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Abstract

We develop a new deduction method for clausal deduction inspired by the Knuth-Bendix com-
pletion method for equational reasoning. Our clausal completion method combines a powerful
simplification method based on the notion of reductive proofs and a restricted forward deduc-
tion technique based on the notion of critical consequences. Reductive proofs are the clausal
counterpart of rewrite proofs for equational deduction. They offer a decidable and powerful, al-
beit incomplete, deduction technique well-suited for simplification. Critical consequences are the
clausal counterpart of critical pairs. Given a set of axioms and some theorems, the completion
method completes the set of axioms by adding its critical consequences until the theorems have
reductive proofs. This method is sound, and with some constraints, complete. We illustrate the
method with non-trivial examples and give an overview of its completeness proof.

Area: MECHANISMS - resolution, rewriting

1 Introduction

Our objective in this work is to develop a new deduction technique for first-order clausal reasoning.
We take inspiration from a successful method for equational reasoning: the Knuth-Bendix completion
method [1970]. This method addresses problems of the following form: Given a set of equations £—
the theory—and a ground equation a = b—the goal—is a = b a consequence of £, i.e., does £ Ea = b
hold? This is called “the word problem for the theory £.” The Knuth-Bendix completion method
proceeds as follows:

¢ First, one selects a well-founded order > over terms.
e Then, the set & is completed by adding its critical consequences.

e In the process, the original equations of &, or the critical consequences being added to &, can
be deleted or simplified if they can be proved from other equations of £ by a rewrite proof.
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e Finally, let £ be the resulting complete, or canonical, set. a = b is a consequence of £ if and
only if there is a rewrite proof of @ = b using the equations of &¢.

This method is sound, and with some additional constraints, it is complete. It has proved to be
very successful for solving word problems in equational theories (see [Dershowitz and Jouannaud, 1990]
for a survey of completion and of term orders). This method can also be used to test the inconsis-
tency of a set of equations and inequations [Bachmair et al., 1989]. Finally, one can show that for a
given goal, a finite set of critical consequences of the given theory suffices to obtain a rewrite proof of
the goal [Bachmair et al., 1986]. Thus, the search for a rewrite proof of the goal can be interleaved
with the generation of £ to obtain a semi-decision procedure.

The main practical benefit of the completion approach is that it divides the deduction process
into a “cheap” mechanism, viz., rewriting, and an “expensive” mechanism, viz., critical consequence
generation. Rewriting is “cheap” in that it terminates finitely, involves no search, and uses pattern
matching instead of unification. The completion process uses the cheap mechanism as much as
possible to reduce the work of the expensive mechanism. A second benefit of the completion approach
is that it allows “theory building.” In many applications of automated deduction, e.g., program
verification, several theorems are routinely proved using the same basic theory. Since the completion
process works solely on the the theory, independent of the goal, the results of the completion process
can be reused for proving other goals. Thus, completion often thought of as a “compilation” phase,
which makes the given theory more efficient for problem solving.

Our method, called the clausal completion method, closely follows the Knuth-Bendix completion
method outlined above. The deduction problems we want to address have the following form: Given
a set of clauses 7—the theory—and a ground clause I'—the goal—is T' a consequence of 7, i.e.,
does 7 |= T hold? We call this the “clausal word problem for 7.” The clausal completion method
proceeds as follows:

e First, one selects a well-founded order > over literals.
e Then, the set 7 is completed by adding its critical consequences.

¢ In the process, the original clauses of 7, or the critical consequences being added to 7, can be
deleted or simplified if they can be proved from other clauses of 7 by a reductive proof, where
reductive proofs are the clausal counterparts of rewrite proofs.

e Finally, let 7¢ be the resulting complete set. T' is a consequence of 7 if and ounly if there is a
reductive proof of I' using the clauses of 7¢.

As with the Knuth-Bendix completion method, our clausal completion method is sound, and with
some additional constraints, it is complete. Further, the method can be used to test the inconsistency
of the original theory 7. Thus, it is refutationally complete. Finally, for any given goal, a finite set
of critical consequences of the given theory sufflices to obtain a reductive proof of that goal. Hence,
the search for a reductive proof of the goal can be interleaved with the generation of 7¢ to obtain a
semi-decision procedure.

JFrom a practical point of view, this method brings the benefits of the completion method into
the realm of clausal theorem proving. The deduction process is divided into a “cheap” mechanism,
viz., reductive proof, and “expensive” mechanism, viz., critical consequence generation. Moreover,
the benefits of “compilation” and “theory building” become available.

