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Abstract

Girard’s linear logic has been previously applied to functional programming for per-
forming state-manipulation and controlling storage reuse. These applications only use
intuitionistic linear logic, the subset of linear logic that embeds intuitionistic logic. Full
linear logic (called classical linear logic) is much richer than this subset. In this paper, we
consider the application of classical linear logic to functional programming. The negative
types of linear logic are interpreted as denoting acceptors. An acceptor is an entity which
takes an input of some type and returns no output. Acceptors generalize continuations and
also single assignment variables, as found in data flow languages and logic programming
languages. The parallel disjunction operator allows such acceptors to be used in a nontrivial
fashion. Finally, the “why not” operator of linear logic gives rise to nondeterministic values.
We define a typed functional language based on the these ideas and demonstrate its use via
examples. The language has a reduction semantics that generalizes typed lambda calculus,
and satisfies strong normalization and Church-Rosser properties.

Keywords Linear logic, propositions-as-types isomorphism, sequent calculus, continua-
tions, single assignment variables, logic variables, acceptors, bivalent types, nondetermin-
ism, strong normalization, confluence.
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1 Introduction

The correspondence between typed functional programming and intuitionistic logic is now
well known [1, 8, 15, 20, 27, 44]. In general, any constructive logic can be interpreted as a
programming language by treating its propositions as types and their proofs (constructions) as
programs. The type systems of usual functional languages thus correspond to (the propositional
fragment of) first-order intuitionistic logic and polymorphic functional languages correspond to
(the propositional fragment of) second-order intuitionistic logic. Predicate logic concepts too
have been used to give types to abstract data types and modules [26, 29].

In a surprising tour de force, Girard [12] proceeded to give a “constructivization” of classical
logic. The essential trick is to control the use of the structural rules, weakening and contraction,
which allow a hypothesis (or a variable) to be used an arbitrary number of times in classical
or intuitionistic logic. The resulting logic is termed linear logic since, by default, a variable
can be used exactly once. The most remarkable property of linear logic is that it contains an
involutive negation operator: A⊥⊥ ∼= A, i.e., the constructions for “not not A” and “A” are
the same.

By the propositions-as-types (and proofs-as-programs) correspondence, the constructions
for linear logic have a computational interpretation as programs. The first to be studied is the
so-called intuitionistic linear logic, the subset of linear logic that is used to embed intuitionistic
logic. It has been used to devise type systems for functional languages with control over storage
reuse and state [19, 24, 47, 46, 45]. However, intuitionistic linear logic is much weaker than
full linear logic (called classical linear logic). In particular, it lacks the negation operator, the
“parallel” disjunction operator and the indeterminacy “why not” operator. Girard himself has
suggested concurrent programming as the appropriate computational interpretation for linear
logic [12, 14, 13] and other researchers have pursued this line [1, 2, 3, 5, 11, 23, 28]. The only
application of classical linear logic to functional programming has been by Filinski [10] who
uses negative types to model continuations, following the work of [9, 17, 30, 31].

In the present work, we propose a new interpretation: linear negation as representing the
types of variables (or, more accurately, the acceptor part of variables). Conventionally, a
variable is a place holder of values, e.g., in λx. x ∗ x, x is the place holder for the input of the
function. When a function is applied, two steps are carried out. First, the rule of the function is
instantiated, in the process creating a new place-holder for the variable which is different from
all other place-holders. Second, the place-holder is immediately filled with the argument of the
function. Thus, place-holders in functional languages are rather short-lived. In contrast, certain
languages allow a more flexible treatment of variables. In data-flow languages like Id [32, 22],
a place-holder can be created and filled at a later time. In the meantime, any computation
requiring a value from the place-holder is made to wait. Unfortunately, this treatment is
somewhat ad hoc in that failure to fill a value or filling multiple values can create problems.
Logic programming languages [7, 41, 48] similarly have a notion of “logic variables” whose
instantiation can be delayed. Efforts have also been made to extend functional languages with
logic variables [25, 34]. Our recent study of imperative programs [43, 42] suggests that references

of imperative programming are similar to variables in many ways and they too exhibit the
capacity for delayed instantiation. Such delayed instantiation provides considerable expressive
power allowing the expression of many elegant and efficient algorithms. The literature on data
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flow languages, logic programming and imperative programming contains several examples of
this expressive power.

The linear logic decomposition of the function type A −◦ B into A⊥ ‖B directly suggests
a connection between variables and negative types.1 In fact, this connection is already made
by Girard who suggests terms like “acceptors”, “receivers” and “questions” to refer to the
concept of semantic variables. Other possible metaphors include “holes” and “input ports”.
The suggestion that negative types represent variables is implicitly present in Abramsky’s linear
calculus as well [1]. With regard to the continuations interpretation of negative types, it seems
that continuations generalize to variables when parallel disjunction is added. We discuss this
aspect in more detail in Section 2.

Our presentation here involves a type system called bivalent type system which captures (the
propositional fragment of) full linear logic, but in an intuitionistic format.2 By intuitionistic
format, we mean sequents of the form Γ ` A and Γ `. Expressing linear logic in intuitionistic
format is tricky because some of its connectives do not have natural formulations in this format.3

However, it is precisely the intuitionistic format which allows the logic to be interpreted as
a functional language. Using right-sequents as in [1, 12] would give an interpretation as a
concurrent language while using left-sequents would lead to a logic programming language.

