �� f�2ggqui
ksort(a; 
) ;f9�1; �2; �1: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1 � �1 ^ ord �1 ^ �1��2 � � ^ f�1g �� f�2ggf9�1; �2: (array �1 (a; 
) � array �2 (
+ 1; b))^ �1��2 � � ^ f�1g �� f�2g ^ ord �1g:
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