The main contributions of this paper are the formal definitions of reductive proofs, critical
consequences and the completion procedure. The main difference between our proposal and previous
adaptations of the Knuth-Bendix completion method rests on our notion of reductive deduction. We



propose a powerful, yet practical, notion of reductive deduction without sacrificing completeness.
Our notion of complete sets is also original. Previous works were mostly concerned with establishing
the refutational completeness of the inferences used to generate critical consequences. Although
refutational completeness is all that is necessary to prove a single theorem, if one wants to prove
multiple theorems, then the construction of a complete, or partially complete, set may be more
profitable. We should, however, point out that since few mathematical theories are decidable, most
complete sets are infinite. Hence, in general, we can only generate a “partially complete” set. Finally,
another significant technical contribution is the technique we have used to prove the completeness
of the completion method. By relying on a graph representation of proofs, we have obtained a
simple proof-theoretic completeness proof very similar to Bachmair, Dershowitz, and Hsiang’s [1986]
completeness proof for the equational completion method. This technique is dicussed in detail in
Bronsard [1995].

This paper is organized as follows: We discuss related works below. In Section 2 we recall the
classical inference rules of clausal deduction and the completeness results for those rules. Section 3
defines reductive proofs while Section 4 defines critical consequences and the completion procedure.
Section 5 gives two non-trivial examples to illustrate the method. Finally, Section 6 gives an overview
of the completeness proof of the method.

1.1 Related Works

Ours is not the first attempt to adapt the equational completion procedure for clausal deduction. We
take inspiration from Hsiang and Rusinowitch [1986] who proposed ordered resolution and ordered
paramodulation to generate critical consequences and proved the refutational completeness of these
inferences. That work formed the basis for many subsequent works on clausal completion, but it did
not address the issue of simplification.

Zhang and Kapur [1988] developed a practical clausal completion-like method using superposition
inferences to generate critical consequences, and a contextual rewriting technique for simplification.
This work offers both a restricted method to generate critical consequences and a powerful sim-
plification mechanism. However, this approach does not guarantee completeness. Superposition
with tautology deletion is incomplete [Bachmair and Ganzinger, 1994] and it is unclear what effect
simplification by contextual rewriting would have on the completeness of a deduction method.

Independently, Nieuwenhuis and Orejas [1991] developed another practical clausal completion
method using ordered inferences and a technique called clausal rewriting for simplification. This
method is refutationally complete for clauses with at most one equational literal. With some addi-
tional constraints on clauses, it is also complete.

The clausal rewriting technique defined by Nieuwenhuis and Orejas relies on nondeterministic
instantiation of clauses. In [Bronsard and Reddy, 1992], we improved upon their method by relying
on hyper-resolution rather than nondeterministic instantiation. However, this extension did not
address equational reasoning.

The clausal completion procedure reported here improves on these earlier works by guaranteeing
completeness and proposing a stronger simplification mechanism.

Bachmair and Ganzinger [1994] presented a thorough study of the superposition inference in
the context of conditional equations. Their approach, like ours, is inspired by the Knuth-Bendix
completion procedure. However, they do not attempt to develop a clausal completion procedure, but
rather concentrate on the refutational capability of deduction using ordered inferences. Their main
result shows that ordered superposition and merging paramodulation form a refutationally complete



deduction system. Further, this completeness property holds even if clauses are deleted or simplified
using the following rule:

(Tuil})

S G DA _ T .
TUT) f7TUl'=T and T =T .

Simplify

where T = {AG | A e T" A AG <T}.

The notion of critical consequences used in this work is weaker than Bachmair and Ganzinger’s
restriction to ordered superposition and merging paramodulation. However, this relaxation is nec-
essary to obtain complete sets. Our notion of reductive proof also offers a practical, rather than
theoretical, simplification method. It satisfies the condition of Bachmair and Ganzinger’s Simplify
rule. Thus, for a given theory, if one wishes to prove only one theorem, the optimal approach
would be to use Bachmair and Ganzinger’s inference rules together with our powerful simplification
method. Conversely, if multiple theorems need to be proved, using our method to build a complete,
or partially complete, set would probably be preferable.

