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Abstract

We propose an abstract formal model of state manipulation in the framework of
Girard’s linear logic. Two issues motivate this work: how to describe the semantics of
higher-order imperative programming languages and how to incorporate state manipu-
lation in functional programming languages. The central idea is that a state is linear
and “regenerative”, where the latter is the property of a value that generates a new value
upon each use. Based on this, we define a type constructor for states and a “modality”
type constructor for regenerative values. Just as Girard’s “of course” modality allows
him to express static values and intuitionistic logic within the framework of linear logic,
our regenerative modality allows us to express dynamic values and imperative programs
within the same framework. We demonstrate the expressiveness of the model by showing
that a higher-order Algol-like language can be embedded in it.

1 Introduction

Programming in the real world typically involves state-manipulation. All the major pro-
gramming languages widely in use, except for “pure functional” languages like Haskell,
support variables and assignments. A large number of programming applications ranging
from window managers to process control systems involve the manipulation of state. Unfor-
tunately, there are relatively few mathematical tools available to the programmer to reason
about such programs and applications. The object of this paper to propose a model of
state inspired by linear logic, which can serve as the foundation for building mathematical
theories of state manipulation.

Linear logic has, from the beginning, evoked ideas of state. Girard [Gir87b] and La-
font [Laf88] give example applications for modelling state via linearity. Wadler has explicitly
proposed linearity as a means for representing state in functional languages [Wad90, Wad91].
However, one finds that many aspects of state-manipulation are not modelled by these
proposals. How does one model the identity of a history-sensitive object which persists over
a period of time and supports operations for its use? How does one model sequencing? How
does one model hierarchical abstractions where new objects are constructed from existing
objects?



To build a model of state using linear logic ideas, we found it necessary to make two
extensions to linear logic. One is a binary connective called “before” which was already
proposed by Girard, and studied extensively in Retoré’s dissertation [Ret93b]. The second
is a “regenerative” storage operator (or modality) which stands in the same relation to
“before” as the “of course” operator does to tensor. By extending intuitionistic linear logic
with these two constructions, we obtain a logical system dubbed the “linear logic model of
state”.

While our own intuitions are derived from this logical system, for pedagogical clarity, we
present its semantics first. In Section 2, we define the two constructions in the context of
coherent spaces. Section 3 is a semantical study of the Kleisli category of the regenerative
storage operator. We show that the maps of this category correspond to identifiable
classes of functions. Next, we show that these constructions model state-manipulation
by interpreting a fragment of Algol using them (Section 4). Finally, we present the logical
system itself in Section 5.

2 Two Constructions in Coherent Spaces

For modelling state and sequential computations, we need two constructions in addition to
those of linear logic. The first is a binary connective called “before” (written “1>") which
denotes sequential composition of components. The second is a “regenerative” storage
operator (written “t”) which allows us to build sequentially reusable storage objects. In
this section, we use the framework of Girard’s coherent spaces [GLT89, Gir87a] to give
concrete semantic intuitions about these constructions.

We assume a general familiarity with coherent spaces. See [GLT89, Chaps. 8 and 12]
for basic notions and [Gir87a, Sec. 3] for coherent semantics of linear logic. (We refer to
the “classical” features of this semantics for pedagogical reasons even though they are not
essential for the model of state presented here. A reader is comfortable with intuitionistic
linear logic may consult Appendix A for a quick review of the classical features.) We
also mention various categorical facts in the passing. See [Mac71, Laf88, See89, Jac92] for
definitions. First, recall the basic definition of coherent spaces.

2.1 Definition A coherent space is a pair A = (|A|, CZ4) where
e |A] is a set, whose members are called tokens, and
e T, is a binary reflexive relation on |A|, called coherence.

We write « Ty o as a C o [mod A] for convenience (or just @ Z o/, depending on
context). Define notations:

(strict coherence) a~a [modA] < o d modAlAa#d
(strict incoherence) a—d [mod 4] <= -a d [modA]
(incoherence) axa modA] <= a—d [modd]Va=d

<— —a~d [mod A
A linear map F : A — B is a subset of |A| x |B| such that, for all (a, 3), (o, ') € F,

ald=8TF Na~d=p~p



Coherent spaces and linear maps form a category COHL.

An element (or point) of A is a coherent set in A, i.e., a subset a C |A| such that, for all
a,a € a, a C o [mod A]. The elements of A form an atomic Scott domain under inclusion
order.! We denote this domain by D(A4).2 A liner map F : A —o B determines a function
f:D(A) — D(B) given by f(a) ={f:3Ja € a. (o, B) € F}. The function f is stable, i.e.,
preserves meets of pairs of compatible elements:

zly= f(zNy)= f(x)N f(y) (1)

and linear, i.e., preserves the lubs of bounded sets:

ST = FS) =5 (2)

Henceforth, we will call linear, stable functions simply “linear functions”. Note that a linear
function is continuous and strict. Conversely, given a linear function f : D(A) — D(B), we
can recover F' (called the trace of f) by

F={(,p):aclA], e f({a})}

It can be shown that the category COHL is equivalent to the category of atomic Scott
domains and linear functions.

We call a linear map a linear injection if its underlying relation f C |A| x |B] is an
injection. Linear injections are monomorphisms in COHL (among others).

Before

2.2 Recall the connectives ® and %

|[A® Bl =[A| x |B

(a,8) Z (¢, ) Imod A® B] <= o o [mod A|A S (' [mod B]
|ABB| = [A] x |B

(a,8) ~ (¢, ') [Imod ABB] <= a —~ o [mod 4]V 3 ~ ' [mod B|

Notice that

(o, ) Z (¢, ) [mod A® B] = (a,) Z (¢, ') [mod ARB]
(,8) ~ (o, ) [mod A® B] = (a,f) ~ (¢/, ") [mod ABB]

This implies a linear injection mix: A ® B —o A% B.

2.3 We can now postulate another connective > (“before”) with linear injections:

AR B oA 1>B-—-oA%B.

!An atom is an element z such that ' C z implies 2’ = L Va2’ = z. A domain is atomic if every element
is the lub of the set of atoms below it.
2Girard [GLT89] calls D(A) a coherent space and calls A the web of the coherent space.



There is only possible definition of this new connective:

A5 Bl =4 x|B
(@, ) ~ (o, 3') [mod A > B] =
a~a mod A]Va=ad NS~ [ [modf]

Contrast the coherence tables for the three connectives:

[mod B] [mod B [mod B
I I i O B N S I B N
mod ) (ST EEI ] EIE
A®B A B A®BB

We denote the two linear injections by ser: AQ B —o A Band par: A> B —o A®%B.

2.4 What does this new connective mean? First, recall the standard linear logic
intuitions. A ® B denotes independent composition and A BB denotes composition with
(possible) communication.® A > B is “in between” the two. It denotes communication
with possible one way communication: from the A component to the B component. The
injection AR B —o A > B should be understood as saying, if we have a pair of computations
with no communication between the components, we have a pair with possible one-way
communication. Similarly, A > B —o A 8B means: if we have a pair of computations with
one-way communication then we have a pair with some communication.

