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This thesis is concerned with extending the correspondence between intuitionistic logic and
functional programming to include assignments and dynamic data. We propose a theoretical
framework for adding these imperative features to functional languages without violating their
semantic properties. We also describe a constructive programming logic that embodies the
principles for reasoning about the extended language.

We present an abstract formal language, called Imperative Lambda Calculus (ILC), that
extends the typed lambda calculus with imperative programming features, namely references
and assignments. The language shares with typed lambda calculus important properties such
as the Church-Rosser property and strong normalization. Thus, programs produce the same
results with eager and lazy evaluation orders. ILC permits mutable data structures such as
arrays, linked lists, trees, and graphs to be constructed and used. Shared values may be
updated destructively rather than by copying. This permits pure functional languages to have
efficient implementations of problems such as topological sort, graph reduction, and unification.

We describe the logical symmetries that underlie ILC by exhibiting a constructive logic,
called Observation Type Theory (OTT), for which ILC forms the language of constructions.
Central to this formulation is the view that references play a role similar to that of variables.
References can be used to range over values and can be instantiated to specific values. Thus,
we obtain a new form of universal quantification that uses references instead of variables. The
term forms of ILC are then obtained as the constructions for the introduction and elimination
of this quantifier. While references duplicate the role of variables, they also have important
differences. References are semantic values whereas variables are syntactic entities; further,
references are reusable. These differences allow us to use references in a more flexible fashion,
leading to efficiency in constructions and algorithms.

Finally, we describe a higher-order type theory, namely the Nuprl type theory, and illustrate
how its inductive types can be used to define well-founded orderings. These can then be used

to construct recursive programs.
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Chapter 1

Introduction

From a broad perspective, this thesis extends the duality between logic and programming lan-
guages to include dynamic data, i.e., data that changes over time. Computationally speaking,
this thesis adds first-class references and assignments to strongly-typed, pure functional lan-
guages without destroying the desirable computational and mathematical properties of these
languages. Our motivation is to permit the efficient, yet abstract, manipulation of shared data
structures using functional languages. From a logical viewpoint, this thesis extends conven-
tional logic with references (which are entities that describe dynamic data) and a new form of
universal quantification that quantifies over the contents of references. References thus play
a role similar to that of variables in conventional logic. The proof constructions of the new
quantifier correspond to reference creation, dereference and assignment. Our motivation is to
provide a clean, logical description of assignments.

In this chapter, we elaborate on our motivation and goals, and compare our approach with
related work in the literature. We conclude with an overview of the remaining chapters of this

thesis.

1.1 Foundations

Functional languages are popular among computer scientists because of their strong support of
modularity. They possess two powerful glues, higher-order functions and laziness, which permit
us to modularize programs in new, useful ways. Hughes [38] convincingly argues that “...lazy

evaluation is too important to be relegated to second-class citizenship. It is perhaps the most



powerful glue functional programmers possess. One should not obstruct access to such a vital
tool.” However, side-effects are incompatible with laziness: programming with them requires
knowledge of global context, defeating the very modularity that lazy evaluation is designed to
enhance.

Pure functional languages have nice properties that make them easy to reason about. For
instance, + is commutative, = is reflexive, and most other familiar mathematical properties
hold of the computational operators. This is a consequence of expressions representing static
values: values that do not change over time. Thus, an expression’s value is independent of
the order in which its sub-expressions are evaluated. Side-effects are incompatible with these
properties, as side-effects change the values of other expressions, making the order of evaluation
important.

Assignments are a means of describing dynamic data : data whose values change over time
(for example, I/O devices and persistent data bases). In their conventional form, assignments
have side-effects on their environment, making their order of evaluation important. Not only
are such assignments incompatible with laziness, but they also destroy the nice mathematical
properties of pure languages. Hence lazy functional languages shun assignments.

