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Abstract. Programming languages such as CLU, Ada and Modula-3
have included facilities for parametric polymorphism and, more recently,
C++ and Java have also added similar facilities. In this paper, we exam-
ine the issues of defining denotational semantics for imperative program-
ming languages with polymorphism. We use the framework of reflexive
graphs of categories previously developed for a general axiomatization of
relational parametricity constraints implicit in polymorphic functions.
We specialize it to the context of imperative programming languages,
which in turn involve parametricity constraints implicit in local vari-
ables. The two levels of parametricity inherent in such languages can be
captured in a pleasing way in ”higher-order” reflexive graphs.

1 Introduction

Imperative programming languages, dating back to CLU in 1976 [15], have in-
corporated parametrized types and polymorphic functions. Functional program-
ming languages such as ML [10], Hope [5] and Haskell [13] also use parametric
polymorphism in an essential way. But note that ML includes imperative features
as well, as do some variants of Haskell. Other imperative languages incorporating
polymorphic features include Modula-2 to a limited extent, Ada and Modula-3.
More recently, C++ and Java have added parametric polymorphism via “tem-
plates” and “generics”.

Parametric polymorphism provides information hiding. When a procedure is
given an argument whose type is expressed in terms of a type variable «, all the
a-typed information in the argument is hidden from the procedure. The idea
can be made explicit by using abstract data types (also provided in CLU and
its successors). An abstract data type is given a concrete representation inside
its implementation module but, outside the module, it is treated as an unknown
type or “opaque” type, in essence as a type variable a. The remainder of the
program is parametrically polymorphic in «. It cannot access any of the internal
structure of the a-typed information.

The semantics of parametric polymorphism has been studied in detail in the
context of functional programming [1,23,17,27,31]. However, its semantics in
the imperative programming context has received scant attention. The problem
is nontrivial. Imperative programming languages already have elements of para-
metricity and information hiding implicit in local variables [16, 20, 18, 25]. That



is how object-oriented programming is able to provide information hiding even
without any explicit type parameters [24]. Parametric polymorphism provides
a second layer of information hiding in addition to that of local variables. This
signifies a rich semantic structure in such programming languages. In this paper,
we provide what seems to be the first account of this semantic structure.

The general scheme is as follows. To account for the information hiding
implicit in local variables, imperative languages are given a form of possible world
semantics using functor categories enriched with relational parametricity [26,
22,20, 25]. To account for type-based polymorphism and information hiding, we
need to construct again what one might call “second-order functors”, enriched
with relational parametricity, over the structures obtained in the previous layer.
To carry out such sophisticated constructions, one needs a suitably general
mathematical theory of functors enriched with relational parametricity. Such
a theory was defined in our previous work [8, 9] based on O’Hearn and Tennent’s
reflexive graph categories [20]. We make essential use of this framework.

After defining the constructions, we were surprise to discover that the tra-
ditional Reynolds-Oles models of imperative programming languages do not
provide the ideal structure for this semantics. By treating states abstractly, their
models admit too many morphisms which have no counterparts in the program-
ming language. We show that, by paring down the models to location-based
models, which might at first sight appear to be low-level or “non-uniform”, we
actually obtain a better account of what is representable in th programming
language.

2 Motivation

Consider defining a generic sorting procedure, which can work for arrays of all
kinds of elements. The sorting procedure will know nothing about the elements.
So, we also need to provide it a comparison operation for the elements. The type
of such a procedure may be given as follows:

sort : Vt. (t * t — bool) * (array t) * int — comm

The prefix Vt signifies that sort is parametrized by a type (here referred to as t).
The first argument is a comparison operation for t-typed objects. The remaining
arguments are an array of t-typed objects and its size. The procedure does not
return any result; sort applied to these arguments has the status of a command,
which when executed, rearranges the elements in the array.

Suppose that we have an abstract data type of points. A type called “point”
is defined in a module, along with various operations on points. The signature
of operations on points might be defined as:

Pointsig(point) =
{newpoint : (point — comm) — comm,
xcoord, ycoord, distance, angle : point — real,
translate : point * real * real — comm,
scale, rotate : point * real — comm,
comp : point * point — bool }



The module implementing the point type itself has a type of the form

Jpoint. Pointsig(point)

The prefix Jpoint signifies that the module defines a type (here referred to as
point) and provides a record of operations on this type.

A main program can use the module to create a collection of points, populate
an array with these and call the sorting procedure by instantiating t —— point
and passing the comp function provided by the module as the first argument. All
of this can be done without any knowledge of how point is represented inside
the module. Likewise, sort can sort the array of points without such knowledge.

