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Abstract

Increasingly sophisticated applications of
static analysis make it important to precisely
characterize the power of static analysis tech-
niques. Sekar et al. recently studied the
power of strictness analysis techniques and
showed that strictness analysis is perfect up
to variations in constants. We generalize this
approach to abstract interpretation in gen-
eral by defining a notion of similarity seman-
tics. This semantics associates to a program
a collection of interpretations all of which are
obtained by blurring the distinctions that a
particular static analysis ignores. We define
completeness with respect to similarity se-
mantics and obtain two completeness results.
For first-order languages, abstract interpre-
tation is complete with respect to a standard
similarity semantics provided the base ab-
stract domain is linearly ordered. For typed
higher-order languages, it is complete with
respect a logical similarity semantics again
under the condition of linearly ordered base
abstract domain.

1 Introduction

Static analysis allows compilers to opti-
mize code generation. In recent times, static
analysis based on the technique abstract in-
terpretation has found increased use [2, 5, 11,
10]. In contrast to traditional applications
of static analysis, the newer applications in
functional and logic programming implemen-
tations achieve radical speedups, sometimes
even altering the complezity of run time or
space. Thus, these applications place an in-
creased burden on the reliability of static
analysis. The failure of the analysis to detect
some information may mean that the com-
plexity of the algorithm would be altered.

It is therefore necessary to precisely char-
acterize how powerful a static analysis tech-
nique is and to state it in terms that the user
of a programming language can understand.
The latter is necessary because the user of
a sophisticated compiler would have to tune
his program to fit the compiler’s capabili-
ties so that the desired performance can be
achieved.

Clearly, no static analysis method can give
precise information about all programs. If
it did, that would be a violation of Rice’s
theorem that nontrivial semantics properties
of computable functions are undecidable. So,
analysis is in general approximate and it is
hard to measure how good an approximation
it is.

In a recent paper, Sekar et. al [13] pro-
posed a new approach to the problem. An
abstraction map blurs certain distinctions in
the semantic values. Hence, it can never
find properties which depend on the distinc-
tions being blurred. However, we may ask
whether it finds all the properties which do
not depend on such distinctions. If it can
find all such properties, we can call it com-
plete. Sekar et. al. apply this technique to
two particular strictness analysis problems,
viz., Mycroft’s strictness analysis method for
first-order functions [10] and a method of
their own formulation [14] which improves
on Mycroft’s analysis. They show that both
these analyses are complete.

In this paper, we follow the approach of
Sekar et. al. and obtain completeness results
for a broad class of abstract interpretations.
Our results show that whenever the base ab-
stract domain is a finite total order, first-
order abstract interpretation is complete in



the sense just described. This subsumes the
two completeness results proved by Sekar et.
al. and it also covers other abstract interpre-
tations such as the Wadler’s analysis for “list
strictness” [16]. Further, our proofs avoid
the detailed operational arguments used by
Sekar et. al. and focus on the abstract do-
main and semantic interpretation.

There are serious impediments to relaxing
the condition that the base abstract domain
must be a total order. For instance, if prod-
uct domains are abstracted to products of
the component abstract domains (which is
not a total order) then abstract interpreta-
tion is not complete. Thus, some condition
is necessary even though the total order re-
striction may be too strong.

We also generalize the results for typed
higher-order languages with product and
function types. As indicated above, ab-
stract interpretation for products (and func-
tion spaces) cannot be complete in the same
sense as for the first-order case. So, we pro-
pose a revised notion of completeness where
structured values such as pairs and func-
tions are not treated as observable values,
but have components that are be observable.
Two structured values are considered indis-
tinguishable (for the purposes of static anal-
ysis) if all their observable components are
indistinguishable. This notion of indistin-
guishability leads to a new notion of com-
pleteness. We are able to show that, when-
ever abstract domains are constructed from
totally ordered abstractions for observables,
abstract interpretation is complete in that it
gives the best information available for all
indistinguishable programs.

1.1 Relation to previous work

Obviously, the closest work to ours is Sekar
et al. [13]. We have already stated where we
stand with respect to that work: by using de-
notational arguments instead of operational
ones, our results are more general and our
proofs simpler.

It is important to understand that this pa-
per does not attempt to offer a new method
of strictness analysis. Like Sekar et al., we
are only trying to pin down the power of the
traditional techniques of Mycroft [10] and
Burn, Hankin, and Abramsky [3].

