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Iterated Separating Conjunction

(assert) = --- | f;f (exp) (aSSeETt)

s,hE QL piff
let m = [e],8, n=[€]ops, [={i|m<i<n}in
d4H ¢ I — Heaps.
Vi,7 e I.1# 5 implies Ht 1. Hj
and h=J{Hi|iel}
and Vi e I. [s|v:i], Hi Ep.

Axiom Schemata
m>n= (O, p(i) < emp)
m=n= (OL, (i) < pm))
E<m<n+1= (@;’:kp(z') & (@Zi;lp(i) * @?:mp(i))>
O, p(i) & O, pli + k)
m<n=((OL, () * ¢ OL,@0) * q))

when ¢ is pure and 7 ¢ FV(q)

m<j<n= <(@?:mp(z)> ) * true )
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Array Allocation

(comm) ::= --- | (var) := allocate (exp)

Semantics

(s,h)[v:=allocatee] . ([s|v:l],h-h),

where h L b/ and domh' = {i | £ <i <l + [e],,5 }-

Inference Rules

Noninterfering:

{r} v:=allocate e {(O" i~ —) * r},

1=

where v does not occur free in r or e.

The local form:

{v=v'A emp} v :=allocate e {7

1=V

i = —},
where v’ is distinct from v, and e’ denotes e/v — v'.

The global form:

{r} v:= allocate e {3’ (@”+el_1i — —) * '},

1=v
where v’ is distinct from v, v' ¢ FV(e,r), ¢’ denotes e/v — v/,
and r’ denotes r/v — v’

The backward-reasoning form:

(V" (O i —) — p"} v:= allocate e {p},

1=v’

where v” is distinct from v, v" ¢ FV (e, p), and p” denotes p/v — v".
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A Cyclic Buffer Using an Array

We assume that an n-element array has been allocated at loca-
tion |. Let ¢(x) be the unique integer such that

¢($) —modn T | < ¢(SU) < |+ n.
We will use the variables

m number of active elements
| pointer to first active element
j pointer to first inactive element

Let R abbreviate the assertion

Rdéf()gmgn/\lgi<|—|—n/\|§j<|+n/\j5m0dni+m

It is easy to show that

{RAm < n}
m:=m+1;if j=14+n—1thenj:=lelsej:=j+1
{1}

and

{RAm>0}
m:=m-—1;ifi=Il+n—1theni:=lelsei:=i+1

1R}

When the buffer contains a sequence «, it should satisty

(OF L ¢(i+k) = agr1) * (OFZ" 1 d(j+k) — —))Am=#aAR.
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Inserting an Element

{(O% ¢i+k) = aw) * (Opg ¢l +k) = —))

Am=#aANRAmM<n}

{(O%) oi+k) = aws1) * (O ol +k) = —) *
(@k_;n_l ¢(j+k)— =) Am=#aARAmM<n}
{(Ony ¢ +k) = anpa) * qb(') — x
(@k;nl ¢(j+k) = =) Am=#aANRAmM<n}
il =
{((QE 01 P(i + k) = aks1) * @) — x *
(O™ ¢(j+k) = =) Am=#aARAm<n}
{(O 01 P(i + k) = auqr) * @i+ m) = x x
(Ot " dli+k) = =) Am=#aNRAm < n}
{(OF ¢li+k) = (@xX)is1) * ¢(i+m) = (@X)mp1 *
(@I ¢ +K) - ) Am=#aARAm < n}
{(O oli+K) = (ax)is1) * (O #i+k) = (@X)ir1) *
(@I 9+ k) = ) Am = #a ARAM < n}
{(Oxo 9(i + (@X)i1) * (O o +k) = =)

{(Okzo (i + (ax)iesr) * (OkZy dli+k+1) = )
Am+1=#ax) ARAm < n}

m:=m+1;ifj=l+n—1thenj:=lelsej:=)+1

{(O&y ¢i+k) = (@x)isr) * (OiZg 9 +k) = —))
Am = #(ax) A\ R}

k) —
Am+1=#(ax)ARAmM<n}

k) —

#(
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Connecting Two Views of Lists

01 02 On

| | |
'—’“;/0;2//.../0‘?

nil
If
list e & emp A i = nil
list (a-) i < Jj. i+ a,] * list ]
and
listN €1 & emp A i = nil
listN (b-o)i € b=iATj.i+ 1] listNoj,
then

list i< do. #0 = #a A (listNoi * ®0k|—>ak).