It is important to keep in mind that a “point” is not just a pair of data
values. The points are mutable, whose state can be changed by operations like
translate and rotate. A typical representation of point would be var [real] *
var [reall, i.e., as a pair of storage variables that store the attributes of points,
may they be cartesian coordinates or polar coordinates.

It is a fundamental property of parametrically polymorphic functions like
sort that they are insensitive to the actual types that the type variables are
instantiated to. This is captured mathematically as the parametricity condi-
tion [27]: If there is any relation between two potential instantiations of the type
variable t, which is respected by all the arguments of the procedure, then the
action of the procedure respects them too. So, for example, if t is instantiated to
a cartesian representation of point or a polar representation of point, as long
as the comparison operations provided respect the mathematical relationship
between them, the sort procedure produces exactly the same sort.

However, it is not immediately apparent how to formulate the relation be-
tween two representations of point. Since the representations are types defined
on the basis of store, rather than just data values, we cannot directly use the
mathematical relationship between cartesian and polar coordinates. A point
object is a piece of the store. So, to say that two point types are related, one
must say that, for all possible stores and all point objects potentially stored in
them, the corresponding point objects bear the mathematical relationship. How
to formulate such relations between types is the main concern of the semantics
defined in this paper.

3 Reflexive graphs of categories

Reynolds’s relational parametricity, formulated in a set-theoretic setting, in-
volves relations of the form R — S C (A — B) x (A’ — B’), defined by

fIR—=S]f < VoeeA 2 €A xRz = falS] fa



We depict a fact f [R — S] f’ diagrammatically as a square of the form:

A1 g
R ) S (1)
A ——— B
f

(where the top-to-bottom order is significant, unlike in categorical diagrams).
Relation-preservation properties of this form are involved in formulating the
uniformity of parametric families of functions, which are used in addition to, or
in place of, the uniformity involved in the naturality conditions. Intuitively, this
involves two degrees of freedom:

— functions, represented by the horizontal arrows in (1), represent the “oper-
ations that may be performed”, and

— relations, represented by the vertical arrows in (1), represent the “properties
that need to be preserved”.

Traditional category theory incorporates only a single degree of freedom, that
of morphisms, and is unable to capture relational parametricity conditions.
O’Hearn and Tennent [20] proposed the framework of reflexive graphs (of cate-
gories) to address this issue. (In [11], fibrations are proposed to achieve a similar
effect. Birkedal and Mggelberg have also used reflexive graph-based models for
Plotkin-Abadi logic.)

The reflexive graph Set has the category of sets and functions as vertex
category Set, and the category of binary relations and relation-preserving pairs
of functions as the edge category Set.. The identity edge I is the equality
relation of A. This reflexive graph is relational.

The following definitions are from our previous work [8,9]. Let A : H — H®
be the evident diagonal RG-functor. The parametric limit and parametric colimit
functors are defined by:

parametric limits V:H¢ - H right adjoint to A
parametric colimits 3:H¢ - H left adjoint to A

So, Vx F'(X) is a vertex of H together with a parametric natural transformation
w:Vx F(X) — F that is universal int he sense that any other parametric natural
transformation A — F uniquely factors through w. Ix F(X) is the evident dual
concept. The reflexive graph Set has all small parametric limits and colimits [8,
9] and these correspond to the notions used in [27,17].

In our application to the semantics of polymorphic imperative languages,
these parametric limit and colimit functors get used at two levels. First, the
semantics of the basic imperative language is given in a functor reflexive graph
W — S where the local variable declarations and function type interpretations
involve parametric limits Vi and class constructions involve parametric colimits



Jw, as in [24, 25]. Here W ranges over the vertices of W. Second, the semantics
of polymorphic functions is given in functor graphs of the form (SW)(SW). The
interpretation of polymorphic functions involves parametric limits Vpr and the
interpretation of abstract types involves parametric colimits 37. In this case, T’
ranges over the vertices of SW.

While reflexive graphs identify the structure necessary for interpreting rela-
tional parametricity constraints, they do not provide any existential conditions
to ensure that parametricity is actually ensured. In [8,9], three axioms were
identified to obtain a satisfactory interpretation of parametric polymorphism
and the resulting structures were termed parametricity graphs. A parametricity
graph is a relational relfexive graph that is fibred with a chosen cleavage and
satisfies the identity condition of [?]. These structures form a 2-subcategory
PG of the 2-category of reflexive graphs, with 1-cells called PG-functors and
2-cells being parametric transformations (which are automatically natural). All
the initial algebra and final coalgebra results normally expected of parametricity
hold in such structures.