A number of authors have discussed the

optimality of static analyses (e.g. [1, 6, 12]).
However, that work does not consider the
same problem as concerns us. Where they
consider optimality in general — i.e. finding
the correct mathematical characterization of
optimality — we are looking for a concrete
characterization of the information loss in a
particular abstract interpretation.

2 First order languages

For simplicity, we assume that all func-
tions are n-ary for some fixed n > 0. Let
Z1,...,%, be a set of n variables. The lan-
guage includes a set of constants k£ € Clonst,
a set of primitive functions p € Prim and a
set of function symbols f € Fun. The ab-
stract syntax is

e € Exp
e == x| k|p)] f(e)

A program is a set of equations of the form

flzr, ... 2) =€
for each f.

For the semantics, assume a cpo D for the
value domain. Each constant symbol is inter-
preted as a value in D. Each function sym-
bol is interpreted as a continuous function in
[D™ — D] and each primitive function sym-
bol is assigned a fixed interpretation. We
ambiguously denote the interpretation of a
constant k£ by k, and the interpretation of a
primitive function symbol p by p. Now, the
semantics of expressions is determined with
respect to an interpretation I mapping func-
tion symbols to functions in [D" — D] and
an environment 1 mapping variables to val-
ues in D:

[zi]In = n(=:)
[k]1n k
[p(e)n = p(lelln)
[renm = I1(f)[elin)

An interpretation I that satisfies all the
equations of the program is a model of the
program, and the standard semantics of the
program is its least model. As usual, the
least model can be expressed as the least
fixed point of a functional F' on interpreta-
tions. Let F'(I) be the interpretation I’ such
that, for all equations f(Z) = e in the pro-
gram,

[F(@)11'n = [eln



Models of the program are precisely the fixed
points of F'. Clearly, F' is continuous and, so,
the least fixed point is given by the lub of the
Kleene iteration sequence.
2.1 Abstract interpretation

For the abstract interpretation, assume a
complete lattice 4. There must be an ab-
straction function abs : D — A that is con-
tinuous. The abstraction function induces a
corresponding function abs : [PD" — D] —

[A" — A] defined by
abs(f)(a) = | _|{abs(f(9)) | abs(v) C a}

The abstraction of constant and primitive
symbols are k! = abs(k) and p! = abs(p)
respectively. A program can be given se-
mantics in the abstract domain by defining a
semantic function [e]*. Again, the least ab-
stract model is given by the least fixed point
of a continuous function F' on abstract in-
terpretations. The following results relate
the standard semantics and the abstract se-
mantics. Whenever [ is an interpretation,
I' denotes the abstract interpretation given
by I'(f) = abs(I(f)). Similarly, if 5 is
an environment, 7' denotes the correspond-
ing abstract environment nf(z) = abs(n(z)).
The following soundness results are stan-

dard [3, 10]:
Theorem 2.1 (Soundness)
abs([elIn) Ca [ T

Theorem 2.2 (Soundness) If [ is the
standard semantics of a program and I4 is
its least abstract semantics, then It T4 I4.

2.2 Similarity semantics
The abstraction map induces an equiva-

lence relation ~ (called similarity) on D and
[D™ — D] as follows. For v, w € D,

v~ w < abs(v) = abs(w)
For f,g € [D" — D],
[~ g Vo €D f(3) ~ g(v)

The idea of similarity is that the abstract
interpretation has no way to distinguish be-
tween values and functions that are simi-
lar. However, the similarity of functions is
slightly weaker than having the same ab-
straction. The notion of similarity can be ex-
tended to environments and interpretations
point-wise.

Example Let Bool; be the flat cpo of
truth values, and 2 = {1, T} be the “de-
finedness” abstract domain with the abstrac-
tion function abs = {L — L true —
T, false — T}. The only similarity in Bool
is true ~ false. Some of the functions in
[Bool, — Bool, ] are

1L true false
abort L il il
suce L true 1
nsuce L false il
fazil L L false
nfail L 1 true
id 1L true false
not 1 false true

The function abort is not similar to any other
function. Among the others, suce ~ nsucc,
fail ~ nfail and id ~ not. Note that
all these latter functions have the same ab-
straction. So, similarity is weaker than hav-
ing the same abstraction. In Section 4,
we strengthen the definition of similarity of
functions to include suce ~ fail. The idea
here is that each of them can simulate the
other by modifying its input to a similar
value. However, suce ~ id does not hold
even for the strengthened definition.