2 Clausal inferences

In this section we briefly review background on clausal deduction techniques. Consider the following
inference rules:

Cut Contraction Weakening
-AT AA AAT r
ra AT AT (1)
Resolution Factoring
-A'T AA AA'T
- (Res (Fac) where 0 = mgu(A, A"

To Ao AcTo

For each rule we identify a principal literal. For the Cut, Contraction, and Weakening inferences,

the principal literal is A. For the Resolution and Factoring inferences, the principal literal is Ao.
The soundness and completeness of these inference rules are available from classical work [Robinson, 1965]
Previous works on adapting the Knuth-Bendix completion method to first-order logic have relied

on the notion of ordered inferences introduced by Hsiang and Rusinowitch [1986]:

Definition 2.1 [Hsiang and Rusinowitch, 1986] Let > be a well-founded order over literals. The
following terminology applies to inferences (1):

e A Cut inference is ordered if = A and A are maximal (w. r. to the order >) in their respective
premises.

e A Contraction inference is ordered if A is maximal in the premise.
o A Resolution inference is ordered if = A’ is maximal in ~A’c I'o, and Ao is maximal in Ao Ao.

e A Factoring inference is ordered if Ao is maximal in Ao ['o.

Theorem 2.1 [Hsiang and Rusinowitch, 1986] A set of clauses is unsatisfiable if and only if the
empty clause L is derivable using ordered Resolution and ordered Factoring inferences.



Reasoning with equations
To reason with equations, the following inference rules are added:

Paramodulation Reflection

A[S1T s=t,A (s =s)A

<] (Par) &
Ao[to]To Ao Ao

(2)

(Ref) where o = mgu(s, s')

The principal literal of the Paramodulation inference is A[s']o. The equational literal of the Paramod-
ulation inference is so = to and the principal literal of the Reflection inference is so = s'o. The
literal Ao[to] occurring in the conclusion of the Paramodulation inference is called a derived literal.
The soundness and refutational completeness of these inference rules are again available from
classical work [Robinson and Wos, 1969]
The notion of ordered inferences can be adapted to Paramodulation and Reflection inferences.
However, for Paramodulation inferences there are two variants of the definition.

Definition 2.2 [Hsiang and Rusinowitch, 1986] Let > be a well-founded order over terms and lit-
erals. The following terminology applies to inferences (2):
e A paramodulation step is oriented if so £ to.
e A paramodulation step is ordered if (i) it is oriented, (i¢) s’ is not a variable, (ii7) A[s']o is
maximal in A[s']o 'o, and (iv) (so = to) is maximal in (so = to) Ao.
e A paramodulation step is called a superposition step if it is ordered, and whenever A[s'] is an
equation of the form [[s'] = r, [[s']|c £ ro.
o A reflection step is ordered if —(s = t)o is maximal in =(s = t)o Ao.

Theorem 2.2 [Hsiang and Rusinowitch, 1986] A set of clauses is unsatisfiable if and only if the
empty clause is derivable using ordered Resolution, ordered Factoring, ordered Paramodulation, and
ordered Reflection inferences.

3 Reductive proofs

The key part of our clausal completion method is the concept of reductive proofs which forms the
clausal equivalent of rewrite proofs for equational deduction. Taking inspiration from the definition
of rewrite proofs, we propose to define reductive proofs as proofs where each successive inference
involve a smaller principal literal. For example, consider the following clauses:

S(x)>85(y) < w>y (3)
S(z) >0 (4)

We use as order over literals the multiset path ordering >,,,, based on the precedence
“>7 >, 08 >, 0 >, 0>, L
To prove the proposition S(5(.5(0))) > S(0), we construct the following refutation.

(
(5(5(5(0))) > 5(0))
~(5(5(0) >0

L

Resolution with (3)
Resolution with (4)

)
)




We say that this proof is reductive since the successive principal literals are decreasing;:
~(5(5(5(0))) = 5(0)) >mpo ~(5(5(0)) = 0)
Formally, we define reductive proofs as follows:

Definition 3.1 Let T be a proof tree and > a well-founded order over literals.

e A path in T is a reductive path if the principal literals of the non-factorization inference steps
in the path are decreasing w. r. to >.

e T is a reductive proof tree if all the paths in T from the leaves to the root are reductive paths.

e T is a reductive refutation if it is a reductive proof whose conclusion is the empty clause.

Definition 3.2 Let T be a proof tree built using a theory 7 and a set of goal clauses G.

e T is flat if no equational premise of any paramodulation step is a derived literal.

e T is goal-oriented if it is flat and all innermost non-factoring inferences involve a goal clause.

Definition 3.3 (Reductive Proofs) Let 7 be a set of clauses and > a well-founded order over
literals. A clause I' is said to be reductively provable, or to have a reductive proof, from 7, written
T F T, if there exists a goal-oriented, flat, reductive refutation built using the theory 7 and the set
of goal clauses ' where I' denotes the skolemized negation of I'.

