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Abstract

We present and compare two models of object-oriented languages. The first we call the
closure model because it uses closures to encapsulate side effects on objects, and accordingly
makes the operations on an object a part of that object. It is shown that this denotational
framework is adequate to explain classes, instantiation, and inheritance in the style of
Simula as well as SMALLTALK—80. The second we call the data structure model because it
mimics the implementations of data structure languages like CLU in representing objects
by records of instance variables, while keeping the operations on objects separate from the
objects themselves. This yields a model which is very simple, at least superficially. Both
the models are presented by way of a sequence of languages, culminating in a language
with SMALLTALK—80-style inheritance. The mathematical relationship between them is
then discussed and it is shown that the models give equivalent results. It will emerge from
this discussion that more appropriate names for the two models might be the fixed-point
model and the self-application model.

1 Introduction

Object-oriented languages, such as SMALLTALK-80! [GR83], have recently received a lot of
attention. However, the term “object-oriented” does not seem to have a commonly accepted
meaning. It is sometimes used to refer to the presence of data objects with local state, sometimes
to the coupling of data with operations, sometimes to record subtyping, sometimes to the notion
of class inheritance, and sometimes to the specific notion of inheritance in Smalltalk which
involves a kind of “dynamic binding”. The first of these notions, viz., objects with local state,
has long been used in the functional programming community to encapsulate “side effects”
whenever they were necessary [ASS85, KL85]. These are sometimes loosely referred to as
closures. A closure is essentially a function or a data structure containing functions with some
local bindings to values or storage locations. In describing the semantics of object oriented
languages, it seems natural that such a notion of closure should play a role. The second notion,
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that of coupling data with structures of operations, is used in data abstraction languages like
CLU [LAB™81]. A distinguishing feature of these languages is that the structure of operations
is shared by many data objects.

SMALLTALK and other object oriented languages, of course, go much beyond data objects
with local states or coupling of data with operations. They allow classes to be defined, objects
to be created as instances of classes, class descriptions to refer to the receiving object in
terms of self, and subclasses to be derived from superclasses. Whether all these concepts
can be explained in terms of closures or data structures is an interesting question. If so, the
denotational semantics of object oriented languages can be defined in terms of such concepts.

In this paper, we present two semantic models of object-oriented languages. The closure-
based model has been presented previously in [Car84, Coo89, Red88]. The data structure model
appeared in [Kam88]. Reddy [Red88] also gave an abstracted version of the model in [Kam88|
and commented on their relationship. The present paper is an expansion of [Red88], in which
the data structure model is presented more fully and the relationship between the models
is formalized. In particular, the models are shown to give equivalent results. The assertion
in [Red88] that the closure model is more abstract than the data structure model is discussed,
though we have not succeeded in proving it.

To present the semantics, we discuss a series of small abstract languages. Firstly, ObjectTalk
is a language in which objects can be defined, but no classes. In the second language, ClassTalk,
classes can be defined and objects can be created as instances of classes. The third language,
InheritTalk, provides subclass to be defined by inheriting from other classes. The bindings of
messages used by superclasses are not affected by inheritance. The inheritance of Simula [DN66]
and C++ [Str86] work in this fashion (when virtual functions are excluded). Finally, we define
a language called SmallTalk, which implements inheritance in the style of SMALLTALK—80, by
rebinding messages in subclasses. 2

The four languages are defined in each of the two models in sections 3 and 4, respectively.
Section 2 establishes our notations and gives the semantics of simple imperative language
constructs. Section 5 comments on the relationship between the two models and, in Section 6,
we formalize the relationship and prove the computational equivalence of the two models.

2 Denotational Framework

Our style of presentation will be to consider a series of small abstract languages with increasingly
more expressive power. For obvious reasons, we will not treat a full language, but only those
portions which are of interest to object-oriented programming. To set the context, let us first
give some examples of syntactic constructs:

?In the terminology of P. Wegner [Weg87], ObjectTalk is a prototypical “object-based” language, ClassTalk
is a “class-based” language while InheritTalk and SmallTalk are “object-oriented” languages.



x,y € wariable
e € expression

e == x|valofe|xz:=e|letz=e;iney

Here, we have only two kinds of syntactic objects variable and expression, and three kinds
of expression constructs. For pedagogical reasons, we use the dereferencing operator valof to
access the contents of a location. (It allows us to use a single semantic function, rather than
two separate ones for the I- and r-values of expressions).

Conventionally, the meaning of an expression [Sto77] is of the type

env — state — val X state.

So, an expression valuation [e]no is some (v,0’). The bindings of free variables in e, which
may be values or locations, are obtained from 7, and the contents of locations are obtained
from the state o. Our semantic domains and a sampler of semantic definitions are given below:

a € loc
v,w € wal = basicval + loc+ - --
n € env = wartable > val
o € state = loc— val
[-1 : env— state — (val x state)
o = (w,0)
[valof e|noc = let («,0’) = [e]no
ina € loc— (d'a,0'); ?
[t:=¢€]noc = leta=nz

(v,01) = [e]no
in a € loc — (v, 01[a—v]); ?
[let x = ey inex]no = let (v1,01) = [e1]no
in [e2] (n[z—v1]) o

Let us make a few comments about our notation. The symbol 7 denotes an error value. We do
not elaborate its meaning any further. (See [Sto77] for a detailed discussion). Environments
and states are finite partial functions, and we often need to update them (like in the semantics
of assignment above). The notation f[z—v] means a copy of the function f that maps z
to v, leaving everything else unchanged. Similarly, f[zi—v1,...,zr—vg] or f[Z—0] denotes
simultaneous multiple updates. A second notational device is f; f/ which means the update of
f with all the bindings in f’ (note: f’ should be a finite mapping). The symbol 1, denotes the
empty environment and o | denotes the empty state.



Closures The notion of closure arises from the fact that expressions may have free (nonlocal)
variables. The type env — state — (val X state) shows that an expression valuation depends
on an environment and a state. Given both, the value of the expression is fixed. Now, consider
a procedure valued expression with free variables, e.g.,

let f() = (« := valof y) in f
The “value” (i.e. the val part in the above type) of such an expression is, in turn, of the type
procedure = val™ — state — (val x state)

It can be applied to a tuple of value arguments v and then executed in a state o, producing a
result value and a new state. The environment at the point of its application does not affect
its meaning. Thus, if the definition of f is evaluated (not applied) in an environment 7 with
nx = and ny = a9, then the value of f is

c=X(). \o. ((0 ag), ola;—(o a3z)])

The variables = and y have been replaced by their bindings vy and as, and this procedure will
forever transfer the contents of the location s to the location «;. A procedure value, such
as ¢, is called a closure®. The expression of which it is a value may have had free variables.
But, they have all been eliminated before we obtain the value. The closure itself now does not
“depend” on any variables.