Abstract interpretation of expressions
loses information, in general. For instance,
whenever z # L1, suce(fail(z)) = L, but
succl(fail'(z)) = T. However, such a loss of
information can be justified. Since abstract
interpretation cannot distinguish between
similar values and similar functions, it can
only give information that is shared by all the
expressions similar to the given expression.
Since fail ~ nfail and succ(nfail(z)) =
true, we cannot expect the abstract inter-
pretation to give precise information about
suce(fail(z)). O

We formalize the loss of information as
follows. We associate with an expression a
class of interpretations each of which is ob-
tained by confusing the information in the
expression via similarity. Now, we can say
that an abstraction is complete if it identi-
fies the properties shared by all interpreta-
tions in the class.

Define a relation ~»7 ,C (Ezp x D) which
relates expressions to values by confusing the



values of subexpressions:

z if p(z) ~v
k ~r1, v ifk~w

ple) ~r1, Pv) fp~p Ae~ppv
fle) ~rn flv) HIf)~ ' Ne~pyv
Note that the left hand sides of these rules
are expressions and the right hand sides are
semantic values. The ~» relation is similar to
the semantic function except that it allows
the values of subexpressions to be modified
up to similar values. This gives the following
results:

MIJ’] v

Lemma 2.3 e~ , [e]In.

Secondly, ~+ is indifferent to similarity per-
turbations in the inputs and results.

Lemma 2.4 If e ~7, v, I ~I', n ~ ' and
v o~ 'U/ then e MI’,T}’ 'U/.

An interpretation I is said to be a
similarity-model of a program if, for each
equation f(Z) = e in the program,

e~ry [f(2)]n

However, unlike for the standard seman-
tics, similarity-models cannot be expressed
as fixed points of functionals. We use an al-
ternative formulation to achieve the same ef-
fect. Given two interpretations I and J of
a program P, we say that I improves to J
(I —p J) iff, for every equation f(z) =,

e~ [f(@)]In

Like the ~+1 , relation, —p is indifferent to
similarity perturbations:

Lemma 2.5 f I' ~ I, I —p Jand J ~ J'
then I’ —p J'.

Proof: The only use made of I in I —p J
is in the condition e ~7, [f(Z)]Jn which
is indifferent to a similarity perturbation
in 7. Similarly, the only use made of J
is in interpreting f(Z). Since [f(z)]Jn =
J(H(@) ~ J'(F)(n(@)), we have that
T —p ]’.1 0O

Note that I is a similarity-model of P iff
I —p I. Further:

1Even though [[f(i‘)]]Jn ~ IIf(a?)]]J'n, it is im-
portant to note that this does not generalize to
arbitrary expressions in place of f(Z). For exam-
ple, f(g(z)) has dissimilar values in the two simi-
lar interpretations J = {f +— succ,g — fail} and
J' = {f — succ,g — nfail}.

Lemma 2.6
Every model of P is a similarity-model of

P.

Proof: If I is a model of P then, for ev-
ery equation f(z) = e, [f(2)]In = [e]lIn.
By Lemma 2.3, we have e ~1, [f(Z)]In.
Hence, [ —p [. O

Intuitively, a similarity-model allows con-
stants and primitives to be “confused”. As
a trivial special case, it may perform no con-
fusion at all, in which case it is a model.

The predicate e ~ , v is inclusive in I, 5
and v, i.e., given increasing sequences {I; };
{ni}i and {v;}; such that e ~, ,, v;, we have
€~ 1;,usm: Uivs. This is clear from the fact
that the values v have a continuous depen-
dence on 5 and . Similarly, the relation —p
is also inclusive. We can now give a Kleene-
like construction for similarity-models:

Theorem 2.7 Let P be a program and
IJ_ = Io —p Il —p IQ —p ... be an in-
creasing sequence of interpretations. | |; I; is
a similarity-model of P.

Proof: Consider the subsequence I; —p
I —p .... The given sequence is related
to this by < p relation. Hence, by inclusiv-
ity, | ;>0 Ii —p |;>; Ii- But, the two lubs
are equal. Hence ||, I; —p |]; I; showing
that it is a similarity-model. O

We call similarity-models expressible as
lubs of such sequences reachable similarity-
models. They capture the notion of con-
fusing the standard semantics of programs.
Other unreachable similarity-models are of
no computational interest.

3 Completeness

For the purpose of this paper, we impose
two conditions on the abstractions. First, A
must be a finite linearly ordered partial or-
der. (Such a partial order is automatically
a complete lattice). Second, the abstraction
map abs : D — A should be upward-faithful,
i.e., whenever abs(v) C4 abs(w), there must
exist a w’ € D such that abs(w’) = abs(w)
and v Cp w’. This essentially means that
a C 4 biff the inverse images of a and b are re-
lated by the Hoare power domain order. See
[3] for a discussion of the use of Hoare power
domains in abstract interpretation. Upward-
faithfulness implies:



Lemma 3.1 There is a subdomain ¢ C D
isomorphic to A.