Example 1 Consider the theory

rel = max(l)>z (5)
r>yANy>z = x>z (6)
e>y vV oy>a (7)

We select as order over literals the lexicographic path ordering, >,,, defined using the precedence
€ >, > >, mazx. We can prove

“(maz(l)>a) => (z €l = a>z)

The skolemized negation of the goal is the set of clauses {{=(maz(L) > A)},{X € L},{-(A> X)}}
where I, A, X are the skolem constants replacing the variables [, a,z. The order is extended over
the skolem constants by L >, A >, X. This gives us the reductive refutation

Xel (5) R
maz(L) > X (6) =(maz(L) > A) (7) Res
z>maz(L) =z >X A > maz(L) R
A> X T 4z

Res

1
This is a reductive refutation since

X eL >y maz(L)> X >1, A>mazx(L) >, A> X, and
maz(L) > A >, A>maz(L) =, A>X

Theorem 3.1 Let 7 be a set of clauses, I" a ground clause, and > a stable well-founded order over
literals. Whether T' has a reductive proof is decidable.



Clausal Church-Rosser property

The Church-Rosser property for a set of equations is the property that all consequences of that set
have rewrite proofs. Since rewriting is decidable (assuming given a finite set of equations and a
well-founded order), the Church-Rosser property, when it holds, ensures that equational deduction
is decidable. Using the notion of reductive proofs, we can define a similar property for sets of clauses.

Definition 3.4 A set of clauses 7 is Church-Rosser if all ground clausal consequences of 7 have
reductive proofs.

A set of clauses with the Church-Rosser property is called a complete set.

Theorem 3.2 Let 7 be afinite complete set of clauses. The clausal word problem for 7 is decidable.

4 The Completion procedure

The second part of the completion method is the completion procedure. This procedure transforms
an arbitrary set of clauses into a set for which the Church-Rosser property holds. It does so by
augmenting the set of clauses with their critical consequences.

Definition 4.1 Let > be a well-founded order over literals.

e A Resolution inference is critical if ~A’ and A are maximal in their respective premises.

e A Factoring inference is critical if A or A’ is maximal in the premise.

e A Paramodulation inference is critical if (i) it is oriented, (ii) s’ is not a variable, and (77)
A[s'] is maximal in both clauses.

o A Reflection inference is critical if =(s =) is maximal in =(s = ¢), A.

Definition 4.2 (Clausal Completion Procedure) Let > be a well-founded order over literals.
The clausal completion procedure is defined by three state transition rules acting on two sets of
clauses 7 and R. The clauses in 7 can be simplified and deleted, while the clauses in R are accepted
clauses that cannot be further simplified but can be freely used to simplify the clauses of 7. The
state transition rules are

(Tu{l},R)
APt (T RUTY)
(T,R) o T "
Deduce —(T U{T].R) if T'is a critical consequence of RU T
Simplify “TUT.R) fRUTUT T and RUT/p 4 T .

A completion derivation is a sequence (7,0),(71,R1),(72,R2),...such that for each i, (7;, R;) b
(Zix1, Ri41) by one of the above state transition rules. The set of persisting clauses is defined by
T = U;N;j>; 7j and R™ = |J; R;. A derivation is said to be fair if 7% = () and [J; 7; includes
all the critical consequences of R*. If the derivation is fair, R* is a complete axiomatization for
the theory 7. The derivation is successful if R is finite. If a derivation is fair and successful, then

R>®° = R; for some 1.



The clausal completion procedure is sound. That is, for any i, 7 = 7;UR;. The procedure is also
complete for ground clauses not containing inequations®. That is, if 7 |= T, for some ground clause
I' not containing inequations, then, for some i, I' is reductively provable using R*. This implies
refutational completeness since, if a set of clauses is inconsistent, the empty clause, which is ground
and does not contain inequations, must be deducible from it.

Theorem 4.1 The clausal completion procedure is sound.

Theorem 4.2 The clausal completion procedure is complete for ground clauses not containing
inequations.

The proof of this theorem is the topic of Section 6.
Corollary 4.3 Critical inferences are refutationally complete.