3.1 Interpreting predicative polymorphism

A predicative polymorphic lambda calculus has a type structure of the form:

(simple types) To=a|f|mXT|n— T
(polymorphic types) ocu=71|Va.o|Ja.o

where « stands for type variables and [ stands for primitive types (which
are left unspecified). The label “predicative” signifies the fact that types are
organized into two layers. Type variables are presumed to range over simple
types, not polymorphic types. The polymorphic type systems of most practical
programming languages, including that of ML, fit this pattern.

The type syntax of the language is described by judgement of the form:

XiI'+-M: T X I'FM:o

where X' is a sequence of type variables «;, called the type context; I" is a sequence

of typed variables x;: 0;, called the typing context; M is a term. All the type

variables used in a judgment must be included in its type context X. See Fig. 1

for the type syntax of terms. The syntax is parametrized by a set of constants

chosen for the language. We cover them in the next section for Polymorphic

Idealized Algol. The function FT'V gives the free type variables in type terms.
A parametric categorical model for the predicative calculus consists of:

— a parametricity graph G, and
— a small cartesian closed parametricity subgraph K of G (with an inclusion
functor J : K — G)

such that there are parametric limit and parametric colimit functors V,3 :
GXl — G, where |K| denotes the discrete reflexive graph of K (obtained by



if(z:7)isin I if k: 7 is a constant

MilkFax:T i IkFk:T
Lot M:7 X>sI'tM:7—71 X;TFN:7
> IFXxe M7 — 71 X;I'+MN:7
Yoy I'FM:o X, I'F M :Va.o
ifag FTV(I)
X'k Aa. M :NVa.o Xy I'E M[7):olr/d]

Y, 't M :o[r/a]

X I' - abstype a = 7 with M : Ja.o

>;I'M:3a.0 X,a;,x:0FN:o
ifag FTV(I')UFTV(a")

X; I'+open M as a withz:0in N: o’

Table 1. Type syntax of terms

dropping all non-identity morphisms). The reasons for dropping all non-identity
morphisms are that, first, parametricity has all the uniformity that we need,
and, second, the type expressions are not functorial in the type variables.
A simple type expression with n type variables is interpreted as a PG-functor
K" - K:
lew] = IT; (the ith projection)
[r1 x 7] = x o ([n], [2])
[1 = 7] == o ([nl], [r])
A polytype expression with n type variables is interpreted as a PG-functor
K|" — G:
[] = Jolrl
[Vani1.0] = YEI" ([o])
[Bany1. o] = IE(

where VIKI" K" . (GIKI")KI . GIKI" are the parametric limit and para-
metric colimit functors. The interpretation of terms can be given in the evident
fashion using the combinators associated with parametric limits and colimits.

4 Polymorphic Idealized Algol

To demonstrate the semantics of polymorphic imperative programs, we instanti-
ate the predicate polymorphic calculus of Section 3.1 with the language Idealized
Algol defined by Reynolds [26]. Reynolds’s design, based on a type-theoretic
analysis of the Algol 60 programming language, identifies two layers of types:

— Data types (), denoting types of values storable in program variables.
— Phrase types (7), denoting types of program phrases, including expressions,
commands, procedures/functions and modules.



The syntax of types is given by:

(data types) 0 ::=Dbool | int | real | ...
(phrase types) 7 ::=exp[d] | var[d] | comm | 73 X 75 | 71 — T2

To construct a polymorphic language we add type variables () to phrase types,
and supplement the type system with the layer of polymorphic types as in
Sec. 3.1.
We use the following sample of constants for representing imperative com-
putations:
0 : expl[int]
+ : explint] x exp[int] — explint]
skip : comm
seq : comm X comm — comm
assign; : var[d] x exp[d] — comm
deref; : var[d] — exp[J]
newvar; : (var[] — comm) — comm

We use the usual syntactic sugar in writing examples: Cy; Cs for seq(Ct, Cs)
and V := F for assigng(V, E). We also omit writing derefs on the right hand
sides of assignment commands.

It is significant that we have not included a recursion or looping construct
in the language. This is because we omit the details of handling divergence for
simplicity of presentation. It is possible to treat divergence in a way similar to
the traditional approaches [26,30]. A more detailed treatment may be found in
[8, Ch. 6].