2.5 The following properties immediately follow from the definition. “Before” is asso-
ciative and has 1 as its unit:

sassl: A (B>C) =2 (A B)> C :sassr
sdell : 1> A A : sinsl
sdelr: A> 1 A : sinsr

Il 11

It can be verified that the category COHL obtains a monoidal structure from > and 1.
However, notice that it is not symmetric: A 1> B 2 B > A.

2.6 “Before” is its own dual:
(A>B)t = Ate Bt

That means, the production as well as the consumption of before-pairs is carried out in the
same fashion: with possible communication from the left to right.

3The fact that communication is not mandatory signifies that coherent spaces interpret linear logic
together with the MIX rule.[Gir87a, p. 99]



2.7 Define a construction - by A -~ B = AL > B. Its coherence relation may be

stated as
(o, B) Z (/, ) [mod A = B] <—
ald mod Al = a=a A3 [ [mod B

It is easily verified that there is a linear injection par : (A > B) —o (A —o B). Consider the
elements (coherent sets) of A —> B. These may be seen as certain kinds of functions from
elements of A to elements of B, called sequential functions.* A sequential function extracts
a single token from its input to produce a token of output. However, it cannot wait for
a “demand” on the output to extract the input token. For example, the identity function
on int is a sequential function, but the identity function on A & B is not. ((0,«), (0, «))
and ((1,0), (1,5)) are not coherent in A & B —> A & B. Two strictly coherent inputs such
as (0,a) and (1, 3) cannot be handled in a sequential function because the choice between
them can only be made based on an external demand for the output.

Whenever A is a discrete coherent space (that is, & o = a = o), every linear
function A — B is a sequential function. Note that discrete coherent spaces include
primitive spaces like int and bool and are closed under ® and @. Discrete coherent spaces
with sequential functions form a category.

If D is a discrete coherent space, for every F': D > A —o B, we have

scurry F : A —o (D — B) = {(o,(0,0)) : ((6,c0),8) € F}
sapply : D (D—oB)—<B = {((6(50).0) :6€|D|,5el[B|}

such that sapply o (id > (scurry F')) = F and scurry F' is unique.

2.8 The above features of > show that it has a curious hybrid behavior: it behaves a
little like ® as well as 2. The fact that A+ > B is a function space is of much significance in
our modelling of state. A computation of type A+ > B first computes the A+ component—
extracting in the process some information about an A-typed value—and then potentially
uses this information to produce the B component. This captures some of the behavior
of storage cells. For example, the sequential function id : int™ > int models two steps of
a “buffer” that stores an integer using the int component and retrieves it using the int
component. The recursive type:

C =1&(intt > int > O)

models buffers that repeat this process indefinitely.

2.9 The hybrid behavior of > gives rise to a number of curious properties. It distributes
over both @ and & in the first argument position:

(Ao B)>C
(A& B)>C

(AxC)& (B C)
(A C)&(B > C)

>~
>~

4These are not related to the notion of sequential functions in the sense of Kahn and Plotkin. We use
the term “sequential” to mean that subcomputations are sequenced rather than to mean the absence of
parallelism.



Contrast this with the fact that ® only distributes over & and % only over &:

(ApB)®C =2 (A(C)® (B ()
~ (CoA)G(C®B) =~ C®(A®B)
(A&B)BC = (ABC)&(B3RO)
~ (CBA)&(CBB) = CBA&B)
We also have various weak distributivity properties:
A (B>C) — (A®B)>C
(A-B)®C —o A (B®CQ)
(ABB)>C —o ARB>C(C)
A (B®C) — (A> B)®C

These properties are best understood in terms of allowed communication paths:

® | no communication

> | communication left to right

% | communication in both directions

2.10 Let F(A4,...,A,) be a construction involving ® and >. We can define a partial
order <y on the set {1,...,n} such that ¢ < j iff F' allows communication from A; to A;
(i.e., A; and Aj occur to the left and right, respectively, of a > connective). Then, we
have a linear injection F'(Aj,...,A4,) — G(A4,...,A,) whenever <p is included in <g.
This allows one to formulate a sequent calculus with sequents treated as partial orders of
proposition occurrences [Ret93b, Ret93a].

2.11 We briefly mention the categorical properties at play here, which seem necessary
for building a model of state. We have a symmetric monoidal closed category (C,®, 1, —o)
with an additional monoidal structure (r>,1) such that the primary monoidal structure
(®,1) is a “submonoidal structure” of (,1), i.e., there is a natural monic ser : _® _ —
_ > _ that preserves the associated structure (assl, dell and delr).

Call an object D discrete if

Hom(D > A,B) = Hom(A,D —o B)

The corresponding combinators are denoted scurry : Hom(D > A, B) — Hom(A, D —o B)
and sapply : D > (D —o B) — B. It follows that the tensor unit 1 is discrete.

2.12 Acknowledgements The idea of a “before” connective is said to be originally
due to Girard. C. Retoré has done an extensive study of linear logic extended with
“before” [Ret93b, Ret93a]. I am indebted to S. Abramsky for pointing me to the earlier
work.



Regenerative storage

2.13 Next, we define a regenerative storage operator “” in the same spirit of Girard’s
“of course” operator:

|TA| = |Al* (finite sequences over |A|)
s Ot [modtA] <= sprefixtV
t prefix s V
s=s0-{a)-sANt=s0-(B) - ' Na—~(
for some sg, s',t' € |A|* and «, 3 € |A|

A somewhat “cleaner” statement of the coherence condition is:

(a1,...,an) T {ad,...,al,) [mod tA] <
Vk <min(n,m), (Vi <k, a; = o) = oy, C ), [mod A]

Following Hoare [Hoa85], we call the tokens of A “ traces”. A trace denotes the information
extracted from a storage object in one particular execution of a program. The object itself
is then modelled as the set of traces it supports. The coherence condition states that two
traces are coherent if, at the first point of divergence between them, if any, they differ
coherently.

2.14 The elements of A are coherent sets of traces. It is useful to focus attention on
the prefix-closed elements of A, called trace sets. A trace set S can be represented as a
(potentially infinite) tree T', with arcs labelled by tokens of A, such that

sisapathof T < se& §

The nodes of the tree may be interpreted as the “states” of a storage object and the arcs
as possible “state transitions”. The coherence condition states that, in every state, the set
of available transitions must be coherent.

2.15 Examples
(i) Consider an “integer stepper” object that successively steps through the integers. Its
behavior is captured by the set of traces:

(), (0), (0,1), ...

This set is an element of int. Its tree representation is shown in Fig. 1(a).

(ii) Consider a “counter” object that stores an integer value and supports operations
“fetch” and “increment”. It is modelled by an element of the coherent space f(int & 1)
where the two components int and 1 model the two operations. Note that the choice
between the two operations is external. The tokens of int & 1 are, as usual, (0,n) for
each integer n and (1,x*). For readability, we write these tokens as fetch.n and inc.x.
The traces of the counter object include

)
fetch.0), (inc.x)

(
(
(fetch.0, inc.x), (inc.x, fetch.l), (fetch.0, fetch.0), (inc.x, inc.x)
(fetch.0, inc.x, fetch.1), ...



0 fetch.q, nc.x get.0 \put.i1
O A
1 \put.ig
@) ® ®
2 \put.ig
o 0 3
(a) stepper (b) counter (c) cell

Figure 1: Trace sets as trees

The behavior tree corresponding to this trace set is shown in Fig. 1(b). (The back arc
is a meta-level notation to say that its source node has the same set of transitions as
its target node.)