Bivalent types explained A linear function space A −◦ B contains functions which accept
inputs of type A and produce results of type B (using the input exactly once in the process).
Every such function can also be viewed as belonging to the type A × B⊥ −◦ ⊥. In this new
interpretation, the function accepts a value of type A and an acceptor (place-holder, hole or
generalized continuation) for values of type B, and produces a contradiction (using both the
value and the variable exactly once in the process). Since the acceptor must be used and the
only way it can be used is by assigning a value, we have the effect that a value of type B
has been produced. While the form A −◦ B is the type of a conventional function, the form
A × B⊥ −◦ ⊥ is suited for a predicate in a directional logic program.4 Suppose that, in using
the function, we provide the second component, i.e., B-acceptor, but not the first. Then, what
we are left with is A −◦ ⊥ which is equivalent to A⊥. Thus, another view of the same function
is with the type B⊥ −◦ A⊥. Producing a result of type A⊥ has the same effect as accepting an
input of type A because the hole represented by A⊥ must be eventually filled elsewhere (just
as the input of type A must be supplied elsewhere). In our formulation, the three types are
isomorphic and functions can be converted from one form to the other.

The fact that a single function type can be represented in so many different ways goes
to show that function types should be defined in terms of more primitive type constructors.

1For typographical reasons, we use the symbol “‖” to denote the parallel disjunction (par) operator, which
is otherwise written as an upside down “&”.

2“Bivalent” refers to the fact that we have positive as well as negative types. Classical logic is often called
bivalent logic because propositions have precisely two truth values. We make an intentional allusion to this
reference, but note that constructive propositions are more than mere truth values.

3In fact, the largest logic that can be naturally formulated in the intuitionistic format is the intuitionistic
logic itself.

4Traditional logic programming exemplified by Prolog makes no explicit distinction between variables and
values (inputs and outputs). But, directional logic programs introduced in [37, 35] and concurrent logic languages
like Parlog [16] make such distinctions.
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Indeed, linear logic defines A −◦ B is A⊥ ‖B. The constructor “‖” gives the type of “parallel
pairs”. The components of such pairs are produced using the same context, but they must be
consumed separately. This is the dual of the × constructor which gives “independent pairs”—
pairs whose components are produced separately, but consumed using the same context.

The ability to treat acceptors as first-class values allows one to decouple the creation of
a variable from the assignment of a value. To see this, consider an identity function of type
A −◦ A. By definition, the type is equivalent to A⊥ ‖A, i.e., the identity function is a parallel
pair with two components: an A-acceptor and an A-value. Moreover, the two components are
linked internally so that if a value is assigned to the acceptor component of the pair, the same
value is visible via the A component of the pair. This is essentially what a variable is. By
representing the function type as A⊥ ‖A, we can separate the two components and treat each
one independently. In other words, we can assign a value to the variable in one part of the
program and use it in another part of the program.5

To show how variables and acceptors may be used, we consider an example. A difference

list is a parallel pair consisting of a list l and a list acceptor t such that the acceptor t is linked
to some cell accessible from l. (These are directional versions of traditional difference lists
familiar from logic programming [6]). This type may be defined in the bivalent type system as
follows:

type List = nil +:: (Int,List)

type DList = List ‖List⊥

To append two difference lists we may use a function of the following form:6

append : DList × DList × DList⊥ −◦ ⊥
append ([l1, t1], [l2, t2], (l

′, t′)) = {t1 := l2, l
′ := l1, t2 := t′}

The first argument [l1, t1] is an input, but t1 is an output embedded within the input. Similarly,
for the second argument. The third argument is an output, represented by accepting an acceptor
for the output. In linear logic, we have the following equality by definition: (List ‖List⊥)⊥ =
List⊥ × List. Thus, the acceptor (l′, t′) is an ordinary (independent) pair. To produce ⊥ from
these inputs, we must essentially use all the values and acceptors. This is done by assigning
the head of the second DList to the tail of the first and the remaining components to l ′ and t′

appropriately.
It is also possible to express append as function with the conventional type DList −◦ Dlist

−◦ DList. But, this cannot be done using conventional functional notation because functional
notation does not support par-types. We use a new binding operator ε to encapsulate a proof
by contradiction, i.e., the production of an output by satisfying an acceptor. This allows:

append′ [l1, t1] [l2, t2] = ε(l′, t′). (t1 := l2, l
′ := l1, t2 := t′)

Outline The rest of the paper is organized as follows. In Section 2, we introduce the bivalent
type system. In Section 3, we present a functional programming language based on the type
system. Finally, we review some preliminary technical results in Section 4.

5Reynolds [38, 39] notes a similar decomposition of variables in imperative programming. It is not yet clear
how it relates to the linear logic decomposition presented here.

6We are using here notation that is different from the formal language of Section 3 in inessential ways.
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2 Bivalent types

Let β range over atomic types and A,B,C over types. The syntax of type terms is

A ::= 1 | ⊥ | β | β⊥ | A1 ×A2 | A1 ‖A2 | A&B | A+B | !A | ?A

The operator (·)⊥ is extended to type terms by the following definition

1⊥ = ⊥ ⊥⊥ = 1
(A×B)⊥ = A⊥ ‖B⊥ (A ‖B)⊥ = A⊥ ×B⊥

(A&B)⊥ = A⊥ +B⊥ (A+B)⊥ = A⊥ &B⊥

(!A)⊥ = ?A⊥ (?A)⊥ = !A⊥

A⊥⊥ = A

(Note that we only need one of the two columns above because the other column can be deduced
from the equation at the bottom). The function space type is defined as

A −◦ B = A⊥ ‖B

We first give an intuitive explanation of the various types:

• If A is any type, A⊥ (read “A nil”) is the type of acceptors for values of type A. Such
an acceptor should completely consume the value and produce no output. (Acceptors
generalize continuations as discussed below).