The semantics of Idealized Algol was defined by Reynolds [26] using a cate-
gorical version of a possible world semantics. Every phrase type 7 is interpreted
as a functor W — C, where W is a category of objects ( “worlds”) appropriate
for describing store shapes and C is a category appropriate for semantic val-
ues. This approach is now something of a standard for interpreting imperative
programming languages. See the various papers in the collection [21] as well as
the more recent work [2—4, 7,14, 25] that extends the framework for call-by-value
languages and heap-allocated storage. O’Hearn and Tennent [20] initiated the
addition of relational parametricity to the framework by replacing categories W
and C by reflexive graphs. In the present paper, we use parametricity graphs in
place of reflexive graphs. So, the semantic categories will be functor graphs of
the form SW where S is a parametricity graph of sets and W is a parametricity
graph of store shapes.

4.1 Store shapes

We will consider two parametricity graphs of store shapes for interpreting Ideal-
ized Algol, for reasons that will become apparent in the sequel. The first model
closely follows Reynolds’s original treatment. The second model represents the
structure of the store more concretely in terms of sets of locations. In both the
cases, if W is a store shape, we write S(W) for the set of states for store shape



W and T(W) for the set of state transformations for W. T(W) is general a
monoid, with the monoid operation (a;b) representing sequential composition of
transformations and the monoid unit the identity transformation. In addition,
there is a “diagonal” operation Dy : [S(W) — T(W)] — T(W) which mimics
the effect of the assignment operation.

The small parametricity graph R is given by the following data:

— Vertices are sets, meant to represent the set of states taken by a particular
store shape. So, S(W) = W and T(W) = [W — W]. The operation Dy is
defined by Dy (p) = As.p s s.

— Vertex morphisms j: W — X are pairs (¢;,7;) where ¢; : S(X) — S(W) is
a function and 7; : T(W) — T'(X) is a monoid homomorphism such that:

1. 7j(a) o ¢; = ¢; oa for all a € T(W), and
2. 7;(Dw(p)) = Dx(tjopo¢;) for all p € [S(W) — T(W)].

— Edges R : W «— W' are pairs (R, R;) where Ry : S(W) « S(W') is a

relation and R; : T(W) « T(W’) is a monoid relation such that
1. a [Ri] o/ = a [Rs — R4] d/, and
2. DW [Rs — Rt} Dx.

— An edge morphism j [R — S| j exists iff ¢; [Ss — Rs] ¢; and 7; [Ry — Sy]
T4’

— Tj‘he weakest pre-edge operation [j, /] R is given by:

([jaj/]R)s = Rs[¢j7 ¢j/]
(13, 7' 1R)e = [, 7] Re

It can be verified that this data constitutes a parametricity graph. The intuition
behind the categorical structure is that if j: W — X is a vertex morphism then
X represents a larger store than W. The map ¢; projects the small store from the
larger one an the monoid morphism 7; reinterprets a transformation of the small
store as a transformation of the larger store. Despite the somewhat abstract
nature of the definitions, it can be shown that a morphism j: W — X exists iff
X 2 W x V for some set V.

In the parametricty graph L we represent these intuitions concretely. Vertices
are finite maps from sets of location names to data types, written in the form
W = {l1:61,...,1n:0,}. Such store shapes can also be thought of as “record
types” [6,12,25]. The set of states for a world as shown is S(W) = [, [é].
The set of transformations is T(W) = [S(W) — S(W)] and Dw is defined
by Dw(p) = As.p s s. A vertex morphism W — X exists iff W C X, i.e.,
X is a longer record type than W, and it is unique when it exists. Calling this
morphism j, we can define a function ¢;: S(X) — S(W) and a monoid morphism
7,0 T(W) — T(X) as follows:

®;(s)

7j(a)

s [ dom(W)
As.s < (s | dom(W))

where < is the record update operation. The edges and edge morphisms are
exactly as for R. It can be verified that this data makes L a parametricity
sub-graph of R.



Both the parametricity graphs R and L represent the same intuitions about
store shapes. The graph R at first sight appears t o be more abstract because
it finesses the low-level details of locations and location naming. However, this
abstraction is illusory. Since both the parametricity graphs have the same col-
lection of edges for the common vertices, the parametricity conditions are able
to abstract away from the low-level details. The main technical difference is that
the graph R has many non-trivial endomorphisms. Consider a world Z repre-
senting a single integer location. Every bijection r:Z <« Z gives rise to a vertex
morphism (r, [r~* — 7]) : Z — Z. In contrast, the graph L has no nontrivial
endomorphisms. It turns out that the presence of nontrivial endomorphisms has
consequences for the inhabitants of the semantic types.