The Simplify rule given above is not practical since we did not present a method to construct
T'. The following are three simple possible values for 7':
1. 7: In this case, the Simplify rule deletes the clause T'.
2. TUA{I'[b/a]}: if RU T/ can rewrite some subterm a in T' to b.
3. TU{l —{A}}:if RUT/ can disprove the literal A in T

Example 2 [Nieuwenhuis, 1990] Suppose we are given the set of clauses
1. z2<za

2. max(z,y)=z V z<y
3. max(z,y)=y V (2 <y)
4. z <max(y,z)

5. z <max(z,y)
and the order >,,,, with the precedence max >, >.
Applying the completion procedure produces the clause
6. <y VvVy<Lz
as a result of a critical paramodulation inference between clauses 2 and 4.
Suppose we accept clauses 1, 2, 3, and 6. Then, clauses 4 and 5 can be deleted since they can be
proved by reductive refutation using the accepted clauses. For example, a reductive proof of clause 5
is (X and Y are the skolem constants replacing z and y).

-(X <max(X,Y)) (3)

Ta
~(X < max(X,Y)) (2) ~(X <V),~(X <V)
Para Fac
(X <X),X<Y (X <Y)
(X <X) o (1)
Res
1

In the above proof, we assumed Y >, X. A reductive proof with X >, Y is obtained by interchanging
the last two steps of this proof.

The set 7 is now empty and any critical consequences of the accepted clauses can be deleted.
Thus, the clauses 1, 2, 3 and 6 forms a complete set.

'To obtain completeness for clauses containing inequations, one would need an inference rule of the form
A(a),~A(b) F a # b. Such a rule would be too inefficient for any practical purpose.



5 Examples

Example 5.1 (Bumcroft’s identity in Lattice theory) Bumcroft [1965] proposed the follow-
ing problem in Lattice Theory:

Let @ and b be two elements of a modular lattice with unique complements, and @ and
b their unique complements. Assuming the join and the meet of ¢ and b exist, does the
join of @ and b exist and is it the unique complement of the meet of @ and b?

Guard et al. [1969] showed this identity to be true with the help of their semi-automated proof
checker SAM. Essential to their proof was a lemma , thereafter known as SAM’s lemma, stating
a non-trivial identity for modular lattices. Using this lemma, Guard and his group were able to
give a simple proof of Bumcroft’s open question. Other recent approaches to this problem include
[Zhang, 1988, McCune, 1988, Vigneron, 1994].

We show here how the clausal completion method could prove this identity with minimal user
interaction. With the completion method we do not require an advance knowledge of SAM’s lemma.
This lemma, along with Bumcroft’s identity, becomes reductively provable once sufficient critical
consequences of the axioms of modular lattices have been generated.

The axiomatization of modular lattices with unique complements is given in Figure 1. It is taken
from McCune [1988]. We use the symbols A and V in infix notation to denote the join and meet
relations in a lattice, and the predicates Comp and Unicomp to denote the complement and unique
complement relations.

The theorem to be proved is

Unicomp(a, @) & Unicomp(b,b) & Comp(z,a V b) & Comp(y,a A b) == Unicomp(a A b,a@ V b)

We use, as order relation, the AC recursive path ordering of Dershowitz and Mitra [1993] with
the precedence

Unicomp >, Comp >, #>, A >, V. >, 0 >, 1 >, a >, b >, a >, b >, t
Initially, no reductive proof of the theorem is possible. Thus, we apply the completion procedure.

Although the procedure fails to find a complete theory for modular lattices, it generates the following

critical consequences:

2. z=y <=zVy=1& 2Ay=0& Unicomp(z,z) from a critical resolution between the
axioms 16 and 18;

22 s A(yVvz)=zA(yV({(zVv)Az) <= (zVv)Ay=yfrom a critical AC-superposition
inference between axioms 13 and 3;

23. z =yV(zAhz) <= ahy =y & Comp(y,z) from a critical AC-superposition between
axioms 13 and 15 followed by a simplification using axiom 11;

24, zAN(yVvz)=aANy < (zVv)Ay=y& Comp(zV v,z) from a critical AC-superposition
between axioms 22 and 14 followed by a simplification using axiom 10;

25, zVy=yV(zAz) <=azA(yArv)=yAv& Comp(y A v,z)froma critical AC-superposition
between axioms 23 and 4;

26, A((yAv)Vz)=2zAyAv <= Comp(zV v,z2)from a critical AC-superposition between
axioms 24 and 3; ;

27. 2Vy=yV(zAz) <= Comp(yA z,z)from a critical AC-superposition between axioms 25
and 1;