Another programming language feature concerned with closures is the declaration of mu-
table variables in local contexts. To make this precise, let us add another construct to our
example language:

e ::= local z; e end
Its semantics is given by
[local z; e end]no =
let a = newloc o — new location for x
o1 = extend 0 o — allocation of the location (1)
m = nzr—al — local environment for e

in [[6]] m o1
newloc is the operation on states that delivers a new location; it returns that location, and
extend returns a state in which that location has been allocated (i.e. is no longer available to
newloc; see [Sto77, p. 287-288] for further discussion of these functions.
This sequence of definitions arises so often in this paper that we introduce a new function
alloc for it:
alloc o (x1,...,x,) = let a; = newloc o (2)
o1 = extend o oy

oy, = newloc oy—1

o, = extend o,—1 O,

no = NL[r1—01,. .., Tp—ay)
in (no,01)

3We are using the term here to denote the general notion of an abstraction with no free variables, rather than
the particular representation of such abstractions as pairs of expressions and environments [Sto77, p. 44]



Now, (1) can be simply rewritten as

[local z; e end]no = let (g, o1) = alloc o (x) (3)
in [e] (n7;m0) o1

Returning to our discussion of closures, suppose the expression e in such a context defines and
returns a procedure, like in

local z; let f() = (x := valof y) in f end (4)

then the location assigned to x is built into f. Moreover, only f can access this location. The
rest of the program can affect the value of the location only by calling f. It is often said that,
in such a situation, the location of x makes up the local state of f. More accurately, f has an
exclusive “local window” on the global state (since it can access or modify the rest of the state
as well). The rest of the program has neither access to, nor interest in, the structure of this
local window or the variables used for accessing it.

We will show that objects in object oriented languages can be modeled by such closures
with local windows to the state. Further, the model can be extended to cover the notion of
classes and inheritance as well.

Data structures The second semantic concept we use in this paper is that of a data
structure. A data structure is a compound object whose components include data values
as well s operations on those values. (Thus our use of the term “structure” draws from the
mathematical notion of structure). This is in contrast to closures which only contain operations
as components. Data structures are familiar from languages supporting abstract data types
such as CLU [LAB™81] and Ada [DoD82], except that the operations in such languages are often
associated with static types rather than with data values. The treatment of CLU in [Kam90]
is closer to our notion of data structure.

The closure defined in (4) can be expressed as a data structure by making the local variable
a part of the result:

local z; let f(z) = (z := valof y)in (z, f) end (5)

Note that both the location = as well as the operation on x are available to users. It may
appear that data structures violate the principle of data encapsulation by offering the users
direct access to representations. However, they provide flexibility in defining “privileged” users
who require access to representations. We will see that inheritance as in SMALLTALK—80
involves such privileged users.

3 Closure Semantics

In this section, we develop semantics for a series of small abstract languages based on the
closure model. For quick reference, we define below the various semantic domains involved in
this development:



v € walo = basicval + loc + objectval + classval + superclassval
o € objectval = menv

p € menv = message — method

1w € method = wal* — state — (val X state)

& € classval = state — (menv X state)

Y € superclassval = state — (env X (menv — menv) X state)

3.1 ObjectTalk

The simplest of our abstract languages is ObjectTalk. In this language, an object can be defined
using the syntax

enx=obj (x1,...,x,) {m1(1) = €1,...,m(yx) = er}

Here xi,...,x, are the local variables of the object (also called instance wvariables), and
mq,...,my are the “messages” (or operations) that the object responds to. The definition
of a message is called its “method”. There is no notion of a class. However, methods can
create objects each time they are called, so the effect of classes can still be achieved by objects.
The syntax for sending messages to objects is

e = e,.m(€g)

where e, is the receiver object, m is the message and e, are the argument expressions. The
following definition of a point object illustrates these constructs:

p = obj (z,y){put(a,b) = beginx:=a; y:=bend,
dist() = sqrt(sqr(valof z) + sqr(valof y)), (6)
closer(q) = self.dist() < q.dist() }

This declares two local variables x and y for the coordinates of the point, and three messages.
The put message sets the coordinates of the points; the dist message gives the distance of the
point from the origin; and closer takes another “point-like” object ¢ as a parameter, and checks
if the current point is closer to origin than q. The special variable self denotes the very object
being defined (p, in this case). We could have used p in place of self. But, note that p is an
external name being given to the obj expression. We would want to define objects without
giving them names. The variable self is useful to refer to the object, in such contexts.

What should objects denote? From the point of view of a user, an object simply responds
to a set of messages. So, the meaning of an object can simply be an environment binding
messages to their methods (message environments). The summand objectval of val can thus
be defined by

p € objectval = menv = message — method
i € method = wval* — state — (val x state)



The domain method is similar to the type of procedure values discussed in the last section.
Here is a first attempt at the semantics for obj-expressions:

[obi(Z){m(7i) = ei}]no =
let (n,,01) =alloco & — value environment of the object
p = prImi—Aw. [e;] (n;n0[yi—w])] — message environment

in <p70-1>

Note that the message environment p produced as the value of the object expression is a closure,
since the local environment 7, is absorbed in it. Thus the object has an exclusive window to
the locations allocated in 7,.

This semantics is not yet complete because we would like to have recursive references to an
object’s messages in the methods defining those messages. This recursion is achieved indirectly
by sending a message to the special variable self. The use of self is accommodated in our
semantics as follows:

[obj(z){mi(y:) = ei}]no =
let (n,,01) = alloc o
p = fiz (Ap. primi=Aw. [e&] (n;m0[gi—w, self-p])])
in <,07 01>

(7)

The only change is in the environment in which the method-expressions are interpreted. We

bind the variable self to the message environment p that is being constructed for the object.

But this makes the definition of p recursive, and we resolve it by introducing the fixed point

operator fix. The use of fixed points to model references to self first appeared in [Car84].
The meaning of a message send is defined as follows:

eo-m(e)no =let (p,01) = [e,|[noc — message environment of e,
n p n
(v,09) = [e]no1 — values of arguments (8)
in pmuvog

Using the semantic definitions (7) and (8), the meaning of the point object p defined in (6) can
be expressed as follows: (where o, and «, are the locations allocated for x and y)

pp = fix (Ap. [put = Mwg, wp). (Wy, Ao. Ol0z—Wa, 0y—wp)),
dist — — A). Ao (\/(002)2 + (0 a)?, o),
closer —  Xpg). Ao. let (v1,01) = pdist () o
<?)2,0’2> = pq dist <> 01
in (v) < wvg, 02) )

Since this recursion converges finitely, it simplifies to:

pp = [put — Mwg, wp). Ao. (wp, olag—w,, ay—wp),
dist  — ). Ao (/(0 02)? + (0. 0y)2, 0),
closer —  Xpg). Ao. let v = \/(0 az)? + (o ay)? (9)

(v2,09) = pg dist () o
in (v1 < v9, 09) ]



3.2 ClassTalk

In this language, we introduce classes without inheritance. The syntax is similar to that of
objects:

e u=class (z1,...,2p) {mi(41) = e1,...,my(Uk) = ex}
Instance objects of classes are created by the expression

€ = new e,

Now, we can define a generic point class instead of a specific point as in (6):

point = class (x,y) { put(a,b) = beginz:=a; y:=bend,
dist() = sqrt(sqr(valof z) + sqr(valof y)), (10)
closer(q) = self.dist() < q.dist() }

Every evaluation of new point yields a new instance of point.
The semantics of classes should naturally satisfy the property

[new class(z1,...,xn){m1(g1) = €1,...,mi(yx) = er}] (11)
= [[Obj(l‘l, R ,xn){ml(gjl) =e1,... ,mk(gjk) = €k}]]

since instantiating a class expression to get an object is the same as directly using an obj-
expression. So, the class construct provides a gemerator which can be invoked to obtain an
objectval. The simplest such generators are given by the domain

