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 199? Kluwer Academic Publishers, Boston. Manufactured in The Netherlands.Global State Considered Unnecessary:An Introduction to Object-Based SemanticsUDAY S. REDDY reddy@cs.uiuc.eduDepartment of Computer Science, University of Illinois at Urbana-Champaign, Urbana, IL.Abstract. Semantics of imperative programming languages is traditionally described in termsof functions on global states. We propose here a novel approach based on a notion of objects andcharacterize them in terms of their observable behavior. States are regarded as part of the internalstructure of objects and play no role in the observable behavior. It is shown that this leads toconsiderable accuracy in the semantic modelling of locality and single-threadedness properties ofobjects.Keywords: Imperative programs, Syntactic control of interference, Denotational semantics,Objects.1. IntroductionSemantics of programs that deal with state (\imperative programs") is a long-standing research problem in the theory of programming languages. Traditionally,such programs are given semantics in terms of global states. (See, for example, Stoy[74].) A global state is an element of a suitably large set that gives the value ofevery storage variable at a given instant of execution, e.g., the set of all sequences ofdata values (State = Val�). The allocation of a new local variable is interpreted asenlarging the sequence by adding a new component, and deallocation is interpretedas shrinking the sequence by deleting the new component.Commands are interpreted as transformers of global states, i.e., partial functionsof type State ! State . Expressions (as in Algol 60) are interpreted as partialfunctions of type State ! Val . This much seems fairly natural. But, problemsbegin to surface as soon as we consider functions. A function phrase (\procedure")of type s! t acts on an argument of type s to produce a result of type t. Now, it isperfectly reasonable for the argument to act on a portion of the state to which theprocedure has no access (since local variables can be allocated outside the procedurede�nition). Similarly, it is also possible for the procedure to act on local variablesthat cannot be accessed by the argument. Yet, the result of the procedure (of typet) acts on the entire global state. It is not possible to disentangle the actions of theprocedure and the argument on the global state.The following program equivalence, adapted from [37], illustrates this issue:(new[int] x: x := 0; p(x := x+ 1)) � p(skip) (1)Here, the free identi�er1 p is a function from commands to commands, i.e., it is oftype comm! comm. (Equivalently, it is a procedure that takes a \parameterless



2 U. S. REDDYprocedure" as its argument.) The command on the left allocates a local variable xand calls a procedure p with an increment procedure on x as the argument. Notethat the procedure p has no direct access to the variable x. After the completion ofthe procedure call p(x := x+1), the variable x is deallocated. Since x is never readbefore it is discarded, the e�ects of p(x := x+1) on the variable x are unobservable.Hence, calling the procedure p with a trivial \do nothing" procedure skip as theargument should have an equivalent e�ect.Now, consider the global state interpretation. The meaning of p must be afunction that maps global state transformers to global state transformers, i.e., afunction of type [State ! State ] ! [State ! State]. There is no a priori reasonfor the result of p to respect the local variable abstractions. For instance, p mightdenote the functionp(f) = �s: � s; if jsj = n � 1 and s(n) = 0unde�ned; otherwisewhich ignores its argument and tests if the most recent component of the stateis 0. For this p, the left hand side of equivalence (1) evaluates to the do-nothingstate transformer but the right hand side gives a state transformer that is typicallyunde�ned, in particular, when applied to the empty state. (In place of \unde�ned,"one can substitute any state transformer with an observable e�ect such as printing a\." on the screen.) The problem is that p(f) is a transformer of global states. Thereare in�nitely many such functions p which cannot be expressed in programminglanguages with local variable abstractions.This failure of the global state semantics has been recognized for some time, andvarious solutions have been devised for modelling local variable abstractions [23],[37], [48], [49], [51], [66], [78]. (The survey articles [48], [77] and the text [79]give good overviews of the extant techniques.) Essentially, all these solutions viewcommands not as state transformers, but as families of state transformers indexedby state sets (formalized as functors in the categorical sense). Procedures areviewed as families of functions with appropriate uniformity conditions (typicallynaturality). While these solutions lose some of the simplicity of the global statesemantics by moving to second-order concepts (like functors and natural transfor-mations), they are still unable to represent local variable abstractions su�cientlyto validate equivalence (1).Another issue that one must address in the semantics of imperative programs isthat state changes are actually \changes," an issue �rst raised in [50]. Runninga command causes the state of the program to be destructively overwritten by anew state, and it is not possible, in general, to revert to the original state. If, forexample, the procedure p in (1) runs its argument command, the value of x wouldget incremented and there is no way for the procedure to revert to the original valueof x. The following equivalence, due to P. W. O'Hearn, makes this explicit:(new[int] x: x := 0; p(x := x+ 1); if x > 0 then diverge else skip)� p(diverge) (2)



GLOBAL STATE CONSIDERED UNNECESSARY 3The equivalence must hold because both sides diverge if p runs its argument.(Again, one can use commands with observable e�ects in place of diverge to createsimilar examples.) But, state transformers are mathematical functions. They haveno notion of \change" built-in. The state transformer representing p(x := x+1)mayvery well yield the original state even after computing new states. The followingfunction p of type [State ! State ]! [State ! State ] represents such a \snap-back"operation:p(f) = �s: � s; if f(s) is de�nedunde�ned; otherwiseThus, the equivalence (2) fails in all known semantic models of imperative programs.2We believe that most of these di�culties accrue from a premature focus on states.Our intuitions suggest that states have to do with the internal structure of imple-mentations, not the observable behavior. For example, in classical automata theory,the internal structure of machines is de�ned in terms of states, but the observablebehavior is de�ned in terms of languages or sequential functions that the machinesrecognize or compute. If the meaning of program phrases is similarly speci�ed interms of observable behavior, we might �nesse all the intricate mathematical issuesregarding state sets in higher-order programming languages.The author initiated a fresh approach to the semantics of imperative programsin the summer of 1992 with these considerations. The inspiration came from linearlogic [17] and its close connection to Reynolds's syntactic control of interference [64]as espoused by O'Hearn [44]. Being a radically di�erent approach to the seman-tics of imperative programs, it could initially be stated only in very theoreticalterms [60]. However, it is now possible to explain the approach in the everydayprogramming terminology of \objects" (with an attendant formalization of thisconcept).An object is a state machine; it has an internal state and a collection of externallyobservable operations. Invoking these operations can a�ect the internal state sothat successive observations can produce di�erent results. Thus, objects havea history-sensitive behavior. The key fact is that it is possible to specify theobservable behavior of objects without reference to states. Moreover, such objectbehaviors form domains. Appropriate functions between such domains denote\constructions" for building objects from other objects. Program phrases areinterpreted as functions denoting such constructions. This is the essence of whatwe call the object-based approach to the semantics of imperative programs.Applying these ideas to equivalence (1), we interpret the procedure p as acting on\command objects" (objects with a single operation of type comm). The phrasex := x + 1 builds a command object from a variable object. The phrase skipgives a trivial command object. The key fact is that the two command objectshave precisely the same observable behavior: their command operation can beinvoked an arbitrary number of times and it terminates each time. (The e�ect ofthe invocations on the internal state of the objects di�ers but this is transparent



4 U. S. REDDYto the procedure p.) Therefore, the behavior of the procedure p in the two casesmust be equal.Applying these same ideas to equivalence (2), we note that the procedure p canonly use its argument object via its command operation. It has no direct accessto the internal state of this object. Since there is no operation provided in theobject for reverting its state to an earlier one, state changes caused by invoking itscommand operation are irreversible.Our experience shows that the accuracy of the object-based model is comparableto the best state-based models. In fact, the object-based model goes further inmodelling the \irreversible change" (or \single-threadedness") aspect of objectswhich, so far, has not been possible in the state-based models. The surprisingfact is that all this can be done at the \ground level" in terms of domains andfunctions without moving to second-order concepts such as functors and naturaltransformations. However, the \ground level" semantics exists only for certainwell-behaved programs that we call \interference-controlled" programs.Interference is the phenomenon of two program phrases acting on a common pieceof store. For example the command x := a interferes with the expression x+ 1 be-cause both act on the common variable x. Interference-control is the programmingdiscipline that maintains that interfering phrases should not be used in contextswhere they might appear to be independent. For example, in a procedure callP (Q1; Q2), written in the traditional Algol notation, one would normally expectthe phrases P , Q1 and Q2 to be independent. If Q1 were the command x := a andQ2 the expression x+1, then the standard reasoning about the procedure P wouldbecome invalid.Conventional formulations of Hoare logic [25], [26] assume freedom from aliasing(which is an instance of interference control). They would become unsound ifaliasing were permitted. One way to reason about aliasing and interference is to usea sound generalization of Hoare logic such as Reynolds's speci�cation logic [49], [67],[65], [78], but most programmers �nd the overhead of reasoning about interferencein this logic to be excessive.We believe that a similar situation arises with denotational semantics. Theglobal state concepts that occur in the conventional approaches are there in or-der to handle interference. A better focus on the key concepts is obtained byconsidering interference-controlled programs. In a sense, the role of interferencecontrol is parallel to that of types. Just as typed lambda calculus is often takento be the foundation underlying the untyped lambda calculus [70], we believe thatinterference-controlled languages should be treated as the foundation for languageswith free interference.What we seek is a semantics of interference-controlled Algol that has a structuresimilar to that of functional programming languages. The standard semantics ofPCF [56], for example, interprets types as domains and terms as (continuous) func-tions. We would similarly like a semantics that interprets interference-controlledAlgol types as domains and phrases as appropriate functions between domains. Itappears that this goal is unlikely to be achieved for full Algol with uncontrolled



GLOBAL STATE CONSIDERED UNNECESSARY 5interference. On the other hand, such a semantics is very well possible and quiteattractive for interference-controlled Algol.3In this paper, we explain the basic ideas of the object-based model using thesemantic framework of coherent spaces. Coherent spaces are a particularly simpleform of dI-domains [10] formulated by Girard [17], [19]. Among their notable ac-complishments is the inspiration for linear logic. In fact, the earliest (denotational)model for linear logic was in terms of coherent spaces. We inherit them by way oflinear logic. We would like to stress, however, that coherent spaces form just oneframework where the object-based concepts can be formalized. There can be manyother frameworks where objects can live. Some recent frameworks that seem tohave this capability include [4], [5], [14], [84]. We expect that many of these newframeworks will be used for modelling objects in the future, and some of them, inparticular games models, will improve on coherent spaces in accuracy.Related workThe previous work on semantics of local variables was already mentioned. Inrecent work, carried out almost in parallel with the present work, O'Hearn andTennent [50] have used the ideas of relational parametricity to characterize thenecessary uniformity conditions for procedures. Sieber [72], [73] presents a similarmodel in the context of locally complete partial orders. These recent models dovalidate equivalence (1) and other equivalences having to do with local variables.However, a treatment of irreversible state changes in this framework is still awaited.The reader would notice that the present semantics runs very much counter tothese approaches. While they attempt to restrict a global state-based semanticsto meaningful denotations, we start by identifying the observable behaviors ofindividual state variables and build up to larger values.The earlier e�orts in studying the semantics of interference control include thoseof Tennent [76] in the traditional global state approach and O'Hearn [43], [45] in thefunctor category approach. More recently, O'Hearn and Tennent [46] formulated amodel which, though in an explicit-state functor category framework, attempts tosplit up the global state into smaller pieces.Girard's linear logic [17] was an important source of new ideas. For pedagogicalreasons, we mention little of linear logic in this paper, but the informed readercan see linear logic ideas everywhere. Considerable debt is owed to O'Hearn'swork [44] on relating linear values and active values (as in linear logic and SCIrespectively). This work, together with Wadler's related insights [80] formed theoriginal inspiration for this work. Another important contribution from the linearlogic side is the \before" connective, due to Girard and Retor�e [63], which playeda prominent role in the early development of this model [60], [59].There is a large body of work on concurrency which subscribes to essentially thesame philosophy as that advocated here: state is localized in processes and anynotion of global state is shunned. Some of the major pieces of work in this areainclude CSP [28], CCS [39] and actors [6]. In relation to concurrency, it should be



6 U. S. REDDYnoted that, in studying imperative programming, we deal with objects instead ofprocesses. The di�erence is that objects lack any form of internal \control". Thisis a simpli�cation but, at the same time, results in much structure that is hardto �nd in process calculi, such as functions, types and higher-order values. Ourfocus will be on modelling this structure. However, the author has, after the fact,become aware of many commonalities between the present semantic model andmodels of concurrency, and has adopted the terminology of concurrency for relatednotions, such as traces [28], [35] and pomsets [57]. Some of the recent work inconcurrency is moving towards semantic concepts like functions and types [22], [24],where again some similarities with the current work become apparent. Abramskyhas been studying concurrency using linear logic foundations (see, e.g., [2]), leadingto similar notions as ours. However, unlike him, we choose to adapt the conventionaldenotational paradigm to the issues of state instead of replacing it with a new one.Another important piece of related work is Shapiro's modelling of state in con-current logic programming languages [71]. This is closely related to the classicalstream-based approach to modelling state in functional programming [16], [31], [32].However, concurrent logic programming languages �ll in an important missingpiece in this set-up (often called \logic variables"). Our model may be seen asa formalization of the dependencies implicit in the use of logic variables.Since we use concepts of \objects" pervasively in this work, one might wonder ifthere is some link with the semantic models of object-oriented programs. It is notyet clear if such is the case. The majority of the semantics work in object-orientedprogramming seems focused on unraveling inheritance. The issues of state are rarelyaddressed. The work that does address state, such as [62], uses the traditionalstate-based approach. Some of the work on inheritance [54], however, suggests thatthe issues of state and inheritance might indeed be related.OverviewWe �rst review the language of interference-controlled Algol, which forms thesubject of this study (Section 2). In Section 3, we introduce the basic concepts ofobject-based semantics informally and motivate the issues. Sections 4 and 5 de�nethe formal aspects of the model. Section 6 is devoted to a brief study of the semanticdomains obtained. In Section 7, we illustrate the semantics by reasoning aboutseveral example equivalences. Section 8 brie
y reviews some possible extensions tothe language and semantic framework.In Appendix A, we gather together the salient mathematical structure of themodel in a categorical framework. Appendix B contains a proof of computationaladequacy of the semantics.



GLOBAL STATE CONSIDERED UNNECESSARY 72. Interference-controlled AlgolIdealized Algol, due to Reynolds [66], is a clean integration of functional andimperative programming features. It is a typed lambda calculus whose primitivetypes allow for state manipulation. These primitive types include:� var[�] - variables holding �-typed values,� exp[�] - state dependent expressions giving �-typed values, and� comm - state modifying commands.Thus, the type system of Algol is described by the following syntax of types:data types � ::= int j bool j : : :(phrase) types � ::= var[�] j exp[�] j comm j �1 � �2 j �1 ! �2Though Algol 60 [41] is one of the oldest programming languages, it has conceptsthat are remarkably modern. In particular, it is the only widely known imperativeprogramming language that satis�es unrestricted � equivalence (often identi�edwith \referential transparency"). Several recent proposals for integrating functionaland imperative programming features [42], [53], [75] involve ideas resembling thoseof Algol, and Reynolds himself has been designing a successor language calledForsythe [68]. Therefore, we take Algol to be the focus of our study. The readershould be able to relate these concepts to other programming languages. (Inparticular, see the discussion in Sec. 8.)Syntactic control of interferenceThe central idea of syntactic control of interference (SCI), also due to Reynolds [64],[69], is that, in a function application (P Q), the phrases P and Q should be\independent", i.e., P does not change something that Q reads or writes and viceversa. Ensuring that applications always satisfy independence has the bene�t thatall free identi�ers are always independent. Thus, to check for the independence ofP and Q, one only needs to check that they have no common free identi�ers.However, imposing that P and Q never have common free identi�ers is toostringent. For example, we could not write plus x xwhere plus is of type exp[int]!exp[int] ! exp[int]. To relax the restriction, Reynolds identi�es a special classof values called passive values which never change the state. Passive values areindependent of each other, including themselves. Free identi�ers denoting passivevalues can then be shared by P and Q. Since x in plus x x is passive, such anapplication is permitted.To accord special treatment to passive values, we identify a subclass of typescalled passive types:passive types � ::= exp[�] j �1 � �2 j � ! � j �1 !p �2



8 U. S. REDDYTable 1. Type syntax of interference-controlled Algol Id� j �; x : �� x : �� j �; x : �� P : �0 !I� j �� �x:P : � ! �0 �1 j �1 � P : � ! �0 �2 j �2 � Q : � !E�1;�2 j �1;�2 � P Q : �0� j �� P : �1 � j �� Q : �2 �I� j �� (P;Q) : �1 � �2 � j �� P : �1 � �2 �1E� j �� fst(P ) : �1 � j �� P : �1 � �2 �2E� j �� snd(P ) : �2�; x1 : �; x2 : � j �� P : �0 Contr�; x : � j �� [x=x1; x=x2]P : �0�; x : � j �� P : �0 Activate� j �; x : �� P : �0 � j �; x : � � P : � Passify�; x : � j �� P : �� j � P : �1 ! �2 Promote� j � P : �1 !p �2 � j �� P : �1 !p �2 Derelict� j �� P : �1 ! �2According to this syntax, expressions are passive, pairs of passive values are passiveand all functions returning passive values are passive. In addition, a special class offunctions called passive functions (whose type is written with the !p constructor)are passive. Passive functions are those that do not modify global variables.Adding passivity to the SCI type regimen leads to certain technical problems withregard to subject reduction, as noted in [64]. An elegant solution to these problemswas recently formulated by O'Hearn et al. [46]. We adopt their solution below.SyntaxThe terms of an imperative programming language are often called phrases in orderto avoid confusion with expressions (which are phrases of the speci�c type exp[�]).The (unchecked) phrases of interference-controlled Algol have the following context-free syntax:P ::= x j k j �x: P j P1P2 j (P1; P2) j fst(P ) j snd(P )where k ranges over constants. This syntax is the same as that of any (applied)lambda calculus, but the novelty lies in the type syntax, shown in Table 1.A typing judgement is of the form� j �� P : �where



GLOBAL STATE CONSIDERED UNNECESSARY 9� P is a phrase,� � is a type,� � = fx1 : �1; : : : ; xn : �ng and � = fy1 : �01; : : : ; ym : �0mg are sets of typingassumptions (normally written without braces) for the free identi�ers of P , suchthat� x1; : : : ; xn; y1; : : : ; ym are distinct identi�ers.A judgement of this form may be read as \P is a well-typed phrase of type � usingthe identi�ers x1 : �1; : : : ; xn : �n passively and the identi�ers y1 : �01; : : : ; ym : �0mpossibly actively." The type contexts � and � are respectively called the \passivezone" and the \active zone" of the typing judgement. The identi�ers occurring inthem are called the \passive free identi�ers" and \active free identi�ers" of P .The �rst three lines of Table 1 form what may be called an \a�ne" lambdacalculus (with product types). Its distinguishing feature is that, in forming afunction application phrase (P Q), we have to split the available free identi�ersinto two disjoint sets �1 j �1 and �2 j �2 and use them in P and Q respectively.This means that P and Q cannot share free identi�ers. This implements Reynolds'sprinciple of interference control.Note that no such identi�er restrictions are applicable to pair formation (P;Q).This means that the two components of a pair could be interfering in general. Italso means that the currying transformation is not applicable: the types �1��2 ! �0and �1 ! �2 ! �0 have di�erent meanings. It is possible to add a separate typeconstructor for \independent products" which would put together non-interferingcomponents. We consider this brie
y in Sec. 8.The remaining rules are referred to as structural rules. They are concerned withmaintenance of identi�ers and types. The rule Contr (for \contraction") on thefourth line brings back limited amount of sharing. (We use the notation [Q=x]Pfor the substitution of Q for all occurrences of x in P .) Any identi�er x occurringin the passive zone can be made into two copies x1 and x2, which can then beused in the two branches of a function application phrase. This allows us to writeexpression phrases like plus x x, for example.The two rules Activate and Passify let identi�ers move between zones. The ruleActivate says that any passive free identi�er can be regarded as an active freeidenti�er. (This is necessary for binding it by the rule ! I.) The rule Passify saysthat any active free identi�er can be regarded as a passive free identi�er as long asit is used in a passive phrase. (Note that this is the only place in the type systemwhere passive types are distinguished from other types.) This allows us to derive,for example:v : var[int] j � deref v : exp[int]Even though the identi�er v is of an active type var[int], it is used passively inderef v because the latter is of a passive type exp[int]. This curious form of the