(iii) A storage cell for integers can be modelled as an element of {(int & int*). Write the
tokens of int & int’ as get.i and put.j respectively. Then, an integer cell has the
behavior shown in Fig. 1(c¢). (The arcs with labels put.i; represent an infinite number
of outgoing arcs, one for each value of i;. The arcs labelled get.ix, however, represent
single arcs.) We denote the trace set of a cell with initial value i by cell; and use cell
for J;e,, cell;.

It is natural to ask if we can have storage cells of any type A. Unfortunately, such cells
give rise to difficulties of the kind mentioned in 2.7. A cell that holds values of type int & int
has, among its traces,

(put.(0,4), get.(0,7)) and (put.(1,7),get.(1,7))

The two put tokens are incoherent: (0,7) —~ (1,7) [mod (int & int)] and, so, (0,7) —
(1,5) [mod (int & int)*]. Thus, our model allows only storage cells that hold values of
discrete types. We interpret this negative result as follows: Since a storage cell is limited to
a sequential behavior, storing a value in it involves providing the entire information about
the value “in one shot”. Only discrete-typed values can be provided in this fashion.

It is possible that this is merely a limitation of the coherent space model which may be
circumvented in a more sophisticated model. But, more likely, storing non-discrete-typed
values in cells is an inherently complex operation and our understanding of such behavior
is still very limited. Note also that, one could simulate the effect of storing complex objects
by storing “names” or “references” to such objects.



2.16 It may be verified that there are linear maps:

done : A —o1 = {((),*)}
seq : TA—otA>TA = {(s-t,(s,t)):s,te|A*}

and they make fA a comonoid in the monoidal structure (COHL, >, 1).
There are also linear maps:

sread : A oA = {({a),a) :ax€|A|}
Seq : A —oftA = {(s1 ... S, (S1y.--,8n)) i S1,...,8n € |A[*}

such that (f,sread, Seq) is a comonad.

Intuitively, the map done closes the trace of an object. The map seq obtains two traces
from a given trace: one that can be used immediately and another that can be used in
future (after the first trace is closed). So, seq allows a storage object to be sequentially
reused. The map sread extracts one component of a trace and closes it, while the map Seq
splits a trace into a trace of traces whose components can again be used only sequentially.

2.17 There is a monomorphism
Ser:!A —ofA = {(comp(s),s):sel|A|*, comp(s)€|'A|}

where !A is as defined in [GLT89, Gir87a] and comp((a1,...,an)) = {a; : 1 <i < n}is the
set of “components” of a trace. This may seem surprising at first because for each coherent
set a € |!A], there are many enumerations of its members forming tokens of |t A|. However,
notice that all such enumerations are coherent in TA. In particular, for any down-closed
family X of coherent sets,

Sera(X) = {s:comp(s)e X} = U a*
acX

is a trace set. Such trace sets have the property that whenever s € S, every trace t with
the same set of components as s is also in S. Viewed in terms of trees, they are seen to
have the same set of transitions at every node. For example, the counter and cell trace sets
shown in Fig. 1 have this property when restricted to fetch and get transitions respectively.

Normally, such trace sets denotes sequences of “passive observations” of a storage object
which do not modify the internal state of the object. Since the state is not modified, the
sequence in which the observations are made is insignificant. For this reason, we call them
passive trace sets.

2.18 Definition In general, given a category with the structure mentioned in 2.11, we
require two monoidal comonads ! and  with the former being a sub-comonad of the latter
via a comonad monomorphism Ser : ! — t. Further, !A must be a comonoid with respect
to (®,1) and 1A a comonoid with respect to (>, 1). Since (®, 1) is a submonoidal structure
of (>,1), !A also becomes a comonoid with respect to (>,1), via the monic ser. This
comonoid must be a “subcomonoid” of A via the natural monic Ser which must now be a
morphism of comonoids as well.



It is easy to verify that the above definitions satisfy these requirements. The only detail
not covered previously is the fact that T is a “monoidal” comonad. This means, first, that
T is a monoidal functor, with maps:

striv. : 1-—o1l
— {(h (") new)
sprom : TA®{B —of(A® B)
= {((<041,...,Oén>,<ﬁ1,...,,8n>), <(0517ﬁ1),---,<04n,ﬁn)>)
new,Vi<n,a; €|A],B; €|B|}

satisfying certain coherence conditions [Koc72, Jac92]. Further, the natural transformations
sread and Seq are monoidal transformations.

To this, we add the usual requirements [See89] that the category have finite products
and coproducts, and that ! maps the the product monoidal structure (&, T) to (®,1). (This
implicitly makes ! a monoidal comonad.) The resulting structure is called an LLMS-category
(for Linear Logic Model of State).

3 Representation results

An important property of Girard’s “of course” storage operator is that its co-Kleisli category
gives stable functions, i.e., there is an order isomorphism

D(!A - B) = [D(A)—sD(B)]

where —; denotes the stable function space. In this section, we look at corresponding
results for the regenerative storage operator.

For a coherent space A, define its active domain A(A) to be the subdomain of D(fA)
consisting of only prefix-closed elements. As mentioned in 2.14, such elements are equiva-
lently viewed as trees. We have the following order isomorphisms:

A(tA — B)
D(tA — B)

[A(A) =i A(B)]
[A(A) =, A(B)]

1

where —; denotes the linear function space (cf. 2.1) and —, denotes a subspace of linear
functions consisting of so-called regular functions. While the elements of D(fA —o B) are
linear maps, the elements of A(fA — B) are not. (We call them active maps.) It is
surprising that they should correspond to a linear function space! From a practical point of
view, active maps correspond to procedures with side effects. In spite of such side effects,
the procedures satisfy 3 equivalence in Algol [Rey81] and other related languages [SRI91,
ORH93, PW93]. The first isomorphism above provides some insight into why this is so.

The utility of these results is that they allow us to view linear and active maps as
functions. Unfortunately, it is not yet clear whether good representation results exist in the
category of coherent spaces (atomic domains). We move to the larger class of dI-domains
to obtain the representations.

10



3.1 Notation We use the term “trace” to refer to a finite sequence over some set and
“trace set” to refer to a prefix-closed set of traces. The meta-variables s,t,... stand for
traces, X,Y, ... for sets of traces and 5,7, ... for trace sets.

The prefix relation on traces is denoted by “<”. Define

It = {s:s<t}
X = {s:FteX s<t}
max(T) = {teT: - eT, t<t'}
T/t = {t:t-teT}
T-T" = TUu{t-t':temax(T)At' €T}

Think of trace sets as trees, as mentioned in 2.14. Then max(T') is the set of maximal
paths of the tree T. T/t is the subtree arrived at by following the path ¢. T'- T" is the tree
obtained by grafting a copy of T” at every leaf node of T'. If there are no leaf nodes in T,
then T-T' =T.

Define the relations:

tet & tLUAY Lt
T~T <& Vtemax(T),Vt' € max(T'), t ~t'

When T ~ T" we say that T and T" “diverge”.