Proof: We proceed to build C by induction
on the structure of A. First, Lpe C. Now
consider any a € A such that for all o’ C a,
there exists « € C such that abs(z) = o/, but
for which there is no z € C with abs(z) =
a. It follows immediately from upward-
faithfulness that there is an = € abs™!(a)
such that for all ¢’ T a there are y € abs(a’)
with y C z. Add this z to C. Proceed until
all elements of A (and thus of D) are ac-
counted for. B

We will also denote by C the function (a
retract of D, in technical terms) C(y) = the
element z of C such that abs(y) = abs(z).

Lemma 3.2 If f is an arbitrary function,
and abs o f is continuous, then C o f is con-
tinuous.

Upward-faithfulness generalizes to func-
tions, environments and interpretations in a
natural way:

Lemma 3.3 Let abs D — A be an
upward-faithful abstraction function.

1. For f,g € D" — D, if abs(f) C abs(g)
then there exists ¢’ such that abs(g¢’) =
abs(g) and fC ¢'.

2. For environments n; and 73, if nﬁl C 17%
then there exists 74 such that ()t = n}
and n; C 7s.

3. For interpretations I and J, if I! T J!
then there exists .J/ such that (J/) = J*
and TC J'.

The conditions we have imposed on A al-
low us to simplify the definition of abs for
functions:

Lemma 3.4 For any f € D" — D and a €
A" such that all the components of @ are in
the range of abs,

abs(f)(a) = |_|{fle v)) | abs(v) = a}.

Proof: Let w be such that abs(w) = a. By
definition,

abs(f)(a)
= abs(f)(abs(w))
= L{abs(f(w)) | abs(u) = abs(w)}.

Upward-faithfulness implies that this equals:

|_|{ab5

which, by monotonicity of abs, equals:

I_l{abs )) | abs(v) = abs(w)},

as required.

)) | 3v.abs(v) = abs(W) Au C v},

Lemma 3.5 For all f and v, there ex-
ists a u such that abs(v) = abs(u) and
abs(f)(abs(v)) = abs(f(u)).

Proof: This follows from the previous lemma,
together with the fact that A is finite and
linearly-ordered, which implies that | | is just
the max operation.

Now, the following result strengthens The-
orem 2.1 by replacing C 4 with equality.

Theorem 3.6 (Completeness) Let I be
an interpretation and n an environment. For
every expression e, there is a v € D such that
e~1, v and abs(v) = [e]*Itnt.

Proof: By structural induction on e.

. [Iae]]nﬂn11 = pi(z) = abs(n(z)). Since

& ~1 n(z), the conclusion is obtained.

o [KIFI'npt = k' = abs(k). Since k ~1, k,

the conclusion is obtained.

o [p(@F I'nt = p'([e]'T*yf). By induc-
tive hypothesis, there exist v such that
€ ~1, U and abs(v) = [e]*I'n!. Now,
p'(abs(v)) = abs(p(u)) for some u ~ v,
by lemma 3.5. Since € ~+7 , v and ¥ ~ 4,
we also have € ~»7 , u. Hence, the con-
clusion follows.

o SOV 't = P(f)([e]' I'yP).  This

case 1s similar to the above because
I'(f) = abs(I(f)).

O

This result is somewhat stronger than what
is needed. It says that, among the interpre-
tations associated with an expression, there
is one that precisely realizes the information
given by the abstract interpretation. Hence,
it follows that the abstract interpretation
gives the information shared by all the in-
terpretations of the expression.



Theorem 3.7 (Completeness for programs)

If J4 is the least abstract interpretation of a
program P, there is a reachable similarity-
model T of P such that I = J4.

Proof: Let F! be the program’s functional on
abstract interpretations, i.e., for each equa-
tion f(z) = ¢, PIJ)(P(@) = [] Iz —
w}. Ja is the least fixed point of FF.
Hence, it is the lub of the increasing se-
quence J; = (F")!(JL). We exhibit an in-
creasing sequence Iy —p I} —p ... such
that (I;)! = J;. Furthermore, for all i and f,

L(f) = Co L(f).

e Let Iy be the undefined interpretation.
Clearly, (In)" = Jo and Io(f) = Colo(f).

e Suppose (I;)! = J;. Let f be a func-
tion defined by f(z) = e and 7 the en-
vironment {z — w} for some w € D".
Define f('ll’) to be some v (whose ex-
istence is guaranteed by 3.6) such that
e ~1,5 v and abs(v) = [e]l*Iin'. Now
let Iip1(f) = Co f. We have, for all
o, abs(Tis1 (F)(@)) = []'T:{e — @} =
Jiy1(f)(abs(w)), so that I}, = Jij1.