• 1 is the unit type containing a single value denoted by (). There is a single acceptor for
1 which is the only value of type ⊥. (See below).

• The type ⊥ (read “perp”) has no values worth speaking of. Conceptually, ⊥ is the type
of commands, terms which carry out actions without producing any output. In the empty
type context (i.e., in the absence of any free variables), the only command is the “empty”
command denoted by noop. But, in a nontrivial type context, a command consumes all
the inputs in the context without producing any output.

For technical reasons, it is useful to treat suspensions of commands as values. Such
suspensions are values of type ⊥. As noted, in the empty type context, noop is the only
command. So, a suspension of noop is the only value of type ⊥.7 There is a single
acceptor for ⊥ (which forces the given suspension). We identify it with (). Dually, a
suspension of noop is the only acceptor for ().

• The values of a primitive type β presumably have representations as constants in the
language.

• A value of type A× B (read “A times B”) is a pair consisting of A and B components.
The two components are produced using disjoint sets of inputs. Hence, we say that the
components are independent. An acceptor for A×B is, by convention, a parallel pair of
acceptors A⊥ and B⊥. (See below). Note that 1 is the identity of ×: 1×A ∼= A ∼= A× 1.

7Thus ⊥ is also a “unit type”. It is a curious aspect of linear logic that it has two kinds of unit types, 1 and
⊥.
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• A value of type A ‖B (read “A par B”) is also a pair, but the components are interpreted
as “parallel possibilities”. The “excluded middle” A ‖A⊥ is the canonical parallel pair
and is always inhabited. All other parallel pairs are produced using this. To consume
a value of type A ‖B, both its components must be consumed independently. Thus, an
acceptor for A ‖B is a pair of independent acceptors of types A⊥ and B⊥. The perp type
is the identity for ‖: ⊥‖A ∼= A ∼= A ‖⊥.

• A value of type A&B (read “A with B”) is also a pair, but both its components are
produced using the same set of inputs. Thus, only one component is usable. (It is
advisable to think of & as denoting the conjunction of “potentials” of producing A and
B). Since only one of the two components is eventually used, the evaluation of the
components must be delayed until the point of use. So, we refer to the values of A&B
as lazy pairs. An acceptor for A&B must be either an acceptor of the A component or
an acceptor of the B component—which is an element of the sum type A+B.

• A value of type A+B (read “A plus B”) is either a value of type A or a value of type B,
tagged to indicate which is the case. An acceptor for A+B must be able to accept both
the A and B possibilities (hence, a pair of acceptors), but only one of the two acceptors
would ever be used (hence, a lazy pair).

• A value of type !A (read “of course A”) is a persistent version of an A-typed value. It
can be used any number of times (including none at all). A useful view of !A is as the
following recursive data type:8

!A = 1 &A&(!A× !A)

An acceptor for !A is a “possibility” of an acceptor for an A-typed value. (See below).

• A value of type ?A (read “why not A”) is a possibility of A-typed values (or an inde-

terminate value). It may denote the possibility of no A-typed value or the possibility of
multiple values. Thus, ?A may be viewed as the recursive type

?A = ⊥ +A+ (?A ‖ ?A)

An acceptor for ?A is a persistent acceptor for A. (It must accept each value that the
indeterminate term evaluates to).

• A value of type A −◦ B (read “A to B”) is a linear function from A-typed values to
B-typed values which uses its input exactly once. Such a function can also be thought of
as a parallel pair consisting an acceptor A⊥ and a value of type B. (Parallel, because the
input-acceptor and the output value are produced from the same context). An acceptor
for A −◦ B is, therefore, an independent pair with an A-typed value (for the input of the
function) and an acceptor for B (to consume the output of the function).

• Given that A⊥ is the type of acceptors for A-typed values, an acceptor for A⊥ is a value
of type A. To accept an acceptor, we must satisfy its request for input.

8There is some controversy as to how to interpret this equation. See [10, 24, 40].
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Let us say a few words about commands and acceptors. Suppose we have a command θ in a
context that includes an input x : A. We can “internalize” the input with the command to
produce an acceptor of type A⊥. This acceptor is written as εx. θ using a binding operator
ε.9 Such an acceptor denotes a “debt” or “deficit” of A, i.e., it requires an A in order to
produce “nothing”. If a is a term of type A, then the debt is fulfilled by writing the command
(εx.θ) := a. This command is reducible to θ[a/x] which is what we would have had if we
originally provided the term a in place of x.

Acceptors are rather like continuations. In fact, they reduce to continuations in the absence
of the ‖ connective. The use of negative types to express continuations has been previously
studied by Griffin [17], Filinski [10] and Murthy [30]. Here, ⊥ is interpreted as the end of
an entire computation and, so, the deficit of a value is a continuation. In contrast, the ‖
connective gives rise to the new isomorphism ⊥‖⊥ ∼= ⊥. Intuitively, this means that a parallel
combination of two no-value possibilities is the same as a no-value. Thus, ⊥ just means the
end of a local computation which can be combined with other similar local computations.
Analogously, our acceptors are local deficits rather than entire continuations.