However, since assignments directly model the dynamic behavior of a physical computer’s
store, they yield efficient implementations of dynamic data. In contrast, one models dynamic
data in functional languages by representing the state explicitly or, possibly, by creating streams
of states. Compilation techniques and language notations have been proposed to permit explicit
state manipulation to be implemented efficiently [34, 27, 86, 85]. Unfortunately, these methods
do not achieve all the linguistic effects of true dynamic data. For instance, dynamic data
may be “shared”, i.e., embedded in data structures and accessed via different access paths.
When shared dynamic data are updated using assignments, the change is visible to all program
points that have access to the data. In contrast, when state is being manipulated explicitly,
updating shared data involves constructing a fresh copy of the entire data structure in which
the data are embedded, and explicitly passing the copy to all program points that need access
to the data. This tends to be tedious and error-prone, and results in poor modularity. An
alternative technique is to explicitly represent the shared data structure within a single array,
thus circumventing the linguistic absence of shared data in the programming language. This

leads to a low-level “Fortran” style of programming, and it is not apparent how to accommodate



heterogeneous data structures. One particularly faces these problems while encoding graph
traversal algorithms such as topological sort, unification, and the graph reduction execution
model of lazy functional languages.

In this thesis, we propose a theoretical framework for extending functional languages with
dynamic data and assignments while retaining the desirable properties of static values. The

formal language (called Imperative Lambda Calculus (ILC)) has the following key properties:

e Expressions have static values.
State-dependent and state-independent expressions are distinguished via a type system.
The former are viewed as functions from states to values and the functions themselves are
static. (Such functions are called observers and resemble classical continuations [77, 78]).
The type system ensures that this view can be consistently maintained, and limits the

interaction between observers in such a way that expressions do not have side-effects.

In the contemporary functional programming community, the terms assignment and side-
effect are sometimes used synonymously. We use the term side-effect in its original mean-
ing: an expression has a side-effect if, in addition to yielding a value, it changes the state
in a manner that affects the values of other expressions in the context. Assignments in
our proposed language do not have such side-effects. Similar comments apply to other

terms such as procedure and object.

e ILC is a strict extension of lambda calculus.
Function abstraction and application have precisely the same meaning as in lambda calcu-
lus. This is a key property which is not respected by call-by-value languages like Scheme
(even in the absence of side-effects). The operational semantics is presented as a reduction
system that consists of the standard reduction rules of lambda calculus together with a
set of additional rules; these rules exhibit symmetries similar to those of lambda calculus.
The reduction system is confluent (or, equivalently, Church-Rosser), and recursion-free

terms are strongly normalizing.

The utility of ILC is characterized by the following properties:

e Shared dynamic data are available.

Dynamic data are represented by typed objects called references. References can refer to



other references as well as to functions. They can be embedded in data structures and

used as inputs and outputs of functions.

e Dynamic data may be implemented by a store.
This is achieved by a type system that sequentializes access to regions of the state, much

as in effect systems [23] and the languages based on linear logic [27, 86, 87].

e [LC is higher-order.
References, data structures, functions, and observers are all permissible as arguments and
results of functions. This permits, for instance, the definition of new control structures,

new storage allocation mechanisms, and an object-oriented style of programming.

e ILC is integrated symmetrically.
The applicative sublanguage and the imperative sublanguage are equally powerful and
they embed each other. Not only can applicative terms be embedded in imperative terms,
but imperative terms can also be embedded in applicative terms. This allows the definition

of functions that create and use state internally but are state-independent externally.

This work is also given a logical interpretation: it extends the correspondence between
logic and programming to include dynamic data. Entities that describe dynamic data, namely
references, play a role similar to that of variables in conventional logic. They range over sets
of values and can be instantiated to specific values. Thus, we obtain a new form of universal
quantification that uses references instead of variables. The proof terms for the introduction and
elimination rules of this quantifier correspond to reference creation, dereference, and assignment.
We present a constructive type theory (called observation type theory (OTT)) that incorporates
these concepts. The language of constructions of this theory is ILC. Just as ILC is a strict

extension of simply typed lambda calculus, OTT is a strict extension of simple type theory.

1.2 Related Work

In this thesis, we present both a programming language and its logic. The programming
language extends a pure functional language with first-class references and assignments, while
the logic embodies the principles for reasoning about this language. These results have been

reported in [81] and [80]. In this section, we compare our research with related work in both



areas: programming languages and programming logics. We organize this comparison based on

the broad approach taken by the related work.