4.2 Interpretation of Algol types

The interpretation of phrase types is given in the functor graph SW where W
is the parametricity graph of store shapes (either R or L in our setting) and S
is a small parametricity subgraph of Set that is cartesian closed and complete.
The meaning of polymorphic types is given in Set™W.

We first show the interpretations of the base types of Idealized Algol in order
to provide intuition for the structure:

— The PG-functor [exp[d]] evaluates an expression in a state.
o [exp[o]]W = [S(W) — [4]].
o [exp[d]]f, for f:W — X, is the mapping e — e o ¢5.
o [exp[d][R, for R:W « W', is the relation R, — I

— The PG-functor [comm] provides state transformation.
o [comm|W =T(W).
e [comm]f = 7.
e [comm]|R = R,.

— The PG-functor [var[d]] provides an indexed state transformation for the
left hand side of assignment commands, and an expression valuation for the
right hand side of assignment commands.

o [var[d]]W = ([0] — [comm]W) x [exp[d]]W.
e [var[d]])f = (idgsy — [comm]f) x [exp[d]] .
o [var[d][R = (I[s] — [comm]R) x [exp[d]]R.

We note that the required edge morphisms exist, e.g., if f [R — S] f’ then
b5 [Ss — Rs] ¢5 and, so, e [Rs — Ij5] € == eo ¢y [Ss — Ipsp] € 0 dyr.
4.3 Cartesian closed structure

Theorem 1. If W is a small parametricity graph and S is a parametricity
graph of sets that is cartesian closed and complete, then the functor graph SW
is cartesian closed.

The products in SW are given pointwise, using the products in S.



— For functors F,G € W — S:

(Fx G)YW =FW x GW.

(FxG)f=FfxGf, for ff{W—W.

(FXxG)R=FRx GR, for R:W — W',

If f [R—S] f then (F x G)f (FxGR—(FxG)S] (FxG)f

because F'f [FR — FS] Ff and Gf [GR — GS| Gf'.

— For parametric (natural) transformations n : F — F’', § : G — G’ the
product action is given by (n X 6)w = nw X Oy .

— For edges p : F < F’ and o : G < G’, the product action is given by
(pXO’)R:pR X OR.

The exponents in SW are similar to those in functor categories.

— For functors F,G € W — S:
o (F = G)W is the set of families (p; : FX — GX);w_x indexed by
morphisms j: W — X such that, for all edges S: X < X',

][IWHS] j’:>pj [FS—>GS]‘DJ/

Note that naturality follows by considering edges S of the form Ey.)

F = G)f,for f:W — W'is the mapping (p;)j;w—x — (Djrof)j-W/—X-
F = G)R, for R:W « W', is a binary relation that relates families
pj>j;W_>X and <p;,>j/:W/_>X/ iff, for all S: X <« X’

(
*
*

(

j IR — S]j' = pj [FS — GS] p}

o If f[R—S] f then (F=G)f[(F=G)R— (F=G)S] (F=G)/f
— For parametric (natural) transformations n : F/ — F, § : G — G’ the
exponent action is given by (n = 0)w : (p;)jw—x — (@xopjonx)jw—x-
— For edges p: F— F' and 0 : G — @', the exponent action is (p = o)r =
PR — OR.

The terminal object 1 in SW maps all vertices to the singleton set 1, all mor-
phisms to id; and all edges to I;.

Recall from Section 3.1 that the procedure types in the programming lan-
guage are interpreted as exponents in the semantic category, SW in our case. A
procedure of type 7 — T2, defined in a store W, may be called in an expanded
store X. Given an argument in [r;]X, the procedure maps it to a computation
in [2] X. However, the procedure does not have direct access to the new memory
locations of X. This constraint is enforced by the parametricity condition in the
definition of F' = G. The meaning of the procedure should preserve all relations
for the expanded store X as long as they keep the W part of the store fixed or,
in other words, all relations for the new parts of the store in X. These insights
were explained in the previous work [20, 25]. However, the previous work only
treated SW as a functor category. Here, we have added the parametricity graph
structure of SW as it is needed for the interpretation of polymorphic types.



4.4 Parametric limits and colimits

Theorem 2. If W is a small parametricity graph then Set™ has all small
parametric limits and parametric colimits.