¢ € classval = state — (menv X state)

and we add it as a new summand to the val domain. The semantics of the constructs is given
by:
[class(z){m;(g;) = ei}]no =
(Ad'. let (n,,01) = alloc o’ T
p = fix(Ap. poLmi—(Aw. Ao. [e;] (n;m0]gi—w, self—p]) o)) (12)
in (p,07),
o)
[new e Jno = let (&, 01) = [ec]no in £oq
Classes do not add any expressive power to ObjectTalk owing to the equivalence (11). In
fact, the effect of classes can be achieved in ObjectTalk by the following translation

class(#){M} = obj(){new() = obj(z){M}}

new ¢ = c.new()

However, ClassTalk has an advantage from a software engineering perspective. There are good
reasons to disallow free variables denoting objects in obj or class expressions. That way, we can
treat every object as a self contained unit. In fact, in SMALLTALK—80 no free object references
are allowed in class descriptions. But, we do want class descriptions to refer to other classes.
This is like importation of modules. The above simulation of classes in terms of objects does
not allow such preferential treatment to free class references. So, even without inheritance,
classes are useful.



3.3 InheritTalk

In this language, we introduce a simple form of class inheritance. A subclass of another class
can be expressed by the construct:

e :=subclass e; (x1,...,2,) {m1(g1) = €1,...,mk(yx) = ex}

An instance of such a subclass would have all the variables x1,...,x, as well as the instance
variables of the superclass e. even though none of them would be visible to the users. Similarly,
it would accept all the messages myq,...,my as well as the messages specified in e.. There is
also a notion of overriding. That is, if a message is specified in both the superclass and the
subclass, then the subclass method overrides that of the superclass. However, the behavior of
the superclass instances are (reasonably) not modified by the subclass specification; only the
instances of the subclass use the overriding methods. This is similar to the overriding caused
by statically nested scopes. In fact, our semantics of inheritance in InheritTalk closely follows
that of nested scopes:

[subclass e.(Z){m;(y;) = e;}]no =
let (&.,01) = [ec]no
in (Ao’. let (p.,01) = &0’
(No, 0b) = alloc o} T
p = fix(Ap. pe[mi—Aw. [e;] (n;no[gi—w, self—p])])
in (p, 03),
o1)

When instantiated in a state o/, the classval of the subclass first instantiates the classval, &,
of the superclass. This yields a message environment p.. The subclass then allocates storage
for the additional instance variables Z, and constructs the message environment p by updating
pe. The essential difference between this and the semantics of the class construct (12) is in
the use of p. instead of p, in constructing p. The default inheritance of Simula [DN66] and
C++ [Str86] work in this fashion (when virtual functions are not used).

3.4 SmallTalk

Note that, in InheritTalk, the variable self means different message environments in a superclass
and its subclass. It can be justifiably argued that self should denote the message environment
of the receiver object, and therefore should have the same meaning in both classes. Consider,
for example, the following subclass manpoint (for Manhattan point) of the point class:

manpoint = subclass point () { dist() = (valof z) + (valof y) }

The class manpoint inherits put and closer messages from the point class, but uses a different
notion of “distance from origin” (the sum of the z and y coordinates). We want to be able to
compare manpoints using the closer operation inherited from the point class. But, such a use
of the closer operation should use the dist method defined in manpoint rather than that defined
in point. Note that InheritTalk does not achieve this kind of inheritance. What is inherited by
manpoint in InheritTalk is a fixed behavior of an object as a point, as in (9). The recursion over



self is already resolved in such behavior, and closer can only compare the Euclidean distance.
Inheritance in SMALLTALK-80 does not make such early commitment to the meaning of self.
Any instance of manpoint consistently uses the new method for dist defined in the subclass
definition. Similar inheritance can be achieved in C++ using “virtual” functions. We call this
form of inheritance dynamic inheritance (and, by contrast, the inheritance of InheritTalk static
inheritance) since the meaning of self is not determined statically by the class expression in
which at appears, but dynamically when the class is instantiated.

This form of inheritance poses an interesting semantic issue. If manpoint inherits the
“behavior” of closer from the point class, then closer cannot behave differently in the instances
of point and the instances of manpoint. So, what is inherited from point is the “behavior of
closer parameterized by the behavior of self”. This means that the semantic description of a
class-expression cannot directly bind self. Its binding would be known only when the class is
instantiated by new. So, the meanings of class-expressions would now involve transformation
functionals of the kind

T € menv — menv

We can think of 7 as accepting the menv of self as a parameter, and producing a new menv
for self. Such functionals were also involved in the semantics of ClassTalk and InheritTalk; but
they were immediately eliminated in favor of their fixed points.

Another semantic issue of SMALLTALK-80 that we would like to model is that the instance
variables specified in a class ¢ are visible to its subclasses. For instance, manpoint references
the instance variables x and y specified in point. This means that it is not possible to hide the
local environment in a class definition. These two issues motivate us to replace the subdomain
classval of val by

Y € superclassval = state — (env X (menv — menv) X state)

The superclassval of a class is its meaning as seen by a subclass of it. But, to instantiate a
class using new, we need its classval. The following function close coerces superclassvals to

classvals:
close : superclassval — classval

closep = Mo.let (n,7,01) =)o
in (fizT,01)
When instantiated in a state o, a superclassval produces a triple (n, 7,01). If the instantiation
is done using new then the environment 7 is ignored and the fixed point of 7 is produced as

the object (using the above coercion close). But, if the instantiation is from a subclass, then
the subclass can extend n with additional variables and 7 with additional messages, to produce

10



another such triple. The following definitions state this:

[class(z){m;(7:) = ei}]no =
(Ad’. let (n,,07) = alloc o’ T
T = Ap. pLmi—Aw. [e;] (n;no|yi—w, self-p])]
in <77077'7 ‘7/1>7
o)
[subclass e.(Z){m;(y;) = e;}]no =
let (1, 01) = [ec]no
in (\o’. let (n.,7.,01) = o
(Mo, 0b) = alloc o} T
T = Ap. Teplmi—Aw. [;](n; ne; no[yi—w, self—pl)]
in (n/,1,0%),

/

0'1>

The significant part of this semantics is the definition of 7. Given a binding p of self, 7p first finds
Tep (the menv determined by the superclass e.) and then extends it with new message bindings.
This technical meaning of SMALLTALK-80 style inheritance was independently discovered by
Cook [Co089].