Linearity Substantial research has been devoted to determining when values of pure func-
tional languages can be modified destructively rather than by copying. Guzman and Hudak [27]
propose a typed extension of functional languages called single threaded lambda calculus that
can express the sequencing constraints required for the in-place update of array-like data struc-
tures. Wadler [86] proposes a similar solution using types motivated by Girard’s Linear Logic
and, later, shows the two approaches to be equivalent [87]. He also proposes an alternate
solution inspired by monad comprehensions [85].

These approaches differ radically from ours in that they do not treat references as values.
Programming is still done in the functional style (that is, using our 7 types). Pointers (refer-
ences to references) and objects (mutable data structures with function components) are absent.
Although it is possible to represent references as indices into an array called the store, the result
is a low-level “Fortran-style” of programming, and it is not apparent how references of different

types can be accommodated.

Continuation-based effects Our approach to incorporating state changes is closely related
to (and inspired by) continuation-based input/output methods used in functional languages [39,
35, 40, 60, 50]. The early proposal of Haskell incorporated continuation-based 1/O as a primitive
mechanism, but Haskell version 1.0 defines it in terms of stream-based I/O [35, 36]. Our Obs
types are a generalization of the Haskell type Dialog. In ILC, Dialog can be defined as (Obs

Unit) where Unit is a one-element type.

Effect systems An effect system of Gifford and Lucassen [23] is a type system that describes
the side-effects that expressions can have. A compiler can then use this information to determine
when expressions can be evaluated in parallel, or when they can be memoized without altering
the meaning of the program. The side-effect information computed by Gifford and Lucassen
assumes an eager order of evaluation; this contrasts with our goal of handling assignments in

lazy languages.



Equational axiomatizations Felleisen [19, 20, 21], Mason and Talcott [48, 49] give equa-
tional calculi for untyped Scheme-like languages with side effects. The calculi are based on the
notion of observational equivalence: two terms are equivalent if they yield the same result in all
contexts of atomic type. Our reduction system bears some degree of similarity to these calculi.
However, the calculi are considerably more complex than our reduction system because of the
possibility of side effects. We are investigating the formal relationships between the different

approaches.

Laws of programming In a recent paper, Hoare et. al. [32] present an equational calculus for
a simple imperative language without procedures. The equations can be oriented as reduction
rules and used to normalize recursion-free command phrases. Our work is inspired, in part, by

this equational calculus.

Algol-like languages In a series of papers [66, 67], Reynolds describes a language framework
called Idealized Algol which is later developed into the programming language Forsythe [69].
Forsythe has a two-layered operational semantics: the reduction semantics of the typed lambda
calculus, and a state transition semantics. The former expands procedure calls to (potentially
infinite) normal forms, while the latter executes the commands that occur in the normal forms.
Forsythe is based on the principle that the lambda calculus layer is independent of the state
transition layer. In particular, references to functions are not permitted because assignments
to such references would affect S-expansion.

In contrast, our operational semantics involves a single unified reduction system that in-
cludes both (-expansion and command execution. Therefore, Forsythe’s restrictions do not
appear in our formulation. At the level of terms, ILC contains an applicative sublanguage (in
terms of 7 types) which is absent in Forsythe. Further, ILC permits state-independent imper-
ative terms to be coerced to applicative types, thereby allowing functions that create and use

local state. No similar coercion is available in Forsythe.

Programming logics Hoare Logic [31] was the first significant attempt to formalize reasoning
about imperative programs. Although impressive, it proved unsuitable for treating higher-order
functions, pointer structures, and a variety of other popular features. Reynolds extended Hoare

Logic in a fundamental way in his formulation of Specification Logic [67, 83|, but the complexity



of this system is deterring. Further, Specification Logic is unable to handle pointer structures.
Other approaches, such as weakest precondition logic [15], dynamic logic [62], and algorithmic
logics [17, 54], are close to Hoare logic and suffer from the same limitations.