10 U. S. REDDYTable 2. Primitive phrases of interference-controlled Algol� j �� 0 : exp[int] � j �� E1 : exp[int] � j �� E2 : exp[int]� j �� E1 + E2 : exp[int] � j �� skip : comm� j �� C1 : comm � j �� C2 : comm� j �� C1;C2 : comm �1 j �1 � C1 : comm �2 j �2 � C2 : comm�1;�2 j �1;�2 � C1 k C2 : comm� j �; x : var[�]� C : comm� j �� new[�] x: C : comm � j �� V : var[�] � j �� E : exp[�]� j �� V := E : comm � j �� V : var[�]� j �� deref V : exp[�]� j �� E : exp[bool] � j �� P1 : � � j �� P2 : �� j �� if E then P1 else P2 : � � j x : �� P : �� j � rec x: P : �Passify rule has a direct correspondence with the semantics described in Sec. 5.4Since v is regarded as a passive free identi�er, one can use Contr to further derivev : var[int] j � plus (deref v) (deref v) : exp[int]Finally, the last two rules allow a function phrase to be given a passive functiontype provided it has no active free identi�ers and to forget the fact that a functionphrase is passive.The following is a sample of constants one �nds in an Algol-like language.0 : exp[int]+ : exp[int]� exp[int]!p exp[int]skip : comm; : comm� comm!p commk : comm!p (comm! comm)new[�] : (var[�]! comm)!p comm:=� : var[�]� exp[�]!p commderef� : var[�]!p exp[�]if� : exp[bool]� � � � !p �rec� : (� !p �)!p �For convenience and clarity, we associate with them the concrete syntax shown inTable 2. The parallel composition combinatorC1 kC2 is added to show the analogywith function application: the two subcommands C1 and C2 cannot share activefree identi�ers. The construct new[�] x:C creates a local variable and binds it tothe identi�er x within the scope of C. Since it is a binding construct, it is formallytreated as a second-order function. We often omit writing the combinator derefexcept for clarity in some examples. We use undef as a short form for the divergingphrase rec x: x.



GLOBAL STATE CONSIDERED UNNECESSARY 11DiscussionIf we disregard the higher types such as �1 � �2 and �1 ! �2, we obtain thelanguage of basic imperative programs. This language is essentially de�ned bythe combinators of Table 2. Its programs have standard semantics in terms ofstate transformation (or execution). When we form a command using higher-typeabstractions, the semantics of lambda calculus becomes applicable. The commandphrase is interpreted by �rst reducing it, using the standard reduction rules such as�-reduction, until one obtains a command phrase that can be executed.5 Thus, thesemantics of Idealized Algol is an orthogonal combination of typed lambda calculusand the language of basic imperative programs [66], [81].As a simple example, consider the functiontwice : comm! commtwice c = c; cWhen applied to a command c, the function produces a command that has thee�ect of running c twice. For example, twice (print 0�0) produces a commandthat prints two �'s. It is important to note that the function twice itself doesnot \run" any commands. It is an honest-to-goodness function that produces acommand as its result. This result must then be used in a context where it will beexecuted to produce any e�ect. If it is used in a context where it is ignored,no e�ects are produced. For example, if ignore is the function �c: skip, thenignore (twice (print 0�0)) produces no e�ect even when it is run.As an aside, note that twice can be given a passive function type:twice : comm!p commSince it has no active free identi�ers, it cannot cause any state modi�cations tononlocal variables.As a generalization of twice, consider a function that maps a command c to ann-fold composition of c with itself:times : exp[int]!p comm!p commtimes n c = if n = 0 then skipelse c; times (n� 1) cIf n is any natural number, times n is a function of type comm!p comm. Thisshows that every natural number can be encoded as a function of type comm!pcomm. It turns out that the converse is true as well, i.e., every function of typecomm!p comm, other than the unde�ned function, is equivalent to times n, forsome natural number n. Thus, functions of type comm!p comm are similar toChurch numerals.Control structures for commands can be de�ned as functions on commands. Forexample, the function:



12 U. S. REDDYwhile : exp[bool]� comm!p commwhile (b; c) = if b then c;while (b; c)else skipde�nes a while loop control structure. Novel control structures can be de�ned justas easily. For example, by adding recursive data types like lists, we may de�nehigher-order operations for commands analogous to map:mapdo : (� ! comm)!p (list � ! comm)mapdo f [ ] = skipmapdo f (x :: xs) = fx;mapdo f xslistdo : list comm!p commlistdo [ ] = skiplistdo (c :: cs) = c; listdo csNote that we havemapdof = listdo�(mapf) as an equational law of these functions.More important to our concerns is the ability to build objects with internallyencapsulated state and exported operations (called methods). Such objects aretypically built from variables (which are themselves primitive objects built-in bythe language). For example, the following function builds counter objects fromvariables:counter= exp[int]� commmkcounter : var[int]!p countermkcounter v = (deref v; v := v + 1)A counter object has two methods: the �rst, of type exp[int], returns the currentvalue of the counter and the second, of type comm, increments the value of thecounter.We often use sugared record notation for product types so that mnemonic namesfor the �elds are available. In this notation, we write mkcounter as:counter= [val : exp[int]� inc : comm]mkcounter : var[int]!p countermkcounter v = [val = deref v; inc = (v := v + 1)]We would then write c:val and c:inc for the methods of a counter c.To build and use a counter object in a larger program, we use one of twotechniques. By the �rst technique, we might use an existing variable v to builda counter object, bind the counter to an identi�er c, and then use c in a command.This corresponds to a program structure of the following form:let c = mkcounter vin Pwhere P is a command phrase. The let-block is desugared in the standard fashion:(�c: P ) (mkcounter v). In this form of a program, we must think of the variable v as



GLOBAL STATE CONSIDERED UNNECESSARY 13the \raw material" used for building the counter c. While the counter is in use, wecannot directly access this raw material. Doing so would cause interference. Indeed,SCI ensures that v does not occur free in the phrase P . However, the variable vcan be used in the commands that precede or follow the let-block. In this sense,mkcounter builds a temporary \sca�olding" around the variable v which is in e�ectduring the execution of P .The second technique is to create a new variable and erect a permanent sca�oldingaround it in the form of a counter. This is expressed by the following function:newcounter : (counter! comm)!p commnewcounter k = new[int] v:v := 0;k (mkcounter v)This function takes as its parameter a counter \consumer" k. It creates andinitializes a new variable v and supplies the consumer with a counter built from v.To create and use a counter object, we use a program structure of the form:newcounter �c:Pwhere P is a command phrase. This corresponds to what would be written asfcounter c; Pgin a more traditional object-oriented programming language. The function new-counter corresponds to a \class". Its task is to create new instance objects of itsclass.We close this discussion with a longer example that puts many of these ideastogether. A \histogram object" is an array of counters, i.e., a counter-valuedfunction on a �nite range of integers, while a histogram is an array of integers:histobj= exp[int]! counterhistogram= exp[int]! exp[int]We can create new histogram objects using:new hist : exp[int]� exp[int]!p (histobj! comm)!p commnew hist (a; b) k = new int var array (a; b) �A:k (mkcounter �A)where new int var array is a primitive operation for allocating arrays of integervariables. We de�ne two further operations to access the methods of the counterobjects:count : histobj!p (exp[int]! comm)count h i = (h i):incvals : histobj!p histogramvals h i = (h i):val



14 U. S. REDDYTo build a histogram for a list of integers, we can now write:build histogram : list exp[int]!p exp[int]� exp[int]!p(histogram! comm)!p commbuild histogram xs (a; b) k = new hist (a; b) �h:mapdo (count h) xs ;k (vals h)These examples must convey to the reader the powerful techniques for buildingand composing objects made available by the higher-order features of IdealizedAlgol.Operational semanticsThe operational semantics of the language is de�ned in two stages [66]. As explainedunder Discussion above, a program phrase is interpreted by �rst reducing it as far asnecessary and then executing the phrase obtained from reduction. The two stagesare formalized as a reduction system and an execution semantics respectively.The reduction system is expressed by the following reduction rules:Reductions for higher types:fst(P1; P2) �! P1snd(P1; P2) �! P2(�x: P )Q �! [Q=x]PUnfoldings: rec� P �! P (rec� P )Propagations:fst(if���0(P0; P1; P2)) �! if�(P0; fst(P1); fst(P2))snd(if���0(P0; P1; P2)) �! if�0(P0; snd(P1); snd(P2))if�!�0(P0; P1; P2) Q �! if�0(P0; P1Q;P2Q)ifvar[�](P0; P1; P2) := Q �! ifcomm(P0; P1 := Q; P2 := Q)The relation �! is extended to a reduction relation on phrases (for reduction inall contexts) in the standard fashion. The basic properties of the reduction systemmay be established as follows:Proposition 1 (O'Hearn and Tennent) If � j �� P : � is a derivable phraseand P �! P 0 then � j �� P 0 : � is a derivable phrase.Proposition 2 The above reduction system is con
uent, i.e., if P �!� P1 andP �!� P2 there exists P 0 such that P1 �!� P 0 and P2 �!� P 0.Proof: Since the left hand sides of the reduction rules have no repeated meta-variables and no critical overlaps, the classical techniques are applicable [8].



GLOBAL STATE CONSIDERED UNNECESSARY 15The second stage of the operational semantics is execution. For this stage, welimit attention to expression and command phrases whose free identi�ers are all ofvariable types, i.e., phrases of the form� j �0 � E : exp[�] and � j �0 � C : commwhere �j�0 is a variable type context x1 : var[�1]; : : : j : : : ; xn : var[�n]. We refer tosuch phrases as semi-closed phrases. If �j�0 is a variable type context, a �j�0-stateis a �nite map of the form [x1!i1; : : : ; xn!in], where each ik is a data value of type�k. Note that the variables mapped by the state are precisely the variables in thetype context �j�0. We use the symbol � to range over such states. The notation�[x!i] means � with its x component updated to i, and �1 � �2 denotes the joinof two states with disjoint domains.We de�ne two families of relations:� (�;E) +�;�0 ;� i, where � is a �j�0-state, E an expression with typing �j�0 �E : exp[�], and i a data value of type �.� (�;C) +�;�0;comm �0, where � and �0 are �j�0-states and C a command withtyping �j�0� C : comm.The �rst family of relations denotes the evaluation of an expression in a state, andthe second family denotes the execution of a command in a state to give a newstate. Table 3 gives an inductive de�nition of the relations for well-typed phrases.For the parallel composition C1 kC2, execution involves partitioning the state into�1 and �2 based on the free identi�ers occurring in C1 and C2. For the new[�]combinator, we are assuming that x has been renamed to be distinct from thevariable identi�ers in �. The execution involves adding a new component for x inthe state and discarding it after the execution of C. This represents the \stackdiscipline" of local variables in Algol. The new components are initialized to adesignated data value init [�] upon creation. The last two rules are for phrasesderived by the Contr rule. Strictly speaking, we should also have rules for phrasesderived byActivate and Passify, but these rules do not a�ect the execution relations.Proposition 3 For all semi-closed expressions E and commands C:1. If (�;C) + �0 then, for all passive free identi�ers x of C, �(x) = �0(x).2. If (�;E) + i and (�;E) + i0 then i = i0.3. If (�;C) + �0 and (�;C) + �00 then �0 = �00.Proof: By induction on the type derivation of the phrase.A program is a closed commandphrase. The only observable e�ect of the programis termination:



16 U. S. REDDYTable 3. Execution semantics(�; 0) + 0 (�;E1) + i1 (�;E2) + i2(�;E1 + E2) + i1 + i2(�;E) + tt (�;E1) + i(�; if (E;E1; E2)) + i (�;E) + � (�;E2) + i(�; if (E;E1; E2)) + i(�; skip) + � (�;C1) + �0 (�0; C2) + �00(�;C1;C2) + �00 (�1; C1) + �01 (�2; C2) + �02(�1 � �2; C1 kC2) + �01 � �02(� � [x!init [�]]; C) + �0 � [x!i](�;new[�] x:C) + �0 (�;E) + i(�; x := E) + �[x!i] (�;deref x) + �(x)(�;E) + tt (�;C1) + �0(�; if (E;C1;C2)) + �0 (�;E) + � (�;C2) + �0(�; if (E;C1 ;C2)) + �0(� � [x1!i; x2!i]; E) + j(� � [x!i]; [x=x1; x=x2]E) + j (� � [x1!i; x2!i]; C) + �0 � [x1!j; x2!j](� � [x!i]; [x=x1; x=x2]C) + �0 � [x!j]De�nition. A closed phrase � C : comm is said to terminate if there is acommand � C0 : comm such that C �!� C0 and ([ ]; C0) + [ ]. Otherwise it is saidto diverge. Two phrases P and Q are observationally equivalent i�, for all programcontexts C[ ], either C[P ] and C[Q] both terminate or they both diverge.Note that the phrase C0 in this de�nition is some arbitrary reduct of C. It doesnot have to be any kind of \normal form." A program C diverges if there is noreduct C0 of C for which execution is de�ned. A typical example is undef withthe in�nite reduction sequence undef �! undef �! � � �. A typical example of aterminating program is while (false; C) which reduces in one step to the executablephrase if(false; C;while (false; C); skip).In practice, one would add constants for input and output and consider equiv-alence under such observable e�ects. However, a better focus on the theoreticalproperties of the language is obtained by considering the coarser equivalence above.3. ObjectsA central tenet of the present semantic model is that states are not simply values,but rather attributes of entities that persist in time. To this end, we postulateentities called objects.6 An object has an internal store (which we think of as a\physical resource"), and a collection of observable operations that potentially read
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(a) schematic object (b) object functionFigure 1.or alter the store.7 See Fig. 1(a) for a schematic picture. The operations have types(comm, exp[�] etc.) which determine how the operations can be used. The typesof the operations also determine what kind of semantics is associated with theobject.In devising a mathematical description of objects, we would like to ignore thestructure of their stores (because they are purely internal) and focus on theirobservable operations. To this end, we must have some idea of how an objectis to be used and what kind of behavior it supports. We postulate the followinghypotheses regarding this behavior.Thesis 1 An object can in general be used only sequentially.This is because objects have changeable state in their internal store. Carrying outmultiple parallel accesses to an object would cause quite unpredictable e�ects on itsinternal state. Thus, sequential access is the only viable option, both theoreticallyand pragmatically. Note that this does not preclude \concurrent" accesses that areserialized in some fashion at the object boundary (though such concurrency doesnot arise for the language studied in this paper).Objects without changeable stores (called \passive" objects) form a special casefor which the sequential use restriction can be relaxed. We return to this issue inSec. 5.By insisting that objects should be used sequentially, we are requiring that thecollection of operations performed on the object be totally ordered, i.e., form asequence. This gives a local notion of \time" for each object. The operationsoccurring earlier in the sequence are \before" the operations occurring later.



18 U. S. REDDYThesis 2 The behavior of an object is in general a�ected by its past history ofoperations.This is the sense in which objects are \dynamic" or \have state". The past historydetermines the current state of the object which, in turn, determines the currentbehavior.State machines as in classical automata theory have both these properties. We usethem as a metaphor for motivating the various issues surrounding objects. Fig. 2shows the state transition diagrams of several example objects. The nodes in thesediagrams should be interpreted as states and arcs as state transitions.The �rst object, called a \stepper," has a single operation that changes theinternal state and produces an integer. (It incrementally \steps through" a sequenceof integers over a period of time.) We label each transition by the integer thatis produced. In any given run of a program, a single sequence of integers canbe extracted from the object. Similarly, for any object, a single sequence ofobservations can be made in any given run of a program. We will call such sequencesof observations traces, in analogy with Hoare's terminology for processes [28], andthe set of all traces that can be observed from the object its trace set. Note that thetrace set is a state-free description of the observable behavior of an object, muchlike the notion of a \language" of an automaton. The trace set of the stepper objectconsists of sequences:hi; h0i; h0; 1i; h0; 1; 2i; : : :The trace set is pre�x-closed because every state of the object is (implicitly) re-garded as a terminal state.Fig. 2(b) shows the behavior of the counter object discussed in Sec. 2. Invokingits val operation returns the current value of the counter and makes no changeto the state. Invoking the inc operation changes its state and returns a dummycompletion signal that we write as �. So, the trace set of the counter object is:8hi; hval:0i; hinc:�ihval:0; val:0i; hval:0; inc:�i; hinc:�; val:1i; hinc:�; inc:�i;: : :assuming the counter starts with an initial value of 0.Our thesis is that all types of Algol similarly give rise to objects. Figures 2(c-e)show canonical example objects corresponding to the primitive types of Algol. Acommand object is an object with a single command as its operation. Invoking itpotentially changes the internal state and returns a completion signal. For example,de�ning:inc : var[int]!p comminc(x) = (x := x+ 1)we can construct a command object from a variable object. The procedures p inequivalences (1) and (2) of Sec. 1 receive such command objects as their arguments.
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20 U. S. REDDYThe behavior shown in Fig. 2(c) is what is observable by such procedures. The e�ectof the command on the variable x will be represented in the meaning of the functioninc, explained below. Since a command object has changeable internal state, it neednot produce \�" in every state. For instance, the phrasex : var[�]� if x < n then x := x+ 1 else undef : commproduces a command object that eventually reaches a diverging state.The expression object in Fig. 2(d) returns a value for each invocation of itsoperation and makes no change to the state. This corresponds to the fact thatexpressions in Idealized Algol do not cause side e�ects. Objects that do not causestate changes will be called passive objects.Note that projecting the val and inc operations of a counter object gives anexpression object and a command object respectively. This is the sense in which acounter is a \pair" of an expression and a command. In general, \pairing" involvespairing of methods, not pairing of objects.Finally, a canonical variable object called a storage cell has the behavior shownin Fig. 2(e). It has an operation get to retrieve the value stored in the cell and anoperation put to store a new value. The dashed arcs emanating from each statedenote potentially in�nite families of arcs, one for each data value ik. Notice thateach get operation retrieves the value previously stored in the cell. This explanationshows that storage cells can be interpreted as \pairs" (in the same sense as countersare \pairs"). The get components are expression objects while the put componentsare called \acceptors" [66]. The two components correspond to what are oftencalled the r-value and the l-value of a variable.A function on objects allows us to construct one object from another objectas shown in Fig. 1(b). An example is the function mkcounter which constructsa counter object from a variable object. The e�ect of such a construction is tosimulate every operation on the outer object by a sequence of operations on theinner object and translate their results back to a result of the outer object. Suchsimulations can be described compactly by maps that we call patterns. The patternfor the mkcounter function has input-output pairs of the formhget:ii 7! val:ihget:i; put:(i+ 1)i 7! inc:�for all integer values i. This shows that the val operation of the counter objectis simulated by a get operation on the variable object and the inc operation ofthe counter object is simulated by an appropriate get-put sequence on the variableobject.9Note that, in such a simulation, the internal store of the original object becomesthe internal store of the new object. Thus, the nested object picture in Fig. 1(b) isquite appropriate. At the same time, the function carrying out the simulation hasno direct access to the internal state of the original object. It can only a�ect statechanges via the operations of the object.