3 Term language

The context-free syntax of preterms is as follows:

t ∈ Term
θ ∈ Command
P ∈ Pattern
T ∈ General Term

t ::= x | εx:A. θ | λx:A.t | t1t2 | () | (t1, t2) | let t be P in t
| parl(t; x⇒ t; y ⇒ {θ2}) | parr(t; x⇒ {θ1}; y ⇒ t)
| 〈t1, t2〉 | inl(t) | inr(t) | (case t of inl(x) ⇒ t1 | inr(y) ⇒ t2)
| ![t̄; x̄]t

θ ::= noop | do(t) | t1 := t2 | let t be P in θ | par(t; x⇒ θ1; y ⇒ θ2)
| (case t of inl(x) ⇒ θ1 | inr(y) ⇒ θ2) | ![t̄; x̄]θ | choose[t̄; x̄](x⇒ θ)

P ::= x | () | (P1, P2) | 〈P, 〉 | 〈 , P 〉 | !P | | P1@P2

T ::= θ | t

Commands are essentially proofs of ⊥ as discussed in Section 2. For pedagogical purposes, we
define general terms to subsume both terms and commands. We define general terms

The syntax given above is for the full language. Many of the constructs are actually
defined as syntactic sugar. The core language and sugar are formally distinguished in the
following description of context-sensitive syntax. In particular, the core language only contains
elementary patterns whose components are all variables. Matching of complex patterns is
defined in terms of matching elementary patterns, e.g.,

let t be (P1, P2) in T ≡ let t be (x1, x2) in let x1 be P1 in let x2 be P2 in T

9The use of ε for this binding construct is inspired by the Hilbert’s ε operator [18]. It is somewhat loosely
related to the latter in terms of functional logic programming [4], but this relationship is yet to be explored fully.
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Similarly, we also extend the pattern notation for other binding constructs as follows:

λP :A. t ≡ λx:A. let x be P in t
εP :A. θ ≡ εx:A. let x be P in θ
inl(P ) ⇒ T ≡ inl(x) ⇒ let x be P in T
inr(P ) ⇒ T ≡ inr(x) ⇒ let x be P in T
P ⇒ T ≡ x⇒ let x be P in T
![t; P ]T ≡ ![t; x]let x be P in T

Other syntactic liberties are that we often omit the type annotations in εx:A. θ, λx:A. t and
t1 :=A t2.

Since the language is quite large, we describe it in various fragments. The multiplicative

fragment involves the types 1,⊥, A1×A2, A1 ‖A2 and A1 −◦ A2. The additive fragment involves
the connectives & and + while the exponential fragment involves the “modalities” ! and ?.

Our type inference system is a sequent calculus for sequents of the form

Γ ` {θ} (command sequents)
Γ ` t : A (term sequents)

Here Γ is a set of type assumptions of the form xi : Ai, θ is a command, t is a simple term and
A is a type. We often leave out θ in a term sequent, if it is noop.

The rules in a sequent calculus are classified into left-rules (L) and right-rules (R) which
introduce a connective to the left or right of ` respectively. The only exceptions are the
following structural rules:

Axiom
` {noop} x : A ` x : A

Cut
Γ ` t : A ∆, x : A ` {φ}

Γ,∆ ` {φ[t/x]}

Γ ` t : A ∆, x : A ` u : B

Γ,∆ ` u[t/x] : B

Here, noop is the empty command.
A comparison of the two cut rules shows that the rules for command-sequents can be

obtained by leaving out the term part of the term-sequents. In the following, we often leave
out the rules for command-sequents which can be similarly obtained.

3.1 Multiplicative fragment

We have the following right- and left-rules for (·)⊥, 1 and ×:

(·)⊥R
Γ, x : A ` {θ}

Γ ` εx:A. θ : A⊥
(·)⊥L

Γ ` t : A

Γ, x : A⊥ ` x :=A t

1 R
` () : 1

1 L
Γ ` t : C

Γ, z : 1 ` let z be () in t : C

×R
Γ ` t : A ∆ ` u : B

Γ,∆ ` (t, u) : A×B
×L

Γ, x : A, y : B ` t : C

Γ, z : A×B ` let z be (x, y) in t : C

The rules 1L and ×L have their counterparts for command sequents.
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The term εx:A. θ denotes an acceptor which, given an x : A, executes the command θ.
The command a :=A t supplies the value t to the A-acceptor a. The remaining constructs are
self-explanatory.

The operational semantics is given by the following reductions:

(εx:A. θ) :=A t → θ[t/x] (1)

t :=A⊥ (εx:A. θ) → θ[t/x] (2)

let () be () in T → θ (3)

let (t, u) be (x, y) in T → T [t/x, u/y] (4)

εx:A⊥. (x :=A t) → t (5)

εx:A⊥. (t :=A⊥ x) → t (6)

By using T , we indicate that (3) and (4) apply to both commands and terms. Note that an
assignment t :=A u is treated the same way as u :=A⊥ t.

Derived rules In the above, we did not give any rules for ⊥ and ‖ and −◦. Type rules can
be derived for them using the definitions mentioned in Section 2. The equality ⊥ = 1⊥ gives

Γ ` {θ}
1 L

Γ, z : 1 ` {let z be () in θ}
(·)⊥R

Γ ` ε(). θ : ⊥

1R
` () : 1

(·)⊥L
z : ⊥ ` {z :=1 ()}

The term ε(). θ denotes a suspension of the command θ (Cf. Section 2). Assigning () to it
forces the execution of the command. We introduce the syntactic sugar do(t) for such forcing.

do(t) ≡ t :=1 ()

The equality A ‖B = (A⊥ ×B⊥)⊥ gives the derived rules:

Γ, x : A⊥, y : B⊥ ` {θ}
Γ ` ε(x, y). θ : A ‖B

Γ, x : A ` {φ} ∆, y : B ` {θ}
Γ,∆, z : A ‖B ` {z :=A⊥×B⊥ (εx. φ, εy. θ)}

This motivates the following syntactic sugar:

par(t; x⇒ φ; y ⇒ θ) ≡ t :=A⊥×B⊥ (εx. φ, εy. θ)
parl(t; x⇒ u; y ⇒ {θ}) ≡ εz : C⊥. t :=A⊥×B⊥ (εx. (z :=C u), εy. θ) : C
parr(t; x⇒ {φ}; y ⇒ u) ≡ εz : C⊥. t :=A⊥×B⊥ (εx. φ, εy. (z :=C u)) : C

The command par(t; x ⇒ φ; y ⇒ θ) decomposes the parallel pair t and consumes both the
components. The operators parl and parr are the counterparts of par for terms.