The proof is by induction on a.
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Specifying Subset Lists
Let o, € Z* and o € (Z*)* in

{list i}
“Set j to list of lists of subsets of i”
{Fo, 8. ss(al,o) A (list Bj * (Q(o,8) A R(B)))},

where

def
Hext,o0 = o

def
(extaa)i b a:-0;

ss(€, 0) = €]

def

ss(a-a,0) = Jdo’. ss(a,0’) Ao = (extyo’)'-o’

def

Qo,B) = #0 = #a/\viﬁﬂl(list o, 3 * true)

R(ﬂ) déf (6#5 = Ilil A emp) *

O '(Fa, k. i<k <H#BAB = a,B).
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Some Properties

The predicates

def

R(ﬁ) déf (6#5 = nil A emp) *

OF ' (Ga,k. i<k < H#BAB — a,B)

#3 = #o AV (list 0, B * true)

W(B,7,a) & #y = #8 A O 7 = a, (8)

satisfy
Q([e], [nil]) < true
R([nil]) < emp
W(B,v,a) * g a,b < W(3b,g,a)
Q(o.B) x W(B,7,2) = Q((exts0)"-0,7:8)
R(B) = W(B,v,a) = R(y-0)
(Q(a,8) ANR(B)) * W(B,7,2) = Q((extao)"-0,7-8) A R(v-).
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Proofs (1)

W(B,v,a) x g+ a,b
s #y=#0A(g—a,bx OF v a, (81))
& #gr = #6b A ((OLi(g7) > a, ((Bb)1);) »
(OF&  (g1)is1 = a ((85))is1))

& #gy =#BbAOIE (g7) — a, ((Bb));
< W(B-b,g,a).
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Proofs (2)
Let p(l) déf list o; Bi
Q(I déf i — a, (/BT)I
n < #o.
Then

Q(o,8) = W(B,7,a)
= (#6 =n AVE() + true)) « (47 = #61 OF a(i)
= #0 =nA#y =nA (VL (p() * true)) « O, q(i))
= #6=nA#y=n AV (pi) * true x O, q(j))
= #6=n A%y =n AV (p(i) * true) A
v (p(n+1—1i) * true x O, q(j))
= #6 = n A #y = n AV (p() * true) A
v (p(n+1—1) * true * g(i))
= #8=nA#y=nAV",(p(i) * true) A
v, (list (o) (81); * true * v — a, (81)))
= #y =nA#8=nAv",(listo, § * true) A

)
)

Vinzl(list ((extao)T)iy; * true)
= #~v.3 = #(ext,o) -0 A

Vl#z%llst ((extao)t-0); (7-8); * true)
= Q((extao)"-0,7:5).



187

Proofs (3)

R(B) * W(B,7,2)
= (Bxs = nil A emp) *
O i+ a, (BN
O (Fa,k. i<k <H#BAB — a,b)
= ((7'8)#+-6 = nil A emp)
OF(Fa. k. #y <k <#yBA (1) — a, (v-B)i) *
O Gak i <k < #y-BA(vB)i = 2, (v-B))
= ((7v'8)#ys = nil A emp)
O (Fa k. i <k < #yBA (v-B)i — a, (v-B)k)
= R(y-0).