In the following, we abbreviate SetV to G. Let K be a small parametric-
ity graph and T: K — G be a PG-functor. The parametric limit VT (K) in
SetW can be constructed as follows. (VxTK)W is expected to be a subset
of ([[x TK)W = [[x(TK)W. So, it consists of families of the form (px €
(TK)W)kek, that are parametric in the following sense: for all P: K « K’,
pi [(TP)ny ] p-

For f:W — W', (Vg T'K) f is the mapping (px)kex, — (T'Kf)(pk))kek, -

For R:W «— W', (VkTK)R is the relation that relates families (px)rek,
and <QK>KEKU iﬁ, for all P: K < K’7 PK [(TP)R] PK/.

Recall that V: GK — G is a PG-functor that is right adjoint to the diagonal
functor. So, it has an action on the edges in G¥ as well. If &:T « T is an
edge, then it is mapped by the V functor to an edge that we denote as Vp {p :
(VkTK) < (VkT'K). This edge is in turn a family of edges in Set, indexed by
edges R: W « W’ and the component (Vp £p)g is defined by:

(rr)x [(VPEp)R] (gx ) <= forall P: K < K', px [(£p)R] qr/

Parametric limits make use of edges between PG-functors to enforce uni-
formity. This uniformity is at a distinctly different level than the uniformity
criteria in exponents (preserving edges between store shapes), although the
same mathematical theory is used for both levels of uniformity. One can see
the preservation of edges at both levels when one considers polymorphic types
involving the exponent. For instance the interpretation of the type Va.a — «,
which is interpreted as the parametric limit Vp F = F in Set"’ with F ranging
over K = SW  illustrates the two levels of uniformity.

(VrF = FYW = {{pr € (F= F)W)pek,
Vp: F' —~ F'.pp [(p = p)rw] pr }
{{trj € FX — FX)Frek,,jw—x |
Vp: F — F' VS8: X < X',
JUw — S]j = tr; [ps — ps] tr o }

The preservation of the edges p represents the type-level parametric polymor-
phism whereas the preservation of the edges S represents the store-level para-
metricity implicit in the use of local variables.

4.5 Interpretation of constants

Finally, we are in a position to give the interpretation of the constants for
Polymorphic Idealized Algol. Each constant k : 7 must be given an interpretation
[k] : 1 — [r]. We finesse some of the inessential detail by giving directly the
components [k]w € [T]W. Recall that we are actually giving two models, one



using the Reynolds-style store shapes R and the other using a local-based store
shapes L. The following basic constants have the same interpretation in both
the models. The interpretation of newvar is the only one that differs in the two
models.
[[O]]W =Xs.0
[+]w : (W — X) — A(er, e2). As.e1(s) + e2(s)
[skip]w = As. s
[sedlw : (j: W — X) — A(a1,a2).a1; a9
[assigns]w : (j: W — X) — A(v,e). Dx (As.m1(v)(e(s)))
[derefs]w : (j: W — X) — Av.m2(v)

To interpret newvar in the Reynolds-style model S®, when starting in a
world X, we move to the larger world X x [§] containing an extra component
for a d-typed storage variable. We have a morphism f: X — X x [4] given by:

o¢(s,d)=s
Tf(a) =a X id[[(;]]

We construct a denotation of type [var[d]](X x [0]) as a pair (upd; ,read; ):

updy (k) = A(s,d). (s, k)
ready = \(s,d).d

Assume that inits denotes the initial value that should be stored in a new J-typed
variable. Then the interpretation of newvar is as follows:

[newvars]w : (j: W — X) — Ap. As. ¢ (py (updy,ready ) (s, inits))

The argument p, in [var[é] — comm]X, is a family of the form (ps)s.x—y. We
instantiate it with the particular f defined above.

To interpret newvar; in the location-based model S, when starting in a
world X, we move to a larger world X W {l:0} choosing some ! ¢ dom(X).
The morphism f: X — X W {l:¢} is unique and comes equipped with derived
operations ¢; and 7;. The denotation of type [var[d][(X W {l: d}) is given by:

updy’ (k) = As.s < {l — k}
ready = \s.s(1)

Then the interpretation of newvar;s is as follows:
[newvars]w : (j: W — X) — A\p. Xs. ¢5 (ps (updy , ready ) (s < {l ~ inits}))

Note that the choice of the location used for the new variable is immaterial. If
some other location ! could to be used, we can define a relation R : X W {I :
0} « X W {l': 4§} and show that upd and read preserve the relation. Hence,
the meaning of newvar is independent of the choice of the location. The sample
equivalence:

newvars\z. newvarsg\y. C = newvars\y. newvarsiz. C

holds in this model, unlike the situation in the functor category semantics [19].