Finally, the equality A −◦ B = A⊥ ‖B = (A × B⊥)⊥ gives the familiar derived rules for
functions, but with rather unconventional term assignments:

Γ, x : A ` t : B

Γ ` ε(x, y). (y :=B t) : A −◦ B
Γ ` t : A ∆, y : B ` {θ}

Γ,∆, f : A −◦ B ` {f :=A×B⊥ (t, εy. θ)}
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These rules motivate the following syntactic sugar:

λx:A. t ≡ ε(x, y):A×B⊥. (y :=B t) : A −◦ B
t1 t2 ≡ εy:B⊥. {t1 :=A×B⊥ (t2, y)} : B

A function λx:A. t is equivalent to an acceptor which accepts, in addition to the A-typed value
x, a B-acceptor y and supplies the output t to y. Applying such a function involves providing
an A-typed input and a B-acceptor.

Note that these reductions imply the following derived reductions for the sugared constructs:

do(ε(). θ) → θ
par(ε(x′, y′):A⊥ ×B⊥. ψ; x⇒ φ; y ⇒ θ) → ψ[εx:A. φ/x′, εy:B. θ/y′]

parl(ε(x′, y′):A⊥ ×B⊥. ψ; x⇒ t; y ⇒ {θ}) → t[(εx′:A⊥. ψ[εy:B. θ/y′])/x]
parr(ε(x′, y′):A⊥ ×B⊥. ψ; x⇒ {φ}; y ⇒ t) → t[(εy′:B⊥. ψ[εx:A. φ/x′])/y]

(λx:A. t)u → t[u/x]

Example 1 Let us express the difference list example using this syntax:

DList = List ‖List⊥

new : 1 −◦ DList

addl : Int −◦ DList −◦ DList

addr : DList −◦ Int −◦ DList

append : DList −◦ DList −◦ DList

out : DList −◦ List

new () = ε(l, t). l := t
addl x d = ε(l′, t′). par(d; l ⇒ l′ := x :: l; t⇒ t := t′)
addr d x = ε(l′, t′). par(d; l ⇒ l′ := l; t⇒ t := x :: t′)
append d1 d2 = ε(l′, t′). par(d1; l1 ⇒ l′ := l1; t1 ⇒ par(d2; l2 ⇒ t1 := l2; t2 ⇒ t2 := t′))
out d = parl(d; l ⇒ l; t⇒ {t := nil})

The type DList is defined as the parallel combination of a list and a list variable. Using the
parallel combination allows both the components to be defined within the same context, thus
sharing variables. For the function new, (l, t) is an output, but t is an input embedded within
the output. The type of (l, t) is (List ‖List⊥)⊥ = List⊥ × List . From the two components,
a contradiction is produced by assigning t to l. Of the remaining functions, addl and addr
add an element to the left and right of a difference list respectively, and append appends two
difference lists. Finally, the function out converts a difference list into a conventional list. Note
that all the functions take constant time—something hard to achieve in a traditional functional
language. This is made possible by the fact that we can create acceptors but delay assigning
to them until such time as information becomes available. (Note that an acceptor t created
in the new operation is eventually assigned a value in the out operation). However, the type
system guarantees that every variable is eventually assigned.

9



3.2 Additive fragment

We have the following type rules for &:

&R
Γ ` t : A Γ ` u : B

Γ ` 〈t, u〉 : A&B

&L
Γ, x : A ` t : C

Γ, z : A&B ` let z be 〈x, 〉 in t : C

Γ, y : B ` t : C

Γ, z : A&B ` let z be 〈 , y〉 in t : C

Pairs of the form 〈t1, t2〉 are called lazy pairs because the components cannot be computed in
advance. The decomposition construct chooses precisely one of the two components. It is only
at this time that the computation of the chosen component be carried out.

These terms satisfy the following reductions:

let 〈t, u〉 be 〈x, 〉 in T → T [t/x] (7)

let 〈t, u〉 be 〈 , y〉 in T → T [u/y] (8)

As usual, right- and left-rules for + can be derived by duality:

+R
Γ ` t : A

Γ ` ε〈x, 〉. (x :=A t) : A+B

Γ ` u : B

Γ ` ε〈 , y〉. (y :=B u) : A+B

+L
Γ, x : A ` t : C Γ, y : B ` u : C

Γ, z : A+B ` εc. (z :=A⊥
& B⊥ 〈εx. (c :=A t), εy. (c :=B u)〉) : C

This motivates the following syntactic sugar:

inl(t) ≡ ε〈x, 〉. x :=A t : A+B
inr(u) ≡ ε〈 , y〉. y :=B u : A+B

case v of inl(x) ⇒ t | inr(y) ⇒ u = εc. (v :=A⊥
& B⊥ 〈εx. (c :=A t), εy. (c :=B u)〉) : C