From (2) and (3), we have

(Q(o, 8) AN R(B)) + W(B,7,3)
= (Q(o,5) * W(f,7,a)) A (R(B) * W(5,7,2))
= Q((exta0)-0,7:8) A R(v-B).
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An Iterative Program for Subset Lists

Final Assertion

Jo, 8. ss(al, o) A (list B * (Q(o, 8) A R(B)))
Outer Invariant
Jo/, " 0, 8. o/T-a" =a Nss(o,0) A
(lista”i = list B * (Q(o,8) N R(B)))
Inner Invariant
o/, 0,8, 68", 7. oMaa” =aAss(a, o) A
(list i * Iseg vy (I,j) * Iseg B’ (j,m) = list 3" m =
(Q(o,B"-8") NR(B"-B")) * W(B',7,a))
After inner loop:
3o/, a”,0,08,y. o'Ma-a = a Nss(a/, o) A
(list & i * Isegy (l,j) * list 3'j
(Q(o, ") NR(F')) * W(B',7,a))
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Iterative Subset Lists: The Main Program

{list i}
j := cons(nil, nil) ;
{list i * j+ nil, nil}
{list i * list [nil] j}
{ss(e, []) (list i = list[nil]j * (Q([e], [mil]) A R([nil])))}
{3, 0", 0,8. o/Ta/ = a Nss(a,0) A
(st o i + list ] * (Q(, B) A R()))}
while i # nil do Body of the QOuter Loop

{30, 8. ss(a’, o) A(list 3] + (Q(o, B) A R(B)))}



190
[terative Subset Lists: Body of the Outer Loop

{3/, 0", 0,8,a, k. aMa-a =a Nss(o,0) A
(i—a,k x lista"k * list 3] x (Q(o,8) AN R(B)))}
(a::[i];k::[i—i—l];disposei;disposei—i—l;i::k;
{3/, 0", 0,8. o/Ta-a” =a Ass(a, o) A
(lista”i * list 3] * (Q(o,8) ANR(B)))}
{3,a",0,8. o/Ta-a” =aNss(a,0) A
(lista”i * Isege(j,]) * Isege(j,j) * list B] =
(Q(o,e:8) N R(e:B)) * W(e e, a))}
l'=j;m:=j;
{3, 0", 0,8. o/Ta-a” =a Ass(a, o) A
(lista”i * Isege(l,j) * Isege(j,m) * list Gm
(Q(o,e:8) ANR(e:p)) x W(e € a))}
{3, 0", 0,08,08",v. oT-a-a" =a Ass(a,0) A
(lista”i * lIseg v (l,j) * Iseg 5" (j,m) = list 5" m x

(Q(o,8"-B") NR(B"B")) * W(F',7,a))}
while m # nil do Body of the Inner Loop

{3, 0", 0,8,7. o/Ta-a” =a Ass(a/,0) A
(list i = Iseg vy (l,]) * list 3]
(Q(o, ") NR(B")) * W(F',v,2))}
{(3,a",0,0,7. (a-a))-a = a Ass(a-d, (extyo)T-0) A
(st o+ list (v-) 1 * (Qlextso)-0,76) A R(-6))))
{3, o 0,6 oTo = a Nss(al, o) A
(listai = list B1 x (Q(o,8) ANR(B)))}

j=1)