SMALLTALK-80 also has a special variable super which, appearing inside a method expres-
sion, denotes the receiver object viewed as an instance of the superclass. This can be modeled
by modifying the environment used for method expressions e; to be

1 [yi—w, self—p, super—7.p]

The semantics of new is to close the superclassval to a classval and instantiate it in the

current state:
[new ec]no =1let (¢, 01) = [ec]no
in close 1 o1

Let us use the point and manpoint classes to illustrate these semantic definitions. To make
the meanings intuitive, we use an informal description. The menv transformation functionals
(for an object with local environment 7,) are

Foointlio] = Ap. [put — st 7, and 7,y,
dist — Euclidean distance,
closer — compare p dist and argument’s dist |
Tmanpoint [770] = Ap. [pUt — set nor and 7oy,
dist — Manhattan distance,
closer — compare p dist and argument’s disti |
(13)
Notice that only the binding of dist is changed. When we close the superclassvals for

11



instantiation, we get the respective menuvs as fixed points:

Ppoint[No] = [put — set nox and 7.y,
dist — Euclidean distance,
closer — compare Euclidean distance and argument’s dist
Pmanpoint [770] = [pUt — set nox and 7.y,
dist — Manhattan distance,
closer — compare Manhattan distance and argument’s dist
(14)
This illustrates that SMALLTALK—80 style inheritance occurs at the superclassval level rather
than at the classval level. This fact can be used for reasoning about object oriented programs
as follows. When a class (or a subclass) defined, we cannot make any assumptions about
the behavior of self except that it looks something like the menv being defined. When a
class is instantiated, the instance object fixes the meaning of self and its behavior becomes
determined. Another way to think about programs is by giving two meanings to each class, in
terms of superclassvals and classvals. The superclassval meaning is as just mentioned. The
classval meaning assumes that self has the same behavior as the menv being defined. In this
view, we have to remember that what is inherited is the superclassval and what is instantiated
is the classval.
The fixed point involved in the above semantic definition merely models the recursion
involved in references to self. There may be other kinds of recursion involved in a program,
e.g., recursive references to classes in creating instance variables.

4 Data Structure Semantics

As discussed in the introduction, Kamin [Kam88| gave a different framework for describing the
denotational semantics of SMALLTALK—80. The essential difference is that, in that framework,
each object contains an explicit value environment. This corresponds to the notion of data
structure mentioned in Section 2. Accordingly, rather than methods seeing self as a variable
bound at object-creation time, they receive it as an argument each time they are applied. In
this section, we develop the semantics of our four languages using the data structure model.
Again, for quick reference, we list the semantic domains involved in this development.

v € val = basicval + loc 4 objectval 4 classval

0 € objectval = env X menv

p € menv = message — method

w € method = objectval — val* — state — (val x state)
(¢, p) € classval = (state — env x state) X menv

4.1 ObjectTalk

Again, objects are no longer simply message environments, but also include a value environment
for the bindings of instance variables.

12



[obj(z){m;(yi) = ei}]no = let (n,,01) = alloc o
po = [{mi(7i) = eitln
in <<7707p0>7 (71>

[{mi(7:) = ei}]n = [mi — X0, po)-A0.[e:] (0 no[self — (10, po), 5i — 1])]

Each method takes an additional implicit argument, (n,,p,) representing self. Whenever a
message is sent, its receiver is passed as an additional argument:

[eo.m(€)]no = let ({10, po), 1) = [eo]no
(v,02) = [e]nor
in p,(m) (1o, po) 0 02

As an example, consider again the definition of a point object:

p = obj (z, y) { put(a, b) = begin x:= a; y:= b end,
dist() = sqrt(sqr(valof z) + sqr(valof y)),
closer(q) = self.dist() < q.dist() }

Suppose o, and «, are the two locations that are allocated in the current state for the
variables z and y when this expression is evaluated. It will produce the following object:

( [z — azy—ayl,
[pUt - )‘<nr,pr>')‘<va’Ub>')‘0'<vb’ U[nr(ﬂﬁ) - vaanr(y) - Ub]>v
dist — X0y, pr) X)- Ao (Vo (n(2))? + a(n,(y))?, 0),

closer — Xy, pr) M(Nay pa))-Ao. (15)
let (vi,01) = p, dist (e, pr) () O
<U27 02> = pq dist <77a7pa> <> 01

in (v < v9,09)]

)

What most clearly distinguishes this object from the one in section 3.1 is that the locations
o, and o, do not appear in any of the methods, and the definition of dist is not used in the
semantics of closer. The meanings of the methods in an object are independent of that object.
In this sense, these methods are far more general than necessary, since they are equipped with
the ability to be applied to any object, when in reality they will always be applied to the object
in which they are contained (as can be seen in the semantics of message sends). On the other
hand, this flexibility turns out to be useful for the semantics of inheritance.

4.2 ClassTalk

As in the closure model, ClassTalk does not require major changes in the semantics. As in
Objecttalk, but in contrast to [Kam88], we keep the method environment defined by the class
in each object. Note that the meanings of methods are not dependent on the state:
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(¢, p) € classval = (state — env X state) X menv
[class(z){m;(g;) = e;}]no = ( (Ao.alloc o &, [{m;(g;) = e;}]n), o)

[new e[no = let ((¢, p),o1) = [e]no
(m,o2) = d(o1)
in ((n1,p),02)

A classval has two components: an allocator for instance variables and a message environment.
The former is used for each creation of an instance and the latter is directly shared by all
instances.

In [Kam88]|, objects contained class names, which indirectly referred to message environ-
ments (via a separate global environment). In this reformulation, we eliminate the indirect
reference and directly model classvals to contain the message environments.

4.3 SmallTalk

The straightforward form of inheritance in the data structure model immediately gives SMALLTALK—
80 style inheritance. So, we present the semantics of SmallTalk first and postpone its adaptation
to InheritTalk to the following section.

Unlike the closure semantics, the data structure model does not use a fixed point to bind
self. Hence, there is no need to define a separate superclassval which contains functionals.
To put this differently, any method is perfectly able to be sent to any object — it does not
“assume” it will be sent only to an object of its own class (recall the flexibility mentioned in
Section 4.1). Thus, a class inherits a method simply by copying it:

[subclass e. (%) {m;(7;) = e;}no =let ((¢c, pe), o’y = [ec]no (16)
b0 = Mo. let (n1,01) =¢.0
(n2,09) = alloc o1 T
in (n1; 72, 02)
Po = pe; [{mi(7i) = ei}n
in (6o, po),0’)

The allocator of the subclass extends the allocator of the superclass to account for the extra
variables and the the message environment of the subclass is a mere extension of that of the
superclass.

It hardly seems worth repeating the point/manpoint example here. The only difference
between point objects, as in (15), and manpoint objects is that, in the the message environment
of the latter, dist is bound to the Manhattan distance. The functions bound to closer are
identical in both the classes. This contrasts with the closure semantics (14), where the different
bindings of dist entail different bindings for closer. However, whenever a closer message is sent
to an instance of manpoint, the desired behavior is still obtained because the method uses
the binding of dist contained in the instance. Thus, classvals in the data structure semantics
resemble the superclassvals of the closure semantics.

14



Finally, let us consider how to define “super” in this model. Even though the syntax of
message send treats super as if it were an object, it is not really an object in the usual sense.
For, suppose it denoted an object o = (ns,ps). Then, the semantics of the message send
super.m(€) would be to invoke ps(m), passing o as the self argument. But here’s the dilemma:
the message m should be “sent” to self, i.e., self should be passed as the implicit self argument
to ps(m). Giving the name super as the receiver really only indicates where to start the method
search, not who the receiver is. So, super really denotes a message environment — a particular
view of self — rather than a real object. We need to define a special kind of message send to
such views of self: (note that super is being overloaded as both a “reserved word” and as a
variable):

[super.m(e)[no = let ps = n(super)
o = n(self)
(v,01) = [e]no
in ps(m) o v oy
The variable super needs to be bound in the environment at the point of m’s definition. To do
this, modify the semantics of subclass expressions (16) so that methods have the variable super
bound in their static environments, by letting the menuv of the class value be:

pe; [{mi(7:) = ei}nlsuper—pc]
Interestingly, this special treatment of super is not involved in the closure semantics because
objects in that semantics are precisely message environments.