GLOBAL STATE CONSIDERED UNNECESSARY 21This fact allows us to ignore the internal states of objects and work entirely atthe level of operations and behaviors. It leads to a domain-theoretic model ofinterference-controlled Algol presented in the next two sections. Yet, imperativeprograms are often thought of as acting on state sets. In the remainder of thissection, we indicate how object behaviors relate to an explicit state point of view.Automata and simulationsWe can illustrate the structure of objects for simple cases using the classical notionsof automata. An automaton for an instruction set � (or a �-automaton) is a pair(Q; � : Q � � ! Q) where Q is a set and � is a partial function (written asan in�x operator). It is standard practice to extend the function � to a function�� : Q� �� ! Q byq �� ha1; : : : ; ani = (� � � (q �a1) � � � �an)We call Q the set of states of the automaton and � its transition function. Bypicking appropriate instruction sets, we can de�ne automata for various types.For example, taking � = f�g, we obtain automata that correspond to commandobjects. They have a single instruction � for running the command once andinstruction sequences h�in achieve the e�ect of running the command n times.The behavior (or the language) of an automaton (Q;�) at a state q 2 Q is de�nedby L�(q) = fx 2 �� : q ��x is de�ned gIt is easy to see that L�(q) is always a pre�x-closed set. Moreover, given anypre�x-closed set X � ��, we can de�ne an automaton (Q;�) such that its languageat a designated state q 2 Q is X. A simple construction is to pick Q = X andde�ne � by � : (x; a) 7! x � hai whenever x � hai 2 X. The start state q is theempty sequence hi. One can also construct a minimal automaton by merging allequivalent states in (Q;�). Thus, up to behavioral equivalence, automata withdesignated start states are the same as pre�x-closed subsets of ��. We make muchuse of this fact in this paper.Let � and � be instruction sets. Consider a function f from �-automata to�-automata that represents a simulation. Our intuitions about simulations suggestthat the instructions of � must be simulated by sequences of instructions of �. Inother words, f is uniquely determined by a pattern map h : � ! ��, a partialfunction. Note the reversal of the direction. The function f on automata is thengiven by:f(Q; � : Q� �! Q) = (Q; � : Q� �! Q) whereq � b = q ��h(b) (3)One sees that such functions f are intuitively independent of (or uniform in) theunderlying state sets of the automata. More precisely, one can state the followingcorrespondence (pointed out to us by John Gray):



22 U. S. REDDYProposition 4 Functions f : �-Aut ! �-Aut that preserve the underlying statesets and state mappings (homomorphisms of automata) are one-to-one with partialfunctions h : �! ��.Proof: Suppose h : �! �� is a partial function. Consider the function f given by(3). It evidently preserves state sets. Let t : (Q;�)! (Q0; �0) be a state mappingof �-automata, i.e., a function t : Q ! Q0 satisfying t(q)�0 a = t(q �a). Clearly,t(q) ��0 x = t(q ��x) for all x 2 ��. Denoting f(Q;�) by (Q; �) and f(Q0; �0) by(Q0; �0), it follows that t(q) �0 b = t(q � b) for all b 2 �. So, t is a state mapping of�-automata.Conversely, let f : �-Aut ! �-Aut be a function preserving state sets and statemappings. There exists a \free" �-automaton (��; �0) where x�0 a = x � hai. Letits image under f be (��; �0). We can de�ne the pattern map h : � ! �� byh(b) = hi �0 b. Given any �-automaton (Q;�) and state q 2 Q, there exists astate mapping ~q : (��; �0) ! (Q;�) given by ~q(x) = q �x. From the fact that allsuch state mappings are preserved, one can verify that f satis�es equation (3).Simulations of this form correspond closely to phrases of interference-controlledAlgol. For example, consider command objects treated as f�g-automata. A func-tion from command objects to command objects is determined by a map h : f�g !f�g�. What maps are there? There is the unde�ned map and, for every naturalnumber n, there is a map hn(�) = h�in. Each of these maps determines a functionat the level of automata. The function corresponding to hn is:fn(Q; � : Q� f�g ! Q) = (Q; � : Q � f�g ! Q) whereq � � = q �� h�inAll such functions are realizable in interference-controlled Algol: the function fncorresponds to the function phrase times n mentioned in Sec. 2. So, already at thiselementary level, the object-based viewpoint provides a solution for one of the keyproblems in the semantics of state.From automata to objectsThe simple notions of automata outlined above are not su�cient for modellingobjects in general. While the instructions of automata are purely inputs, theoperations of objects have input as well as output information. For example, theoperation of a command object has essentially input informationas explained above.In contrast, the operation of an expression object has essentially output information.Its transition function is of the form � : Q! Z�Q (where Z is the set of integers).Objects with higher type operations will have more complex breakdown of inputand output information. We would like to cover all cases uniformly.For this purpose, we make use of a standard fact. A (partial) function f : A! Bis nothing but a special kind of a relation f � A�B. What distinguishes a function



GLOBAL STATE CONSIDERED UNNECESSARY 23from general relations is that any given input determines at most one output inthe relation, i.e., for all (x; y); (x0; y0) 2 f , x = x0 =) y = y0. Let us say that twoinput-output pairs (x; y) and (x0; y0) are consistent, and write (x; y) _̂ (x0; y0), whenthis property holds. Then a function f : A! B is nothing but a relation f � A�Bwhose input-output pairs are pairwise consistent. The causality informationmissingin relations can be brought back by de�ning a separate consistency relation in thisfashion. The advantage is that complex causality relationships can be expressedusing consistency relations.So, in a �rst attempt, we let each type � determine a set of values � and a binaryconsistency relation _̂ on Q���Q. A transition map is a relation � � Q���Qsuch that the tuples of � are pairwise consistent. For command objects, we let� = f�g and de�ne the consistency relation for transition maps to be:(q1; �; q01) _̂ (q2; �; q02) () (q1 = q2 =) q01 = q02)For integer expression objects, let � = Z and de�ne the consistency relation fortransition maps to be:(q1; a1; q01) _̂ (q2; a2; q02) () (q1 = q2 =) a1 = a2 ^ q01 = q02)For integer variable objects, � is de�ned to be the disjoint union of setsZ + Z = f get:a : a 2 Z g [ f put:b : b 2 Z gThe consistency relation for transition maps is:(q1; l1:a1; q01) _̂ (q2; l2:a2; q02) ()(l1 = l2 = get =) q1 = q2 =) a1 = a2 ^ q01 = q02) ^(l1 = l2 = put =) q1 = q2 ^ a1 = a2 =) q01 = q02)Note how the consistency relation handles the fact that the get operations haveoutput information and the put operations have input information. More gener-ally, suppose that types �1 and �2 have sets of values �1 and �2 and transitionconsistency relations _̂1 and _̂2 respectively. Then, for the product type �1 � �2,we let � be the disjoint union �1 + �2 = f 1:a : a 2 �1 g [ f 2:b : b 2 �2 g. Theconsistency relation for transition maps is(q1; i:a1; q01) _̂ (q2; j:a2; q02) () (i = j =) (q1; a1; q01) _̂i (q2; a2; q02))In all these cases, the consistency relation for transition maps can be givenuniformly, provided we admit a consistency relation for values themselves. Thisleads to a second attempt where we associate with each type �, a set of values� and a binary consistency relation _̂ on � itself. The consistency relation fortransition maps is then de�ned uniformly by:(q1; a1; q01) _̂ (q2; a2; q02) () (q1 = q2 =) a1 _̂ a2) ^(q1 = q2 ^ a1 = a2 =) q01 = q02) (4)



24 U. S. REDDYIf we assign the following sets of values and consistency relations for the typesmentioned above:comm � = f�g _̂ = identity relationexp[int] � = Z _̂ = identity relationvar[int] � = Z + Z l:a _̂ l0:b () l = l0 = get =) a = b�1 � �2 � = �1 + �2 i:a _̂ j:b () i = j =) a _̂i bit can be veri�ed that de�nition (4) gives the same consistency relation for transitionmaps as de�ned earlier. The consistency relation assigned to value sets may beintuitively understood as follows: a1 _̂ a2 means that either a1 and a2 have di�eringinput information or they have the same output information. This motivates thecondition in (4) that, whenever a1 and a2 are observed in the same state of anobject, they must be consistent. Conversely, de�ne the inconsistency relation _̂on � by a1 _̂ a2 i� a1 = a2 _ :(a1 _̂ a2). Now, a1 _̂ a2 signi�es that a1 and a2have the same input information.Next, we extend the consistency relations to sequences ��. The extension oftransition maps to sequences is the natural one: (q; ha1; : : : ; ani; q0) 2 �� i� thereexist states q0; : : : ; qn such that q = q0, qn = q0 and(q0; a1; q1); : : : ; (qn�1; an; qn) 2 �The relation �� must be a transition map consistent in the sense of (4). This forcesa consistency relation on sequences in ��, viz., ha1; : : : ; ani _̂ ha01; : : : ; a0mi i�ha1; : : : ; ai�1i = ha01; : : : ; a0i�1i =) ai _̂ a0i for all i = 1; : : : ;min(n;m) (5)Note Thesis 2 at play here. The past events in a trace a1; : : : ; ai�1 determine thefuture event ai (modulo its own input part). It is easy to see that, whenever,� � Q���Q is a transition map, its extension �� � Q����Q is also a transitionmap.As an example, a storage cell object with the behavior shown in Fig. 2(e) canbe de�ned by taking the state set to be the set of integers and the transition mapgiven by:(i; get:j; i0) 2 � () i = j ^ i = i0(i; put:j; i0) 2 � () i0 = j (6)It may be veri�ed that this is a proper transition map satisfying the consistencycondition (4).The trace set of an object (Q;�) at a state q 2 Q is de�ned byL�(q) = fx 2 �� : 9q0 2 Q: (q; x; q0) 2 �� gThis is a pairwise consistent set by the above consistency relation for ��.Finally, we consider \functions" on objects. A function of type �1 ! �2 mustmap objects with transition maps �1 � Q � �1 � Q to objects with transition



GLOBAL STATE CONSIDERED UNNECESSARY 25maps �2 � Q � �2 � Q. As argued previously, any such \function" must bedetermined by a pattern map h � ��1��2. The map records the sequence of inputinstructions (in ��1) required to simulate an output instruction (in �2). To seewhat kind of a consistency relation must be satis�ed by h, let (x; b) 2 h. First, theinput information of b must uniquely determine the input information of x. So, if(x0; b0) 2 h is another pair, we must have:b _̂ b0 =) x _̂ x0 (7)Second, for any given input information of b, the output information of x mustuniquely determine the output information of b, i.e.,b _̂ b0 ^ x = x0 =) b = b0 (8)It is often more convenient to express these conditions in the forward direction: twopairs (x; b); (x0; b0) 2 h are consistent i�(x _̂ x0 =) b _̂ b0) ^ (x _̂ x0 ^ b = b0 =) x = x0) (9)With some work, it can be seen that this de�nition is equivalent to the originalconditions (7) and (8). Maps of this kind are called linear maps. We examine themin more detail in Sec. 4.2.As in the case of automata, a linear pattern map h uniquely determines a functionat the level of objects:f(Q; �1 � Q� �1 �Q) = (Q; �2 � Q� �2 �Q) where(q; b; q0) 2 �2 () 9x 2 ��1: (x; b) 2 h ^ (q; x; q0) 2 ��1 (10)Note that x in the above existential is unique.An object of a function type �1 ! �2 is similar to a function. Its value set is�F = ��1 � �2 and its consistency relation is de�ned by (9). However, being anobject, it can have its own internal store and use it to control the simulation ofoperations in a history-sensitive fashion. So, its application to an argument objectof type �1 yields an object whose behavior is controlled by both the store of thefunction object and the store of the argument object. So, we can view a functionobject (QF ; �F � QF ��F �QF ) as determining a function from objects (Q1; �1)to objects (QF �Q1; �2) with transition maps �2 � (QF � Q1)��2 � (QF �Q1)given by((q; q1); b; (q0; q01)) 2 �2 () 9x 2 ��1: (q; (x; b); q0) 2 �F ^ (q1; x; q01) 2 ��1Thus, function-type values expressible in imperative languages can have a richerbehavior than functions themselves. One must take care to keep the two notionsseparate.Reynolds's passive function type �1 !p �2 brings back a correspondence. Sinceterms of type �1 !p �2 cannot have free active identi�ers, the objects they denote donot have changeable stores. Such (passive) objects precisely correspond to functions�1 ! �2.In the next two sections, we formalize these concepts using the semantic frame-work of coherent spaces.



26 U. S. REDDY4. A Domain-Theoretic Model of ObjectsIn this section, we present a domain-theoretic model of object behaviors. Thecentral fact is that object behaviors form a certain kind of domains, and \functions"on objects can be characterized as a class of functions between such domains. Whilethe internal structure of objects, described in the previous section, can be used forintuitive understanding, the formal analysis can be carried out entirely in terms ofbehaviors.The domains we use for this purpose are Girard's coherent spaces [17]. The basicsource on coherent spaces is [19], Chapters 8 and 12, while Zhang [85] discusses theconnections with other kinds of domains used in the literature.A coherent space A is a domain of sets, ordered by the subset order, such that Ais� down-closed: if x 2 A and y � x then y 2 A, and� coherent: if X � A and 8x; y 2 X:x [ y 2 A then SX 2 A.Note that down-closure implies that lub's and glb's are given by union and intersec-tion respectively. The bottom element is ;. Experts in domain theory might notethat, up to order-isomorphism, coherent spaces are precisely dI-domains that arecoherent (all pairwise-consistent sets have lub's) and atomic (the elements covering? form a sub-basis). A linear function f : A !L B between coherent spaces is acontinuous function such that1. x [ y 2 A =) f(x \ y) = f(x) \ f(y), and2. X � A ^ (8x; y 2 X:x[ y 2 A) =) f(SX) = S f(X).In other words, linear functions preserve glb's of consistent pairs (stability) andlub's of pairwise consistent sets (linearity). Coherent spaces and linear functionsform a closed (but not cartesian-closed) category.In practice, we work with a representation of coherent spaces called a \web."Suppose A is a coherent space. De�ne:� jAj = SA, the set of elements of elements of A. These elements are called the\atoms" or \tokens" of A.� A binary relation of \consistency" _̂A � jAj � jAj, de�ned by a _̂A a0 ()fa; a0g 2 A. Note that _̂A is re
exive and symmetric.We can recover the domain A from the web. The elements of A are all pairwiseconsistent sets (also called \coherent sets") over jAj. So, webs (countable sets withre
exive-symmetric relations) form canonical representations for coherent spaces,and we use them as such.We argued in Sec. 3 that the types of interference-controlled Algol should de-termine sets with binary consistency relations. We now see that such sets withconsistency relations represent coherent spaces | a well-known class of domains.



GLOBAL STATE CONSIDERED UNNECESSARY 27Table 4. Common coherent spacesjbool j = ftt ;� g _̂bool = the identity relationjintj = f0;1; 2; : : :g _̂int = the identity relationjA1 � A2j = jA1j+ jA2j = f fst:a : a 2 jA1j g [ f snd:a : a 2 jA2j gl:a _̂ l0:a0 () (l = l0 =) a _̂Ai a0)jA
Bj = jAj � jBj (a; b) _̂ (a0; b0) () a _̂A a0 ^ b _̂B b0j>j = ; _̂> = ;j1j = f�g _̂1 = the identity relationjA �� Bj = jAj � jBj= fa 7! b : a 2 jAj; b 2 jBj g(a; b) _̂ (a0; b0) () (a _̂A a0 =) b _̂B b0) ^(a _̂A a0 ^ b = b0 =) a = a0)The tokens of a coherent space should be regarded as atomic pieces of informationabout its elements which can be extracted in a single \use" of an element. Theconsistency relation _̂A states whether two such pieces of information can coexistin an element.Table 4 gives the de�nitions of coherent spaces we use in this paper (via their webrepresentations). The spaces bool and int are 
at domains. The domain A1 � A2is the product of A1 and A2. A token of A1 � A2 carries an atomic piece ofinformation about either an element of A1 or an element of A2. So, jA1�A2j is thedisjoint union jA1j+jA2j. The token fst:a corresponds to the element conventionallywritten as (a;?) while snd:a corresponds to (?; a). Since the two kinds of tokensare considered consistent, the domain A1 � A2 has the expected structure:...ffst:a1; snd:a2g : : :����� I@@@@ffst:a1g fsnd:a2g: : :I@@@@ �����;When we use labelled products, such as [l1 : A1 � l2 : A2], we use the labels l1 andl2 as the tags for tokens instead of fst and snd .The domainA
B is called the tensor product. It is an \eager" kind of product inthe sense that each token of A
B contains information about both an A componentand a B component.10 Sometimes, we use labelled tensor products such as [l1 :A1 
 � � � 
 ln : An]. In that case, the tokens of the coherent space are treated as�nite maps [l1!a1; : : : ; ln!an] where each ai 2 jAij. The domain > has a singleunde�ned element and the domain 1 is a two point lattice. It is easily veri�ed



28 U. S. REDDYthat > and 1 are the units of � and 
 respectively: A � > �= A �= > � A,A
 1 �= A �= 1
A.Under the action of linear functions, the product type behaves as a \choice"rather than a conventional product. If f : A � B !L C is a linear function, thenthe action of f on ffst:a; snd:bg is determined by its action on ffst:ag and fsnd:bg.In other words, every atomic piece of information in the output of f is derived fromeither the A or the B component of the pair, but not both. For instance, there isno linear function of type int � int !L int that represents addition. On the otherhand, the tensor product A 
 B is de�ned so as to make information of both thecomponents available for a linear function. Note, for example, that the addition ofintegers is representable by a linear function of type int 
 int !L int (cf. Table 5.)To explain A �� B (called the \linear function space"), we need a further analysisof linear functions. Consider a linear function f : A!L B between coherent spaces.Suppose b 2 f(x). Since f preserves (consistent) glb's, there exists a least (�nite)element x0 � x such that b 2 f(x0). This is the import of the preservation ofconsistent glb's: every atomic piece of information in f(x) \comes from" a uniqueapproximationx0 of x. Since f also preserves lub's, x0 must be a singleton fag. Thisthen is the signi�cance of preservation of lub's. Every atomic piece of informationin f(x) comes from a unique atomic piece of information in x. In this fashion,linear functions capture the intuition of functions that \use their argument preciselyonce." De�ne a relation �f � jAj � jBj, called the linear map of f , by�f = f a 7! b : b 2 f(fag) gFrom the linear map, we can recover the function f by:f(x) = f b : 9a 2 x: a 7! b 2 �f gThis correspondence is a bijection.Proposition 5 (Girard) Let f : A !L B be a linear function between coherentspaces and �f its linear map. Then, for all a1 7! b1; a2 7! b2 2 �f ,1. a1 _̂A a2 =) b1 _̂B b2, and2. a1 _̂A a2 ^ b1 = b2 =) a1 = a2.Conversely, any relation F � jAj � jBj that satis�es these properties is the linearmap of a linear function.Property 1 is an obvious consequence of monotonicity, while property 2 followsfrom stability. Recall that these two conditions were already seen in Sec. 3 ascondition (9). They capture the bidirectional 
ow of information involved inlinear functions. Condition 1 captures the forward causality that inputs \giverise" to outputs. Condition 2 captures the intuition that individual \demands"for outputs give rise to unique demands for inputs. From now on, we will call anyrelation satisfying these conditions a linear map and regard linear maps as canonicalrepresentations for linear functions.