Iterative Subset Lists: Body of the Inner Loop
{3,a",0,08,8",v,b,m". o/Ta-a” = aNss(a,0) A
(lista”i * Isegy(l,j) * Iseg B’ (j,m) * m — b,m" x
list 3" m" x (Q(o, §"-b-3") AR(5"-b-0")) * W(5',7,2))}
(b= [m];
{3, 0", 0,08,8", v, m". o/Ta-a =aAss(a,0) A
(lista”i * Isegy(l,j) * Iseg B’ (j,m) * m — b,m" x
list 3" m" x (Q(o, §"-b-3") AR(5"-b-0")) * W(5',7,2))}
m:=[m+ 1] ;
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{3, 0", 0,08,8",v,m. o/Ta-a” =aNss(a,0) A
(lista”i * Isegy(l,j) * Iseg ' (j,m') * m'+— b, m x
st 6" m + (Q(o, @b-") A R(F"b6") * W(H,7,2))}
{3, 0", 0,08,8", . oTa-a" =aAss(a,0) A
(list i * Isegy(l,j) * Iseg 3'-b (j,m) = list 3" m x
(o, 8b-8") A R(Zb8") + W(H,7.2)))
g :=cons(a,b) ;
{3, 0", 0,8,8",v. aT-a-a” =anss(a,0) A
(lista”i * Iseg v (l,j) * lseg B"-b (j,m) = list 3" m x
(Qo, Bb3") A R(F-b-3") « W(B,7,3) * g+ a,b)}
| := cons(g, |)
{(3,a",0,08,08",v,I'. &/Ta-a =aAss(a,0) A
(lista”i * 1 — g, I" x Isegy (I',j) * Iseg 8"-b (j,m) * list 3" m
(Qo, Bb:3") A R(B-b-3")) « W(8,7,3) * g a,b)}
{3, 0", 0,8,0",v. oTaa” =anss(a,0) A
(lista”i * Iseg gy (l,j) * Iseg B'-b (j,m) * list 3" m x
Qo 3b-0") AR(Bb:6")) = W(5b.g7.2))})
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A Recursive Program for Subset Lists

Let o
W/(Baf%a) = #,’Y — #6/\ qu Yi aaﬁia

which satisfies
W/(Baf% a) * g a, b < W,(b67g77 a)'
Then the procedure
extapp(a, i j; k) =
if i = nil then k :=j else
newvar b,i’, g in
<b::[i];i’::[i—|—l];
g :=cons(a,b) ; k := cons(g, k))

satisfies
{list 3i}

extapp(a, i, j; k)
{Jv. listBi = Isegy (k,j) = W'(B,v,2)}
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since

{list 3i}
if i = nil then k :=j else
(3b,7,8. B=bf Alirsbi xlist i)}
newvar b.i’, g in
<b::[i];i’::[i—|—l];
{36". B=Db-B ' A(i—b,i" x list 3'")}
{36". (B=Db-B"'Airb,i") * list 3'i'}
extapp(a, 1, ) ;
(38", (8=0b-8 Aib,i) *
(3. list B'i" = lseg~' (k,j) = W'(B',7',a))}
{36,9". B=Db-B'A
(list (b-3") i * Iseg ' (k,j) * W'(8'.7',a))}
g := cons(a, b);
39,7 B=b A
(st (b5')i * Iseg 7/ (k.j) * W(b5',g",2))}
k := cons(g, k)
{369 B="Dbp"A
(list (b-B') i = lseg gy’ (k,j) = W'(b-0',87",2))}
)

{3v. listBi = Isegy (k,j) * W'(3,~v,a)}
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Reasoning about the Call

From the recursion assumption:

{list 3i}

extapp(a, i, j; k)

{Fy. list Bi * Isegy (k,j) * W'(5,v,a)}
by free variable substitution (FVS):

{list 51"}

extapp(a, i, j; k)

{Fy. list "1 * Isegy (k,j) * W' (G, v,a)}
by renaming (RN) in the postcondition:

{list 51"}

extapp(a, i, j; k)

{34 list ' * Iseg ' (k,j) * W'(G',7',a)}
by the frame rule (FR):

{(B=bB Nirsb,i) x list B

extapp(a, i k)

{(B=bB Airsb,i) =

(I list ' = lseg~' (k,j) =« W'(G',7',a))}

by introducing existential quantification (EQ):

{36". (B=b-F" ANirb,i") * list 3'i'}

extapp(a, i, j; k) ;

{36". (B=Db-F' ANirb,i") %

(I list ' = Iseg~' (k,j) =« W'(G',7',a))}
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Another Recursive Procedure

Let
ss'(e,0

ss'(a-a, o) © 3. ss'(a,0') N o = (extyo')-0

and, as before,

Qlo,[) = < #G = #OAV (Ilst o; 3 * true)

R(8) € (B4s = nil A emp) *
O (Fa,k. i <k < #BA G+ a, Be)

Lext,o = Lq
(ext,o); 2 a-0;,
which satisfy
Q([e], [nil]) < true
R([nil]) < emp
Q(o.B8) « W(B,7,a) = Q((extao)-0,7-0)
R(B) = W'(B,v,a) = R(v-p)
(Q(o,B) NR(B)) * W'(B,7.2) = Q((exta0)-0,7-8) A R(v-B).