The following 8 equations characterize lattices:
z A z = z (idempotence)

rVrr=ux

z A (zVy) ==z (absorption)

tVzAhy =z

z Ay =yAz (commutativity)
rVy=yVeu

-~ O Ut = W N =

tA(yAz)=(zAy)A z (associativity)
8. zV(yvz)=(zVy Vz

0 and 1 denote respectively the top and bottom elements of the lattice:
9. zA0=0

10. zv0==z
11. zAN1l==z
12. zvl1l=1

The lattice is modular:

13. zA(yVz)=yV(zAhz) <zAy=y
Complements and unique complements are defined as follows:
14. 2Ay=0 <= Comp(z,y)

15, 2vy=1 <= Comp(z,y)

16. Comp(z,y) <—=azVy=1&zAy=0

17. Comp(z,y) <= Unicomp(z,y)

18. z=y <= Comp(z,y) & Unicomp(z, z)

19. Unicomp(z,y) <= Comp(z,y) & —(Comp(z, f(z,y)))
20. Unicomp(z,y) <= Comp(z,y)& f(z,y)=1y

Figure 1: Axiomatization of modular lattices with unique complements

10



r<lz<=—y<zANz<ly

min(z,y) <
t+y<z<=z<half(z) A y < half(2)
lz+yl <z 2|+ |yl <2

0 <half(z) <=0<=
0<min(z,y)<=0<z A0<y

(o4 w)—(y+2) = (e —y) + (w—2)

+ and min(, ) are associative and commutative.

00 =1 O U = W N

Figure 2: Calculus Axioms

The hypotheses:
9. 0<61(dy)<=0<dy
10, [f(2) = La] < dy <= |0 — A] < &(dy) A 0< dy
11. 0<éx(dy)<=0<dy
12, |g(z) = Lo| < dy <= |z — A[ < &2(dy) A 0 < dy
The negation of the conclusion:
13. 0<B
14. Jsol(dy) — A| < dy <= 0<dy
15, 1 <= |(f(sol(dy)) + glsol(dy))) — (L1 + L) < B A 0 < dy

Figure 3: Goal clauses for the theorem

Augmenting the theory in Figure 1 with the above propositions suffices to obtain reductive
proofs for both Bumcroft’s identity (see Appendix A) and SAM’s lemma. Thus, we have obtained
a reductive proof of Bumcroft’s identify after seven Deduce steps using AC-unification. We note
that the critical consequences generated by these Deduce steps can be divided into three genera-
tions of critical consequences. The propositions 21, 22, and 23 belong to the first generation; the
propositions 24 and 25 belong to the second; and the propositions 26 and 27 belong to the third.
The final proof requires no auxiliary lemmas; this is an improvement over previous approaches to
this problem. On the other hand, seven Deduce steps, particularly if they use AC-unification, is a
significant requirement.

Example 5.2 (The sum of two continuous functions is continuous) McCharen, Overbeek, and
Wos [1976] proposed a series of problems for automated theorem provers based on the classical the-
orem from analysis that the sum of two continuous functions is continuous. The relevant part of the
theory used by these problems is given in Figure 2.

We want to prove the theorem

Let f and ¢ be two continuous functions. The sum f + ¢ is a continuous function.

The clausal representation of the theorem is given in Figure 3.
We will prove this theorem with the completion procedure. We base the order relation on the
generalized recursive path order [Dershowitz and Hoot, 1993] with the precedence

— >, + >p || >p half >, < >, min >, f >, 9 >, 6 >, 6o >, B >, sol

11



Further, comparisons with < are lexicographic and, to account for unification, in comparisons in-
volving the skolem function sol we discard its argument.

Two critical consequences of the initial set of axioms and one critical consequences of the goal
clauses are needed before a reductive refutation is possible. These are
16. |z + y| < z < |z| < half(2) A |y| < half(z) from a critical resolution between 3 and 4;
17. 2 <y <= z < min(y, z) from a critical resolution between 2 and 1;

18. |sol(min(y, z)) — A| < y <= 0 < min(y, z) from a critical resolution between 17 and 14.

Now, we can easily build a reductive refutation starting with the goal clause 15. This reduc-
tive refutation is a linear sequence of inference steps starting with a paramodulation step between
clauses 15 and 7 and continuing with resolution or paramodulation steps involving, in order, the
clauses 16, 10, 12, 18, 18, 6, 9, 11, 5, and 13. Thus, the theorem is true.

6 Completeness

6.1 Completeness of equational completion

To prove the completeness of the clausal completion procedure, we take inspiration from Bachmair,
Dershowitz, and Hsiang’s completeness proof of the equational completion procedure [1986]. This
proof is based on Huet’s proof [1980] that the local confluence property is a sufficient condition for
the Church-Rosser property.