3.2 Definition Define A(A) ={T :T € D(tA), T = |T }, ordered by inclusion. A(A)
satisfies the following properties:

e down-closure: if T'€ A(A) and 7" C T is a trace set then 77 € A(A).

e coherence: if X C A(A) and V11,T> € X, T1 UT, € A(A) then JX € A(A).

e suffix completeness: if T' € A(A) and ¢t € T then T'/t € A(A).

e extension completeness: if T7,T5 € A(A) such that T} ~ Ty and T3 UT € A(A) then,

for all T{,Té € .A(A) such that 717 - Tl/v T - TQI € .A(A), (T1 . Tll) U (T2 . TQI) € A(A)

o frecly generated: () € A(A) and T,7" € A(A) =T -T' € A(A).
In fact, these properties completely characterize free active domains, i.e., if D is any domain
of trace sets satisfying the above properties, then there is a coherent space A such that
D = A(A). A domain of trace sets that only satisfies the first four properties is called an
active domain. Such a domain may not contain all the trace sets of the corresponding A(A).

Thinking of trace sets as trees, down-closure says chopping some branches in a tree of
A(A) gives another tree in A(A). Coherence says a set of trees can be merged if its members
can be merged pairwise. Suffix completeness says the subtree at a path t is also a tree of
A(A). Extension completeness, by far the most complex condition, says if 77 UT5 is a tree
with divergent subtrees T} and Ts, then extending T} with some 7] and extending T with
some T4 still gives a tree in A(A). However, such extension is permissible for only certain
valid extensions of T and T respectively. If all extensions are valid, we obtain free active
domains.

3.3 An active domain is a Scott domain. Further, it is

11



e prime algebraic, i.e., every element is the lub of the set of complete primes below it,?
and

e finitary, i.e., every compact element is approximated by a finite number of elements.
As shown in [Win80], finitary prime-algebraic domains are the same as Berry’s dI-domains [Ber78].
Active domains are, in addition, coherent.

The complete primes of A(A) are trace sets of the form |¢ for some trace ¢t. Equivalently,
they are trees with no branching. Prime algebraicity amounts to saying that a tree is the
set of its paths. Finatariness means that a tree with a maximal path has a finite number
of paths.

3.4 Definition We consider two kinds of functions between active domains. Linear
functions between active domains, denoted D —; E, are stable functions satisfying (2).
The linear function space with Berry order is denoted [D —; E]. In addition, we consider
regular functions, denoted D —, E. These are linear functions such that, whenever s € S
is a minimal trace such that t € f(|s),

t-t'e f(S) «— t' € f(9)s) (3)

3.5 Examples
(i) Consider a function f : A(int) — A(int) such that

f(T) = {(il,i1+i2,...,§];§:1ik>:new, <i1,...,in> GT}

The function is evidently stable and linear. However, it is not regular. For instance,
(1) € f(1(1)) and (1,3) € f(I(1,2)), but (3) ¢ f(1(2)). Linear functions between
active domains are, in general, history-sensitive (have “side-effects”). To implement
f in a programming language, we would need an internal storage cell that remembers
the current sum and gets modified each time f is “called”. For this reason, we call
linear functions between active domains “active functions”.

(ii) In contrast, regular functions involve no internal memory. A simple example is inc :
A(int) — A(int) given by

inc(T) = {(i1+1,...00p+1): (i1,...,0n) €T}

For every “demand” on its output object, this function demands an integer from its
input object and returns the incremented integer. The implementation of inc does
not involve any memory.

(iii) Another example of a regular function is evens : A(int) — A(int) given by

evens(T') = {the sequence of even integers in s: s € T'}

This function (possibly) demands several integers from its input object to produce an
integer of the output object. However, it is still regular. Since regular functions do
not involve internal memory, we also call them “passive functions”.
The representation results that follow demonstrate the active/passive nature of these func-
tions.

5A complete prime is an element z such that, for all sets S of elements, x T ||S=3IyeS zCy In
a finitary domain, complete primes are the elements with unique predecessors [Win80, Win&7].

12



3.6 Lemma Let f: A(A) —; A(B) be a linear function, S € A(A) andt € f(S). Then,
(i) it is possible to find finite Sy C S such that t € f(So), and
(ii) if So is chosen minimal among the solutions to (i), then Sy = |s for some unique
trace s € S.

Proof (i) follows from continuity of f. For (ii), we obtain uniqueness of Sy from the
stability of f. Linearity of f gives that S is a complete prime. O

This result, and the one that follows, are similar to Girard’s [GLT89, Sec. 8.5 and 12.3].
See also [Zha92, Zha93)].

3.7 Lemma Given f: A(A) —; A(B), define uf C |Al* x |BJ* by
wf ={(s,t) : |s is a minimal trace set such thatt € f(ls)}

Then
(i) uf € D(1A < B),
(i) (0. () € puf, and
(iii) of (s,t) € uf and t' <t then (s',t') € uf for some s’ < s.

Proof The verification of (i) is straightforward. (ii) follows from the fact that () € f(5)
for all nonempty S. For (iii), note that ¢’ € f(|s) and, so, there must be a shortest s’ € |s
such that ¢’ € f(|s'). O
The properties (ii) and (iii) mean, in particular, that if (s, (81,...,0,)) € uf then there
is a decomposition s = sy - ... - s, such that, for all i <mn, (s1-... s, (B1,...,0:)) € uf.
Note that trace set domains are needed for this result. A similar property is not available
for linear functions f : D(tA) —; D(1B).

3.8 Lemma For f: A(A) —; A(B), define f C (JA]* x |B|)* by

Yf o= {<(317ﬁ1)7"‘7<37uﬁn)>:
necw,Vi=1,...,n, (s;1-... 8, (B1,...,0i)) € uf }

Then ¢ f € A(tA —o B).

Proof 1 f is clearly prefix closed. We show that it is coherent in {(fA —o B). Suppose
((51,81), -5 (50, Bn)) ~ (81, 81); - -, (S Brn)) € U f (4)
Let & < min(n,m) be an index such that (s;,5;) = (s}, /) for all i < k. By definition,
(s1 o s (Broeo Bi))y (S 8k (81, Br) € puf
Since puf is coherent in tA —o B, s1-...-s, O s} -...-s) implies (B, ..., Bk) < (B, ..., B)-

So, s O s = B C B, and s, —~ s, = B — Oy, i.e., (Sk, Bx) Z (s), 8;,) [mod 1A —o BJ.
The pair of sequences in (4) is thus coherent in (1A — B). O

13



3.9 Lemma IfF € A(fA —o B), there exists a linear function ¢F : A(A) —; A(B)
given by

¢F(S):{<,31,...,ﬂn>:381-...'8n€S, <(81,ﬁ1),...,<8n,ﬁn)>€F}

Proof We first verify that ¢F(S) € A(B). Suppose t = (f1,...,0,) and ' = (B],...,6.,)
are in ¢F(S). There exist s1 ... s, and s} ... s}, in S such that

<(51aﬂ1)7 R (Sn’ﬁn)>a <(5,1’ﬂ1)’ te (S;n’ﬂ;n» €F

Let k& < min(n,m) be an index such that (s;, 3;) = (s}, ;) for all i < k. Then, (sg, k) C
(s}, 3;) [mod tA —o B]. Also, because s; = s for all i < k, s C s, [mod tA]. From these
facts, we conclude (i) B C (), [mod B], and (ii) B = f, implies s; = s}.