Finally, IZ!1 C If“ implies that I; =

Col; C Coliz1 = Liy1.

|

This result strengthens Theorem 2.2 by
showing the existence of an interpretation
I such that I' is equal to the abstract se-
mantics. The interpretation I is obtained by
confusing the standard semantics of the pro-
gram. Since all such confusions are indistin-
guishable in the abstraction, this is indeed
the best that can be achieved by abstract in-
terpretation.

Note that the sequence .J; actually con-
verges in finite time, say at element J,, so
that in fact I# = J4. This suggests the fol-
lowing:

Corollary 3.8 If J4 is the least abstract in-
terpretation of program P, there is a pro-
gram P’ obtained from P by a finite number
of unfoldings of function definitions, followed
by replacements of constants by similar con-
stants, such that [P]' = J,.

3.1 Discussion
To get a flavor of the completeness result,
consider the program

f(z) =if 2 = 0 then 1 else L

Given the abstraction abs : Nat; — 2 which
maps L g to L and all other values to T,
the abstraction of f is

T, otherwise

There is loss of information involved in this
abstraction because, for instance, f(1) = L
which abstracts to L whereas f!(abs(1)) =
T. However, the result f(1) = L depends
on the fact that (1 = 0) = false. Since the
abstraction map has been defined to blur the
distinction between true and false, the ab-
stract interpretation of f(1) does not have
the information that (1 = 0) = false. Tt
would have to produce the same results even
if (1 = 0) were true. Our similarity seman-
tics of programs is defined in such a way that
it blurs all the distinctions that are lost in
the abstraction. Both 1 = 0 ~ false and
1 = 0 ~+ true are possible. Hence, both
f(1) ~1, L as well as f(1) ~, 1 hold
and, so, the result of abstract interpretation
denotes the best possible information.

The main condition used in this complete-
ness result is that the abstract domain must
be linearly ordered. This may appear to be
a severe restriction, but some of the oft-used
abstract interpretations are based on linearly
ordered abstract domains. The strictness
analysis of Mycroft [11, 10] uses the two
point definedness domain 2 = {L C T}.
Sekar et. al. [13] work with concrete domains
of terms and analyze for three properties: L
denoting undefined, H denoting definedness
of the head (outermost constructor symbol),
and T denoting complete definedness. This
analysis can be modeled by the abstract do-
main {L C H C T} which is linearly or-
dered. Wadler [16] uses a four-point abstract
domain for analyzing list strictness which is
also linearly ordered. Our results show that
all these analyses are complete in that they
provide the best information representable in
these abstract domains.

It seems that the linear order restriction
can be relaxed. What is needed is some kind



of condition stating that the lubs of abstract
values are “precise”. That is, when we take
the lub of two abstract values for lack of cer-
tainty about which of two computation paths
would be followed, the lub should precisely
capture this uncertainty without introducing
any extra loss of information. However, we
are not able to formalize this intuition.

To give a flavor of loss of completeness
that arises with imprecise lubs, consider the
concrete domain Nat; x Nat; abstracted to
2 x 2. The pair (T, T) is the lub of (L, T)
and (T, L). Consider the program

f(z) =if 2 = 0 then (1, 1) else (L, 2)
Its abstraction 1s

(L) ife=1
(@) _{ (T, T) otherwise

If 2 # L, f() is either (1, 1) or (L, 2) nei-
ther of which realizes the analysis (T, T).
More precisely, there is no v such that
f(z) ~1, v and abs(v) = (T,T). Theo-
rem 3.6 fails. Thus, analysis of product do-
mains cannot be complete in the sense of
this section. In the next section, we adopt
these notions to typed lambda calculus. Tt
would then be seen that analysis of product
domains can be complete in a different sense.

4 Typed lambda calculus

In this section, we extend the results of
Section 2 to typed lambda calculus with
products and function spaces. The language
includes a set of base types # and a set of
constants k7 (which subsume primitive func-
tions). The abstract syntax is

T € Type
T o= BlmXxm|n—mn
e” € Exp;
€7 u= xm | kT e 1] T X2
|7 =7 €3’ | fiwer™T
67‘1)(7'2 — <6‘{1,612-2>
e = AaT.e”

To be precise, one would have to define the
context-sensitive syntax in terms of type in-
ference rules as in [4, 9]. We often drop type
superscripts because they can be automati-
cally reconstructed.