4.4 Inherittalk

The crucial property of Inherittalk is that when a method m defined in a class C' is applied
to an object o, m effectively assumes that o is an instance of class C' and not of a subclass.
Indeed, if o is an object of a subclass, as soon as it becomes the receiver of m it loses all
ability to receive messages of its own class. This is because all message sends in C’s methods
are statically bound; it follows that they can only send messages defined either in C or in a
superclass of C'. Similarly, any instance variables of o that were declared in 0’s class cannot be
accessed by m or by any method called by m with o as receiver.

Thus, inheritance can be treated by a very simple mechanism: whenever an inherited
method is invoked, the receiver object is coerced up to the class in which the method is defined.

[subclass e. (Z){m;(y;) = e;}]|no =
let (e, pe), o’} = [elno
bo=MNo.let (n1,01) = ¢c0
(n2,09) = alloc o1 &
in (n1;72, 02)
po = (A Do.p(m)(coerce  pe )); [{ma(g) = e}l
in ((¢o, po), ')

where (coerce T p) modifies an objectval up to its superclass:

coerce T p. : objectval — objectval
np) = (N =T pe)
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5 Relationship between the semantic models

The most obvious relationship between these two models is that they give the same results (if
one were an operational semantics and the other denotational, this would be called adequacy
[Gun92]). This is proven in section 6.

A deeper relationship is that, as observed in [Red88] and [CP93], the closure model is more
abstract than the data structure model. Unfortunately, we do not yet have a formal proof of
this, but we have good reasons to believe it is so, and in the rest of this section we present
those reasons.

There are two ways in which the closure model (which we refer to as the C-model in this
section) is more abstract than the data structure model (the D-model). The more obvious
one is that, by including an explicit value environment in each object, the D-model fails to
abstract away from instance variable names. The less obvious is that the two models rely
on different models of recursion: an explicit fixed point in the C-model vs. self-application in
the D-model. The use of self-application essentially entails that D-objects contain functionals,
while the C-objects contain their fixed points. Since there are “more” functionals than fixed
points, there are more D-objects than C-objects. In this section, we explain how these two
models of recursion are employed.

First, let us briefly examine the first source of non-abstractness in D, the presence of
value environments in objects. It is easy to see that a kind of a-equivalence applies to object
definitions in C:

Clobj(z){mi(g:) = ei}] = Clobj(2){mi(y:) = eilz/7]}]

as long as the usual name conflicts are avoided. This equivalence fails to hold in D. The
semantics of obj-expressions exports the value environment to outside and then receives it
back as part of the receiver arguments of methods. Thus, even though renaming is not
observationally distinguishable, the equivalence is not present in the semantic values themselves.

On the other hand, this rule does not extend to class or subclass expressions in SmallTalk.
Since a subclass sees the instance variables of its superclass, those variables are part of the
superclass’s meaning.

We can now focus on the other source of non-abstractness in the D-model: it and the
C-model are based on distinct models of recursion. The former uses self-application familiar
from (untyped) lambda calculus while the latter uses explicit fixed points.

To get to the heart of the matter, we use a functional version of ObjectTalk (i.e., without
states or locations). We also assume that objects have no instance variables and that all
messages take a single argument. Further, we represent message environments as tuples of
methods rather than as maps from message names to methods. All these simplifications,
except for the one regarding states, are essentially benign. Since the functional ObjectTalk has
all the expressive power of untyped lambda calculus, the other features can be defined within
the simplfied language. The semantic domains for the language are

valc = basicval + objectvalc

objectvale = [valc — valc]* (17)
valp = basicval + objectvalp

objectvalp = [objectvalp — valp — valpl*
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The semantic functions for object definitions and message sends are as follows

Clobj(){mi(z) = estizin]n = fiz (Ap. (Av.Cles] nlself—p, z—v])iz1,n)
Cleo-mi(e1)]n = (Cleoln): (Clea]n)
Dlobj(){mi(x) = e;}iz1n]n = (Ap.Xv.D[e;] nself—p, z—v])i=1n
Dleo.mi(e1)]n = (D[eo]n): (Dleoln) (Plex]n)
Now, consider an object with a single message m:
E = obj(){m(z) = e}

Assume that all the uses of self in e are message sends of the form self.m(e’). The C-semantics
of such an object is of the form fixt. where t. is a functional of type [valc — valc] — [valc —
valc]. The D-semantics of the object is a function t4 of type [objectvalp — valp — valp] —
[valp — walp]. The meaning of each message send to self is of the form p p v where p is the
argument of 4. So, there is a function t/; : [valp — valp] — [valp — valp] such that

ta(p p) = ta(p)
The meaning of the object in the two semantics is

o, = fixt,
oa = Ap-ty(pp)

Modulo the fact that the two semantics work in different domains, ¢. and ¢/, are essentially
equivalent. They both express the meaning of e as a function of what can be written as self.m
and the formal parameter x. (“self.m” is the [val — wval] function obtained by invoking the
message. It is simply p in the C-semantics, and p p in the D-semantics). Finally, consider a use
of the object, such as

E.m(e)

The function denoted by E.m in the C-semantics is o, = fix t., and the function denoted in
the D-semantics is

oaoa = (Aptalpp)) (Mp-talpp))

The latter is Y ¢/, for the familiar Y combinator of lambda calculus which is equivalent to the
fixed point operator [Par70, Wad76]. Thus, both the closure semantics and the data structure
semantics express the same meaning by different means.

In Fig. 1 these ideas are illustrated for three examples: the simple case just described of an
object with one message; an object with two messages; and an object that inherits a method.4
In each case, it may be verified that the functions denoting the messages have the same infinite
expansions.

Having seen how the two models of recursion are employed, it is clear how the C-model is
the more abstract: there is, roughly speaking, a function from D-meanings of objects to their

“Tff: X — Aand g: Y — B, we use the notation f x g for the function Az, y).{fx, gy) of type X xY — AxB.
If f: X — Aand g: X — B, we use the notation [f, g] for the function Az. (fz, gz) of type X — A x B.
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Closure semantics Data abstraction semantics
An object with a single message:

let m = fizt let m’ = Xs. /(s s)
in...m... in...(mm)...

An object with two messages:

let (my,mo) = fix (t; X ta2) let (m},mb) = (Maq, z2). ) ([x1, 22] (x1,22)),
in...mj... XNy, x2). th ([x1, 2] (21, 22))
in ...(m} (mh,mb))...

An object inheriting a method from another:

let <m11,m12> = fZ.’E (tl X tlg) let <m’11,m'12> = <)\<l‘1,$2>. 75,1 ([IEl,.TQ] <IE1,$2>),
(ma1,mag) = fix (t1 X tag) M1, z2). thy ([21, 2] (21, 22))),
in ...mop... (may, mog) = (M,

Mz, z2). thy ([21,22] (71, 72)))
in ...(mb (mhy,mb))...

Figure 1: Interpretations of simple example objects

C-meanings, namely C — D(o4) = ogop. The discussion above also is a preview of the proof of
equivalence of the two semantics. As mentioned before, the simplifications made to the syntax
are benign and they can be easily removed while retaining the spirit of the proof. However, the
assumption about the restricted use of self (all the uses of self in a method are message sends)
is a serious restriction. In the next section, we formally prove that the two semantics give the
same computed results for all expressions.