Suppose | < min(n,m) is an index such that §; = G} for all ¢ < I. From the above,
s; = s for all 4 < [ and, hence, §; Z ] [mod B]. This shows that t Z ¢’ [mod {B].

Suppose t = t'. Then, $1-... 8, =8} -...-s,. So, whenever t € ¢F(S), there exists a
shortest s € S such that ¢t € ¢F(|s). This shows that ¢F is stable and linear. O

3.10 Theorem There is an order isomorphism A(TA —o B) = [A(A) —; A(B)].

Proof It may be verified that the maps ¥ and ¢ defined above are mutually inverse. To
check that these maps are monotone, notice the equivalences

fCpyg <= uf Cug < ¥f Cyg

where Cp stands for the Berry order. The first equivalence is standard. (Cf. [GLT89,
Sec. 8.5.3] and [Zha93].) The second equivalence can be verified easily. We show the
implication right to left. Suppose ¥ f C ¢g and let (s, (f1,...,0,)) € pf. By Lemma 3.7,
there is a decomposition s = s1-...-s,, such that, foralli = 1,...,n, (s1-...-s;, {B1,...,5i)) €
wf. This means ((s1,01),..,(Sn,0n)) € ©¥f C g, and, by inverting the argument, we
obtain (s, (61,...,0n)) € pg. O

3.11 Example For the function f mentioned in 3.5, ¢ f includes all traces of the form:

<(<i1>7i1)7 (<i2>7i1 +i2)’ AR (<in>a22=1ik)>

for n € w and iy, ..., 4, € |int|.

3.12 Lemma If f: A(A) —, A(B) is a regular function, there exists F' € D(tA —o B)
such that Y f = F*.

Proof The condition (3) means that, if (s,t) € uf then (s-s',t-t') € uf < (s',t') € uf.
Define F' = {(s,0) : ((s,0)) € ¥f }. Equivalently, F' = {(s,0) : (s,(8)) € uf }. Now,
<(317ﬁ1)7 sy <3naﬁn)> € wf
< fori=1,...,n, (s1 ... 8;,{B1,...,0i)) € uf
< fori=1,...,n, (s;,(Bi) € uf
< fori=1,...,n, (s;,[) € F

which shows that ¢f = F*. O
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3.13 Theorem There is an order isomorphism D(1A —o B) = [A(A) —, A(B)].

Proof Given f: A(A) —, A(B), let 7f € D(fA — B) be as in Lemma 3.12:

mf={(s0):((s,0) € ¥f}

We can invert the mapping by associating, with each F' € D(fA —o B), the function

fS)={PB1,...,0n):3s1-... s, €8, fori=1,...,n, (s;,5;) € F}

These mappings are monotone because, for regular f and g, nf C 7g < ¢ f C ¥g and
the latter is equivalent to f Cp ¢g as in 3.10. O

3.14 Example
(i) For the function inc mentioned in 3.5, 1inc has traces of the form:

(((i1),31 +1),... ((in)yin + 1))

Note that ¢ f = {((i),i + 1) : i € |int| }*.
(ii) For the function evens, wevens has pairs of the form (s - (i),7) where s is a sequence
of odd integers and i is an even integer.

4 Interference-controlled Algol

We would like to give a semantic account of programming languages and design proof
systems using the ideas presented in Section 2. We consider programming languages first so
as to provide concrete computational intuitions. A proof system called “linear logic model
of state” is presented in Section 5.

Algol 60 [Nau60] is one of the earliest and most influential programming languages.
Reynolds [Rey81] clarified the essential design of Algol 60 as a typed lambda calculus with
primitive types for state-manipulation. We refer to Reynolds’s presentation as Idealized
Algol or, simply, Algol. An important criticism of Algol and other Algol-like languages
is that they permit uncontrolled interference between active (state-manipulating) objects
which makes reasoning about programs complex. From our point of view, semantic analysis
of these languages is also made complicated by this feature. Reynolds [Rey78| proposed a
system for syntactically controlling interference using the principle: “distinct identifiers do
not interfere”.5 We refer to this system as interference-controlled Algol. O’Hearn [O’H91]
studied the connections between interference control methods used by Reynolds and the
resource control implicit in linear logic. Our semantics builds on O’Hearn’s work. Reynolds
also proposed in improved interference control system in [Rey89] using a sophisticated
subtype discipline. While we believe that the semantics of this system also falls within
our framework, we relegate its study to future work.

6Other languages that use some form of interference control include Concurrent Pascal [Bri73],
Euclid [Pop77], Turing [HMRC87], Occam [PM87] and FX [GLS6].
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I'e:exp I'Fep:exp I'keo:exp

I'-0:exp

I'Fsucce:exp I'Hejp+es:exp
I' + skip : comm I' - diverge : comm
I'tep:comm T'Fcy:comm I'Fep:comm AF ¢y : comm
't (c15¢2) : comm IAF (1 | e2) : comm
I,z : var I ¢ : comm Iov:var T'ke:exp I'-v:var
't new z.c: comm T'Fov:=e:comm I'v:exp

Figure 2: Sample primitive phrases

Primitive types

4.1 Definition Let § range over primitive data types, such as int and bool. Then the
primitive types of Algol (sometimes called “phrase types”) are as follows:

6 == Jexp|comm |J var

Intuitively,

e 0 exp stands for “expressions” (passive state-observers) that yield values of type 4,

e comm stands for “commands” that modify state, and

e § var stands for “variables” (storage cells) that store values of type 8.7
To simplify matters, we consider a single data type int, and abbreviate int exp and int
var to exp and var respectively.

Sample program phrases of these types are shown in Fig. 2. The phrase c1;co denotes
sequential composition and c; || co denotes parallel composition. Note that, in ¢ || c2, ¢1
and co are built from separate variable contexts I' and A. This ensures that the two
parallel commands do not interfere. (We are implicitly using Reynolds’s interference control
principle that distinct identifiers do not interfere.)

The operational semantics of this fragment of Algol is standard. See, for example,
[Gun92]. To execute a command x7 : var,...,z, : var - ¢ : comm one uses a state o € w".
Execution is then defined as a relation of the form (¢,0) | ¢’ which means executing ¢
in state o yields the final state o’. For non-interfering parallel composition (which is not
standard), one uses the rule:

(c1,01) b ot (ca,02) I of

(c1 ] e2, (o1,02)) I (07, 0%)

For evaluating expressions x1 : var,...,x, : var F e : exp, one similarly uses an evaluation
relation (e, o) |} n (for n € w).

"Unfortunately, this terminology conflicts with the mathematical usage of the term “variable”. In this
section, we use Algol’s term “identifier” for mathematical variables, and use “variable” for storage cells.
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The identity and structural rules for this fragment of Algol are shown in Fig. 3. Note
that contraction is conspicuously absent. Had we allowed contraction, we would be able to
have two identifiers denoting the same variable and this would violate the principle that
distinct identifiers do not interfere. See [0’H91, O’H] for further discussion of this aspect.