For the semantics, assume a cpo Dg for
each base type 8. D, xr, is the cpo-product

D;, XD, and D4, .5, is the continuous func-
tion space [D,;, — D;,]. The assignment D
of domains to types is called a typed lambda
structure. The semantic functions are con-
ventional:

[z]ln = n(2)

[k]n = &

[ler,e2)]n = ([exln, [e=]n)
fe.-1ln = fst([eln)
[e.2ln = snd([e]n)

[Az.e]n = Av. [e]n[z—v]
[er ealn = ([ea]ln) ([e=Dn)

[fizeln = fiz ([e]n)

For the abstract semantics, choose a sim-
ilar typed lambda structure A with the re-
striction that each Ag is finite and linearly
ordered. The abstraction function absg
Dy — Ap should be strict, continuous and
upward-faithful. It is extended to other

types by:

abST1XTg(<Ulj UZ)) =
(absr, (v1), abss, (12))
abST1—*T2 (f) =
Aa. | [{abss,(f(v)) | abs(v) C4 a}

Note that abs, is continuous for each 7.
The abstract semantic function is denoted by
€]’

Theorem 2.1 relating the standard and
abstract semantics generalizes to the typed
lambda calculus [3].

Theorem 4.1 (Soundness)
abs ([e"In) C [T 7.

This subsumes Theorem 2.2 by the presence

of fix terms.

4.1 Logical similarity semantics
The notion of similarity is now extended

to typed lambda structures by defining ~-

for each type 7 as follows:

o v ~g wiff absg(v) = absg(w).

o p NT1)<T2 q lﬁ fSt(p) NTl fSt(q) and
snd(p) ~r, snd(q).

o f ~pr, g it Yo € D). (Juw ~yy
v. f(v) ~ry g(w))
Note that the symmetry of ~ implies the con-

verse g(w) ~r, f(v) is also included in the
last condition. In contrast to the treatment



in Section 3.1, pairs are treated here as unob-
servable structures. So, two pairs are similar
iff all their observable components are sim-
ilar. Two functions are similar if, for every
input, there i1s a similar input so that the
two functions produce similar results for the
two similar inputs. For example, among the
functions in [Bool; — Bool;] mentioned in
section 2.3, suce ~ nsucc ~ fail ~ nfail
and id ~ not. So, this notion of similarity is
stronger than that used in section 2 for the
first-order case. However, the results of that
section hold for the stronger notion of sim-
ilarity as well because similarity interpreta-
tions of terms allow similarity perturbations
in function inputs.

Define a relation ~+, ,C (Ezp, x D;) for
recursion-free terms as in Figure 1. The last
two conditions denote the extra loss of in-
formation for structured values. Since these
two conditions are similar to the notion of a
logical relation [8, 15], we call this “logical”
similarity semantics.

For recursive terms, we need some defini-
tions. Let F' C [D, — D] be a similarity-
closed set of functions, i.e., f € Fand f' ~ f
implies f’ € F'. Define the improvement rela-
tion —pC (D, xD;)asv —p wiff w = f(v)
for some f € F. A similarity-fizpoint of I is
a value v such that v —p v.

Lemma 4.2 —p is inclusive, i.e., whenever
{v;} and {w;} are increasing sequences such
that v; —p w;, |, vi —r ], wi-

Proof: Since the abstract domains are finite,
there exists a finite k such that vy ~ v; and
wy ~ w; for all # > k. Let fr € F be the
function such that wy = fi(vg). Since simi-
larity is closed under lubs of sequences (abs
is continuous), vy ~ | |; v; and wy ~ | |; w;.
Hence, there is a function f € F such that
L wi = f(L;vi)- @

Theorem 4.3 Let L, = vy —p v —F
... be an increasing improvement sequence.
Then | |, v; is a similarity-fixpoint of F.

Proof: Consider the subsequence v; —p
vy —p .... The given sequence is related
to this by the «——p relation. Since < is in-
clusive, | |;sov —pF | ;> vi- The two lubs
being equal, we have | |, v; —p [ ], v;. B

As in the first-order case, we call the
similarity-fixpoints expressible by lubs of

such sequences reachable. Now, the similar-
ity semantics of fix e is specified as follows:
fizx e ~; 5 v if v is a reachable similarity-
fixpoint of {f | € ~;—;, f}.