5 Analysis

Relational parametricity conditions are meant to ensure that polymorphic func-
tions are defined uniformly at all types. If they do, then it becomes possible
to prove a variety of program equivalences such as “free” theorems [31] and
correctness of data representations [29]. One way to verify if the parametricity
conditions capture enough uniformity is to examine a number of type isomor-
phisms that are dubbed “initial algebra” and “final coalgebra” results [28]. We
examine a few such results that are expressible in the predicative polymorphic
calculus.

A basic result is to show that the type Va. o — « is isomorphic to the terminal
object. This should intuitively be the case because we expect that the only way
to uniformly return a result of an unknown type « using only an argument of
that type, is to return that argument (or any other values uniformly available
at all types). It was shown in [9] that this is always the case if the semantic
category is well-pointed. However, functor categories (and functor graphs) are
not well-pointed. So, that result does not apply.

Examining the case for the functor graph Set®, which we have dubbed
the Reynolds-like model, we find that Vg (F = F) is not isomorphic to the
terminal object. Here is an explanation. As noted in Sec. 4.1, R has non-identity
endomorphisms. Suppose m: W — W is such an endomorphism. Then it is
possible to uniformly replicate the effect of m at every future world X with a
morphism j: W — X. An easy way to see this is to note that, in R, X X W x V.
Since m X idy is an endomorphism on W x V., it can be simulated by an
endomorphism on X. Denote such endomorphisms by j{m}: X — X. Now, the
family mp = (F(j{m}));w—x is an element of (F = F)W. It is possible to
show that the family (#ip)F is parametric and belongs to (Vp F' = F)W. Since
the terminal object has a single element in 1(W), Vg F = F is not isomorphic
to 1.

Thinking about the issue a bit more abstractly, we find that this problem
confirms our intuition about the division of labour between morphisms and edges.
Morphisms represent “operations that may be performed” and edges represent
“properties that should be preserved.” The nontrivial endomorphisms in R are
more in the second category than the first. So, they are better treated as edges.
Our modified parametricity graph of worlds L does not have this problem. All
the morphisms in the graph do correspond to operations that may be performed
and there are no non-identity endomorphisms. Indeed, we are able to show that
all the expected isomorphisms hold in Set™ [8, Sec. 6.3]:

VF(FéF)%l
Ve((A=F)=F)> A
V(A= B=F)=F)>2AxB

VrF =0

We have provided a semantic account of polymorphic imperative languages,
and demonstrated that the parametricity of local variables and polymorphic



functions can be modelled in a unified framework. Further work is needed to
understand the limits of this approach and how it compares with the other
approaches such as that of [11].
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A Reflexive graphs of categories

Let B be the category with two objects v and e, and five non-identity arrows as
follows:

do
-~ Oo; 1
I s,
v———e¢ O3] e
o _—
All other composite arrows are identities, in particular I;9; = id.. Then a

reflexive graph is a functor B — CAT, i.e., a B°P-indexed category.

Unpacking the definition, here is what this data means. If G : B — CAT is
a reflexive graph, it involves two categories G, and G, where G, is thought of
as a category of “vertices” and “vertex morphisms”, and G, is thought of as a
category of “edges” and “edge morphisms”. Referring to the diagram (1), A, A’,
B, B’, f and f’ are in G,, whereas R, S, and the square ¢ itself are in G.. The



images of Jy and 9; are functors, which we also write as dy and 0, are functors
that send each edge (e.g., R) and edge morphism (e.g., ¢) to their underlying
vertices and vertex morphisms. The image of I is a functor that assigns to each
vertex A, a distinguished edge I4: A <« A and, to each vertex morphism f, a
distinguished edge morphism I:I4 — I’;. In most examples of interest to us,
there is at most one edge morphism ¢ with a given shape. If such is the case we
call the reflexive graph relational.

As a basic example, for any category C, its arrow category C— can be used as
the edge category of a relational reflexive graph. The edges are just the arrows of
C and an edge morphism f [g — h] f’ exists iff the following square commutes:

A / B
g h
A 4>f/ B

The identity edges are the identity arrows of C. This reflexive graph is not
interesting from our point of view because it does not utilise the two degrees of
freedom provided by reflexive graphs. As another example, any category C can
be given a reflexive graph structure by ta}iing as the edge category, the category

of spans in C of the form A <2 R -2+ A This category is not relational,
as there can be multiple arrows R — S witnessing a particular preservation
property.