4.2 To interpret the primitive types of Algol, associate a coherent space 6° with each
type @ as follows:
exp® = int
comm°’ = 1
var® = int & intt

(Recall that int* = int —o 1.) We write the tokens of var® as get .4 and put . j corresponding
to the int and int™ components respectively.
We interpret a phrase with typing

x1:01,...,0: 0, Fp:0

as a linear map of type
0] ®...® 160, — 6°

Let 6* denote the coherent space 76°. For a type assignment I" such as the one above, let I'*
denote the coherent space 167 ® ... ® t0,. There are two important maps that occur often:

ss: " ->T*pI* = @7I° % QU > 11°) —= (R I'°) > (R 11°)
Se sprom
SS: T* — {I* = iI° M ® HI® ——> H(@11°)

where the second map in the first definition is an appropriate combination of weak dis-
tributivity injections mentioned in 2.9. If f : I'* — 6° we write skleisli f for the map
SS; 1f: ' — 0%,

The phrases of Fig. 2 can now be interpreted as follows:

i &) done [o]
[TFO:exp] = T ——= ®1 = 1 —— int
[T+e1:exp]>[I'te2:exp] +
[T, AFer+ex:exp] = T o1 - = int > int — int
&) done
[ Fskip:comm] = T —— ®1 = 1
[l diverge : comm] = TI* s
ss [TFci1:comm]> [T'-c2:comm]
[Tt ¢3¢0 : comm] = T —=T* T 11 =1
[TFecr:comm]®[I'Hco:commy]
[T, AFcp]ce: comm] = I'™*®A* 11 =1
idecell [T,z:vart-c:comm]
[T'Hnew z.c:comm] = T' 2 I"®1 A e t(int & int™) i ‘
[T+e:exp]>[I'Fv:var] i
[TFv:=e:comm] = T* BN LN int > (int & intt) e
[THv:var] 0
[CFv:exp] = T ——— int &int™ —> int
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Tax:01,y:0,Abp:0 Fkp:¢

Exchange ——— Weakening
Ty:00,2:0,,Abp:0 Fz:0Fp:0
F'kp:0 Az:0Fq:0
— Cut
x:0Fx:0 T,AFgp/z]: ¢

Figure 3: Identity and structural rules for contraction-free Algol

The map L above is the empty linear map, celly picks out the cell trace set defined in 2.15,
and assign is (id > 7 );sapply. Though we give the interpretation with coherent spaces
in mind, it is clear that it applies to any cpo-enriched LLMS-category with a discrete object
int. (Cf. 2.11 and 2.18.)

It is instructive to compose the above arrows to obtain direct linear maps. We use the
following notation. A token of [I' - p : ] is written as s — « where s is a vector of traces
in |I'| (of the same length as that of I') and « a token of §°. We show a few important
cases:

[C'Fnew z.c:comm] = {(s+x*):(s,t+—%)€[[,z:vart c:comm], t € celly}
[lFov:=e:comm] = {(s;-s2— %):
(s1—1) €'k e:exp],
(sg—put.i) € [I'Fv:var]}
[THv:exp] = {(s—1i):(s—get.i)e[['Fuv:var]}

The notation s; - sy denotes component-wise concatenation of s; and se (which are vectors
of sequences).

4.3 The identity and structural rules of Fig. 3 are interpreted as follows:
id heid [T,z:61,y:02,Alp:0]
Exchange I*®05® 07 ® A" 08 Mgt AF —
ided del [CEp:0]
Weakening I'* ® 0* i N ®1 -5 1 r 0"°
Id g+ sread g°
(skleisli [[+p:0])@id h [A,2:0Fq:0']
Cut Mo A* ! 0*®A*%A*®9*$9’°

Notice that these interpretations are very similar to those of intuitionistic logic [GLT89],
with the only difference being that ! is replaced by t.

4.4 Examples
(i) The command z : var - z := z + 1 : comm denotes the linear map:

{({get.i, put.i+ 1) — %) : i € |int| }

18



As shown in Sec. 3, such a linear map can also be viewed as a regular function
[ A(var®) —, A(1). The function maps variable trace sets to command trace sets
such that, whenever the input contains a trace of the form:

(get .11, put.i; +1, ..., get.i,, put.i, + 1)

the output contains (x)".

form

In particular, the cell trace set contains all traces of the

(get.i, put.i+1, get.i+ 1, put.i+2, ..., get.i + (n—1), put.i+n)

So, given an n-fold approximation of the cell trace set, the command gives a sequence
of n *’s. The best way to read this is to say that, if the command x := x+1 is executed
n times then an integer cell with an initial value ¢ passes through some intermediate
states and ends in the final state i + n.
(ii) The command x : var, y : var - (z := 1 ||y := 2) : comm is interpreted as the linear
map
{(put.1), (put.2) — *}

(iii) The command v : var - new z. (z := x+1;v := x) : comm receives the interpretation

{(put.1) — *}

Notice that, by making x a local variable, we suppress all its intermediate states from
the interpretation.
(iv) The command + new z.z :=x + 1 : comm gets the trivial interpretation

{—=}

The creation of a local variable (in a block structure discipline) has no effect on the
observable behavior. In fact, every closed command phrase is equivalent to one of
skip and diverge.
Next, we look at some cases that illustrate the limitations of the above interpretation:
(v) The command x : exp, v : var, w : var b (v := z; w := z) : comm gets the linear
map
{ ({4, 5), (put.4), (put.j) = *) 4,5 € |int| }

Since no two distinct identifiers interfere, the assignments to v and w do not affect
the value of the expression x. So, both the uses of the expression must obtain the
same integer i. Using Tint to model inputs of type exp does not model this aspect.

(vi) The command w : var,v : var,w : var F (v := u; w := u) : comm gets the
interpretation:

{({get .4, get.j), (put.i), (put.j) — x): 4,5 € |int| }

The same problem reappears. The two uses of v are presumed to give possibly different
integers 7 and j.
Handling these limitations requires a treatment of “passive types” which is beyond the scope
of this paper. But, see 4.11 for some remarks.
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4.5 Theorem (Adequacy) If  c¢:comm is a command, (— %) € [ F ¢ : comm] iff
(¢c,00) I} 00. (00 is the empty state.)
To prove this result, we need some definitions. Let s be a trace in var*|. Define the

relation —— Cw X w inductively by

° ii»iforalliEw.
. {get.g)s
o

_ (put.j)-s
°

g o s
7 iff i =7 and i —7'.

.. . S .
it j —— 1.

Think of i —— J as stating that a trace s takes a cell with state ¢ to a state 5. Note that
this holds only if s € cell and that there is at most one j of this form for a given initial

state 7. Similarly, if s € cell™, define E, C w" x W™ as the evident extension of —— .

4.6 Lemma Let I' be a type context of the form x1 : var,..., x, : var.
(i) If T F e: exp and (e,0) | i then there exists s € cell” such that o —2 + o and
(s+—1i) €'+ e:exp].
(ii) If T+ ¢: comm and (¢,0) |} o’ then there erists s € cell™ such that o —> o and
(s %) € [I'F c: comm].
The proof is by induction on the definition of “|}”.