The basic properties of the ~+ relation gen-
eralize from the first-order case:

Lemma 4.4 e~ [e]n.

Lemma 4.5 If € ~, v, p ~ 7/ and v ~ v’
then e~ v'.

Lemma 4.6 The relation e ~, v is inclu-
sive in n and v, i.e., if {n;} and {v;} are in-
creasing sequences of environments and val-
ues respectively such that e ~s,, v; then

e Ml_li ” L, vi-

i

Proof: Denote the lubs of {n;} and {v;} by
7> and v™ respectively. The proof is by
structural induction on e. We show selected
cases:

o If z ~»,, v; then v; ~ n;(z). By induc-
tive hypothesis, v ~ (n°°)(z). Hence,
the conclusion follows.

o If (e,€') ~,, (v;,w;) then e ~»,, v; and
¢/ ~»,;, w;. By inductive hypothesis,

€ ~rpoo 0 and e’ ~spo w™. Hence,

the conclusion follows.

o If dz.e -~ fi then, for all v
€ ~pie—v] fi(v). By inductive hy-
pothesis, € ~>po[p—y] f(v). Hence,
Az.e ~opeo [

|
4.2 Completeness

Theorem 4.7 For all expressions ¢” and en-
vironments 7,

[17* = | J{abs-(v) | € ~or g )

Proof: Let S be the set of abstract val-
ues on the right. Since ey € S, clearly
]S C [[e]]ﬁnu. To show [Ie]]ﬁnﬁ C ]S, we
show that there exists v such that e ~; , v
and abs;(v) = [e]*n*. Proceed by induction
on e. (We drop the type subscripts 7 in the
following).

o lf e = 2, [z]'nt = abs(n(z)). Since
& ~, n(z), choose n(z) for v.



T ~~org v
k ~rq v

<61;62> NPT XTa,n

el ~py fst(p)
€2 ~orp snd(p)
Ar.e ~qnn f
€1 €2 ~rryp f(v)

if px) ~v

ifk~wv

(vi,v2) if e ~r p v1 and es ~, ) U9
ife ~ryxTan P

ife ~ryxTan P

if Yo, € ~r) pio—o] F(V)

ifeg ~rryp fand eg ~sp p v

Further, for all expressions e of appropriate types:

T TIXT2,n

T Ti—T2,n f

<U1;U2> ife.l ~rin U1 and e.2 ~rr, o U2
if for all €/, €/ ~7, , v = €€’ ~;, ) f(v)

Figure 1: Logical similarity semantics—Definition

e If e = Az. e, we need to exhibit f

such that Az.e/ ~, f and abs(f) =
[Aa.eT'nt = Aa.[e']* 0t [z — a] Let w be
an arbitrary value (of the domain type
of f). By inductive hypothesis, there
exists v such that € ~s;,_,] v and
abs(v) = [l nf[z — a]. By choosing
appropriate v’s for w’s, we can form a
function f satisfying the condition.

If ¢ = ejes, by inductive hypothesis,
we have vy and vy such that ¢; ~, v;
and abs(v;) = [e:]'n'. By the “logi-
cal” condition of the definition of ~»,
e1 ~, v1 means that for all ejes ~,
v1(ve). Also, we have abs(vi(ve)) =
abs(vy)(abs(ve)) = [[6162]]ﬁ77ﬁ. So,

choose v1(v3) to be v.

The cases of (e1,e3), €¢’.1 and €'.2 can
be handled similarly.

If e = fiz €', by inductive hypothe-
sis, we have f such that e/ ~, f and
abs(f) = [e']'n. Call the latter f!. Let
F be the similarity closure of {f}, i.e.,
F is the least set satisfying f' ~ f =
f' € F. Consider the sequences

Vg “—Fp V] —p vUy... g D

c 4

aogalgag...

where vg = Lp, ap = L4 and a;41 =
fY(a;). Using the definitions of ~» and
abs, we have that abs(v;) = a;. By con-
tinuity of abs, abs(| |, vi) = |; @. The

former is a reachable similarity fixed

point of F' and so, fiz e ~, | |, v;. The
latter is the least fixed point of f!, and,
so, equal to [fiz e]'n!. So, choose Ll; vi
to be v.

5 Conclusion

We provide here a general framework for
discussing the completeness issues of static
analysis using abstract interpretation. The
essential idea is that abstract interpretation
blurs certain distinctions in the concrete val-
ues by mapping them to abstract values.
If the concrete values mapped to identical
abstract values are considered indistinguish-
able, we can raise the question whether the
analysis can detect all the properties shared
by indistinguishable classes of programs.