6 Equivalence

In this section, we formally prove that the data structure semantics and the closure semantics
are equivalent for functional ObjectTalk. For this theoretical study, we use a simplified version
of ObjectTalk where objects have no instance variables and support a single message. This
language is defined by the abstract syntax:

ex=x | k|obj{\z.€'} | egler)

where x ranges over variables, k over constants, obj-expressions define objects with a single
message Ax.e’, and eg(e1) denotes the invocation of the unique message of eg with the argument
€1.

The domain of the closure semantics is®

C=B+[C—C]

5In this section, we abbreviate basicval to B, valc to C and valp to D.
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An object here is denoted by a function for its unique message. For simplicity, we assume that
all constants denote atomic values and there is a function C'onst mapping constant symbols to
their denotations in B. The semantics of the constructs is specified by:

Clzln = n=
Clkln = Const(k)
Clobj{ z.e'}]n = fix (Mo.Mv. C[¢'] n[self—o, x—v])
_ 1, if Cleg]n is L or is in B
Cleolenln = Cleo]n Clei1]ln, otherwise

Note that the meaning of obj-expressions involves the fixed point operator and message send
is simply function application.
The domain of the data structure semantics is simply

D=B+[D— D — D]

Objects here represent functions of two arguments, one for self and the second for the explicit
argument. (The domain is slightly larger than in (17) in that the first argument is not restricted
to objectvalp). The semantics of the language is then specified as

Dlzln = n=
Dlk]n = Const(k)
Dlobj{\z.e'}]n = No.\v. D[] n[self—o, z—1]
B 1, if Dleo]n is L orisin B
Dleo(eln = Dleo]n ® D[es]n, otherwise

The binary operator e corresponding to message send is defined by fex = f f x. Note that it
involves a self-application of the object.

The most direct way to establish a relationship between the two semantics would be to
exhibit a relation 6 between D and C which is respected by the two semantics. The relation
should be the identity on B and two objects must be related if, given #-related arguments,
they return f-related results, i.e., 8(0q4,0.) iff, for all vy and v., 0(vg,v.) = 0(0404v4, 0cVe).
Unfortunately, such a relation does not seem to exist because of the self-application o4. The
standard techniques for establishing such relations [Mil74, MS76, Rey74] fail. Therefore, we
follow a circuitous approach and show that each semantics approximates the other. The next
two subsections are devoted to this problem.

6.1 Data structure semantics approximates closure semantics

Since the data structure semantics models message send by self-application, the equivalence
proof mirrors the inverse limit construction for the domain D. Specifically, the domain is the

inverse limit Do, of the sequence Dy D, D, ... where Dy = {L} and each

D; is a retraction of D; 1 as determined by the functor

T(D):B+[D—>D—>D]
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The details of the construction may be found in [Rey72, SP82, Wad76]. For our purposes, it
is adequate to note that each D; has an isomorphic image in D, and there is a retraction P;
from Dy, to this image. The objects in D; (and, hence, those in the isomorphic image of D;
in D) are able to perform message sends at most i — 1 levels deep, either to themselves or to
other objects.

To model this state of affairs, we extend the language as follows:

ex=ua|k|obj{\z.e'} | eg(er) | obj'{rz.e/}
The interpretation of the new expressions is

D[[obj’:{)\m.e’}]]n = Pi(DJobj{\x.¢'}]n)
Clobj'{Az.¢'}]n = C[obj{\z.¢'}]n

That is, in the data structure semantics, the labeled expressions denote approximate ob-
jects but, in the closure semantics, the labels have no effect. An expression in which all
obj-expressions have labels is called an approximate expression.

Lemma 1 D[obj{\z.¢'}] = ||, D[obj' {\z.¢'}]

That is, every expression in the original language is expressible as the lub of approximate
expressions in the extended language. The proof uses the fact that L; P; = id.

We would like to prove that the meanings assigned by the data structure semantics are
“smaller” than those assigned by the closure semantics. However, this cannot be simply stated
as D[e]n C C[e]n because, for higher-order values, the two meanings do not even have the
same type. So, we should be satisfied if all the observable atomic values obtained in the data
structure semantics are smaller than the corresponding atomic values obtained in the closure
semantics. The following is the most natural requirement:

Theorem 2 For every ¢ € C, there exists a relation over D denoted by d < ¢ such that d < ¢
if and only if

1.d=1,
2.de B,ce B,and d C ¢, or
3.de[D—D—D],ce|[C—C],and, for all d and ¢, d' S = ded < cc.

The existence of such a relation is established using the standard techniques [Mil74, MST76,
MP87, Rey74]. See Appendix for the technical details. It may also be verified by induction on
n that:

Lemma 3 Ford € D and c € C, d < cif and only if, whenever di < ¢1,...d, < ¢, (for n > 0),
dedie---ed, € B=dedie...0d,Cccy...c,.

The advantage of this restatement of < is that it does not have recursive references to < in the
consequent. Now, we are able to present the main result:

Theorem 4 If n; and 7, are environments such that ngz < n.x for all z, then Dle]ng < Cle]n.
for all expressions e.
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Proof: We first prove the statement for approzimate expressions in the extended language (i.e.,
all obj-expressions have integer labels). The proof is by structural induction on expressions and
the integer labels on the obj-expressions.

e ¢ = x;. The result follows from the assumption on ng and 7.
e ¢ = k. The result is trivial because both the semantics assign the meaning Const(k).

e ¢ = ¢p(e1). By inductive hypothesis, D[eg]ng < Cleo]n.. If the former is L or is in
B, D[eo(e1)]ns = L and the result is trivial. Assume it is in [D — D — D]. Then, by
definition of <, C[eg]n. is also in [C' — C] and, whenever d’ < ¢, D[eg]nged < Cleg]n.c -

So, using the inductive hypothesis for eq,
Dleo]na ® Dle1]na < Cleo]ne Clea]ne

e = obj’{\z.¢'}. D[e]ng = Py(D[obj{\z.¢'}]) = L < Cle]ne.

e = obji{\z.¢’} and i > 0. To show that D[e]ny < C[e]n. we use Lemma 6.1. Assume
that dy < ¢1,...,dp S ¢ and D]e]ngedy e --- e d, € B. The objective is to show that
Dle]nqed,e---ed, C Cle]ncci ... cn. Ilf n =0, D]e]ng ¢ B, contradicting the assumption.
Assume that n > 0. First, calculate

Dlelna = Pi(D[obj{Az.€'}]na)
= P;(Ao. . D[e] nylself—o, x—v))
= Xo.Xv. P_1(D[€] nalself=P;_1(0), 2—P;_1(v)])
Next, notice that

Py (Dlelng) = Pio1 (P(Dobi Aa-c'Yna)) = Pr1(Dlobi{Az-€'}Ina) = Dlobj* {Az-¢'}na

So,
Dle]ngedie...ed,
= (Mo v.P_1(D[€] nalself-=Pi—1(0), 2—P;_1(v)])) e dy ®--- e d,
= Fi_1(D[€] nalself-Pi_1(D[e]na), 2—Pi-1(di)] e dy @ -- - @ dy,
C  D[e] nalself—D[obj’ H{\z.e/}|ng, z—dy] e d @ ... e d,
Similarly,

Cle]ncer...cn = fix (Mo v.C[e] neself—o,z—v]) ¢y ... cp
= Mu.C[€'] ne[self=C[e]ne, z—v] c1 ... cp
= C[€] nclself=C[e]ne, x—c1] ea ... cn

Now, by inductive hypothesis (for the smaller label i — 1),
Dobj" Y z.e/}ng < Clobj' H{\z.¢'} 1. = Cle]ne.
Since d; < ¢; by assumption, the inductive hypothesis applied to e’ gives

D[e'] nd[selfﬂp[[obj’;l{)\x.e'}]]nd, r—di] < Cle'] nelself=C[e]ne, z—c1]
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Hence, by Lemma 6.1,
D[e'] nalself—D[obj" Y \z.e/}]|ng, z—d] e do e - -ed,, T C[€'] n.[self—C[e]ne, z—c1]ca . . . cn

Thus,
Dlelngedie---d, CECle]n.ci...cy

This shows the result for all the approximate expressions.