J

J
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Then the procedure
subsets(i;j) =
if i = nil then j := cons(nil, nil) else
newvar a, i, in
<a::[i];i'::[i—|—1];
subsets(i’; ') ;
extapp(a, . 1';j))
satisfies
{list i}
subsets(i; j)

{30, 8. ss'(a,0) A (Iistai * list 5] * (Q(Uaﬁ)/\R(ﬁ)))}
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since
{list i}
if i = nil then j := cons(nil, nil) else

{Fa,i",0/. a=aad A(i—a,i * lista'i’)}
newvar a,i’,j in
(a::[i];i'::[i—I—l];
{Fa’. a=aa' A(ira,i * lista'i')}
{3a’. (a=aa' ANirra,i’) * lista'l
subsets(i’;}') ;
{Fa. (a=aad ANira,i) *
(30’,6’. ss'(a, ") A (Iist o' i x
ist 81+ (Qo,8) A R(#))))}
{3, 0", 5. (a =a-a' Ass'(a’,0') A
(ist (a-') i # (Q(o", ) AR(B)))) =
list "'}
extapp(a,j’,j’;J)
{3, 0", 5. (a =a-a' Ass'(a',0') A
(ist (a-a') i * (Q(0", ') A R(B))))
(Fy. list B'j" = Isegy (,J') * W'(B',7,2))}
{3,060 ,7y. a=aa Ass'(a-d, (extyo')-0') A
(Iist (a-a')i * list (y-5) ] *
(Q(exts0’)o",7-0') A R(v-)))})
{3o,8. ss'(a,0) A (Iist ai x listBj x (Q(o,0) A R(B)))}
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Arrays that Denote Sequences

array a (a, b) = P da=b—a+1A @ib:a | = Qa1

Properties
array a(a,b) = #a=b—a+1
array a (a,b) = i< aj_,41 whena<i<b
array € (a,b) & b=a—1Aemp
array x (a,b) & b=aAa—x
array x-a (a,b) < ar x * arraya(a+ 1,b)
array a-x (a,b) < array a(a,b —1) % b x

array a (a,c) * array 3 (c+1,b)
< array - (a,b) Ac=a+ #a — 1
& array a-B(a,b) Ac=b — #0

A Subtlety

In the following annotated specification, note that the assertion
following the second else depends upon

c+1l—=xAd—1—=yAx>rAy<r=c+1%#d—-1.
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Partition

{array a(a,b)}
newvar d, x,y in (c::a—l;d::b+1;
{Jay, as, as. (array a; (a,c) * array as (c+ 1,d — 1) * array ag (d, b))
Nar-asas ~aN{a} <*rA{as} >*r}
while d > ¢+ 1 do (x:=[c+1];
if x <r then
{Jaq, as, 3. (array a1 (a,c) *x c+ 1+ x * array ap (c+ 2,d — 1)
x array ag (d, b)) A ay-x-as-as ~ aA{ag-x} <FrA{ag} >*r}
c:=c+1
else (y = [d — 1];
if y > r then
{Ja1, as, as. (array oy (a,c) * arrayas (c+1,d—2) x d—1—y
% array ag (d, b)) A ag-as-y-ag ~ aA{ag} < rA{y-as} >*r}
di=d-1
else
{Jay, as, a3. (array a1 (a,¢) * c+ 1 x
* array as (+2,d —2) x d— 1~y x array az (d, b))
N arxasyag~aA{a} <FrA{az} > rAx>rAy <r}
([c+1]:=y;[d—1] ::x;c::c—l—l;d::d—1)>>>
{Ja1, as. (array a;(a, c) * array as(c+ 1,b))
ANagas ~aA{a} < rAr<*{as}}
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From Partition to Quicksort

Thus, if we define

partition(a, b, r;c) =
newvar d, x,y in (c::a—l;d::b+1;
whiled > c+1do
(x:: lc+1];if x <r thenc:=c+ 1 else
(y:=[d—1];ify > rthend:=d — 1 else
([c+1]:=y;[d—1] ::x;c::c—l—l;d::d—l)))),
we have
{array a(a, b)}
partition(a, b, r; c)
{Jay, as. (array ay(a, c) * array as(c+ 1,b))
ANaj-as ~aN{a} < rAr<*{as}}.