In contrast, Observation Type Theory is motivated by the fundamental logical symmetries
that underlie the language ILC. References play a role similar to that of variables in conventional
logic. They range over sets of values and can be instantiated to specific values. Thus, we obtain
a new form of universal quantification that uses references instead of variables. The proof terms
for the introduction and elimination rules of this quantifier correspond to reference creation,
dereference, and assignment.

In ILC, expressions do not have side-effects and the reduction system is confluent. This
permits OTT to be presented as a strict extension of simple type theory; that is, OTT rules
for program constructs like functions are the same as those in purely functional systems like

simple type theory.

1.3 An Overview

In Chapter 2, we add references and assignments to the simply typed lambda calculus. We
call the extended language imperative lambda calculus (ILC). ILC’s type system describes the
context-sensitive syntax of the language. In addition, it is responsible for ensuring that the
language is efficiently implementable. We define ILC’s denotational and reduction semantics
and prove several properties such as soundness and confluence. We demonstrate the use of ILC
through a number of examples. In Chapter 3, we present a proof of strong normalization for the
reduction semantics of ILC. This proof is based on Tait-Girard’s proof of strong normalization
of the second-order lambda calculus. In Chapter 4, we specify a logic for ILC in the framework
of constructive type theory. We first demonstrate how the type system of simply typed lambda
calculus may be enhanced to yield a simple constructive type theory. An analogous enhancement
of ILC’s type system yields a constructive type theory for ILC. We call this theory observation
type theory (OTT). OTT includes entities called assertions that permit it to reason about the
state.

Chapter 5 provides a brief review of the concepts and formalisms of a full-fledged construc-

tive type theory. We adopt the Nuprl type theory as the basis of our description. Chapter 6



examines how the inductive type constructors of Nuprl can be used to define well-founded
orderings. We present constructive proofs of several well-founded ordering constructors. Exam-
ples demonstrate how these orderings can be used to construct well-founded recursive programs
within constructive type theory. Chapter 7 concludes this thesis and outlines future directions
of research.

Appendix A contains the proof rules for the full-fledged type theory used in the examples
of this thesis; these proof rules are drawn from the Nuprl type theory. Appendix B summarizes

the formal definition of observation type theory.



Chapter 2

Imperative Lambda Calculus (ILC)

Imperative Lambda Calculus (ILC) is an abstract formal language obtained by extending the
typed lambda calculus [55] with imperative programming features. Its main property is that,
in spite of this extension, its applicative sublanguage has the same semantic properties as the
typed lambda calculus (e.g. confluence and strong normalization). Furthermore, these same
properties also hold for the entire language of ILC.

In this chapter, we present ILC’s type system and formal semantics, and establish various
formal properties such as type soundness, confluence, and strong normalization. Assignments
are used meaningfully through a continuation-passing style of programming. This is demon-
strated with several examples, including a data type for queues, and unification of first-order

terms.

2.1 Types

Let § represent the primitive types of ILC. These may include the natural numbers, characters,

strings, etc. The syntax of ILC types is as follows:

T u= flTxXT | T>T (Applicative types)
0 == 7T | Reff | Ox0 | 6—6 (Storage types)
w = 6 | 0bsT | wXxw | w—w (Observer types)

The type system is stratified into three layers. The applicative layer T contains the types of
the simply typed lambda calculus (extended with pairs). These applicative types include the

primitive types 8 and are closed under the product and function space constructions. Note that



we use the term “applicative” to refer to the classical values manipulated in lambda calculus;
semantically, all three layers of ILC are applicative.

The storage layer 0 extends the applicative layer with objects called references. References
are typed values that refer (i.e. point) to values of a particular type. (Ref €) denotes the type
of references that refer to values of type . References are used to construct a world (called a
store) that is used for imperative programming. The world is mutable and goes through states.
The storage layer includes all applicative types and is closed under the type constructors x, —
and Ref. Note that references can point to other references, thereby permitting linked data
structures. Tuples of references denote mutable records, while reference-returning functions
denote mutable arrays.