Next, consider the full extended language. The only interesting case is e = obj{Axz.e’}.
(The other cases are similar to the above treatment). We again use Lemma 6.1 and assume
that d; < ¢ fori=1,...,n, and D[e]nsed; e---ed, € B. By Lemma 6.1, D[e]ny is equal to
LJ; D[obj*{\z.¢/}]nq, and, since e is continuous,

Dle]naedie---ed, =| |(Dlobj'{\z.c'}[naodi e ed,)

)

Use the same reasoning as above to conclude that
Dlobj {\z.¢'}|nsedie---ed, CClobj{\z.e'}n.c1...cn

and the lub of the LHS’s is smaller than the right hand side.
Since the result holds for the extended language, it must hold for the subset representing
the original language as well. R

6.2 Closure semantics approximates data structure semantics

This proof follows the same line of argument as the previous one. It is slightly simpler because
there is no self-application involved in message send.

Theorem 5 For every d € D, there exists a relation over C denoted by ¢ < d such that ¢ < d
if and only if

l. c=1,

2. ce B,de B and cCd,

3.ce[C—C],de[D—D— D]and, forall ¢ and d, ¢ <d = cd Sded.
This relation is constructed by induction on Cy, construction. We also have:

Sdiy..,en S dy (for

~J ~J

Lemma 6 For ¢ € C and d € D, ¢ < d if and only if, whenever ¢y
n>0),cc...cn€ B=cci...co,Cdedje---ed,.

Theorem 7 If 7., 7y are environments such that n.z < ngz for all x, then Cle]n. < D[e]nq for
all expressions e.

Proof.: The proof is by structural induction on expressions.

e ¢ = x. Follows by assumption on 7. and 74.
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e ¢ = k. Both the semantics assign Const(k).

e ¢ = ¢p(e1). By inductive hypothesis, Cleg]n. < Dleo]ns. If Cleo]ne is L or is in B,

Clen. = L and the result is trivial. If Ceg]n. is in [C — C] then, by definition,
Dleo]ng is in [D — D — D] and, whenever ¢/ < d, Cleg]n.c < Dleg]ng o d'. Since
Cle1r]n. < D[e1]nqg by inductive hypothesis, the result follows.

e = obj{A\z.¢’}. First, calculate

Clobj{Az.€'}]n.
= fizx(No.\v.Ce] ne[self — o,z — v])

= L];(Ao.xv. C[€e'] ne[self — o,z — v])*(L)

Call the functional involved here F, so that the semantics is | |; F*(_L). Since < is inclusive
in its C' argument, this holds if F*(L) < D[e]ns. We show the latter by induction on 3.

For i = 0, FO(L) = 1 < D[e]ng. Next, consider i > 0. To use Lemma 6.2, assume that
Cly...,cn € Cand dy,...,d, € D are such that ¢; <d; and cey...¢, € B. (So, n > 0).

~

Note that Fi(1) = F(F=1(L1)) = M.C[€'] ne[self — F=1(L),z +— v]. Hence,
Fi(L)ep...cp=C[e] ne[self=F" (L), 2—c1] ¢ ... cpn
Similarly,
Dle]ngedy e---ed, = D[] nylself=D[e]ng, z—di] @ ds - -- e d,

Since ‘
Cle'] nefself=F"1(L),z—c1] < D[e'] nalself=D[e]nq, z—di]

(by inductive hypothesis applied to €', the inductive hypothesis Fi~!(L) < D[e]nq, and
the assumption ¢; < dy), we obtain, by Lemma 6.2,

Cle] nelself=F =Y (L), 2—c1] ca ... cp E D[e'] nalself—=D[e]ng, z—di] @ do @ - - - @ d,,

Thus, A
FZ(L)Cl...Cn ED[[@]]nd.dl ."'.dn

and, by Lemma 6.2, F'(1) < D[e]na.

6.3 Discussion

From the two theorems, it follows that, for all closed basic-valued expressions e, Cle]n; =
Dle]n.. While this result guarantees that the two semantics give the same computed results
for all programs, it falls short of what is ideally desired: a direct correspondence between the
higher-type abstractions (for objects) constructed by the two semantics.

Intuitively, it seems that the correspondence should be precisely what is stated in Theo-

rem 6.1, condition 3. A D-object d and a C-object ¢ are equivalent if d d and ¢ are equivalent
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as functions. However, strengthening conditions 1 and 2 to represent equivalence poses harder
theoretical problems. The “downward closed” property used in the establishing the existence
of the relation becomes unavailable and it seems that the approximations of d d in iterative
construction of Dy, do not grow as fast as the corresponding approximations of ¢ in the
constructions of C'y,. Some other technique must be found for establishing the existence of
the equivalence relation. Secondly, the proof of Theorem 6.1 also uses the fact that the relation
is an approximation rather than an equivalence. To strengthen it, one would have to find
approximate forms of objects which grow in parallel in the two semantics. (Our obj® expressions
denote approximate objects only in the D-semantics, not in the C-semantics). We leave these
tantalizing problems open.

7 Conclusion

We presented two semantic models of object-oriented languages focusing on the inheritance
aspects. The closure model completely hides instance variables and gives an abstract semantic
framework. The data structure model treats objects as structures containing both data and
operations, and provides a somewhat lower level semantic framework.

At a deeper level, the closure model treats self via explicit fixed point operators while the
data structure models uses self-application familiar from the untyped lambda calculus. Thus,
the two models may also be appropriately called the fixed point and self-application models.
The relationship between these two approaches brings to surface the sophisticated semantic
structure inherent in object-oriented programming languages. Because self-application uses
universal reflexive domains, the fixed point approach is better suited for typed languages.

Inheritance in the sense of SMALLTALK—80has a somewhat awkward presentation in the
fixed point approach. A class has two levels of meaning: as seen by its subclasses and as seen
by the instances. On the other hand, the self-application model treats inheritance in a more
straightforward fashion, but its apparant simplicity may be deceptive.

Our study leads to important theoretical questions regarding the relationship between self-
application and fixed point methods of semantic analysis, some of which are still unanswered.
Further work is needed to clarify this relationship.

Appendix

We discuss the technical details of the construction of the reflexive domains involved in Section 6
and the existence proof of the relations involved in Theorems 6.1 and 6.2. The essential tech-
nique of constructing reflexive domains using embedding-projection pairs is due to Scott [Sco72]
and a more expository treatment is found in [MP87, Rey72, SP82, Wad76]. In the following,
we use the notation of [MP87] uniformly.