The local confluence property is the property that for any local peak proof of the form ¢t «— z — r,
there is a rewrite proof of the form ¢t —* u «* r. This property implies the Church-Rosser property
as can be seen from the following proof adapted from Huet [1980]:

Assume the order > is well-founded and consider a proof of the form

+ + +

Yo <~ .’1}‘1—>+y1<— g — ...<—+

Ly -+ Yn (8)
where the x;’s denote the peaks in the proof. We measure the complexity of a proof by the multiset
of its peaks. A proof of minimal complexity has no peak, so it is a rewrite proof. The goal is to show
that using the local confluence property, we can transform the above proof and obtain a smaller
proof of y5 <* y,. By induction, we will then be able to conclude that a rewrite proof of yg <* y,
exists.

Consider the local peak rooted at z;. It has the form y’ «+ z; — 2’. By the local confluence
property, there must be an equivalent proof of the form y" —* u «* 2’. Thus, proof (8) above can

be replaced by

Yo %*y/%*u%*zl—ﬁﬁyl %+ .’E2—>+%+ ;Cn—>+ Yn

The multiset of peaks is now {y’, z’, 2, ...,2,}. This is smaller than the original multiset of peaks,
since 21 — 3" and z; — z’. We have a smaller proof of y5 <* ¥,,, so, by induction, Ju, yg —* v «* y,,.
a

Bachmair, Hsiang, and Dershowitz’s proof of the completeness of the Knuth-Bendix completion
procedure [1986] can be seen as an extension of Huet’s proof. Their proof proceeds by showing that
the completion procedure can reduce the complexity of a proof by either eliminating local peaks
through Deduce steps or simplifying axioms through Simplify steps.
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-DvC -CVB
Cut -A AV D -Dv(C -CVB
AV D DV B — Cut Cut
Cut D BvV-D
-A AV B Cut
Cut B
B

Figure 4: Two proof trees denoting the same proof

6.2 Completeness of Clausal Completion

Huet’s proof uses the simple proof-theoretic mechanism of proof transformations to show that non-
reductive proofs can be transformed into reductive proofs. However, the attempts of Bachmair [1989],
Nieuwenhuis and Orejas [1991], and Bronsard and Reddy [1992] to use a similar proof theoretic
approach to prove the completeness of clausal deduction mechanisms led to excessively complex and
error-prone proofs.

We claim that when the proof transformation approach is successful, the success rests essentially
on the proper representation of proofs. The crux of the proof transformation approach is to show that
all proofs can be transformed into proofs of a certain kind. Clearly, how proofs are represented is the
crucial factor that determines the ease, or the complexity, of defining the appropriate transformation
relation. We believe, therefore, that the chief impediment to applying the proof transformation
approach to clausal deduction is the classical representation of proofs as proof trees. For example, the
complexity of the three above-mentioned attempts to use proof transformation techniques resulted
in part from the need for many low-level tree manipulation operations.

The classical representation of proofs as proof trees encompasses inessential informations, namely
the order of execution of the inferences. We take inspiration from Girard’s proof nets for linear
logic [1987] and from the resolution graphs of Yates, Raphael, and Hart [1970] to develop a graph-
based representation of proofs that abstracts such control information to reveal the essence of the
proof, that is, the axioms needed by the proof and the inferences using these axioms. We call these
graphs proof nets. They provide an almost canonical representation of proofs over which proof
transformation relations can be defined easily.

To illustrate the difference between proof trees and proof nets consider the following example:
Let A be the set of axioms {—=A, BV ~C, CV~-D, DV A}. The proposition {B} is a consequence of
A. Figure 4 presents two derivations of B from A. These two proof trees are significantly different,
although they both denote essentially the same proof: the same axioms are used, the same conclusion
is reached, both have exactly three cut inferences, and the same literals are cut in these inferences.
However, the order in which the cut inferences are executed is different and this leads to two different
proof trees. In contrast, such control information is absent in the proof net representation, so there
is only one proof net showing that B is a consequence of A; it is

T r
A~ A

r 71 7
L J L J L J

QT

-
B (9)
_|

where the boxes represent the axioms of A, and ~, the connection relation, represents cut inferences.
Contraction inferences are represented by allowing multiple connections to the same literal.
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The use of proof nets suggests a simple adaptation of Huet’s proof. Suppose given a well-founded
order over literals. We define as local peak proofs, proofs of the form

1 "
I A~-4 A
L L

where A is greater than all literals in I' or A. A proof free of local peaks is a reductive proof. We
define the local confluence property as the property that for any local peak proof as above, there
exists a proof of I' A where all literals are smaller than A.