GLOBAL STATE CONSIDERED UNNECESSARY 29Table 5. Examples of linear functionsidA : A!L A = fa 7! a : a 2 jAj gg � f : A!L C = fa 7! c : 9b: a 7! b 2 f ^ b 7! c 2 g g+ : int 
 int !L int = f (i; j) 7! i+ j : i; j 2 jintj gfstA;B : A�B !L A = f fst:a 7! a : a 2 jAj gsndA;B : A�B !L B = f snd:b 7! b : b 2 jBj ghf; gi : C !L A �B = f c 7! fst:a : c 7! a 2 f g [ f c 7! snd:b : c 7! b 2 g g!A : A! > = ;Table 5 gives examples of linear maps. The reader would �nd it instructive toverify that they correspond to the linear functions they are meant to represent. Animportant aspect of the composition operator is that the token b in the existentialis unique. (Suppose b0 is another token such that a 7! b0 2 f and b0 7! c 2 g. Sincea _̂A a, we have b _̂B b0. But, then, b 7! c; b0 7! c 2 g implies that b = b0.) Mostexistentials that arise with linear functions are similarly forced to be unique.Returning to Table 4, taking the conditions of Proposition 5 as the consistencyrelation yields a coherent space A �� B, called the linear function space of A andB. Note that the pairwise consistent sets of A �� B are precisely linear maps. Thepartial order of A �� B is the subset order on linear maps. Given that linear mapsare one-to-one with linear functions, there is a corresponding partial order on linearfunctions which may be expressed as follows:f v g () 8x; y 2 A: x � y =) f(x) = f(y) \ g(x)This is called the stable order or Berry order [10]. It is notably di�erent from thepointwise order commonly used with continuous functions on Scott domains.11There is an isomorphism of linear functions:A
B !L C �= A!L (B �� C) (11)which establishes that coherent spaces and linear maps form a (symmetricmonoidal)closed category. The maps in the two directions give the standard combinators forhigher-order functions. For the left-to-right direction, if f : A
B !L C is a linearmap, the corresponding map (curry f) : A!L (B �� C) is de�ned bycurry f = f a 7! (b 7! c) : (a; b) 7! c 2 f gIt can be veri�ed that this is a proper linear map and that curry is invertible.4.1. Object SpacesRecall that an event of an object trace must correspond to the information obtainedvia a single use of the object. In a coherent space, the information that can be



30 U. S. REDDYTable 6. Coherent spaces for Algol typesjexp[�]j = j�j _̂exp[�] = the identity relationjcomm j = f�g _̂comm = the identity relationjvar [�]j = j�j+ j�j = fget:i : i 2 j�j g [ f put:i : i 2 j�j gl:i _̂ l0 :i0 () (l = l0 = get =) i = i0)extracted in a single use is represented by the tokens. So, the trace of an object withobservable operations of type A must be a sequence of tokens of A. This formalizesThesis 1. For example, assuming that exp[int] is modelled by the domain int andcomm by the domain 1, we have a domain counter = [val : int � inc : 1] withtokens in jcounter j = f val:i : i 2 jintj g [ finc:�g. Each event of a counter trace inFig. 2(b) is a token of this domain.We de�ne a domain construction for object behaviors as follows:De�nition. If A is a coherent space, the (free) object space of A, denoted yA, is acoherent space that has� tokens jyAj = jAj�, and� consistency relation ha1; : : : ; ani _̂yA ha01; : : : ; a0mi i�ha1; : : : ; ai�1i = ha01; : : : ; a0i�1i =) ai _̂A a0i for i = 1; : : : ;min(n;m)(A general notion of object spaces is given in Appendix A.)The consistency relation _̂yA is the same as (5) from Sec. 3. Essentially, twosequences are consistent if, at the �rst point of di�erence between them (if any),they di�er consistently. If they do not di�er at any position, i.e., one of them is apre�x of the other, they are vacuously consistent.For every element x 2 A, there is a corresponding element x� 2 yA (where x�denotes the set of all sequences over x). We call such elements regular elements.They correspond to behaviors of objects that have no (observable) mutable state.The non-empty pre�x-closed elements are trace sets. They indicate the behaviorof objects starting from a particular state. We call them active elements. Theremaining elements model the behavior of objects with designated start and �nalstates.The elements of yA model object behaviors starting from a particular state. So, ina sense, they are also modelling states. The empty trace set models the unde�nedstate. If x is a trace set and s is a trace, then x=s = f t : s � t 2 x g models the stateobtained by carrying out the sequence of operations s on an object in state x.Table 6 shows the de�nitions of coherent spaces for interpreting the primitivetypes of interference-controlled Algol. The domain exp[�] (for a data type �) isde�ned to be the same as the domain for �. Only 
at domains are allowed for the



GLOBAL STATE CONSIDERED UNNECESSARY 31interpretation of data types. The elements of yexp[�] model expression objects withpossible side e�ects, e.g., the stepper object of Fig. 2(a). This will be re�ned inSec. 5 for modelling side e�ect-free expressions. The domain comm has a singletoken \�" which is thought of as the termination signal of a command. The domainvar [�] models the operations of variable objects. Note that two put tokens arealways consistent (signifying that any value can be stored in a given state). A gettoken is always consistent with a put token. On the other hand, two get tokens areconsistent only if the value obtained is the same in both cases. (The transitions ofstorage cell shown in Fig. 2(e) are pairwise-consistent in this sense.) These domainscorrespond to the operations of objects. The domain of object behaviors is obtainedby applying the y operator to them.The elements of the domain yvar [�] model not only what we normally think ofas storage variables (or storage cells), but arbitrary objects with a get and a putoperation (where get returns a data value and put accepts a data value). Forexample, we can have a trace of the form hput:1; get:0i which, somewhat counter-intuitively, returns a value di�erent from the one previously stored. Variable objectswith such behavior are, however, expressible in interference-controlled Algol. Forexample, assuming free identi�ers x : var[int] and y : var[int], the phraselet v = (if x = 0 then x else y)in v := 1; print(v)prints 0 rather than 1 (assuming both x and y have the initial value 0.) Thephrase if x = 0 then x else y is a perfectly legitimate phrase of type var[int]though it does not denote a storage cell. The language guarantees, however, thatthe variables created by the primitive new[�] are always storage cells (also called\good variables" [65]). Their behavior is characterized as follows:De�nition. A trace t in jyvar [�]j is called a (storage) cell trace ift = h: : : ; get:i; get:i0; : : :i =) i = i0t = h: : : ; put:i; get:i0; : : :i =) i = i0For every data value i 2 j�j, de�ne an elementcelli = f t 2 jyvar [�]j : hput:ii � t is a cell trace gThis element is called the cell trace set with initial value i.Note that each celli is an active element of yvar [�].4.2. Functions on ObjectsHaving postulated a notion of objects for modelling the types of Algol, we examinewhat functions are appropriate for such objects. As an example, consider the phrase



32 U. S. REDDYx : var[int]� [val = x; inc = (x := x+ 1)] : counterwhich constructs a counter object from a variable object. The meaning of thephrase must be a function from variable objects to counter objects:mkcounter : yvar [int ]! ycounterThe purpose of such a function is to determine the behavior of a counter object interms of the behavior of a given variable object.We have observed that objects are only sequentially usable, and we have alreadyde�ned object spaces with built-in structure for sequential reuse of objects. Suchobjects are now usable just once in an object function, i.e., every trace of theoutput object must \come from" a unique trace of the input object. Therefore, wepostulate:Thesis 3 Object functions must be linear functions.Example: Consider the Algol function inc : var[int]! comm de�ned byinc(x) = (x := x+ 1)It maps objects of type var[int] to objects of type comm, i.e., it is a linear functionof type yvar [int ] !L ycomm. The linear map of this function consists of input-output pairs of the form:hi 7! hihget:i1; put:(i1 + 1)i 7! h�ihget:i1; put:(i1 + 1); get:i2; put:(i2 + 1)i 7! h�i2...hget:i1; put:(i1 + 1); : : : ; get:in; put:(in + 1)i 7! h�in...where i1; : : : ; in stand for arbitrary integers in jint j. The notation h�in means asequence of n �'s.This map must be understood as saying that whenever the command inc(x) isdemanded n times, an n-fold repetition of a get-put sequence is demanded on x,thereby causing the corresponding changes in the internal state of x.Note that there is no requirement in the above map that each ik+1 is equal toik + 1. While this property is satis�ed by storage cells, the meaning of inc shouldbe applicable to all objects of type yvar [int ], not only storage cells.There is another ingredient to object functions. They produce an object behaviorfrom the behaviors of their input objects, but other than this, they do not dependon anything else. They do not have any hidden state in which they can remember



GLOBAL STATE CONSIDERED UNNECESSARY 33information. So, if they simulate a particular operation of the output object bya series of operations on the input object, they should also simulate any futureinstance of the same operation by the same series of operations on the input object.Notice this in the linear map of the function inc in the above example. Every \�"in the output behavior \comes from" a sequence hget:i; put:(i + 1)i in the inputbehavior. This is independent of the position of \�" in the output trace. Functionsthat behave in this form may be described as being \passive", \history-free", or\regular". This leads us to postulate:Thesis 4 Object functions are regular functions.The notion of regular functions is formalized as follows:De�nition. Given object spaces yA and yB, a regular function f : yA !R yB isa linear function (viewed as a linear map) that satis�es:1. (s1 7! t1); : : : ; (sn 7! tn) 2 f implies (s1 � � �sn 7! t1 � � � tn) 2 f , and2. (s 7! t1 � � � tn) 2 f implies there exists a decomposition s = s1 � � � sn such that(s1 7! t1); : : : ; (sn 7! tn) 2 f .(The decomposition s1 � � � sn in the second condition is forced to be unique.) Thede�nition captures the idea that the translations carried out by a regular functionare time-independent. An output trace ti can come from si some time in the\future" if and only if it can come from si at the \present". Note also that aregular function maps pre�x-closed elements of yA to pre�x-closed elements of yB.(Suppose s 7! t 2 f and t1 is a pre�x of t, i.e., there is t2 such that t = t1t2. Then,by condition 2, there is a pre�x s1 of s such that s1 7! t1 2 f . So, if x 2 yA is apre�x-closed element, f(x) is also pre�x-closed.)It may be veri�ed that the function inc of the above example is a regular function.An example of a non-regular linear function is the function accumulate : yint !Lyint with the following form of input-output pairs:hi1; i2; : : : ; ini 7! hi1; i1 + i2; : : : ; nXk=1 ikiThis is not regular because, for example, hi1i 7! hi1i and hi2i 7! hi2i are inaccumulate, but not hi1; i2i 7! hi1; i2i. This function remembers information frompast uses; so it is not regular.A regular function is a kind of homomorphism. See Appendix A for a formaltreatment of this structure. Just as homomorphisms on free algebras are uniquelydetermined by their action on a set of generators, regular functions are uniquelydetermined by simpler linear functions.Proposition 6 There is an order-isomorphism yA!L B �= yA!R yB.If f : yA !L B is a linear function, de�ne the corresponding regular functionf̂ : yA!R yB by



34 U. S. REDDYf̂ = f s1 � � � sn 7! hb1; : : : ; bni : n � 0 ^ s1 7! b1; : : : ; sn 7! bn 2 f g (12)Conversely, if g : yA !R yB is a regular function, we obtain a linear function�g : yA!L B by�g = f s 7! b : s 7! hbi 2 g g (13)It is easy to verify that these two constructions are mutually inverse. They areevidently monotone (in the inclusion ordering of linear maps).We call f̂ the regular extension of f and �g the linear pattern of g. Note that theregular function inc of the earlier example has the linear patternf hget:i; put:(i + 1)i 7! � : i 2 jintj gThe regular function itself is obtained by iteration of this pattern as de�ned by(12).As described in Section 3, such a linear pattern determines a function at thelevel of objects. See de�nition (10). If (Q; � � Q � jvar [�]j � Q) is a variableobject, the function inc applied to this object yields a command object (Q; �0 �Q� jcommj � Q) given by:(q; �; q0) 2 �0 () 9i: (q; hget:i; put:(i+ 1)i; q0) 2 ��In particular, if the variable object is the storage cell (6) then the resulting commandobject has the transition map:(i; �; i0) 2 �0 () i0 = i + 1Thus, a linear pattern represents, in a compact form, the e�ect of an object functionon all possible argument objects.Multiple argumentsThe above considerations generalize to object functions with multiple argumentsin a straightforward fashion. Consider a function with argument objects of typesyA1; : : : ; yAn and result of type yB. This should be visualized as in Fig. 1(b)except that there are multiple inner objects involved in building the result object.Carrying out an operation of the result object involves performing some number ofoperations on potentially all the inner objects. Therefore, the function must �rstbe a linear function of type yA1
� � �
yAn !L yB. The elements of its linear mapare pairs of the form s 7! t where s is a tuple of traces s1; : : : ; sn. Secondly, thefunction must be a regular function in the following sense:De�nition. A regular map f : yA1 
 � � � 
 yAn !R yB is a linear map satisfying:1. s1 7! t1; : : : ; sn 7! tn 2 f implies (s1 � � �sn 7! t1 � � � tn) 2 f , and



GLOBAL STATE CONSIDERED UNNECESSARY 35Table 7. Examples of object functionsidA : A ! A = f hai 7! a : a 2 jAj gg � f : A ! C = f s 7! c : 9t: s 7! t 2 f̂ ^ t 7! c 2 g gf(x) : B = f b 2 jBj : 9a1; : : : ; an 2 x: ha1; : : : ; ani 7! b 2 f g+ : exp[int] � exp[int] ! exp[int] = f hfst:i; snd:ji 7! i+ j : i; j 2 jexp[int]j gplus : exp[int]; exp[int]! exp[int] = f (hii; hji) 7! i+ j : i; j 2 jexp[int]j gfstA;B : A �B ! A = f hfst:ai 7! a : a 2 jAj gsndA;B : A �B ! B = f hsnd:bi 7! b : b 2 jBj ghf; gi : X! A�B = f s 7! fst:a : s 7! a 2 f g [ f s 7! snd:b : s 7! b 2 g gdiscardA : A ! 1 = fhi 7! �g�xA[f ] : A = fa 2 jAj : 9n � 0: hi 7! a 2 fn g2. (s 7! t1 � � � tn) 2 f implies there exists a decomposition s = s1 � � �sn such that(s1 7! t1); : : : ; (sn 7! tn) 2 f .where concatenation s1 � � �sn on tuples of traces is de�ned pointwise.Note that the product yA1 � � � � � yAn would not be useful here since a linearfunction can only use information from one of the components of a product. (Cf. thediscussion of Table 4.)Proposition 6 generalizes as:(Oi yAi)!L B �= (Oi yAi)!R yBSo, we can still express regular functions by linear patterns.Notation. From now on, we say that f is an object function from A1; : : : ; An toB and write f : A1; : : : ; An ! B to mean that f is a linear function yA1 
 � � � 
yAn !L B. (It uniquely determines a regular function f̂ : yA1 
 � � � 
 yAn !RyB.) We use bold face letters A to range over sequences of the form A1; : : : ; An.Sometimes we use identi�ers as labels for the arguments. In that case, we writef : (x1:A1); : : : ; (xn:An) ! B to mean that f is a linear function from a labelledtensor product: [x1: yA1 
 � � � 
 xn: yAn]!L B.This terminology is convenient because Ai's and B directly correspond to Algoltypes and we implicitlyunderstand that we intend for functions to operate on objectsof these types. The expert reader would note that we are using a multicategorystructure on object spaces and object functions [33]. An alternative view in termsof coalgebras may be found in Appendix A.Table 7 gives examples of object functions. Note that the composition of f :A ! B and g : B ! C is obtained by the composition g � f̂ of linear functions.One can similarly de�ne composition for object functions with multiple arguments.The application of an object function f : A ! B to an element x 2 A is de�ned



36 U. S. REDDYTable 8. Interpretation of constantsskip : comm = f�gseq : comm � comm ! comm = fhfst:�; snd:�i 7! �gpar : comm ; comm ! comm = f(h�i; h�i) 7! �gcondA : exp[bool] � A� A! A = f hfst:tt ; snd:ai 7! a : a 2 jAj g [f hfst:� ; third:ai 7! a : a 2 jAj gassign� : var [�]� exp[�] ! comm = f hsnd:i; fst:put:ii 7! � : i 2 j�j gderef � : var [�]! exp[�] = f hget:ii 7! i : i 2 j�j gnew� : (var [�]! comm)! comm = f hs 7! �i 7! � : s 2 cell init [�] gusing the same principle. Note also the distinction between the two kinds of objectfunctions A;B ! C and A � B ! C. The former kind of function acts on twoseparate objects with operations of types A and B respectively. The latter acts ona single object with two operations of types A and B respectively. The element�xA[f ] denotes the least �xed point of an object function f : A! A, i.e., the leastelement x 2 A such that f(x) = x.In Table 8, we list the functions involved in interpreting the constants of interfer-ence-controlled Algol. The function seq (which interprets \;") acts on an object withtwo command operations and produces a command that runs the two commandsin sequence. The function par (which interprets \k") acts on two independentcommand objects and runs them in parallel (by extracting a token � from each).The remaining functions can be understood similarly, except for new� which involvesa higher-order type discussed below.Function typesAn object function of type A ! B is a linear function yA !L B. Since all suchfunctions are representable by the coherent space yA �� B, this directly gives usa representation of the function space for interference-controlled Algol. Explicitly,de�ne the function space A) B as a coherent space with:jA) Bj = f s 7! b : s 2 jyAj ^ b 2 jBj g(s 7! b) _̂A)B (s0 7! b0) () (s _̂yA s0 =) b _̂B b0 ^s _̂yA s0 ^ b = b0 =) s = s0)The function space satis�es an order-isomorphism:X; A! B �= X! (A) B) (14)as a direct consequence of isomorphism (11). Suppose X is the sequence X1; : : : ; Xn.Then, an object function X; A! B is a linear function yX1
� � �
yXn
yA!L B.By (11), such linear functions are one-to-one with linear functions yX1 
 � � � 
yXn !L (yA �� B) and these are nothing but object functions X ! (A ) B).