Our results give an affirmative answer for
two cases: For the analysis of first-order
function definitions using a totally ordered
abstract domain, the abstract interpretation
is complete. For higher-order functional pro-
grams with pairs, the abstract interpreta-
tion is complete if structured values consid-
ered indistinguishable whenever their com-
ponents are indistinguishable.

We also show that the results do not gener-
alize to arbitrarily ordered abstract domains.
Essentially, the results fail because the least
upper bounds of abstract values can involve
loss of information. It should be possible to
formalize such loss of information in a precise
way and duplicate our results for that case.
This may be able to cover, for example, the



abstraction of sum domains by products of
abstract domains.

Forward abstract interpretation cannot
give certain essential information about pro-
gram evaluation such as the property of
head-strictness [7, 17]. The analysis for such
properties can be characterized as the ab-
stract interpretation of the continuation se-
mantics of programs. It would be interesting
to check if such backward analysis has com-
pleteness properties of the kind investigated
here.

References

[1] ABRAMSKY, S. Abstract interpreta-
tion, logical relations, and kan exten-
sions. J. of Logic and Computation 1,
1 (Jul 1990), 5-40.

[2] ABRAMSKY, S., AND HANKIN, C. Ab-

stract Interpretation of Declarative Lan-
guages. Ellis Horwood, 1987.

[3] BurN, G., HANKIN, C., AND ABRAM-
SKY, S. The theory of strictness analysis
for higher order functions. In LNCS 217,
Springer-Verlag, Berlin, 1985, pp. 42—
62.

[4] Damas, L., AND MILNER, R. Principal
type-schemes for functional programs.
In ACM Symp. on Princ. of Program-
ming Languages (1982), pp. 207-212.

[5] DEBRAY, S. K. Static inference of
modes and data dependencies in logic
programs. ACM Trans. Program. Lang.
Syst. 11, 3 (July 1989), 418-450.

[6] HuNT, S. PERs Generalise Projections
for Strictness Analysis. Research Re-
port DOC 90/14, Imperial College, Lon-
don, Oct 1990.

[7] KaMmIN, S. N. Head-strictness is not a
monotonic abstract property. Informa-
tion Processing Letters (1992), (to ap-

pear).

[8] MITCHELL, J. C. Type systems for pro-
gramming languages. In Handbook of
Theoretical Computer Science, Volume
B, J. van Leeuwen, Ed., North-Holland,
Amsterdam, 1990, pp. 365—458.

[9] MiTcHELL, J. C., AND HARPER, R.
The essence of ML. In ACM Symp.
on Princ. of Programming Languages

(1988), ACM, pp. 28-46.

[10] MycroFT, A. Abstract Interpreta-
tion and Optimising Transformations
for Applicative Programs. PhD thesis,
Univ. of Edinburgh, Dec. 1981.

[11] MYCROFT, A. The theory and practice
of transforming call-by-need into call-
by-value. In 4th Intl. symp. on Program-
ming, Springer-Verlag, 1980, pp. 269-
281.

[12] NieELsoN, F. Expected forms of data
flow analyses. In Programs as Data Ob-
jects, H. Ganzinger and N. D. Jones,
Eds., Springer-Verlag, Berlin, 1985,
pp. 172-191. (LNCS Vol. 217).

[13] SEKAR, R. C., MisHRA, P., AND RaA-
MAKRISHNAN, I. V. On the power and
limitation of strictness analysis based on
abstract interpretation. In ACM Symp.
on Princ. of Programming Languages

(Jan 1991), ACM, pp. 37-48.

[14] SEKAR, R. C., PawacI, S., AND Ra-
MAKRISHNAN, I. V. Small domains
spell fast strictness analysis. In ACM
Symp. on Princ. of Programming Lan-

guages (Jan 1990), ACM, pp. 169-183.

[15] StaTMAN, R. Logical relations and the
typed lambda calculus. Information and

Control 65 (1985), 85-97.

[16] WADLER, P. Strictness analysis on non-
flat domains (by abstract interpretation
over finite domains). In Abstract In-
terpretation of Declarative Languages,
S. Abramsky and C. Hankin, Eds., Ellis
Horwood, 1987, p. .

[17] WADLER, P., aAND HucGHEs, R. J. M.
Projections for strictness analysis. In
Conf. on Functional Program. Lang.
and Comput. Arch., G. Kahn, Ed.,
Springer-Verlag, Berlin, 1987, pp. 385—
407.