3.3 Exponential fragment

The exponential fragment involves the constructors ! and ?. The type !A consists of persistent

versions of A-typed values. Such values can be discarded or used multiple times. The term
constructions for !A are somewhat complex owing to the need for explicit discarding and copying
of all the inputs. In a programming language, it would be best to leave such coercions implicit.
If the coercions were left implicit, the type rules for ! would be the following:

!R
!Γ ` t : A

!Γ ` t : !A
!L

Γ, x : A ` t : B

Γ, z : !A ` t[z/x] : B

!W
Γ ` t : C

Γ, z : !A ` t : C
!C

Γ, x : !A, y : !A ` t : C

Γ, z : !A ` t[z/x, z/y] : C

In the !R rule, !Γ stands for a type context all of whose types are ! types. The rule says that
an A-typed value can be considered persistent if all the inputs it uses are also persistent. The
!L rule allows a persistent value to be treated as an ordinary (linear) value. The weakening
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rule (!W) allows a persistent value to be discarded. Finally, the contraction rule (!C) allows it
to be copied (used multiple times).

For conceptual clarity, as well as for better support for ? types to be introduced shortly, we
make all the coercions explicit. This gives the following type rules:

!R
x̄ : B̄ ` t : A

ȳ : B̄ ` ![ȳ; x̄]t : !A
!L

Γ, x : A ` t : B

Γ, z : !A ` let z be !x in t : B

!W
Γ ` t : C

Γ, z : !A ` let z be in t : C
!C

Γ, x : !A, y : !A ` t : C

Γ, z : !A ` let z be x@y in t : C

The term ![ū; x̄]t denotes a persistent version of the value denoted by t with the use of the
persistent inputs ū. The need for keeping track of the inputs is demonstrated by the following
reduction rules for the coercions:

let ![ū; x̄]t be !y in T → T [t[ū/x̄]/y] (9)

let ![ū; x̄]t be in T → let ū be in T (10)

let ![ū; x̄]t be y1@y2 in T → let ū be x̄1@x̄2

in T [![x̄1; x̄]t/y1, ![x̄2; x̄]t/y2]
(11)

The reduction (10) treats the one-time use of a persistent value. In this case, the inputs ū are
used and they are substituted for the parameters x̄. The reduction (11) treats the discarding of a
persistent value. In this case, the inputs ūmust also be discarded. The notation let ū be in v
means let u1 be in . . . let uk be in v. Finally, the reduction (12) treats the copying of
persistent values. In this case, the inputs ū are copied as well. In practice, the evaluation of
the inputs ū would be delayed until (10) is used. The reduction (12) would involve setting up
additional pointers to the inputs.

Example 2 Linear logic satisfies the following isomorphism:

sep pair : !(A&B) ∼= !A× !B : merge pair

A persistent version of a lazy pair is equivalent to an independent pair of persistent components.
The isomorphisms can be defined using the bivalent functional language as follows:

sep pair v1@v2 = (![v1; !〈a, 〉]a, ![v2; !〈 , b〉]b)
merge pair (v1, v2) = ![v1, v2; !a, !b]〈a, b〉

It can be shown that the two functions are inverses of each other using secondary equations
(which are omitted from this summary).

Let us now look at the ? type constructor. As usual, we can produce derived type rules
using duality.

?R
Γ ` t : A

Γ ` ε!x. (x :=A t) : ?A
?L

x̄ : !B̄, y : A ` {φ}

x̄′ : !B̄, z : ?A ` {z :=!A ![x̄′; x̄]εy. φ}

?W
Γ ` {θ}

Γ ` ε . θ : ?A
?C

Γ, x : !A⊥, y : !A⊥ ` {θ}
Γ ` εx@y. θ : ?A

11



We introduce the following syntactic sugar for the term assignment of ?L.

choose[ū; x̄](t; y ⇒ φ) ≡ t :=!A ![ū; x̄] εy. φ

This command, given an indeterminate term t, binds y to each possible value of t and executes
the command φ in that context. Since all the inputs x̄ used in φ are persistent, they can be
used and reused for each value of t. The following derived reductions for ? types make these
computations clear:

choose[ū; x̄](ε!x. (x := t); y ⇒ φ) → φ[ū/x̄][t/y]
choose[ū; x̄](ε . θ; y ⇒ φ) → let ū be in θ

choose[ū; x̄](εz1@z2. θ; y ⇒ φ) → let ū be x̄1@x̄2

in choose[x̄1; x̄](εz1. choose[x̄2; x̄](εz2. θ; y ⇒ φ);
y ⇒ φ)

Example 3 The following example illustrates the indeterminacy available with ? types. Con-
sider splitting a list into two parts:

type List = nil + (!Int × !List)
split : !List → ?(!List ⊗ !List)
split !l1@!l2 = ε !r1@rs. (r1 := (!nil, !l1),

case l2 of
nil ⇒ let rs be in noop

| h :: t⇒ choose[rs, h; rs, h]
(split t; (s1, s2) ⇒ let rs be !r2

in r2 := (!(h :: s1), s2)))

Indeterminate results are produced by accepting a persistent acceptor of list pairs and giving
each copy of the acceptor a different split of the input list.
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4 Reduction properties

In this section, we show the two important properties of the reduction semantics: strong
normalization and confluence. The former property means that every reduction sequence
is finite and the latter (also called Church-Rosser property) means that any two reduction
sequences from a term t have a common term t′.