GLOBAL STATE CONSIDERED UNNECESSARY 37The curry combinator that maps f : X; A ! B to (curry f) : X ! (A ) B) isgiven bycurry f = f r 7! (s 7! b) : (r; s 7! b) 2 f gBy setting X to the empty sequence, we obtain A ! B �= ! (A ) B). Thus,every object function A! B can be regarded as element of A) B which, in turn,corresponds to a regular element of y(A ) B). But, there are other (non-regular)elements of y(A) B) which model dynamic objects with function-type methods.4.3. SemanticsThe foregoing discussion gives us enough tools to de�ne the semantics of the basicphrases of interference-controlled Algol. This corresponds to the language de�nedby the �rst three lines of Table 1. While we discuss passivity in the next section,which is essential for interpreting the structural rules, we show the semantics of thebasic phrases here to make the discussion concrete.The types of interference-controlled Algol are interpreted as coherent spaces:[[var[�]]] = var [�][[exp[�]]] = exp[�][[comm]] = comm [[�1 � �2]] = [[�1]]� [[�2]][[�1 ! �2]] = [[�1]]) [[�2]]The semantics of phrases is given by induction on their type derivations. Note thata phrase P has a typing of the formx1 : �1; : : : j : : : ; xn : �n � P : �where x1; : : : ; xn are assumed to be distinct identi�ers and the order of the typingassumptions is immaterial (within their zones). The meaning of such a phrase,written[[x1 : �1; : : : j : : : ; xn : �n � P : �]]is an object function of type(x1: [[�1]]); : : : ; (xn: [[�n]])! [[�]]This, in turn, means that it is a linear map of type[x1: y[[�1]]
 � � � 
 xn: y[[�n]]]!L [[�]](Note that the zones of the free identi�ers do not a�ect the form of the map. Thiswill be re�ned using a treatment of passivity in Sec. 5.) The linear map is a coherentset of input-output pairs each of the form [x1!s1; : : : ; xn!sn] 7! a. We call theinput part of such a pair a \trace environment." The metavariable � is used to range



38 U. S. REDDYTable 9. Semantic interpretation of phrase rulesid [[� j �; x: � � x : �]] = f�0[x!hai] 7! ag�I [[� j �� (P;Q) : �1 � �2 ]] = f � 7! fst:a : � 7! a 2 [[� j �� P : �1]] g [f � 7! snd:a : � 7! a 2 [[� j �� Q : �2]]g�1E [[� j �� fst(P ) : �1]] = f � 7! a : � 7! fst:a 2 [[� j �� P : �1 � �2]] g�2E [[� j �� snd(P ) : �2]] = f � 7! a : � 7! snd:a 2 [[� j �� P : �1 � �2 ]] g!I [[� j �� �x: �: P : � ! �0]] = f � 7! (s 7! b) : �� [x!s] 7! b 2 [[� j �; x: �� P : �0 ]]g!E [[�;�0 j �;�0 � PQ : �0 ]] = f �� �0 7! b : 9s:� 7! (s 7! b) 2 [[� j �� P : � ! �0 ]]^�0 7! s 2 d[[�0 j �0 � Q : �]] gover such trace environments. The symbol �0 denotes a trace environment whereall variables are mapped to hi, �[x!s] denotes � with the x component updatedto s, and � � �0 denotes the join of two trace environments � and �0 with disjointdomains. If � and �0 are trace environments with identical domains, then � � �0denotes the trace environment with x mapped to �(x) � �0(x).Table 9 gives the semantic interpretations of the basic phrases. For the most part,the combinators used in the interpretation have already been mentioned earlier.Recall that the notation d[[�0j�0 � Q : �]] means the regular extension of the objectfunction.The interpretation of the primitive phrases is obtained by applying the constantsshown in Table 8. For example, the meaning of [[� j �� C1;C2 : comm]] is obtainedby seq � h[[� j � � C1 : comm]]; [[� j � � C2 : comm]]i. For convenience, we showsome of these derived meanings in Table 10. Note in particular the di�erencebetween sequential and parallel composition. The interpretation of new[�] x:C isto apply the meaning of the function term �x:C to the object behavior cellinit [�](which is the behavior of a storage cell with initial value init [�]). The denotationof �x:C then uses a unique trace s from this behavior to run the command C.Example: Consider the Algol functionmkcounter : var[int]! countermkcounter(x) = [val = deref x; inc = (x := x+ 1)]Its meaning is an object function of type var [int ]! counter containing the pairshget:ii 7! val:ihget:i; put:(i+ 1)i 7! inc:�for all i 2 jint j. The corresponding regular function is obtained by iterating theabove pattern. For example, it has input-output pairs of the form:hget:i1; get:i2; put:(i2 + 1); get:i3i 7! hval:i1; inc:�; val:i3i



GLOBAL STATE CONSIDERED UNNECESSARY 39Table 10. Interpretation of primitive phrases[[� j �� E1 + E2 : exp[int]]] = f � � �0 7! i+ j : � 7! i 2 [[� j �� E1 : exp[int]]]^�0 7! j 2 [[� j �� E2 : exp[int]]] g[[� j �� skip : comm]] = f�0 7! �g[[� j �� C1;C2 : comm]] = f � � �0 7! � : � 7! � 2 [[� j �� C1 : comm]] ^�0 7! � 2 [[� j �� C2 : comm]]g[[�;�0 j �;�0 � C1 kC2 : comm]] = f �� �0 7! � : � 7! � 2 [[� j �� C1 : comm]] ^�0 7! � 2 [[�0 j �0 � C2 : comm]]g[[� j �� new[�] x:C : comm]] = f � 7! � : 9s 2 cell init [�]:�� [x!s] 7! � 2 [[� j �; x:var[�]� C : comm]]g[[� j �� V := E : comm]] = f �0 � � 7! � : 9i: � 7! put:i 2 [[� j �� V : var[�]]]^�0 7! i 2 [[� j �� E : exp[�]]] g[[� j �� deref V : exp[�]]] = f � 7! i : � 7! get:i 2 [[� j �� V : var[�]]] gIf we apply this function to the cell trace set shown in Fig. 2(e), we obtain thecounter trace set shown in Fig. 2(b).Example: As an example of higher-type objects, consider the following objectconstructor for bank accounts:account = [bal : exp[int]� dep : exp[int]! comm� wd : exp[int]! comm]mkaccount : var[int]! accountmkaccount (x) = [bal = deref x; dep = (�a: x := x+ a); wd = (�a: x := x� a)](We allow the balance to go negative, for simplicity.) The operations dep and wdare of function types. We have a corresponding object spaceaccount = [bal : exp[int ]� dep : exp[int ]) comm �wd : exp[int ]) comm ]The meaning of mkaccount is an object function:mkaccount : var [int ]! accountmkaccount = f hget:ni 7! bal:n : n 2 jint j g [f hget:n; put:(n+ i)i 7! dep:(i 7! �) : n; i 2 jintj g [f hget:n; put:(n� i)i 7! wd:(i 7! �) : n; i 2 jintj gAgain, we obtain an account object by applying the regular extension of mkaccountto an integer cell with initial value 0.5. PassivityThe framework de�ned in Section 4 models interference-controlled Algol withoutany notion of passive values. This has some undesirable consequences:1. All operations of an object must be completely sequenced, including operationsthat only read information from an object.



40 U. S. REDDYTable 11. Passive tokens for active-passive spacesjexp[�]j} = jexp[�]jjcomm j} = ;jvar [�]j} = fget:i : i 2 j�j gjA� Bj} = f fst:a : a 2 jAj} g [ f snd:b : b 2 jBj} gjA
 Bj} = f (a; b) : a 2 jAj} ^ b 2 jBj} gj>j} = j>j = ;j1j} = j1j = f�g2. Object spaces contain some traces that are not realizable, such as hget:0; get:1iin jyvar [int ]j or hbal:100; bal:200i in jyaccount j.To solve the �rst problem, Reynolds introduced a notion of passive types. We willsee that, by modelling passive types, we can solve the second (semantic) problemas well.5.1. Active-passive spacesOur main use of coherent spaces is for modelling the transitions of state machinesthat make up objects. We expect that some of these transitions are \passive" inthat they only read information from the object without altering its state. Thissuggests that we must delineate, in each coherent space, certain tokens as \passivetokens."De�nition. An active-passive (coherent) space A is a coherent space together witha designated set of tokens jAj} � jAj. The members of jAj} are called passive tokensand the others active tokens.. If all tokens of the active-passive space are passive,i.e., jAj} = jAj, then it is called a passive space.Table 11 lists the passive tokens of coherent spaces that we need for modellinginterference-controlled Algol. All these spaces will now be regarded as active-passivecoherent spaces. It is worth noting that exp[�] is a passive space, which correspondsto the fact that expressions of Idealized Algol do not have side e�ects. The spacecomm, on the other hand, has no passive tokens. Its unique token � is meant tochange state. Note also that the get components of var [�] are passive. The unitdomains> and 1 are passive and the constructions � and 
 preserve passivity, i.e.,A�B and A
B are passive whenever A and B are passive. The constructions yAand A) B are di�erent from the corresponding constructions for coherent spaces.They are discussed in detail below.Note that, for any active-passive space A, there exists a (universal) passivesubspace obtained by selecting just the passive tokens ofA. We denote this subspaceby }A. Formally, j}Aj = j}Aj} = jAj} and the consistency relation _̂}A is the



GLOBAL STATE CONSIDERED UNNECESSARY 41corresponding restriction of _̂A. It is obviously a passive space. Taking the passivesubspace of an already passive space has no e�ect, i.e., }P = P for any passivespace P . In particular, }}A = }A.An object (Q; � � Q� jAj � Q) for an active-passive space A has an additionalcondition on its transition map:(q; a; q0) 2 � ^ a 2 jAj} =) q = q0This represents the intuition that passive transitions do not change state. Mostof our development from Sections 3 and 4 can be carried over to active-passivespaces. There are only two changes. We modify the de�nition of object spacesusing the fact that passive transitions do not change the state. And, we restrictobject functions to account for passivity.Active-passive object spacesTo arrive at the new de�nition of object spaces, we make the following observations:1. If successive operations on an object are passive operations, their relative orderis insigni�cant, i.e., we want to regard the sequences ha; a0i and ha0; ai as thesame trace whenever a and a0 are passive tokens.2. If successive operations on an object are identical passive operations, theirnumber is insigni�cant, i.e., we want to regard the sequences ha; ai and haias the same trace whenever a is a passive token.These identi�cations have a deeper signi�cance than just ignoring order and num-ber. Since the tokens represent entire operations, not merely atomic events, theidenti�cations have the e�ect that passive operations on objects can in fact be doneconcurrently. Thus, to model passivity, we revise Thesis 1 to the e�ect that objectscan in general be used sequentially, except that multiple passive operations can bedone concurrently. This matches closely with the syntax of interference-controlledAlgol, in particular the Contr type rule.The identi�cations mentioned above are formalized as follows:De�nition. Let A be an active-passive space. The trace monoid of A is thequotient monoid jAj�=� where � is the least monoid congruence generated bythe equivalence relation:ha; a0i � ha0; ai for all a; a0 2 jAj}ha; ai � hai for all a 2 jAj}An element of jAj�=� is an equivalence class of sequences, called an (active-passive)trace. The equivalence class containing a sequence s is denoted [s]. The unit trace(or empty trace) is [hi]. The multiplication of traces is de�ned by [s] � [s0] = [ss0].(We often omit writing \�".)



42 U. S. REDDYTraces of this kind (and more general ones) have been studied extensively in thecontext of Petri nets [1], [36]. One useful result from this theory is the existence ofso-called Foata-normal form. Applied to the current situation, it means that everytrace [s] can be written in the form [s1] � [s2] � � � [sn], where each [si] is nonemptyand the consecutive segments alternate between active and passive traces. Notethat an active trace is a singleton equivalence class (tokens cannot be permuted).On the other hand, a passive trace is an equivalence class of all permutations. So,an active trace is essentially a sequence and a passive trace is essentially a �niteset. The Foata-normal form of an active-passive trace can thus be regarded as aformal product of the form p0a1p1 � � �anpn where the ai's are active tokens and pi'sare (possibly empty) �nite sets of passive tokens.In examples, we simply write traces as sequences with the implicit understandingthat consecutive passive tokens can be freely permuted.De�nition. Given an active-passive coherent space A, the active-passive coherentspace yA is de�ned by� the token set jyAj being the set of all coherent traces over A, i.e., tracesp0a1p1 � � �anpn in Foata-normal form where each pi is a �nite coherent set,� passive atoms jyAj} being coherent traces with no active tokens (i.e., n = 0),and� consistency relation given by p0a1p1 � � �anpn _̂yA p00a01p01 � � �a0mp0m i� p0 _̂ p00and, for all i = 1; : : : ;min(n;m),ha1; : : : ; ai�1i = ha01; : : : ; a0i�1i =) ai _̂A a0i ^ pi _̂ p0iwhere p _̂ p0 means 8c 2 p; c0 2 p0: c _̂A c0.The consistency relation represents the intuition that only active transitions fromthe past can have a causal e�ect on future transitions. A coherent trace is a tracethat is consistent with itself. For example, hget:0; get:1i is not a coherent trace ofyvar [�] because the tokens get:0 and get:1 are inconsistent even though their activepast is identical (empty in both cases). Thus, our object spaces now contain onlymeaningful traces.Note that the y construction preserves passivity. For any passive space P , yP ispassive. The traces of yP are �nite coherent sets of tokens. So, for passive spaces,the y construction coincides with Girard's ! construction [17], [19].12 An importantresult of Girard's is that linear functions !A !L B are order-isomorphic to stablefunctions A !S B. This result obviously carries over to passive object spaces aswell. Linear functions yP !L A are order-isomorphic to stable functions P !S Awhenever P is a passive space.



GLOBAL STATE CONSIDERED UNNECESSARY 43Object FunctionsIf f : A ! B models a function phrase and f(x) is a passive value, then no activetoken of x could have been \used" in producing f(x). A state change operationcannot be involved in a \pure reader" of state information. This leads to our �nalthesis regarding a model of interference-controlled Algol:Thesis 5 The linear maps of object functions must be passivity-re
ecting.We formalize this notion as follows:De�nition. A (passivity-re
ecting) linear function f : A !L B between active-passive spaces is a linear function of the underlying coherent spaces such that, forall a 7! b 2 �f , b 2 jBj} implies a 2 jAj}.Regular maps A!R B and object functions A! B for active-passive spaces arenow de�ned in the same way as for coherent spaces, using passivity-re
ecting linearfunctions. The function space is de�ned to have passivity-re
ecting tokens:jA) Bj = f s 7! b : s 2 jyAj ^ b 2 jBj ^ (b 2 jBj} =) s 2 jyAj}) gjA) Bj} = f s 7! b 2 jA) Bj : b 2 jBj} g_̂A)B same as for coherent spacesThe passive tokens of A ) B have the b component passive (and, hence, the scomponent passive as well).To get the intuition behind these notions, let us relate them back to objectsas state machines. If f : A ! B is an object function (as a linear map), thecorresponding function on objects maps objects with transition maps �1 � Q �jAj � Q to objects with transition maps �2 � Q� jBj �Q given by(q; b; q0) 2 �2 () 9s 2 jyAj: s 7! b 2 f ^ (q; s; q0) 2 ��1If b is passive then (q; b; q0) 2 �2 implies q = q0. Hence, for the unique s such thats 7! b 2 f , (q; s; q0) 2 ��1 implies q = q0. Since this must hold uniformly for allobjects, we require that s should be passive.Passive function spaceTo model Reynolds's passive function type, we introduce another function spaceA)P B.De�nition. For active-passive spaces A and B, the passive function space A)P Bhas the same tokens and consistency relation as A ) B, but all its tokens aredesignated as passive tokens, i.e., jA)P Bj} = jA)P Bj.The passive function space has an isomorphism



44 U. S. REDDYP; A! B �= P! (A)P B) (for sequences of passive spaces P)The combinator curry is the same as for A) B. Note thatcurry f = fp 7! s 7! b : (p; s 7! b) 2 f gsatis�es the passivity-preservation property only if p is passive (since s 7! b is apassive token of A )P B). This is ensured by insisting that P be passive in theabove isomorphism.By setting P to be the empty sequence in the above isomorphism, we obtainA ! B �= ! (A )P B). So, the elements of A )P B precisely correspond toobject functions A ! B. There exists an object function recA : (A )P A) ! Asuch that recA(f) = �xA[f ]. This is used to interpret the recursion combinatorrec�.There are further theoretical properties one must note about passivity. Thesemay be found in Appendix A.5.2. SemanticsWe now complete the de�nition of semantics for interference-controlled Algol usingactive-passive spaces. The semantics of phrases given in Sec. 4.3 using coherentspaces can be easily re�ned to active-passive coherent spaces. The interpretationof a type [[�]] is now understood to mean an active-passive space (using Table 11).The passive function type is interpreted by [[� !p �0]] = [[�]])P [[�0]].The interpretation of a phrase � j � � P : � was given as an object function oftype [[�]]; [[�]]! [[�]] over coherent spaces. We now understand this to be an objectfunction over active-passive spaces, i.e., a passivity-preserving linear map of type(N[[�]]) 
 (N[[�]]) !L [[�]]. It can be veri�ed that the interpretation in Table 9gives passivity-preserving maps. Moreover, any input-output pair �1 � �2 7! a inthe interpretation of P (where �1 is a trace environment of [[�]] and �2 one for[[�]]) will only have passive traces in �1. An elegant way of stating this is that theinterpretation of P is an object function of type}[[�]]; [[�]]! [[�]]Again, this can be veri�ed for the interpretation in Table 9. For the rule Id, thebase case, �1 maps all identi�ers to hi which is a passive trace. The other inductivecases preserve this property.Table 12 gives the interpretation of the structural rules. The interpretation ofrule Contr says that, if an identi�er x occurs multiply in independent contexts ofa phrase, the information used from x is the union of the information used in eachoccurrence. Note that all these occurrences are passive uses of the identi�er. So,the information used is represented by passive traces (�nite coherent sets).The remaining rules cause no change to the semantics of the phrase. In a sense,this is to be expected because we would not want to assign multiple interpretations



GLOBAL STATE CONSIDERED UNNECESSARY 45Table 12. Semantic interpretation of structural rulesContr [[�; x : � j �� [x=x1; x=x2]P : �0]]= f �� [x!p1 [ p2] 7! a :�� [x1!p1; x2!p2 ] 7! a 2 [[�; x1: �; x2: � j �� P : �0 ]] gActivate [[� j �; x : �� P : �0 ]] = [[�; x : � j �� P : �0]]Passify [[�; x : � j �� P : �]] = [[� j �; x : �� P : �]]Promote [[� j � P : �1 !p �2]] = [[� j � P : �1 ! �2]]Derelict [[� j �� P : �1 ! �2 ]] = [[� j �� P : �1 !p �2]]to the same phrase. We must verify, however, that these interpretations are of theright types. For the rule Activate, the meaning ofP on the right is an object functionof type }[[�]]; x:}[[�]]; [[�]] 7! [[�0]]. Clearly, it is also of type }[[�]]; x: [[�]]; [[�]] 7! [[�0]].(We merely forget that the binding of x is passive.) For the rule Passify, themeaning of P on the right is an object function of type }[[�]]; [[�]]; x: [[�]] 7! [[�]].Since [[�]] is a passive space (and object functions are passivity-preserving), allinput-output pairs in the meaning of P have only passive tokens. So, the meaningof P is also of type }[[�]]; [[�]]; x:}[[�]] 7! [[�]].For the rule Promote, the meaning of P on the right is an object function of type}[[�]]! ([[�1]] ) [[�2]]). Since the token set of [[�1]] )P [[�2]] is the same as that of[[�1]] ) [[�2]], the meaning is also of type }[[�]] ! ([[�1]] )P [[�2]]). The veri�cationof Derelict is similar.Thus, we have shown:Proposition 7 The meaning assigned to any type derivation of � j � � P : � isan object function of type }[[�]]; [[�]]! [[�]].Somewhat more technical is the following property of \coherence:"Proposition 8 The meaning assigned to every type derivation of � j �� P : � isthe same object function.This can be proved using the same techniques as O'Hearn et al. [46]. Note thatthe structural rules other than Contr do not a�ect the meaning. So, their relativeposition in derivations does not a�ect the meaning either.Operational adequacyTo show that the semantics de�ned here agrees with the operational behavior ofinterference-controlled Algol, we prove that it is sound and adequate with respectto the operational semantics:Proposition 9 For any closed command phrase C, the denotation [[� C : comm]]is nonempty (has an input-output pair [ ] 7! �) if and only if C terminates.