4.7 Definition Call a context I' a variable context if it is of the form x; : var,..., x, :
var. The computable phrases of primitive Algol are inductively defined as follows (with T’
a variable context):
(i) An expression I' - e : exp is computable if, whenever (s — i) € [I' - e : exp], for all
states o, 0’ such that o i»a/, o=0c"and (e,o) | i.
(ii) A command I' F ¢ : comm is computable if whenever (s +— *) € [I' - ¢ : comm], for
all states o, o’ such that ¢ ——» o, (c,0) | o'
(iii) A variable I' F x : var is computable.
(iv) A phrase I',x1 : 0y,...2, : 0, F p: 0 is computable if, for all phrases I'; - p; : 6; such
that I'; is a variable context, I',T'y,..., 'y F p[p1/x1, ..., pn/xy] : 6 is computable.

4.8 Lemma All phrases I'p: 6 are computable.
The proof is by induction on the type derivation of I' - p : §. Theorem 4.5 follows from
the two lemmas.

Higher types

4.9 The type system is extended to higher-type values by adding function types 6 — 6’.
This type denotes procedures which do not interfere with their arguments. The phrases are
given by the type rules:

Fz:0Fp:0 F'Fp:0 Ax:0Fq:0"
F'FXxp:0—6¢ LA f:0— 0 Fqlfp/z]: 0"

20



The operational semantics of function application is beta-reduction, as usual. The coherent
semantics is given by the interpretation: (f§ — 6')° = 16° — 6’°. The phrases are then
interpreted as follows:

[CEXep:0—0] = {(s—(t,8):(s,t—=pB)e[L,x:0Fp:0]}

[C,A f 0 — 60 Fqlfp/x]:0"] = {((s1---. sn),t, ((u1,51),- -, (Un, Bn)) — ) :
(s1 — u1),...,(sn — uy) € skleisli [I'Fp: 0],
(t,(B1,...,0n)— ) €[Ax:0Fq:0"]}

A special case of the second definition is often useful:
D, f:0—=0+fp:0"] = {(s,{(w,B)) — B):(s— u)€skleisli [[' -p:0]}

Similarly, product types can be added in the usual fashion. Their interpretation is (6 X

01)° = 603 & 6°.

4.10 Examples The following convention is useful in writing Algol programs. Let —
be a type constructor defined by =0 = 0 — comm. It denotes “f-consumers”. Then the
type ——6 denotes #-consumer-consumers whose information content is essentially the same
as that of @, except that a ——6#-typed computation can perform some state-manipulation

before producing a 6-typed value. For each s € |#*|, there is a token s = (s %) +— * in

[(==0)°].
We consider the example objects mentioned in 2.15.
(i) A counter object is of type counter = exp x comm. To create a counter, we use a
phrase of type ——counter:

Me.new z. k (z, x :=x+ 1)

Its meaning includes s for every s in the counter trace set described in 2.15.

(ii) A stepper object is meant to give a different integer for each use. However, the prim-
itive type exp for integers is passive (does not allow state manipulation). We obtain
a state-manipulating type by double negation: stepper = ——exp. The following is a
stepper that steps through the integers starting from some integer:

x:var b Mk (z:=xz+1; kx) : stepper

Such a stepper can be used multiple times sequentially. For example, if print : exp —
comm is a printing procedure, the command

s : stepper F s print; s print : comm

prints two successive integers.
To create a stepper, use a phrase of type ——stepper:

M .new z. k' M.z =z +1; kx)

Its meaning consists of tokens of the form



(ili) A passive function from steppers to steppers which increments the input integers
(cf. 3.5):
incs = Me.shi.k(i+1)

Its meaning consists of tokens of the form:
(Giry i) iy i) MD = (G + 1, i+ DA i 1, i, + 1)

(iv) An active function from steppers to steppers that accumulates the sum of the integers
in a variable called sum:

As. Ak. s Mi. (sum = sum + i; k sum)
To create such an accumulator, use a phrase of type ——(stepper — stepper):

Ak.new sum. k (As. Ak. s Ai. (sum := sum + i; k sum))

4.11 Passivity Reynolds [Rey78| recognized that many phrases of Algol are passive,
i.e., they do not affect the state. Such phrases have the property that they do not interfere
with each other (including themselves). So, passive phrases can be reused in independent
contexts. This allows us to write, for example, phrases like v := z || w := x and (\y. x+y) x.
The identifier x of type exp is a passive phrase and, so, parallel access to it is permissible.

To permit such reuse, Reynolds classifies phrase types into passive and active types as
follows:

types 0 = ¢|a
passive types ¢ 1= exp
active types «a = var |comm

Passive-typed inputs can be duplicated using a contraction rule:

Fx:9,y:0bp:0
Lyz:obplz/x,z/y]: 0
Higher type phrases are similarly classified into passive and active phrases: 6 — p 6’ is the

subspace of # — #’ that denotes passive functions. This type is especially important because
it allows a fixed point operator:

Contraction

fix: (0 -p0) —p0

A simple idea for interpreting passive phrases is to use the interpretation ¢* = !¢° instead
of 1¢°. The idea has indeed been explored in an earlier abstract of the present paper [Red93].
However, more structure is needed to push this interpretation through. For example, the
variable dereferencing operation of Algol requires a map of the form {var® —o lexp® which
is not available in general. The fact that !A is a subobject of tA gives a rich subtyping
structure (cf. [O’H91]) and a careful analysis of this structure is necessary to properly model
passivity (somewhat along the lines of Girard’s correlation spaces [Gir91]). We hope to show
these details in a future paper.
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4.12 Previous work Finding a fully abstract model of Algol is an open problem in the
study of programming languages. The traditional models are based on functions over global
states [Sto77] which fail to be abstract in various ways. Reynolds and Oles [Rey81, Ole85], on
the one hand, and Meyer and Sieber [MS88], on the other, focused on one impediment to full
abstraction: the issue of locality for variables created using new . Apparently satisfactory
solutions to this problem have recently been obtained, albeit in a rather technical setting
of functor categories [OT93].

A somewhat orthogonal problem in modelling Algol is the issue of history-sensitivity
(also called single-threadedness). This is the notion that a storage object exhibits a behavior
dependent on its past history of operations. An example that violates history-sensitivity
is the so-called “snap back” combinator which resets the state of a storage object upon
completion of an operation (which might temporarily modify the state of the object). The
author is aware of no previous work on modelling history-sensitivity of Algol, even though
much work on concurrency addresses this problem for first-order languages [Hoa85, Mil89].

Notice that the present work addresses both the locality and history-sensitivity issues.
It fails to be fully abstract for other reasons: passivity is not modelled, intermediate states
are represented in the semantics, and it also faces the usual problems with respect to stable
functions. However, we believe that important insights regarding locality and history-
sensitivity have been obtained through this study. While it is possible to address the
remaining issues by quotienting with appropriate equivalences, their detailed study must
await a future paper.

5 Linear logic model of state

We consider an intuitionistic linear logic® with the following operators: constants 1 and T;
binary connectives ®, >, —o, and &; modalities ! and f.

5.1 The left context of a sequent has the following syntax:
I' == ¢ | A | Fo,rl | FQ;Fl

with the interpretation that e (empty context) denotes 1, the context I'g,I'; denotes T'o®1T';
and the context I'g;I'y denotes I'y > I';.

A context I' is called an independent context if it has no “;” connective.