4.1 Strong normalization

We give a proof similar to that of Prawitz [33]. First, we consider a type system slightly from
that of Section 2. It has the type constructors 1, ×, &, ! and (·)⊥, where the last constructor is
used only for types which are not of the form A⊥, and an additional type cmd. (Essentially, this
type system covers only the negation normal forms of the original system). For each type A,
we define a set of well-typed terms [[A]] by induction on the structure of A. (Treat cmd as being
smaller than every other type). The definition uses an auxiliary set Cv(A) for “convergence”
of A:

Cv(cmd) = {noop}
Cv(1) = {()}
Cv(A×B) = {(u, v) | u ∈ [[A]] ∧ v ∈ [[B]]}
Cv(A&B) = {〈u, v〉 | u ∈ [[A]] ∧ v ∈ [[B]]}
Cv(!A) = {![ū; x̄]v | (∀i. ui ∈ [[!Bi]]) ∧ v[ū/x̄] ∈ [[A]]}
Cv(A⊥) = {εx:A. θ | ∀u. u ∈ [[A]] ⇒ θ[u/x] ∈ [[cmd]]}

where in the last equation A is not of the form B⊥. Call a term “neutral” if it is a variable,
constant, let t be P in u or t := u. Now, for each type A, [[A]] is the least set satisfying the
equation:

[[A]] = Cv(A) ∪ {t | t neutral ∧ ∀t′. t→ t′ ⇒ t′ ∈ [[A]]}

[[A]] is essentially the set of terms which reduce to a normal form or a term in Cv(A) along
every reduction sequence. Note that a neutral term of type A that is normal is included in [[A]]
(by vacuous universal quantification). It is also easy to see by induction on type terms that

Lemma 4 For all types A, [[A]] 6= ∅.

The outline of the proof is as follows: First, we show that all terms belonging to type
sets are strongly normalizable (Theorem 6). Next, we use this fact in showing that neutral
terms belong to type sets (Lemmas 8 and 9). It then follows that all terms belong to type
sets (Theorem 10) and, hence, are normalizable. Next, we consider the full type system. This
involves the other form of neutral terms εx:A⊥. θ. We show that they belong to the type set
[[A]]. This concludes the proof.

Lemma 5 If t ∈ [[A]] and t→ t′ then t′ ∈ [[A]].

Proof: By induction on the definition of [[A]].

Theorem 6 (strong normalization) All terms t ∈ [[A]] are is strongly normalizable.
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Proof: By induction on the definition of [[A]]. If t ∈ Cv(A), use the inductive hypothesis for the
smaller types. In the case of A⊥, use Lemma 4 as well. If t is neutral, every t′ that t reduces
to in one step is strongly normalizable by inductive hypothesis.

Even though this result is stated for closed terms, using the fact that type sets are nonempty,
it applies to open terms as well.

Corollary 7 If t[ū/x̄] ∈ [[A]] whenever ū belong to type sets, then t is strongly normalizable.

Lemma 8 Assume v ∈ [[C]]. Then, the following statements hold whenever the terms involved
are well-typed:

1. t ∈ [[1]] ⇒ (let t be () in v) ∈ [[C]].

2. t ∈ [[A×B]] ∧ (∀u1 ∈ [[A]], u2 ∈ [[B]]. v[u1/x, u2/y] ∈ [[C]]) ⇒ (let t be (x, y) in v) ∈ [[C]].

3. t ∈ [[A&B]] ∧ (∀u ∈ [[A]]. v[u/x] ∈ [[C]]) ⇒ (let t be 〈x, 〉 in v[u/x]) ∈ [[C]].

4. t ∈ [[A&B]] ∧ (∀u ∈ [[B]]. v[u/y] ∈ [[C]]) ⇒ (let t be 〈 , y〉 in v[u/y]) ∈ [[C]].

5. t ∈ [[!A]] ∧ (∀u ∈ [[A]]. v[u/x] ∈ [[C]]) ⇒ (let t be !x in v) ∈ [[C]].

6. t ∈ [[!A]] ⇒ (let t be in v) ∈ [[C]].

7. t ∈ [[!A]] ∧ (∀u1, u2 ∈ [[!A]]. v[u1/y1, u2/y2] ∈ [[C]]) ⇒ (let t be y1@y2 in v) ∈ [[C]].

Proof: Since t and v belong to type sets, they are strongly normalizable by Theorem 6.
The proof is by induction on 〈t, v〉 compared by lexicographic order. The first component
is compared by the relational composition10 →∗ > and the second component by →∗.

A reduction of let t be P in v is either a reduction of t, a reduction of v or a reduction at
top. In the first two cases, we have that the subterms belong to type sets by Lemma 5. Since
the pair 〈t, v〉 is smaller for the resulting term, we use the inductive hypothesis.

If the reduction is at top, the additional hypothesis about v can be used to conclude that
the resulting term is in [[C]]. (We show this below for selected cases). Since every reduction of
the term gives a term in [[C]], the term is in [[C]] by definition.

For 1, the reduction at top gives v which is assumed to be in [[C]].
For 2, the reduction at top gives v[u1/x, u2/x] where t = (u1, u2). By the hypothesis for t,

we have u1 ∈ [[A]] and u2 ∈ [[B]]. The additional hypothesis for v shows that the term is in [[C]].
For 5, the reduction at top gives v[u[ū/x̄]/x] where t = ![ū; x̄]u. By the hypothesis for t,

u[ū/x̄] ∈ [[A]]. The additional hypothesis for v gives the result.
For 6, the reduction at top gives let ū be in v where t = ![ū/x̄]u. Since t ∈ [[!A]], each ui

is in some [[!Bi]]. Moreover, ui is a subterm of t. Hence, use the inductive hypothesis to infer
that let ū be in v is in [[C]].