46 U. S. REDDYRecall from Sec. 2 that the operational semantics of Algol is de�ned to work in twostages: reduction and execution. The command C terminates i� there is a closedcommand phrase C0 such that C !� C0 and ([ ]; C0) + [ ]. Our proof of operationaladequacy is similarly factored into two stages. See Appendix B for details.6. The Structure of Object SpacesHaving carried out a long analysis of object spaces and object functions, let usexamine what results have been obtained.The structure of Algol presents some paradoxical issues. Consider the type commas a prototypical example of object types. The elements of type comm shouldcorrespond to observably distinct closed phrases of type comm. What phrases arethere? Since a closed phrase does not have any free variable identi�ers, the onlyobservable e�ect of such a phrase is termination. So, there are precisely two closedphrases up to observational equivalence: undef and skip. A \good" semantics ofAlgol should thus have precisely two elements in comm.Closed phrases of type comm! comm should correspond to command phraseswith a single free identi�er c : comm. Again, what phrases are there? We stillhave the diverging command undef. But, we also have some state to play with:whatever state the command c might act on. We can a�ect this state by running csome number of times. This gives phrases of the formcn � n timesz }| {c; � � � ; cThe various functions �c: cn are observationally inequivalent. We can observe thedi�erence between them by putting them in program contexts Pn[ ] of the formnew[int] x:x := 0;[ ](x := x+ 1);if x = n then skip else undefSo, the elements of the function space comm ) comm should have the structure of
at naturals, N?.13Now, here is the paradox. If comm has only two elements, how can comm )comm have an in�nite number of elements?14This observation suggests that the notion of \elements" in a semantics of Algolis a delicate issue. There must be di�erent kinds of elements which come to thefore depending on the context. The \elements" that correspond to meanings ofclosed phrases are regular elements mentioned in Sec. 4.1. Note that the meaningsof closed phrases are functions of the form f : 1!L A. Such functions correspondto elements x = f a : � 7! a 2 f g of A. Their regular extensions f̂ : 1 !R yAsimilarly correspond to elements x� of yA. So, the regular elements of yA form adomain isomorphic to the domain A, and both the domains represent meanings of



GLOBAL STATE CONSIDERED UNNECESSARY 47closed phrases. Armed with this notion, let us analyze some of the basic types ofour model.Fact 1 There are precisely two regular elements in ycomm.The two elements are diverge = ;� = fhig and skip = f�g�.Fact 2 The elements of (comm ) comm) form a domain isomorphic to N?.A token of comm ) comm is of the form h�in 7! � where n � 0. Denote such atoken by �n. Since h�in _̂ h�im in ycomm , �n _̂ �m if and only if n = m. In otherwords, the consistency relation of comm ) comm is the identity relation makingit a 
at domain. Since each �n corresponds to a natural number n, the structure isthat of N?.Note that this structure is right for interference-controlled Algol. The element ;of comm ) comm models �c:undef and an element f�ng models �c: cn.This fact is unprecedented in the semantics of imperative programs. All otherknown models fail to capture comm ) comm accurately. The model that comesclosest is the parametricity-based model of [50] (as well as the related modelof Sieber [72], [73]). In addition to the Algol functions mentioned above, theparametricity-based model contains functions expressible using the so-called \snapback" operator. The command snap-back combinator is a constant try : comm!pcomm with the semantics that try C runs the command C and then snaps thestate back to the original state. (By adding such a combinator, we can express newfunctions of the form �c: try cn+m; cn which diverge for cases where �c: cn wouldterminate.) Note that the snap-back operator is counter to one's intuition thatstate changes are irreversible. The reason for the presence of such operators in theparametricity model (as well as other models) is that commands are modelled bystate-to-state functions. We avoid this pitfall because, as stated in Section 3, wedo not treat states as entities. They are at best derived attributes of objects, anddo not play a central role in our model.Notice how our model answers the puzzle mentioned at the beginning of thissection. The regular elements of ycomm are the values that are directly expressible.The other elements of ycomm such as fh�ing remain hidden. They come to the forein contexts where their di�erence becomes distinguishable (such as the argumentpositions of procedures).One might wonder if the other elements of objects spaces are expressible in someother form. Indeed, an important class of elements, viz., active elements mentionedin Sec. 4.1, correspond to object behaviors. Such elements arise as the values ofphrases with active free identi�ers.Fact 3 The active elements of ycomm form a domain isomorphic to VNat, thedomain of \vertical" natural numbers (ordered by numerical order).The element corresponding to a natural number k is the set of all pre�xes of h�ik.Denote it by ~k. Such elements arise as the meanings of phrases:



48 U. S. REDDYx : var[int]� if x � k then x := x+ 1 else undef : commApplying the meaning of this phrase to cell0, we obtain the element ~k.Let us examine a second order type:Fact 4 The domain (comm ) comm) ) comm is isomorphic to a subdomain ofP (N�) that contains all subsets of N� without any mutual pre�xes.A token of (comm ) comm) ) comm is of the form h�n1; : : : ; �nki 7! � where �niare tokens of comm ) comm mentioned previously. Two such tokens are consistentif and only if the sequences on the left are inconsistent, i.e., not pre�xes of eachother. So, every set of such tokens that excludes mutual pre�xes on the left isan element of (comm ) comm) ) comm. The diligent reader would be able toverify that all �nite elements of this domain are expressible by closed phrases. Forexample, the element fh�ni � s1 7! �; h�ni � s2 7! �; h �mi � t 7! �g, with n 6= m, isexpressible by�p:new[int] x:x := 0;p(x := x+ 1);if x = n then gs(p)else if x = m then gt(p)else undefwhere gs and gt are terms expressing the elements fs1 7! �; s2 7! �g and ft 7! �grespectively.Regarding the semantics of passive types, we have the following observation.Notice that the fragment of interference-controlled Algol involving only passivetypes is a functional programming language. In this fragment, the distinctionbetween the active and passive free identi�ers vanishes because the free identi�erscan freely move between the passive and active zones of typing judgements. So, thelanguage is essentially the same as PCF (with product types). We have:Fact 5 The object-based semantics of the passive fragment coincides with the stablesemantics of PCF [10].The semantics of this fragment involves only passive spaces, for which the functionspace yP �� Q is identical to the stable function space [P !S Q].More important to our concerns is the interaction between the active and passivesublanguages. With regard to this, we have:Fact 6 The domain (comm ) exp[�]) is isomorphic to �.This fact holds because of the passivity-preservation property of functions. Theonly passive token of ycomm is the empty trace. Since exp[�] is a passive space, thetokens of comm ) exp[�] are of the form hi 7! i for some i 2 j�j. In other words,the elements of comm ) exp[�] are all constant functions. Note that this is indeed



GLOBAL STATE CONSIDERED UNNECESSARY 49the case for Idealized Algol. Any nontrivial use of a command in an expressionwould amount to a side e�ect and expressions of Idealized Algol do not have sidee�ects.Most other models of Algol fail to model comm ) exp[�] accurately. In fact, theysupport an expression snap-back combinator (more general than the try C operatormentioned above) of the form do C result E, where C is a command and E anexpression. See the discussion in [50]. This combinator embeds commands insideexpressions and causes the breakdown of most reasoning principles of expressions.15The only other known model that satis�es Fact 6 is Tennent's model of speci�cationlogic [78]. Our techniques, however, seem markedly di�erent from his.We make a few remarks regarding the domain order of function spaces. Mostsemantic models of programming languages use continuous function spaces withpointwise order. In contrast, we are using linear functions (a subclass of stablefunctions) ordered by Berry's stable order. A question arises as to whether this isan appropriate choice. Indeed we �nd that the stable order matches quite closelywith the semantic structure of interference-controlled Algol. Note that, in viewof the discussion at the beginning of this section, the fully abstract model is notextensional. So, it cannot be order-extensional either. Moreover, the pointwiseorder is clearly inappropriate for the obvious possibilities. Given that comm is atwo point lattice, the continuous function space [comm ! comm ] would order thefunction �c: c below �c: skip. But, they are distinguishable in the language. Eventhe function space [VNat? ! comm] does not have the right order to representcomm! comm. In contrast, the stable order seems to be working correctly evenup to second order functions, as evidenced by Facts 1-4.On the other hand, when we look to passive types, the stable order results inwell-known problems [30]. We can use this fact to our advantage. We understandthat stable order is modelling history-sensitive computations. To combine it withthe pointwise order required for history-free computations, we marry the two usingthe framework of bidomains. We indicate this brie
y for the representation interms of bistructures recently obtained by Plotkin and Winskel [55]. Recall thata bistructure is a 4-tuple (jAj;�LA;�RA; _̂A) satisfying certain axioms. To this, weadd another component jAj} � jAj for modelling passivity and require that jAj}be down-closed with respect to �RA and �LA. The (active-passive) coherent spacesfor primitive types embed into (active-passive) bistructures in a straightforwardfashion. We only need to de�ne the construction yA for object spaces. This is asfollows:� tokens jyAj are active-passive traces p0a1p1 � � �anpn where each pi is a �nite(stable) con�guration over jAj} and each ai is an active token,� jyAj} and _̂yA are as for coherent spaces, and� the orders �l (for l = L;R) are given by p0a1p1 � � �anpn �l q0b0q1 � � �bmqm i�n = m, each ai = bi and each pi �l qi (the latter de�ned as for !A).



50 U. S. REDDYNote that the orders �L and �R reduce to identity for purely active bistructureslike ycomm and they reduce to the orders of !A for purely passive bistructures likeyexp[�]. By using passivity-re
ecting linear maps yA!L B as object functions, weobtain a model that properly restricts the coherent space model by incorporatingpointwise order for passive computations.7. Example EquivalencesAn important application of a semantic model is to test the equivalence of programfragments. The accuracy of a model can be gauged by the variety of equivalences itcan validate. Since the object-based model is accurate for many �rst-order types,we expect that most equivalences involving free identi�ers of such types can bevalidated using it. In this section, we show several examples of such equivalences.In all of these, an unknown non-local procedure p is passed an object built fromlocal variables.Consider a variant of equivalence (1) from Sec. 1:new[int] x:x := 0;p(x := x+ 1) � new[int] x:x := 0;p(x := x� 1)where the free identi�er p is of type comm ! comm. It is easy to see that theequivalence holds in the object-based model. Both sides of the equivalence denotethe following object function of the type (comm ) comm)! comm:fh�ni 7! � : n � 0gRecall from Sec. 6 that �n is short for h�in 7! �, a token carrying the informationthat the procedure runs its argument n times.A variant of the above example with a more practical interest is:new[int] x:x := 0;p[val = x; inc = (x := x+ 1)] � new[int] x:x := 0;p[val = �x; inc = (x := x� 1)]where p : counter ! comm. The procedure p is being passed two di�erentimplementations of a counter object. Since the two implementations have the sameobservable behavior, we expect the equivalence to hold.The meanings of the two sides of the equivalence are:f [p! hs 7! �i] 7! � : s 2 dmkcounter1(cell0) gf [p! hs 7! �i] 7! � : s 2 dmkcounter2(cell0) gwhere mkcounter1 and mkcounter2 are the meanings of the two counter phrasesregarded as functions of a variable object, and cell0 is the trace set of a stor-age cell with an initial value 0. So, the equivalence reduces to the equality of



GLOBAL STATE CONSIDERED UNNECESSARY 51dmkcounter1(cell0) and dmkcounter2(cell0). The two functions are given by the linearpatterns:mkcounter1 = f hget:ii 7! val:i : i 2 jintj g [f hget:i; put:(i+ 1)i 7! inc:� : i 2 jintj gmkcounter2 = f hget:ii 7! val:(�i) : i 2 jintj g [f hget:i; put:(i� 1)i 7! inc:� : i 2 jintj gIt is easy enough to see that the two object functions produce the same countertrace set when applied to cell0. But, let us see how one can show this formally.Theorem dmkcounter1(cell0) = dmkcounter2(cell0).Proof: The cell trace sets can be de�ned inductively as follows:celli = fhig [ (hget:ii � celli) [ (Sj2jintjhput:ji � cellj)where � denotes the obvious extension of multiplication to sets of traces. To becompletely clear, we regard cell as a function of type jintj ! yvar [int ]. Since suchfunctions form a cpo, the recursive de�nition has the standard interpretation as theleast �xed point. A family of counter trace sets can be de�ned in a similar fashion:cnt i = fhig [ (hval:ii � cnt i) [ (hinc:�i � cnt i+1)Then, by using �xpoint induction, we show:dmkcounter1(cell i) = cnt idmkcounter2(cell�i) = cnt ifor all i � 0. Evidently, the two functions are equal for cell0.An alternative method to show this equivalence is to reason about representationinformation, and show that the two representations are equivalent using ideassimilar to [27], [38], [50].Theorem For all s 2 jycounter j,9t1 2 cell0: t1 7! s 2 dmkcounter1 () 9t2 2 cell0: t2 7! s 2 dmkcounter2Proof: The fact that dmkcounter1 and dmkcounter2 are linear functions means thatthe t1 and t2 of the two existentials are unique whenever they exist.For a trace t 2 cell0, say that t represents a state i if t � hget:ii 2 cell0. De�ne arelation R � cell0 � cell0 byt1 R t2 () 9i: t1 represents the state i ^t2 represents the state �iNow, we strengthen the statement of the theorem as follows:



52 U. S. REDDY� If t1 2 cell0 such that t1 7! s 2 dmkcounter1 then there exists t2 2 cell0 suchthat t2 7! s 2 dmkcounter2 and t1 R t2.� If t2 2 cell0 such that t2 7! s 2 dmkcounter2 then there exists t1 2 cell0 suchthat t1 7! s 2 dmkcounter1 and t1 R t2.The strengthened hypothesis can be proved by induction on the length of s. Theconclusion follows.This proof illustrates how one can perform \state-based" reasoning though thereare no explicit states in the model. Essentially, the idea is to express state in-formation in terms of observable operations. It is also noteworthy that relationalreasoning is available to us, even though no relation-preservation properties areexplicitly postulated in the model.The next example illustrates the \extensionality" properties of the semantics. Thefollowing equivalence is an example of an extensionality property for commands:x := x+ 1; x := x+ 1 � x := x+ 2One expects such equivalences to hold in the language ofwhile programs. However,the equivalence fails for Algol. Suppose we substitute the following phrase for x:if y = 0 then y else zwhere y and z are of type var[int]. The two sides of the equivalence give di�erentresults starting from an initial state where y = 0 and z = 0. We gather thatvariables in Algol are in general arbitrary objects with get and put operations.They are not necessarily what we called storage cells.On the other hand, the new[�] operation of Algol does create storage cells. So,one would expect the following variant of the equivalence to hold:new[int] x:C1;p(x := x+ 1;x := x+ 1);C2 � new[int] x:C1;p(x := x+ 2);C2where C1 and C2 are arbitrary command phrases. This equivalence holds in theobject-based model. It can be formally proved in the same fashion as the counterexample using the relationt1 R t2 () 9i: t1 and t2 represent the state iThus, it may be gathered that the model is extensional in modelling commandseven though it has an \intensional" feel.The next few examples illustrate the \irreversible change" (or \single-threaded-ness") properties of the model. (See discussion in [50].) Consider the equivalence:if x = 0 then f(x + y) else 1 � if x = 0 then f(y) else 1



GLOBAL STATE CONSIDERED UNNECESSARY 53where f : exp[int] ! exp[int]. This is essentially a \constant propagation"optimization. Surprisingly, the equivalence fails in most models of Algol. It iseasy to understand this failure by noting that most models support the expressionsnap-back combinator. The function f could be �z:do x := 1 result z, in whichcase f(x + y) = y + 1 di�ers from f(y) = y. (Keep in mind that the parameterpassing is by name.) This illustrates how the snap-back combinator destroys evenmundane principles of reasoning for expressions.The equivalence is trivial in the object-based model. Recall that the functions inexp[int ] ) exp[int ] are precisely the standard (stable or, in this case, continuous)functions [int ! int ]. (Cf. Fact 5.) So, the standard reasoning for such functionscontinues to be valid.As a �nal example, consider equivalence (2) from Sec. 1:new[int] x:x := 0;p(x := x+ 1);if x > 0 then undef else skip � p(undef)where p : comm ! comm. For the left hand side, if p runs its argument at all,then x > 0 holds after the call and divergence results. In this case, the right handside diverges too. If p ignores its argument, p(C) is independent of C. So, boththe commands have the same behavior. As mentioned in connection with Fact 2,all known models of imperative programs fail to satisfy such equivalences becausethey model the snap-back combinator try. (Consider p = try.)On the other hand, the equivalence holds trivially in the object-based model. Themeaning of both sides is f[p! h�0i] 7! �g.Assertion-based reasoningA widely used method for reasoning about imperative programs is in terms ofassertions. Hoare logic [7] for while programs and Speci�cation logic [65], [79] forhigher-order procedures are canonical examples of such reasoning. In these logics,one reasons about commands using \Hoare triple" formulas fAg C fBg where Aand B are \assertions" and C is a command. The formula means that wheneverthe assertion A holds in a state, the execution of C yields a state in which theassertion B holds. Since the object-based semantic model does not mention statesexplicitly, it is not immediately clear how to interpret such formulas in the model.We brie
y indicate how this may be done.Recall, from Sec. 4.1, that the elements of an object space denote object behaviorsas well as states. If x 2 yX is an active element, every s 2 x yields an \x-state"x=s. These notions can be generalized to interpretations of type contexts [[� j �]]in the obvious fashion. Let � range over active elements of [[� j �]], � over traceenvironments and � over �-states of the form �=�. We say that an assertion Aholds in � if there exists � 2 � such that � 7! tt 2 [[A]]. Then, the satisfaction ofHoare triples may be de�ned as follows:



54 U. S. REDDYDe�nition. If � j � � fAgCfBg : formula is a Hoare triple and � 2 [[� j �]] isan active element, � is said to satisfy fAgCfBg if, whenever A holds in a �-state� and there exists � 2 � such that � 7! � 2 [[C]], B holds in �=�.The assignment axiom for interference-controlled Algol programs is the following:Let � j � � V : var[�] and � j � � E : exp[�] be phrases. Then, for all assertion-valued functions a : exp[�]! assert (that are independent of V and E), we havegv(V ) =) fa(E)g V := E fa(deref V )gwhere gv(V ) is a formula stating that V is a \good variable" [65], i.e., the regularfunction d[[V ]] gives ; or celli for some i 2 j�j. It is easy to verify that the axiom issatis�ed by all active elements � 2 [[�; a : var[�] ! assert j �]], showing that it isvalid.168. ExtensionsIn this section, we brie
y consider some extensions to the basic language consideredin this paper.Sum typesA type constructor for sum types �1 + �2 can be added with the usual syntax. Itsinterpretation is [[�1 + �2]] = y[[�1]] + y[[�2]] where + is the coproduct of coherentspaces (also called the \direct sum" [19], Sec. 12.1). This interpretation is in thesame spirit as the lifted sum construction used with Scott domains and Girard's\linearized" sum in [19], Sec. 12.5. The interpretation of terms is[[� j �� inl(P ) : �1 + �2]] = f � 7! 1:s : � 7! s 2 d[[� j �� P : �1]]g[[� j �� inr(Q) : �1 + �2]] = f � 7! 2:t : � 7! t 2 d[[� j �� Q : �2]]g[[�;�0 j �;�0 � case P of inl(x1)) Q1 j inr(x2)) Q2 : �0]]= f � � �0 7! a :� 7! i:s 2 [[� j �� P : �1 + �2]]^�0 � [xi!s] 7! a 2 [[�0 j �0; xi : �i � Qi : �0]] gThe interpretation of case makes clear the reasons for the presence of y in theinterpretation of �1 + �2.Independent productThe product type �1 � �2 of interference-controlled Algol represents a compositionof interfering components. One can add a separate type constructor for independent



GLOBAL STATE CONSIDERED UNNECESSARY 55products �1 
 �2 which puts together independent components. The term syntaxfor independent products [46] is given by:�1 j �1 � P : �1 �2 j �2 � Q : �2 
I�1;�2 j �1;�2� P 
Q : �1 
 �2� j �� P : �1 
 �2 
1E� j �� fst(P ) : �1 � j �� P : �1 
 �2 
2E� j �� snd(P ) : �2The independent product allows one to write \uncurried" procedures by usingthe isomorphism: �1 
 �2 ! �0 �= �1 ! (�2 ! �0). To give semantics to thisextension, we need to extend the semantic framework as well. Essentially, we mustenlarge the notion of \objects" to include composite objects that have multipleindividual objects as components. Appendix A describes a framework of \�nitaryobject spaces" which incorporates this extension. Another approach in terms of\dependence spaces" is described in [61].AcceptorsIn [66], Reynolds de�nes a type of acceptors corresponding to the l-values ofvariables. We postulate a primitive type acc[�] for acceptors (of �-typed datavalues). The type of variables may then be de�ned as the product:var[�] = [put : acc[�]� get : exp[�]]The assignment operator := then has the (more general) type acc[�] � exp[�] !comm, with an implicit coercion whenever a variable is used as the left hand sideof :=.To interpret the acceptor type, we de�ne an active-passive coherent space acc[�]as follows:jacc[�]j = j�j; _̂acc[�] = _̂�; jacc[�]j} = ;Note that our original interpretation of variables satis�es var [�] = [put : acc[�] �get : exp[�]]. So, there is no substantial change to the semantics.Reynolds also gives a treatment of acc[�] as the function space exp[�]! comm.This treatment, however, is not useful for the interference-controlled language. Weoften want to apply the acceptor of a variable to an expression that involves the samevariable, e.g., x := x+1 desugared as x:put(x:get+1). Such phrases are not legal ininterference-controlled Algol. On the other hand, we see that Reynolds's conceptionis very well represented in our semantics as the isomorphism acc[�] �= � �� comm.Active expressions and monad combinatorsRecent language design e�orts in functional programming propose to add state-manipulation facilities to functional languages using monad combinators [42], [52],



56 U. S. REDDY[53]. While it is not entirely clear how to provide interference control for such com-binators, we can certainly consider a simple form of monad types where interferencecontrol issues do not arise.Let act[�] denote the type of computations (active expressions) that may changestate and eventually return data values of type �. The basic combinators are:� j �� E : exp[�]� j �� return E : act[�] � j �� P : act[�] � j �; x : exp[�]� Q : act[�0]� j �� P > x:Q : act[�0]It is also useful to extend the command sequencing combinator \;" for activeexpressions. All these combinators can be treated as constants:return : exp[�]!p act[�]> : act[�]� (exp[�]! act[�0])!p act[�0]; : comm� act[�]!p act[�]A simple example of these combinators is the accumulator object (Cf. Sec. 4.2):accum = exp[int]! act[int]mkaccum : var[int]!p accummkaccum(v) = �i: v := v + i; return (deref v)To give semantics to active expressions, we de�ne an active-passive space act [�]as follows:jact [�]j = j�j; _̂act [�] = _̂�; jact [�]j} = ;This is similar to exp[�] except that it has no passive tokens. The meanings of theabove combinators are then given by the linear maps:return� : exp[�]! act [�]= f i 7! i : i 2 j�j gbind�;�0 : act [�]� (exp[�]) act [�0])! act [�]= f hfst:i; snd:(p 7! j)i 7! j : i 2 j�j ^ j 2 j�0j ^ p � fig gseq� : comm � act [�]! act [�]= f hfst:�; snd:ii 7! i : i 2 j�j gPromotion for active expressionsRecent functional languages with state [52], [42], [75] also contain proposals forpromotion of active expressions. Such expressions allocate and use state variableslocally but do not have any e�ects on global variables. Thus, they may be viewedas \applicative" expressions from the outside.To provide this feature, we add a promotion construct for active expressions bythe type rule:



GLOBAL STATE CONSIDERED UNNECESSARY 57� j � P : act[�] Promote�� j � run(P ) : exp[�]Note the similarity with the promotion rule for passive functions !p E .The semantics of the promotion construct, as in Sec. 5, makes no change to themeaning of the phrase:[[� j � run(P ) : exp[�]]] = [[� j � P : act[�]]]This interpretation is sound because the active type context of P is empty (and themeaning is a passivity-re
ecting function).Similar promotion facilities have been used in traditional Algol-like languages(without active expressions). In this context, they are called \block expressions" [79],Sec. 9.7, but the essential idea is similar.9. ConclusionWe have shown that it is possible to give semantics to higher-order imperativelanguages without involving a notion of a global state. Such semantics seems tohave an intuitive \feel" of being abstract, and this is corroborated by the relativeease with which we are able to validate equivalences which have traditionally failedin conventional approaches.The main di�erence between our semantics and the conventional approaches isthat we model objects by their observable behavior without reference to theirinternal states. This decision obtains theoretical economy and allows us to for-mulate a ground-level domain-theoretic model of object behaviors. In contrast,conventional approaches use explicit states and model objects as state transformers.But, to represent local variable abstractions correctly, they must characterize objectfunctions as being \uniform" in the underlying state sets.The functor category approaches [51], [66], [78] attempt to model uniformity bynatural transformations. This approach has not yet led to satisfactory solutionsbecause the functors involved have \mixed variance" and naturality is not enoughto capture uniformity. In contrast, the relational parametricity models [50], [72]model uniformity by preservation of relations. The recent full abstraction result ofSieber [73] suggests that this approach can be quite successful.Stepping back, we can see that the idea of objects with local states is at theheart of the above approaches as well (though it may not have been explicitlystated in those terms). The main di�erence is then the treatment of state sets.By eschewing the explicit treatment of states, we are able to avoid second-orderconcepts like functors and �nesse the issue of uniformity. On the other hand, webelieve that both the explicit state view and the behavior-based views have usefulroles to play. The insights obtained in the current study should prove useful forresolving the outstanding issues in the explicit state view.The most important of these issues is modelling the irreversibility of state changes.All known explicit state models (for higher-order languages) contain the snap back



58 U. S. REDDYoperator try. All but Tennent's model [78] also contain the more troublesomedo-result operator (which invalidates common reasoning for expressions). Thepresent model is the �rst to avoid such state change reversals. Note, however, thatProposition 4 already gives an indication of how irreversible state changes can bemodelled in an explicit state view. This should be explored further in the futurework.Our model also brings to light important connections between the semantics ofstate and other subjects in programming language theory. One of them, viz.,connection to linear logic, is studied in [60]. This should pave the way for goodoperational models of stateful languages such as geometry of interaction [3], [18],games [5], [29] and sequential algorithms [14]. A second connection, to parametric-ity, arises in studying the relationship to the explicit state model. At least forthe types that arise in the semantics of interference-controlled Algol, our approachshows that the independence of a parametric type on its type parameters can beexplicitly modelled (via a suitable generalization of Proposition 4). It is an openquestion whether this can be carried further for more general parametric types. Athird connection is to concurrency theory. Note that the behavior-based implicitstate view taken here is a common practice in concurrency [28], [39]. The use of sim-ulations as morphisms is also found in recent models of concurrency [13], [22]. Theseconnections should prove useful for studying concurrent imperative languages.Finally, an important issue that is left untouched in this work is the developmentof uniform reasoning principles. In a sense, the traditional methods for reasoning,including assertion-based methods and relational parametricity-based methods, canbe said to re
ect an explicit state view of the semantics. What reasoning methodswould be contributed by the behavior-based view taken here?AcknowledgementsThis work owes much to the encouragement and inspiration provided by PeterO'Hearn throughout its development. The feedback from him, Bob Tennent andPhil Wadler were crucial for the development of the current presentation. Anony-mous referees pointed out many a rough spot. Special thanks go to WilliamHarrison and Howard Huang for their help in proof-reading.Thanks to Christian Retor�e for providing the foundational ideas of pomset logic(which are implicit throughout this work) and Samson Abramsky for pointing mein this direction. I thank Guo-Qiang Zhang for explaining his constructions fordI-domains (used in �nitary object spaces - Appendix A).This research was supported by National Science Foundation under grant NSF-CCR-93-03043.



GLOBAL STATE CONSIDERED UNNECESSARY 59Appendix ACategorical Structure of the ModelThe model of interference-controlled Algol presented here is an instance of a generalconstruction outlined in [9], Theorem 8. (See also [11].) We use this constructionto explain the categorical structure of the model.The body of the paper mentions two base categories: the category of coherentspaces and linear maps CohL in Section 4, and the category of active-passivecoherent spaces and (passivity-preserving) linear maps APCohL in Section 5.Both the categories are symmetric monoidal closed with tensor products givenby 
, the tensor unit 1 and the exponential given by ��. Let us factor out thecommonalities by assuming a symmetric monoidal closed category (C;
;1;��)with �nite products (�;>).First, we de�ne a symmetric monoidal functor y : C ! C and extend it to acomonad by de�ning monoidal natural transformations:readA : yA! A = f hai 7! a : a 2 jAj gdupA : yA! yyA = f s1 � � � sn 7! hs1; : : : ; sni : s1 � � �sn 2 jyAj gto say that y is a \symmetric monoidal" functor is to say that there are naturaltransformations:mergeA;B : yA
 yB ! y(A
 B)= f (ha1; : : : ; ani; hb1; : : : ; bni) 7! h(a1; b1); : : : ; (an; bn)i: a1; : : : ; an 2 jAj ^ b1; : : : ; bn 2 jBj gmerge1 : 1! y1= f � 7! h�in : n � 0 gwhich commute with the symmetric monoidal structure in an appropriate fash-ion [9]. To say that read and dup are monoidal transformations is to imply thatthey commute with the merge transformations.Next, we consider the (Eilenberg-Moore) category Cy of y-coalgebras and coal-gebra morphisms [34]. Recall that a coalgebra is a pair hC; hC : C ! yCi of anobject C and an arrow hC : C ! yC such that the requisite diagrams commute.The object C is called the underlying object of the coalgebra and hC its structuremap. We often write the coalgebra as simply C with the structure map understood.Coalgebra morphisms f : C ! D are arrows f : C ! D of the underlying objectssuch that the following square commutes:C f - DhC ? ?hDyC yf - yD



60 U. S. REDDYWhat we call \object spaces" are (special classes of) y-coalgebras and \regularfunctions" are coalgebra morphisms.A free coalgebra is a pair hyA; dupA : yA ! yyAi for an object A of C. Noticethe (natural) isomorphismCy(C; yA) �= C(UC;A)where U : Cy ! C is the \underlying object functor". The maps in the twodirections are:f̂ = C hC- yC yf- yA for any f : UC ! A�g = UC Ug- yA readA- A for any g : C ! yAMorphisms of the form f̂ are called \regular extensions" of linear maps in Sec-tion 4. Likewise, �g is the \linear pattern" of a regular function. The semantics ofinterference-controlled Algol is given using free coalgebras.If C and D are coalgebras, their tensor product C 
 D can be made into acoalgebra by associating the structure map:C 
D hC 
 hD- yC 
 yD mergeC;D- y(C 
D)The tensor unit is h1;merge1 : 1! y1i. This gives a symmetric monoidal structureto Cy. However, C 
D is not a free coalgebra even if C and D are. So, we cannotsimply work in the subcategory of free coalgebras. This is the reason for using amulticategory structure in Section 4. We require, however, that h1;merge1i is theterminal object in Cy. This gives a unique coalgebra morphismdiscardC : C !R 1which is used for interpreting \weakening" (implicit in the rule Id).For any coalgebra C and a free coalgebra yA, there exists an exponent C ) yA =y(UC �� A). This is clear from the isomorphismsCy(D 
C; yA) �= C(UD 
 UC;A) �= C(UD; UC �� A) �= Cy(D; y(UC �� A))The associated combinators are:�(f) = D hD- yD y�(readA�f)- y(C �� A)applyC;yA = y(C �� A) 
C h- y(y(C �� A) 
C)y(read
id)- y((C �� A)
 C) yapply- yAThus, in the words of [9], \the full subcategory of �nite tensor products of freecoalgebras forms a symmetric monoidal closed category" whenever C is symmetricmonoidal closed and y is a symmetric monoidal comonad.If C has products (which is the case for our base categories), the free coalgebrashave products. The product of yA and yB is y(A� B). The maps involved in thisstructure are:



GLOBAL STATE CONSIDERED UNNECESSARY 61� y(A� B) y�1- yA and y(A �B) y�2- yB.� C hC- yC yh �f ;�gi- y(A �B).Recall that 1 is already the terminal object and is now seen to be isomorphic toy>.It is easily veri�ed that, by considering arrows f : yA1 
 � � � 
 yAn ! B of Cas multi-arrows f : A1; : : : ; An ! B, we can form a multicategory. We call thisthe \Kleisli multicategory" of C under y and denote it by Cy
y. The semantics ofSection 4.3 is given in such a multicategory.All of this captures the surface structure of the model, given an appropriatecomonad y. It does not, however, explain y (which is where the novelty of thepresent model lies). An earlier paper [59] de�nes y as the free comonoid comonadwith respect to an additional (non-symmetric) monoidal structure (>;1). Thebifunctor > called \before" represents a notion of sequential composition. See [63]for a proof-theoretical study of this bifunctor.PassivityThe category of active-passive coherent spaces used for modelling passivity hasimportant elements which can also be expressed at the categorical level.Our prototypical base category C (such as APCohL) has a full subcategory Pfor modelling passive types. This subcategory is re
ective as well as co-re
ective.(See [34], Sec. IV.3.) This means that there are functors };P : C ! C takingvalues in P such that we have the natural isomorphisms:passify�1 : P(}A;P ) �= C(A;P ) : passifypromote�1 : P(P;PB) �= C(P;B) : promoteBy the �rst isomorphism, we obtain a natural transformation pasA : A ! }A asthe unit of the re
ection, and, by the second isomorphism, derB : PB ! B as theco-unit of the co-re
ection.For active-passive coherent spaces, the functor } assigns, to each space A, itspassive subspace }A and, to each (passivity-re
ecting) linear map f : A!L B, thecorresponding restriction }f : }A !L }B. The unit pasA is given by f a 7! a :a 2 jAj} g. The isomorphism passify and the unit pas are used in interpreting thetype rules Passify and Activate respectively.The functor P assigns to each space A, the passive space PA with jPAj = jPAj} =jAj and the same coherence relation as A. A (passivity-re
ecting) linear map f :A!L B is mapped to the same map regarded as an arrow PA!L PB. The co-unitderB is given by f b 7! b : b 2 jBj g. The isomorphism promote and the co-unitder are used in interpreting the type rules Promote and Derelict respectively.Note that the functor } is full. This makes the unit pasA a split epi. The rightinverse of pasA is then a monic, actA : }A! A. We may thus call }A the \passivesubobject" of A (terminology �rst used in [45]).



62 U. S. REDDYThe full subcategory P is closed under all the constructions mentioned previously:
, 1, A �� (�), �, >, and y. Further, the re
ector } preserves all of this structureon the nose:}1 = 1 }(A 
B) = }A 
 }B}yA = y}A }(A �� B) = A �� }B}> = > }(A �B) = }A � }BSince } preserves the monoidal structure, the associated re
ection is a monoidaladjunction. This fact is also used in the interpretation of Passify and Activate.Finally, the passive sublanguage of interference-controlled Algol is a functionalprogramming language. Therefore, the tensor product in Py
y must be the cate-gorical product. One way of ensuring this is to notice that free y coalgebras in Phave \diagonals", i.e., there is a monoidal natural family of coalgebra morphisms:dupP : yP !R yP 
 yP = f p1 [ p2 7! (p1; p2) : p1 [ p2 2 jyP j gsuch that hP; dupP ; discardP i forms a commutative comonoid. Further, all coal-gebra morphisms are comonoid morphisms. It then follows that tensor products inPy
y are isomorphic to products by [9], Theorem 9. In other words, we have anisomorphismyP 
 yQ �= y(P �Q)given bypackP;Q : yP 
 yQ! y(P � Q) = f (p#1; p#2) 7! p : p 2 jy(P � Q)j gwhere p#1 = f fst:a : a 2 p g and p#2 = f snd:b : b 2 p g.Note that the Kleisli multicategory Py
y is equivalent to the Kleisli categoryPy because multicategory maps yP1 
 � � � 
 yPn ! Q are one-to-one with mapsy(P1 � � � � � Pn)! Q. The Kleisli category is cartesian closed.Finitary object spacesThe multicategory structure outlined above is not entirely ideal. For certain ap-plications, such as the Yoneda embedding used for modelling interference [47], onewould like to use an ordinary category rather than a multicategory. The di�cultyis that the free coalgebras do not have tensor products while the category of �nitetensor products of free coalgebras does not have products. So, some other approachis needed. There seem to be two alternatives.One can enrich coherent spaces with further structure so that free coalgebras oversuch enriched coherent spaces are closed under tensor product. Structures calleddependence spaces are described in [61] with this property. In addition to havingtensor products, these structures also give a smooth treatment of passivity.