Indexed categories CAT® form a 2-category. The 1-cells, called “RG-functors”
are just indexed functors, and the 2-cells, called “parametric natural transfor-
mations” are just indexed natural transformations. We denote this 2-category by
RG. Viewed as a category, RG is cartesian closed [8,9]. The product reflexive
graphs G X H are defined pointwise: (G x H), = G, x H, and (G x H), =
G, x H.. Quite remarkably, the exponents H* are also given pointwise:

— (HS), is the category of RG-functors G — H and parametric natural
transformations between them.

— (HS), is the category of RG-functors E x G — H and parametric natural
transformations between them, where E is the formal reflexive graph with
two vertices 0 and 1 with one non-identity edge e: 0 < 1.

Unpacking the definition, it may be seen that an edge p: F < F’ in HS is
a family of the form (pgr: FX < F'X’)g.xox, indexed by edges R of G.
An edge morphism ¢:p — o in H® is again an indexed family (¢g:pr —
OR)R:x~Xx- (Such a simple structure for the exponential is quite unique in the
domain of indexed categories, and gives reflexive graphs their special place in
the formulation.)

A.1 Parametricity graphs

In [8,9], three axioms were identified to obtain a satisfactory interpretation of
parametric polymorphism.



The first condition is that the reflexive graphs involved should be rela-
tional. The existence of multiple edge morphisms with the same shape implies
that polymorphic types may have duplicate elements which differ only in the
edge morphisms used to witness the parametricity constraints. Note that, in
a relational reflexive graph, the edge morphisms are relations Hom(R,S) C
Hom(dg R, 00S) x Hom(01 R, 01.5). So, we can use the notation f [R — S| f’
to mean that there is an edge morphism R — S above f and f’.

The second condition is that the reflexive graphs should be fibred with a
chosen cleavage. This amounts to the condition that, whenever there are vertex
morphisms f: A — B and f’: A’ — B’ leading to an edge R: B < B’, there is a
distinguished weakest pre-edge or “reindexing”, denoted [f, f']R : A — A’ such
that we have an edge morphism:

[f: f1R ¢ R

A B’

f/
Moreover, any other edge morphism of the form:

fog B

T " R

X P
g

uniquely factors through ¢. Note that Set always has such weakest pre-edges:
[, F1R = { (z,2) | fa [R] f'a"}
The weakest pre-edges in Set°P are the strongest post-edges of Set, defined by:
RIf, f1={(fz, ") |z € A 2" € A,z [R] 2" }

We also require that the RG-functors we use preserve the chosen weakest pre-
edges, i.e.,
F([f, f1R) = [Ff, F'|(FR)

Note that Hermida and Tennent [11] have also proposed the use of fibrations for
modeling parametricity, even though they do not use reflexive graphs centrally
in their treatment.

The third condition, taken from [?], is that the reflexive graphs should satisfy
the identity condition: if f [I4 — Ig] f' for f, f' € A— B then f = f’.

A reflexive graph satisfying these three conditions is called a parametric-
ity graph. RG-functors between parametricity graphs that preserve the chosen



weakest pre-edges will be called PG-functors. Parametricity graphs, PG-functors
and parametric (natural) transformations form a 2-category PG (in fact, a
2-subcategory of RG). PG is cartesian closed. The product reflexive graphs
G x H have pointwise weakest pre-edges:

[(f,9), (f' 9B, S) = ([f, F'IR, [9,9']5)

The exponent graphs HE have weakest pre-edges given by:

m,7"lp = {Inx.1'x/1pPR) R-x > X"

It needs to be verified that PG is cartesian closed with these constructions |8,
Sec. 4.5].

An important point about PG is that naturality is subsumed by parametric-
ity. This is because every vertex morphism f: A — A’ has a representative among
edges Ej: A — A’ given by E; = [f,ida/]14s. Since PG-functors preserve weakest
pre-edges, they also preserve these representatives: F(Ey) = Epy. Moreover,
commutative squares correspond to edge morphism squares:

f f

A B A B

g h <~ Eg Ep

A/ f/ B/ A/ f/ B/

Hence, the 2-cells in PG involve just the parametricity condition, i.e., a 2-cell
n:F—G:G— His afamily nx : FX — GX of vertex morphisms such that,
for all edges R: X < X’ in G, we have nx [FR — GR] nx-.