For 7, the reduction at top gives

let ū be x̄1@x̄2 in v[![x̄1; x̄]u/y1, ![x̄2; x̄]u/y2]

where t = ![ū/x̄]u. Use the same reasoning as for 6, noting that the additional hypothesis for
v shows that the new body of let is in [[C]].

10
t > t

′ if t
′ is a subterm of t. It is easy to see that →∗

> is a well-founded order. See [36] for an argument.
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Lemma 9 For nonnegative A, if t ∈ [[A⊥]] and u ∈ [[A]] then (t :=A u) ∈ [[cmd]].

Proof: By induction on 〈t, u〉 compared by the lexicographic combination of →∗. If t := u is
reduced by reducing t or u, use the inductive hypothesis. If it reduced at the top, then one of
the reduction rules (1) and (2) is used. Suppose it is (1). Then, t is of the form εx:A.θ and the
command reduces to θ[t/x] which is in [[C]] by definition of [[A⊥]]. The other case is similar.

An environment η is a map from variables to
⋃

A [[A]]. Since [[A]]’s are made of terms, η
is essentially a substitution. An environment is said to satisfy a type context x̄ : Ā (written
η |= x̄ : Ā) if dom(η) = x̄ and η(xi) ∈ [[Ai]] for all i. We say that Γ |= t : A if for all η |= Γ,
tη ∈ [[A]]. We have the following result:

Theorem 10 (realizability) Γ ` t : A⇒ Γ |= t : A, and Γ ` {θ} ⇒ Γ |= θ : cmd.

Proof: By induction on the derivation of Γ ` t : A. Consider the last inference.

• If it is one of the two axioms, noop ∈ [[cmd]] and x : A |= x : A by definition. Similarly, if
it is an instance of cut, the result follows by definition and the inductive hypothesis for
the premises.

• If it is an instance of a R rule, other than (·)R, then t is easily seen to be in Cv(A). If
it is (·)⊥R and A is not negative, use the fact that x : A is neutral and normal. [[Is
this needed?]] If A = B⊥ and B is not negative, by inductive hypothesis, θη ∈ [[cmd]]
whenever η |= Γ, x : B⊥. . . .

• If it is an instance of a L rule or a structural rule, the result follows from Lemmas 8 and
9.

Next, we consider the full type system including double negated types. Make the following
observation:

Lemma 11 Converses of Lemmas 8 and 9 hold.

Proof: There is exactly one derivation for each Γ ` t : A. Thus, if the conclusion of a type rule
is derivable, the premises are derivable as well. The converses then follow from Theorem 10.

Lemma 12 For any nonnegative type A, if t ∈ [[A]] ⇒ θ[t/x] ∈ [[cmd]] then εx:A⊥. θ ∈ [[A]].

Proof: By induction on θ compared by →∗. If εx:A⊥. θ is reduced by reducing θ, use the
inductive hypothesis. Otherwise, one of the reduction rules (5) and (6) is used. Suppose (5) is
used. Then, θ is of the form x :=A u. By hypothesis, t :=A u ∈ [[cmd]] whenever t ∈ [[A]]. Since
[[A]] is nonempty, using the converse of Lemma 9, u ∈ [[A]]. Since every immediate reduction
leads to a term in [[A]], εx:A⊥. θ ∈ [[A]].

Corollary 13 For all types A, [[A⊥⊥]] ⊆ [[A]].

Proof: Follows from Lemma 12 using induction on the structure of A. Note also that [[(·)⊥]] is
monotonic from the definition.

Putting all the pieces together, we have
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Theorem 14 If Γ ` t : A is derivable then t is strongly normalizable. That is, all well-typed
terms are strongly normalizable.

Proof: By Theorem 10, we have Γ |= t : A. Since type sets are nonempty, there exists η |= Γ.
So, tη ∈ [[A]] and, by Theorem 6 tη is strongly normalizable. But, then t must be strongly
normalizable as well.

4.2 Confluence

Since well-typed terms are strongly normalizable, the reduction relation →∗ is Noetherian. By
classical results (see, for example, [21]), we only need to show that all critical pairs are joinable.
At this time, we are only able to show this for closed terms.

The only critical overlaps are, on the one hand, between (1) and (2), and, on the other,
between each of (1) and (2) and each of (5) and (6). Note that all these overlaps form commands.
Since there are no command constants, a closed command has only one possible normal form:
noop. Hence, by strong normalization, each term of a critical pair must reduce to noop. Hence,
we have

Theorem 15 The reduction relation →∗ is confluent on closed terms.
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5 Conclusion

We have shown that classical linear logic has significant applications to functional programming
which go considerably beyond the applications of linearity considered in previous work. In
particular, it allows the design of typed functional languages which incorporate novel pro-
gramming concepts such as first-class acceptor values. These values systematize and generalize
single assignment variables, on the one hand, and continuations on the other. It also allows a
systematic use of nondeterminism in functional programs.

For space limitations, we did not have adequate opportunity to comment on implementation
aspects. Essentially, data flow languages, logic programming languages and continuations
suggest three different kinds of implementation paradigms with varying degrees of overheads
and concurrency. Perhaps, the most efficient paradigm for sequential implementations is
the model of logic programming where acceptors are implemented by unbound cells and are
eventually filled by values.

Our main motivation in this study has been to better understand the issues of imperative
concepts in functional languages [43, 42]. Single assignment variables represented by negative
types are a particularly simple form of references. The insights obtained from this study should
also eventually lead to a better understanding of references.
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