Consider an arbitrary proof net with conclusion I'. We define the complexity of the proof as the
set of the literals occuring in local peak subproofs. First, we transform the proof net to isolate the
local peaks, i.e., to ensure that they are not part of some contraction inferences. Then, using the
local confluence property, we replace all the local peaks of maximal complexity by new subproofs
with smaller literals. Thus, the complexity of the proof reduces. By induction, we can conclude that
I" must have a proof free of local peaks, i.e., a reductive proof. a

The above informal proof is the counterpart for clausal proofs of Huet’s proof. Like Huet’s proof,
it can be extended to prove the completeness of the completion method. (see [Bronsard, 1995] for
details)

7 Conclusion

In conclusion, the key parts of our method are the concepts of critical consequences and reductive
proofs. These concepts were defined in order to maximize the efficiency of the completion method
without sacrificing completeness or expressiveness. Critical consequences are defined using the notion
of critical inferences. These inferences are less constrained than the ordered inferences previously
used when investigating adaptation of the Knuth-Bendix method to first-order deduction. However,
we think that this relaxation is necessary to obtain completeness. Conversely, our notion of reductive
proofs provides a powerful, yet practical, simplification method stronger than previous methods.
Finally, by using a graph-based representation of proofs we have obtained a simpler and intuitive
completeness proof.
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A Proof of Bumcroft’s identity

We start with the following simple subproofs

(Comp(y,a A b)) (14) (Unicomp(a,a)) (21)

o = Res a9 = Res

yA(anb)=0 a=u,aVu#l,aNu#0

(Comp(y,a A b)) (27) Comp(z,a Vv b)) (15)

a3 = Res a4 = Res

aV(bAhy)=aVb zV(aVvb)=1

(Unicomp(b, b)) (21) (Comp(z,a Vb)) (26)

as = - es g = Res

b=u,bVu#1,bAu#0 bA((uAha)Vz)=bA(uAa)

(Comp(y,a A b)) (14)

ay = es

aN(yAnb)—0

Let 31 be the subproof

(4) (26) .
(a) an((uAb)Va)=an(uAb) o
(az) aryrb Ve =0
(03) a=(wAb Ve, av(yrAb Vo) £L o
(a4) &:(y/\b)\/x,a\/(b\/ﬂl?)#lRes

a=(yAb)Vaz
where A is the goal clause Comp(z,a V b).
The next subproof, B, is similar to f; except that ¢ and b are interchanged and oz is replaced
by as. Thus, f; has the conclusion b = (y A a) V z.
Let (3 be the subproof

(19) —Unicomp(a V b,a A b)

— es
(f1) Comp(a Vv b,a A b), ~Comp(t,a V b) b
— ara
(B2) Comp(a VvV b,((y Ab)Va)Ab), ~Comp(t,aVb) P
ara
(13) Comp(a Vb, ((yAb)Va)A((yAa)Va)), -Comp(t,aV b)
AC-Para
(ag) Comp(aVb,zV ((yAb)A((yAa)Va))), ~Comp(t,aV b) ACLP
-Para
(ar) Comp(a V b,z V (y A (b A a))), ~Comp(t,a V b) ACLP
-Para
(10) Comp(a V b,z vV 0), ~Comp(t,a V b) b
ara
(A) Comp(a V b,z), -Comp(t,a V b)
Res

=Comp(t,a V b)

where ¢ denotes f(a V b,a A D).
Replacing the goal clause A by the subproof 33 in the subproofs 31 and 33 produces two subproofs,
which we denote by 84 and 5, with conclusions
a=(yANa)Vt
b=(yAa)Vt
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The final proof is similar to the subproof #3. The first inference is

(20) -Unicomp(a A D)

Vb,a
— — Res
Comp(a Vbanb),t£aNnb

The literal Comp(a V b,a@ A b) can be eliminated as was done in the subproof 33, leaving us with the
literal ¢ # @ A b. The term @ A b is rewritten to ¢ V 0 by a subproof similar to 83 with 5, and 3,
replaced by the subproofs 34 and §5. The resulting literal ¢ # ¢ vV 0 can be resolved with the axiom
10. We obtain the empty clause. Thus, Bumcroft’s identity holds.
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