By the properties mentioned in 2.10, we can associate with each context I,

e |I'|, the set of formula occurrences in I',and

e <r, a partial order on |I'| denoting sequencing constraints.
The pair (|T'|, <r) is often called a “pomset” (partially ordered multiset). We define the
pomset representation of a context inductively as follows:

el = {

Al = {A} <a = {(4,4)}
To, 1] = [Tol+ T <ror, = <r,U<n
To;T1| = [Tol +T1] <rer; = <r,U<r, U[To|x [T]

8 “Intuitionistic” means that the sequents are of the form I' - A or I'  (though we have no use for the
latter). “Linear” means that there are no structural rules of weakening and contraction applicable to all
formulas.
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Notice that the pomset representation induces an equivalence on type contexts. The
equivalence is that generated by associativity, commutativity and unit laws for “” and
associativity and unit laws for «;”.

The notation I'[] denotes a context with a hole; the hole can be plugged with another
context as in I'[A] to obtain a context. Plugging a whole with € essentially “dissolves” the

hole by the unit laws.

5.2 The proof rules of LLMS are as follows.
Structural rule

I'-A

Ser if |T|=|I"| and <p C <pv

Identity rules
'-A A[A]FB

—d Cut
Al A Al - B
Multiplicative rules:
I'-A AFB T[A, B|F C I'A AFB T[A; B F C
——Q®R — QL — >R — L
INA+FA®B IMNA® B]|FC IAFA> B I'A> B|FC
le] - C A-B '-A A[BJFC
g HdRCL,. TAFB BFC
-1 NN Ixe; I'A—oB A[l'A — B|FC
Additive rules:
I'FA T+B T[A]F C I'[B]+ C
P — &R —1&L —2&L
L=t I'+A&B I[A& B+ C I[A& B+ C
Modalities:
Tle] - C Ak C I[tA; 1Al F C
—— tWeak ——— Der ————— {Thread
I[tAl = C ItA] = C ItA] - C
r-A
R (if I' is an independent context with only ! or T formulas)
r-t1A
I[tA] - C A IA] = C
—— 1Ser ——!Contr
Al FC Al FC

'-A
IR (if T is an independent context with only ! formulas)
14

Note that !Ser allows !Weak and !Der as derived rules.
These proof rules can be given a term assignment in the standard fashion. See [Abr93].

5.3 Theorem The cut rule is redundant in the LLMS sequent calculus.
The proof proceeds in the standard fashion. Define the degree of a formula by

d(A) = 1 (for A atomic)
J(A® B) = max(9(A4),0(B))+1
d(0A) = 9(A4)+1

and the degree of a proof by the maximum degree of its cut formulas.
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5.4 Lemma If A is a formula of degree d and T'+ A and A[A] - B have proofs m and
7' of degree smaller than d then A[L']+ B has a proof of degree smaller than d.

The proof is by induction on the sum of the heights of the two given proofs. If 7 and 7’
end in Id or right and left rules for A (the structural rules of the modalities are considered
left rules), then the symmetries of the rules allow reduction in the height of one proof. For

example,
kA AltAl+ B 'rA
IR ——— 1Ser TR
I'H1A Al'AlF B — I'H74 A[tAl+ B
Cut Cut
Al B Al B

By inductive hypothesis, we conclude that A[l'] = B has a proof of degree smaller than d.
If 7 and 7" end in left/right rules for some other formula, then we consider some
appropriate subproofs of 7 and 7’ for inductive hypothesis. O
It can then be shown that every proof of degree d > 0 is reducible to a proof of a smaller
degree. Hence, the theorem follows.

5.5 Theorem The LLMS proof system has a semantics in COHL, in fact, in any
LLMS-category. Further, this semantics is preserved by cut elimination.

The interpretation of a context is as mentioned in 5.1. A sequent I' - A is interpreted
as a linear map I' —o A.

The interpretation of most rules follow from the properties of COHL (and other LLMS-
categories) mentioned in Sec. 2. The only rules that need some care are 1R and !R. Consider
1R. Since I' is an independent context, it is of the form !Cy,...,!C,,1D1,...,TDym. The
fact that ! and 1 are monoidal comonads (cf. 2.18) gives the following map:

(@ Dup)a () Seq)

I = (®1C)@(®1D)) (®!C:) @ (R F1D;)
(& Ser)wid
(®11C:) @ (R 1D;)
ki HI®ICH ® (®1D;)) = 1T
TIrFA]

The interpretation of 'R is similar.
It is a routine exercise to check that cut-elimination preserves the semantics.

5.6 Since the correspondence between LLMS-categories and the LLMS proof system is
rather close, the interpretation of Algol given in Sec. 4 can be easily adapted to a translation
to LLMS. This shows that LLMS is a rich framework for modelling state-manipulations.
One might wonder if we can use LLMS (with an appropriate term assignment) as a
programming language. At this stage, such an exercise would seem unwise. The type system
represented by LLMS is quite complex, with two kinds of connectives in type contexts. In
contrast, interference-controlled Algol seems to hide much of this complexity by using a
good set of combinators. While it is an open question whether LLMS can give rise to a
programming framework that is superior to Algol, we believe the best use of LLMS is as
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a conceptual model for thinking about programs in Algol and other languages supporting
state-manipulation.

6 Conclusion

We have described here a logical model for state-manipulation using the framework of
linear logic. The model is characterized abstractly in terms of a proof system as well as a
categorical definition and, also, concretely in terms of coherent spaces. It is demonstrated
that the model is able to handle nontrivial programming languages incorporating state-
manipulation.

Many issues need further resolution. The most immediate one is modelling passivity.
There seem to be two possibilities. One is to enrich coherent spaces with an “independence
relation” to obtain, say, “independence spaces” and then treat A as the free partially
co-commutative comonoid generated by the independence space A. See [CF69, Per86] for
the algebraic concepts, which have been used for modelling Petri nets [Maz89]. !A is then
a special case of 1A when A is fully independent (so that 1A becomes co-commutative). In
fact, independence spaces have two choices for “with”: an independent product & and a
dependent product & p. The former has the rather surprising property: (A & B) = 1A®Q{B.
Another possibility is to use “correlation spaces” as in [Gir91]. An active correlation space
is what we get by T in the world of coherent spaces. So, active correlation spaces are
comonoids. Passive correlation spaces (the same as Girard’s positive correlation spaces)
can then be treated as the special case of co-commutative comonoids.

Game semantics is another exciting avenue. Note that “before” has quite simple inter-
pretation in Abramsky-Jagadeesan games [AJ92, AJM93]. A > B is the game that allows
one-way switching for both the Player and the Opponent. This can in fact be extended
to an LLMS-category of games which, not surprisingly, involve history-sensitive strategies.
The issue here, again, is modelling passivity.

Much work remains to be done in developing a “theory” of state-manipulation using this
model. The additional equivalences, which are not presently captured, must be studied. The
trace-based model also need to be related to the traditional state-based models. Finally,
reasoning principles must be developed as in, for example, [Hoa85, MT92].

Acknowledgements 1 owe much debt to Peter O’Hearn for numerous discussions and
encouragement. His work on relating linear logic and interference control was the starting
point for this work. Thanks are also due to Samson Abramsky, Radha Jagadeesan, Bob
Tennent and Sam Kamin for contributing to this work in various ways through their
discussions.

A A brief review of classical features

... to be filled in.
Essentially, define A2~ A —0 1 and A%B = A~ — B.
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