Now assume

{array v (a, b)}
quicksort(a, b)

{33. array 3 (a,b) A ~ a A ord 3}.

Then



Quicksort (continued) 201
{array a.(a,b)}

if a < b then newvar c in
({Hxl,ao,xz. (ar>x; * arrayapg(@a+1,b—1) % b xy)
A X1-Qig-Xg ~ )
newvar x1,x2,r in
(xl = [a] ; x2 :=[b] ;
if x1 > x2 then (|a] :=x2; [b] :=x1) else skip ;
r:=(x1+x2)+2;
{3x1, ag, x2. (a > xy * array ag(a+1,b— 1) % b+ x9)
AXp-agXe ~aAxy <r <X}
partition(a+ 1,b — 1,r; c)
{3Ix1, a1, as, Xs.
(a — xyxarray ag(a+ 1,c) xarray as(c+ 1,b — 1) b — xy)
AXp-ap-agxg ~aAxy <r<xgAfag} < rAr<? {Oég}}) :
{Ja1, as. (array a; (a,c) * array as (c + 1,b))
Aar-as ~aN{a} < {as}}
quicksort(a, c) ;
{31, as. (array 1 (a,c) * array as (c+ 1,b))
ABrag ~aAN{f} <" {a} Aord j; }
quicksort(c + 1, b)
{3PB1, B2 (array B (a,c) * array 35 (c+ 1,b))

A\ Bl'ﬂz ~ N {ﬂl} S* {ﬂz} YA\ OI'd 61 A\ OI'd 62}>
else skip

{33. array B (a,b) A B ~ a A ord B}
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Quicksort (continued)

so that we may define
quicksort(a, b) =
if a < b then newvar c in
(newvar x1,x2.r in
(x1:=[a] ;x2:= [b]
if x1 > x2 then ([a] :==x2; [b] :=x1) else skip ;
ri= (x1 +x2) = 2; partition(a + 1,b — 1,r;¢)) ;
quicksort(a, ¢) ; quicksort(c + 1, b))
else skip.

Reasoning about the First Recursive Call

From the assumption

{array a:(a,b)}
quicksort(a, b)

{36. array B (a,b) A B ~ a A ord [},

substitution (SUB) gives

{array o (a, ¢)}
quicksort(a, c)

{36:. array 1 (a,c) A B1 ~ aq Aord (1}
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Reasoning about the First Recursive Call (continued)

Then the frame rule (FR) gives the main step in

{(array a1 (a,c) * array as (c + 1,b))

Napas ~aA{a} < {ax}}
{array a4 (a,c)

% (array ag (c+ 1,b) Aag-as ~ a A {ar} <" {as})}
quicksort(a, c)
{(3pB1. array (1 (a,c) A B1 ~ a3 A ord ;)

* (array as (c+ 1,b) Aag-as ~ a A {ar} <* {as})}
{3p:. (array (1 (a,c) * array as (c 4+ 1, b))

NP1 ~a; Aord B A ar-as ~aA{ar} <* {as}},

and existential quantification (EQ) gives the main step in

{Ja1, as. (array oy (a,c) * array as (c + 1,b))
ANar-as ~aN{a} < {as}}

quicksort(a, c) ;

{Ja, as, B1. (array B (a,c) * array as (c + 1, b))
NP1~ ar Nord B Aag-ag ~ aA{ar} < {as}}

{3P1, as. (array B (a,c) * array ap (c+ 1, b))
ABrag ~aAN{Bi} <" {az} Aord 3}
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