GLOBAL STATE CONSIDERED UNNECESSARY 63The second alternative is to �nd a class of coalgebras that are closed under tensorproduct. We explore this alternative here by de�ning a class of coalgebras called�nitary object spaces. The main issue in formulating object spaces other than thefree ones is to calculate the exponentials. While the exponents of free coalgebrascan be represented by free coalgebras, the more general exponents cannot be sorepresented. So, we need to examine the structure of morphisms more closely.We de�ne an object space as a coherent space (jCj; _̂C) where the set of tokensis equipped with the structure of a partial monoid jCj = (jCj; �; eC) such that thefollowing condition is satis�ed:x1 � y1 _̂ x2 � y2 =) (x1 _̂ x2 ^ (x1 = x2 =) y1 = y2))To say that jCj is a partial monoid is to say that its multiplication operation \�"is a partial function. (We often omit \�" in writing a product xy.) Note that anobject space is a y-coalgebra with the structure map:hC = fx1 � � �xn 7! hx1; : : : ; xni : n � 0 ^ x1; : : : ; xn 2 jCj ^ x1 � � �xn 2 jCj gThere exists a preorder on the monoid of tokens de�ned by x � y () 9x0: xx0 = y.Note that, if a product xy is de�ned, then xy0 is de�ned for all y0 � y. Secondly,x � y implies x0 _̂ y0 for all x0 � x, y0 � y. In particular, eC _̂ x for all x 2 jCj.We call an object space �nitary if � is a �nitary partial order. (The set f y : y � x gis �nite for all x 2 jCj.) Regular maps f : C !R D are coalgebra morphisms, asusual. Thus, we form a full subcategory FOb of CohLy.A free object space yA is clearly a �nitary object space. Its �nitary partial orderis the pre�x order. It is easy to see that �nitary object spaces carry the structureof prime event structures which, in turn, correspond to dI-domains [83]. Regularmaps are special cases of linear maps on dI-domains.The tensor product C
D of object spaces is the tensor product of the underlyingcoherent spaces with the monoid structure being the monoid product jCj�jDj. Theobject space 1 has the one-element monoid structure. Note that 1 is the terminalobject of FOb. The product C �D of �nitary object spaces has the token-monoidjC �Dj = jCj � jDj, the monoid coproduct of jCj and jDj.To de�ne the exponent C ) D of of �nitary object spaces, we need to consideranother class of maps called active maps. An active map f : C !A D is a linearmap such that1. eC 7! eD 2 f , and2. x 7! y 2 f and y0 � y implies there exists (unique) x0 � x such that x0 7! y0 2 f .Note that active maps properly include regular maps. (They still form a subclass oflinear maps on dI-domains.) The tokens ofC ) D are active maps with a maximumpair x 7! y. Call them prime active maps. For an active map f : C !A D andpair x 7! y 2 f , let dx 7! yef denote the setdx 7! yef = fx0 7! y0 2 f : x0 � x ^ y0 � y g



64 U. S. REDDYThen all prime active maps can be written as dx 7! yef for some f : C !A D andx 7! y 2 f . The exponent C ) D is de�ned as follows:jC ) Dj = f dx 7! yef : f : C !A D ^ x 7! y 2 f gdx1 7! y1ef1 _̂ dx2 7! y2ef2 () 9f : C !A D: dx1 7! y1ef1 [ dx2 7! y2ef2 � fwith the monoid structure:eC)D = feC 7! eDgdx1 7! y1ef1 � dx2 7! y2ef2 = dx1x2 7! y1y2efwhere f = dx1 7! y1ef1 [ fx1x0 7! y1y0 : x0 7! y0 2 dx2 7! y2ef2 g(Note that the above product of prime active maps is de�ned if and only if theproducts x1x2 and y1y2 are both de�ned.) This construction closely parallels theconstruction of exponents for dI-domains [86]. To see that C ) D is indeed theexponent in FOb, suppose f : B 
C !R D is a regular map. For any x 2 jBj, wecan de�ne an active map f=x : C !A D byf=x = f y0 7! z0 : 9x0 � x: (x0; y0) 7! z0 2 f gThen, the natural isomorphism B 
 C !R D �= B !R (C ) D) is given by thecombinators:�(f) : B !R (C ) D)= fx 7! dy 7! zef=x : (x; y) 7! z 2 f gapplyC;D : (C ) D) 
C !R D= f (dy 7! zef ; y) 7! z : f : C !A D ^ y 7! z 2 f gLengthy calculations show that these maps are regular and give the required iso-morphism.To de�ne active-passive object spaces APOb, we equip object spaces (jCj; _̂C)with designated submonoids jCj} such that, for all x; y 2 jCj},xy = yxx � y =) xy = y(Since xy _̂ yx, the product xy of passive tokens is de�ned only if x _̂ y.)To summarize, we have the following hierarchy of full subcategories:CohLy � CohLy
y � FOb � Ob � CohLyAPCohLy � APCohLy
y � APFOb � APOb � APCohLywhere the notation Cy
y is used for the category of �nite tensor products of freecoalgebras. FOb and APFOb are the least categories in these hierarchies whichare closed under all of tensor products, exponentials and products. The semanticsof interference-controlled Algol can be viewed as working in the category APFOb.



GLOBAL STATE CONSIDERED UNNECESSARY 65Appendix BProof of Operational AdequacyThe proof follows the general plan of Plotkin [56]. Since this is standard, we mainlyfocus on the parts of the proof related to the handling of state.We call a phrase P semi-closed if all its free identi�ers are of types var[�]. Weuse � to range over variable type contexts. A semi-closed phrase of a base type(exp[�] or comm) is said to be a normal phrase if its only redexes are instances ofundef . So, normal phrases satisfy the following context-free syntax:(expressions) E ::= 0 j E1 + E2 j deref x j if(E;E1; E2) j undef(commands) C ::= skip j C1;C2 j C1 kC2 j x := E j if(E;C1; C2)j new[�] x:C j undefIf P is a semi-closed phrase of a base type, !(P ) denotes the phrase obtained byreplacing all its redexes by undef . Note that [[!(P )]] � [[P ]].To relate states involved in the operational semantics and traces involved in thedenotational one, we de�ne some relations. For s 2 jyvar [�]j, de�ne a relations�! � j�j � j�j inductively byi hi�! i0 () i = i0i hget:ji�s- i0 () i = j ^ i s�! i0i hput:ji�s- i0 () j s�! i0We extend this to states and trace environments (with respect to a context �j�0)by � ��! �0 () �(x) �(x)�! �0(x) for all identi�ers x in �j�0Note the following facts:1. The relation ��! is single-valued, i.e., � ��! �0 and � ��! �00 implies �0 = �00.2. If � is a passive trace environment, � ��! �0 implies � = �0.3. � ��! �0 for some � and �0 if and only if each �(x) is a storage cell trace.4. If � �1�! �1 and � �2�! �2 then �1 _̂ �2.Lemma 1 The semantics of normal phrases is sound and adequate for execution,i.e., for any normal phrase � j �0� P : �,� if � is exp[�] then (�; P ) + i () 9� 2 j[[�j�0]]j: � ��! � ^ � 7! i 2 [[P ]],� if � is comm then (�; P ) + �0 () 9� 2 j[[�j�0]]j: � ��! �0 ^ � 7! � 2 [[P ]].



66 U. S. REDDYProof: By induction on the structure of P . (Note that the �'s in the existentialsare unique.) This is a straightforward veri�cation. We show a few cases:Suppose P = E1 + E2. By de�nition of +, (�; P ) + i i� there exist i1; i2 suchthat i = i1 + i2, (�;E1) + i1 and (�;E2) + i2. By the inductive hypothesis, this isequivalent to the existence of �1; �2 such that � �1�! �, � �2�! �, �1 7! i1 2 [[E1]] and�2 7! i2 2 [[E2]]. All this amounts to the existence of � = �1 � �2 such that � ��! �and � 7! i 2 [[E1 + E2]].Suppose P = deref x. Then (�; P ) + i i� i = �(x). Let � = �0[x!hget:ii]. Wehave � ��! � and � 7! i 2 [[deref x]]. Since � is uniquely determined, the reverseimplication holds as well.Suppose P = (x := E). Then (�; P ) + �0 i� there exists i such that (�;E) + i and�0 = �[x!i]. By the inductive hypothesis, (�;E) + i is equivalent to the existenceof �1 such that � �1�! � and �1 7! i 2 [[E]]. Let �2 = �0[x!hput:ii]. We have� �1��2�! �0 and �1 � �2 7! � 2 [[x := E]].Suppose P = C1 kC2. Then (�; P ) + �0 i� there exist corresponding decomposi-tions � = �1��2 and �0 = �01��02 such that (�1; C1) + �01 and (�2; C2) + �02. By theinductive hypothesis, this is equivalent to the existence of �1; �2 such that �1 �1�! �01,�2 �2�! �02. �1 7! � 2 [[C1]] and �2 7! � 2 [[C2]]. We have �1��2 �1��2- �01��02 and�1 � �2 7! � 2 [[C1 kC2]].Suppose P = new[�] x:C. Then (�; P ) + �0 i� there exists i such that (� �[x!init [�]]; C) + �0 � [x!i]. By the inductive hypothesis, this is equivalent to theexistence of � and s such that �� [x!init [�]] ��[x!s]- �0� [x!i] and �� [x!s] 7!� 2 [[C]]. So, we have � ��! �0 and, since s 2 cellinit [�], � 7! � 2 [[new[�] x:C]].Lemma 2 Semantics is sound for reduction, i.e., if P �!� P 0 then [[P ]] = [[P 0]].Proof: By induction on the length of the reduction sequence P �!� P 0 and thestructure of P . It only remains to be seen that each reduction rule is semantics-preserving. This is a straightforward veri�cation. As an example, we show theproperty for the last propagation rule:if(P0; P1; P2) := Q �! if(P0; P1 := Q; P2 := Q)Suppose � 7! � is in the denotation of the left hand side. Then there is a decom-position � = �r ��0 ��l such that �r 7! i 2 [[Q]] (for some i 2 j�j), �0 7! t 2 [[P0]] (forsome t 2 ftt ;� g), and �l 7! put:i 2 [[Pk]] (for k = 1; 2 depending on t). Now, �rand �0 are passive traces (because i and t are passive tokens). So, � = �0 � �r � �l.Clearly, � 7! � is in the denotation of the right hand side. Moreover, the argumentis invertible. Hence, the two sides have the same denotation.For the opposite direction, we de�ne a notion of computable phrases:



GLOBAL STATE CONSIDERED UNNECESSARY 67De�nition. A phrase P is said to be computable if one of the following conditionsholds:� Suppose P is a semi-closed phrase of type �. If � is a base type, P is computableif there exists P 0 such that P �!� P 0 and [[P 0]] is adequate for execution (inthe sense of Lemma 1, forward direction). If � is var[�], P is computable ifderef P is computable and P := E is computable for all semi-closed computableexpressions E. If � is �1 � �2, P is computable if fst(P ) and snd(P ) arecomputable. If � is �1 ! �2, P is computable if, for all semi-closed computablephrases Q, PQ is computable.� A general phrase x1 : �1; : : : ; xn : �n � P : � is computable if, for all semi-closedcomputable phrases Q1; : : : ; Qn of appropriate types, [Q1; : : : ; Qn=x1; : : : ; xn]Pis computable.Lemma 3 If P �! P 0 and P 0 is computable then P is computable.Proof: By induction on the type of P .Lemma 4 If [[P ]] = ; then P is computable.Proof: By induction on the type of P .Lemma 5 All phrases � j �� P : � are computable.Proof: By induction on the type derivation of P . We need to show that, forall semi-closed computable substitutions � that are correct for � j �, �(P ) iscomputable. The proof is a standard argument. (See, e.g., [21].) We show onecase, P = if�, where a subsidiary induction on � is involved. The goal is to showthat for all semi-closed computable phrases P0, P1 and P2, the phrase if�(P0; P1; P2)is computable.If � is a base type, say comm, then if�(P0; P1; P2) �!� if�(P 00; P 01; P 02) wheneverPi �!� P 0i (for i = 0; 1; 2). It is easy to see that if [[P 0i ]] are adequate for executionthen [[if�(P0; P1; P2)]] is adequate for execution.If � is var[�], we must show that deref if�(P0; P1; P2) is computable and thatif�(P0; P1; P2) := E is computable for all semi-closed computable expressions E.For the �rst, use an argument similar to � = comm above. The second reduces inone step to ifcomm(P0; P1 := E; P2 := E) whose computability is covered by thecase of � = comm above. We have the conclusion by Lemma 3.If � = �1 ! �2, we must show that, for all semi-closed computable phrasesQ of type �1, if�(P0; P1; P2) Q is computable. This term reduces in one step toif�2(P0; P1Q;P2Q), which is computable by the inductive hypothesis for �2. Wehave the conclusion by Lemma 3.Proof of Proposition 9: Suppose C terminates, i.e., there exists C 0 such thatC �!� C 0 and ([ ]; C0) + [ ]. It is easy to see (by induction on the structure



68 U. S. REDDYof C0) that ([ ]; !(C0)) + [ ]. Lemma 2 gives [[C]] = [[C0]], and Lemma 1 shows([ ] 7! �) 2 [[!(C 0)]]. Since [[!(C 0)]] � [[C0]], we have ([ ] 7! �) 2 [[C0]].Conversely, if ([ ] 7! �) 2 [[C]], by Lemma 5, there exists a phrase C0 such thatC �!� C 0 and [[C0]] is adequate for execution. Since [ ] is the only state for theempty type context and [ ] [ ]�! [ ], we have that ([ ]; C0) + [ ]. Hence, C terminates.Notes1. We use the terminology of Algol 60 [41]: \variable" means a storage variable and \identi-�er" means a variable in the sense of lambda calculus; \expression" means a state-readingcomputation and \phrase" means a term in the sense of lambda calculus.2. We use the term \object-based" rather than \object-oriented" to emphasize that our objectshave state. The latter term is often used to describe languages with object inheritance, eitherwith or without state.3. The application of object-based semantics to full Algol is explored in the later work [47].However, our experience suggests that this necessarily involves global states and functorcategories.4. The author is informed that P. W. O'Hearn developed this type system in 1991, but it wasnot made public because no semantic justi�cation for the rule Passify was known. Its revivalwas made possible by the present semantics | more precisely a variant of it presented in [61],which was itself motivated by the subject reduction issues with SCI. This mutual reinforcementis an excellent example of the interplay between syntax and semantics.5. This corresponds to the \copy rule" semantics for procedures described in the Algol 60 re-port [41]. There is, however, no notion of a standard reduction, and the normal form of aphrase is typically an \in�nite phrase." In practice, the reduction and execution phases ofthe semantics operate concurrently, with the execution phase demanding reduction steps whenneeded.6. In an earlier version of this paper [58], two kinds of values called \passive" and \active" valueswere mentioned. \Objects" of the present paper subsume both these values, though our focusis mainly on active values.7. This notion is consistent with the terminology used in the object-oriented programming com-munity, e.g., [82]. On the other hand, note that we propose to formalize this notion in a waythat has not been done before.8. The notation \val:0" means the value 0, tagged with a symbol \val" for identi�cation purposes.Mathematically, it is just an ordered pair (val; 0).9. We are using the term \simulation" in an informal sense. In particular, the technical notion of\simulation" as in [38] is quite di�erent. This is also the case for the recent use of \simulations"as morphisms in [13], [22], though there is a strong resemblance.10.The elements of A
B do not correspondto any kind of pairs (which justi�es the name \tensor"product). We use this construction in the context of linear functions (Section 4.2), where itwill be seen that the elements are not of much consequence.11.The stable order is often looked upon with suspicion because it gives inappropriate results forfunctional programming languages like PCF. However, we �nd that the stable order matchesquite well with imperative programming languages. See Sec. 6.12. In a previous version of this paper [58], the ! and y constructions on coherent spaces wereused to model \passive values" and \active values" respectively. The move to active-passivespaces allows us to model both kinds of values under one heading. This gives a more generaltreatment of interference-controlled Algol than previously possible.



GLOBAL STATE CONSIDERED UNNECESSARY 6913.While it has been possible, in principle, to calculate the structure of such simple domains bysyntactic means, there is no evidence that anybody has done so. The �rst instance wheresimple domains are calculated is in [50], where the calculation is done using semantic tools.14.This observation means that Milner's context lemma fails for Algol (as well as most otherprogramming languages with mutable variables), a known fact of folklore. From a categoricalstandpoint, this means that the fully abstract model of Algol is not a \well-pointed" cate-gory [40]. The functor category semantics of Reynolds and Oles [51], [66] seems to be the �rstwork to re
ect this fact.15.Note that the full abstraction result claimed in [73] is for a language with such a snap-backcombinator.16.The soundness of such proof rules is not in question as other models already exist for speci�-cation logic [49], [78]. The point of interest is that such reasoning principles are valid in ourmodel, while they would be invalid in models that support snap-back expressions.References1. I. J. Aalbersberg and G. Rozenberg. Theory of traces. Theoretical Comput. Sci., 60:1{82,1988.2. S. Abramsky. Interaction categories and communicating sequential processes. In A. W.Roscoe, editor, A Classical Mind: Essays in Honor of C. A. R. Hoare, pages 1{16. Prentice-Hall International, 1994.3. S. Abramsky and R. Jagadeesan. New foundations for geometry of interaction. InProceedings, Seventh Annual IEEE Symposium on Logic in Computer Science, pages211{222. IEEE Computer Society Press, June 1992.4. S. Abramsky and R. Jagadeesan. Games and full completeness for multiplicative linear logic.J. Symbolic Logic, 59(2):543{574, 1994.5. S. Abramsky, R. Jagadeesan, and P. Malacaria. Full abstraction for PCF (extendedabstract).In Theoretical Aspects of Computer Software, volume 789 of LNCS, pages 1{15. Springer-Verlag, 1994.6. G. Agha. Actors: A Model of Concurrent Computation in Distributed Systems. MIT Press,1986.7. K. R. Apt. Ten years of Hoare's logic: A survey. ACM Trans. Program. Lang. Syst.,3(4):431{483, October 1981.8. H. P. Barendregt. The Lambda Calculus - Its Syntax and Semantics, 2nd Edition. North-Holland, 1984.9. P. N. Benton, G. M. Bierman, V. C. V. de Paiva, and J. M. E. Hyland. Term assignmentfor intuitionistic linear logic. Technical Report 262, Computer Laboratory, University ofCambridge, August 1992.10. G. Berry. Stable models of typed �-calculi. In Fifth Intern. Colloq. Aut., Lang. and Program.,volume 62 of LNCS, pages 72{88. Springer-Verlag, 1978.11. G. M. Bierman. On Intuitionistic Linear Logic. PhD thesis, Computer Laboratory,University of Cambridge, December 1993.12. S. Brookes, M. Main, A. Melton, and M. Mislove, editors. Mathematical Foundations ofProgramming Semanatics: Eleventh Annual Conference, volume 1 of Electronic Notes inTheor. Comput. Sci. Elsevier, 1995.13. C. Brown and D. Gurr. A categorical linear framework for petri nets. In Proceedings, FifthAnnual IEEE Symposium on Logic in Computer Science, pages 208{218. IEEE ComputerSociety Press, June 1990.14. R. Cartwright, P.-L. Curien, and M. Felleisen. Fully abstract semantics for observablysequential languages. Inf. Comput., 111(2):297{401, June 1994.15. J. W. de Bakker,W.-P. de Roever, andG. Rozenberg, editors. Linear Time, Branching Timeand Partial Order in Logics and Models of Concurrency, volume 354 of LNCS. Springer-Verlag, 1989.
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