Construction of D We would like to define a domain satisfying the isomorphism

D%B+[D—>D—>D]
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where B is some arbitrary domain and + is the separated sum construction. For this purpose,
we first define an w-chain of domains Dy, Di, ...and a pair of maps between consecutive

domains of the form f, : D, =—= Dyy1 : f. (fn is an embedding and f is a projection
satisfying f o f, = id and f, o ff Cid). The definitions are as follows:

Dy = {1}
fo=Md. L flt= M. L
fni1 =idp + (M. Xa. f, o d(fRa) o f]) R =idg + (\d. Aa. fRod(fna) o £

where f + g is the notation for the function that maps 1 to L and the two summands of the
domain to the respective summands of the codomain by f and g respectively. We can define
embedding-projection pairs between arbitrary domains in the chain by fn,, = fm_10---0 fn

and fil, = filo---ofl .

The domain D is the colimit of the chain D;. An element of D is an infinite sequence
dodids . .. of values drawn from the domains D; such that, for every n, d,, = ff(dnﬂ). There
is a cone of embedding-projection pairs from the chain to D defined by:

:U'nDn%D:ug

[ Funld) (m =)
() = {f£n<dn> (m < n)

Note that p,, is the inclusion of D,, in D. Further, we can define a projection P, : D — D
which projects D to the image of D,, in D. This is defined by P; = u,, o ult.

By applying the functor T'(D) = B + [D — D — D] to the above cone, we obtain another
cone from the subchain Dy, Dy, ... to B+ [D — D — D]. The embedding-projection pairs of
the latter cone are defined by:

Vn:Dpiy == B+[D—D— D]: vl
Vp = idg + (M. Aa. pip, 0 d(ufa) o uf?) v =idp + (M. Aa. uf o d(pna) o uf)

Then the isomorphism pair ® : D <= B+ [D — D — D] : ¥ is given by the formulae:

R R
S R S [ PR
n>0 n>0

It is easy to calculate that
(de (Mnd/))n = ((I)(d)dd,)n = dyy1dpd’

We often write ®(d) is simply as d.
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Construction of C' The construction of the domain C satisfying
cC=B+ [C — C]
is similar to that of D. The essential difference is in the embedding-projection pairs:
fn 1 Oy o Cn+1 : frlz%

fo=Md. L flt=Md. L
fni1 =idp + (Md. fpodo fF) R =idg+ (\d. fltodo flt)

Construction of the logical relations The technique used here is that of [MP87][Appendix
I1]. First, define relations <" C D,, x C as follows: d <" ¢ if and only if one of the following
holds:

l.d=1,
2. d€e B,ce Band dC ¢, or
3. n>0,d€[Dy—1 — Dp—1 — Dy_1], c€[C — C] and
Vd' € Dp_1,d €C.d <V = de,d <Led
where d e, d' = d(fF ,d)d.
Some elementary properties of the <™ relations follow:

Lemma 8 Each <" is downward closed in the first argument, i.e., d <" ¢ and d’ C d implies
d <"e.

Proof: Easy induction on n.

Lemma 9 Each <" is inclusive in the first argument, i.e., if d; is an increasing sequence in
D,, and d; <" ¢ then (| ];d;) <" ¢

Proof: By induction on n.
Lemma 10 The relations <™ respect the embedding-projection pairs between D,,’s. That is,
1.d<"c= fu(d) <M

2. d <" e= fRd) <M e

~o

Proof: By simultaneous induction on n. For (1), d <™ ¢ gives three cases: If d = L then
fn(d) = L <"Hle If d € B then f,(d) = d and, since d C ¢, d <™ ¢. The final case is that of
d€[Dyp1— Dy 1 — Dy 1],c€[C — ClandVd" € D,,_1, " € C.d" <"1 = de,d’ <71
cc’. To show the result, assume d’ € D,, and ¢’ € C such that d' <" /. First, calculate

(fud) op1d = (foud)(fE(fnd))d
= (fpd)dd

(facrod(fitqd)o fi))d
= foo1(de, (fi1d))
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By inductive hypothesis (2), fF ;d <" ! ¢. So, by assumption, (d e, (f ,d)) <" cd. By
using the inductive hypothesis (1), we obtain f,,_1 (de, (f£ ;d’)) <" cc/. Thus, for all d’ € D,
del,d<"d = (fud) oppr1 d S ed.

For (2), d <™ ¢ gives three cases: If d = L or d € B, the result is obvious. For the case
where d € [D,, — D, — D], c€ [C — Cland Vd" € D,,," € C.d" <" " = d ey d’ <" e
As usual, assume d’' € D,,_1, ¢ € C such that d’ <"~ ! ¢. Calculate

(frid) e, d' frd)(fay (frd)d

r}f—l o (d(fnfl( 7}3—1( rlz%d)))) © fnfl) d
faty o (d(fitd)) o frna) d

7}3—1(d LL0) (fnfld/))

By inductive hypothesis (1), f,—1d" <" ¢. So, by assumption, de,, (f,—1d") <" ¢’. By inductive
hypothesis (2), fE |(d e, (fa_1d)) <"1 ec. Since <" ! is downward closed, we obtain the
result (ffd)e,_1d <" led. O

Proof of Theorem 6.1 We define the relation < C D x C' by

(
(
(

i

d<ciff Vn.d, <" ¢

This is clearly inclusive using Lemma 7. Next, we show that it satisfies the recursive specifica-
tion given in Theorem 6.1, i.e., d < ¢ iff

Ld=1,
2.de B,ce B,and d C ¢, or
3.de[D—D—D],ce|[C— (C],and, for all & and ¢/, d' S = ded < cc.

(d in the above conditions is really ®d, but we ignore to write this coercion).

= Suppose d < ¢. There are three possibilities for d. If d = 1, there is nothing to be
proved. If d € B, pf*(d) = d for all n > 0. By assumption d <" ¢ and this shows that ¢ € B
anddCc Ifde[D— D — D), dyy1 € [Dp — D,, — D,] for all n. Since d, ;1 <" ¢, we
have that ¢ € [C' — C]. Assume d’ € D, ¢ € C such that d’ < ¢/. By definition, d;, <" ¢’ and,
80, dpt1 @, d, S ed. Since (deo d'), = d, 1 e, d,, by definition, d e d’ < ¢c'.

< If d = 1 then pfi(d) = L. Since L <" ¢, we have d S c. If d € B, ¢ € B and
d C c then pfi(d) = L and pff, (d) = d. So, we have uf(d) <™ c for all n. Finally, suppose
de[D—D—D],ce|[C—ClandVd" e D," e C.d" <" = ded" < cd. We need to
show that d,, <" ¢ for all n. For n = 0 the result is trivial. For n > 0, Consider d’ € D,,_; and
¢ € C such that d’ <" ! ¢/. We have p,_1(d") < ¢ and, by assumption, de i, _1(d') < cc’. The
definition of < gives (d® pi,_1(d"))n_1 <"1 ¢, but, the LHS is the same as d,, »,, d’. Thus, for
alld € D1, €C,d <"V = d, e, d < cd. This shows d, <" ¢ for all n. O

The construction of the logical relation mentioned in Theorem 6.2 proceeds similarly.
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