Finally, the world of the storage layer needs to be manipulated. In ILC, we take the position
that the only manipulation needed for states of the world is observation (i.e. inspection). A
state may be mutated while being observed, but the mutation is restricted to the observation
and is not visible to expressions outside the observation. Thus, in a sense, the world exists only
to be observed.

Observation of the state is accommodated in the observer layer w. This layer includes all
applicative and storage types. In addition, it includes a new type constructor denoted “Obs 7”.
A value of type Obs 7 is called an observer. Such a value observes (i.e. views or inspects) a
state and returns a value of type 7. It is significant that the value returned in this fashion is
of an applicative type 7. Since a state exists only to be observed, all information about the
state is lost when its observation is completed. So, the values observed in this fashion should be
meaningful independent of the state, i.e., they should be applicative. An observer type Obs 7
may be viewed as an implicit function space from the set of states to the type 7.

The three layers can be characterized as kinds and given category-theoretic semantics. 7,
0, and w types populate three universes called APP, REF, and OBS respectively. The three
universes form cartesian closed categories. Further, APP is a full subcategory of REF, and
REF is a full subcategory of OBS. The product and function space constructions have the
same meaning in all three universes (see Section 2.5). Thus, there is no ambiguity in treating
T types as also being 6 and w types. The name “Imperative Lambda Calculus” is justified by
the property that the semantics of functions in all three layers is the same as that of lambda

calculus.

10



It is worth noting that the 6 and w layers may be conflated into a single layer — the only
consequence of this will be that the language will have non-normalizing terms, i.e., there will
be some nonrecursive programs whose computations do not terminate. This may be deemed

acceptable in a practical programming language.

2.2 Terms

The abstract syntax of unchecked “preterms” is as follows:

e u= k Constants
| x Conventional variables
| v* Reference variables
| Az w.e Function abstraction
| ee Function application
\ (e, e) Pairs
| e.l Projection
\ e.2

| letref v*:Ref § :=e ine Creation

\ getz:f < eine Dereference
| e:=¢e; e Assignment
| obs(e) Type coercion
‘ app(e) Type coercion

where k ranges over constants, x,v* range over variables, and w, 8 range over w, 6 types respec-
tively.

The constants of ILC are limited to be of applicative type. Permissible constants include
numbers, booleans, characters, and primitive functions on these values. No imperative constants
(i.e. no constants involving storage or observer types) are permitted. This enables us to carefully
control the creation and use of the state. We (partially) relax this restriction in Section 2.5.1.

The terms of ILC use two countable sets of variables: conventional variables and reference
variables. Conventional variables are the usual variables of the typed lambda calculus. Refer-
ence variables are a new set of variables that share all the properties of conventional variables.
Further, distinct reference variables within a term always denote distinct references. References
are always introduced by binding them to reference variables; conventional variables can then
be bound to such references. This property permits us to reason about the equality of refer-

ences without recourse to reference constants (which are absent from the language). In the

11



Constant
k7
(if k is a constant of type 7)

Variable hypothesis
Iz:wI'F 2w

—-intro
I'z:wg Fewy

'k (A\z:wy.e):wg — we

X -1ntro
I'kFep:wg T'Eegiws
'k (e1,e2):w1 X wo

Obs-intro
I'ker
I' - obs(e):Obs T

Creation

Weakening
I'ew
Iz:wFew

I'Few
I'v*:Ref OF e:w

Reference hypothesis
I',v*:Ref 0,1V - v*:Ref 0

—-elim

I'Fei:wi —wy T'keg:w

T'Feey:ws

X -elim
I'kFe:w; Xwy .
I'keai:w; for ¢ =1,2
Obs-elim
I'e:0bs T .
T apple)m (if " has only 7 types)

I'v*:Ref O e1:0 TI,v*:Ref O+ es:0bs 7

't (letref v*:Ref 0 :=¢e; iney):0bs T

Dereference
I'ej:Ref @ I',xz:0F ex:0bs T
'+ (get 2:0 < e; ineg):0bs T

Assignment
I'ej:Ref I'keg:0 I'Fes:0bsT
'k (eg:=e€9; e3):0bs T

Figure 2.1: Typing rules for ILC terms.

12



formal presentation, we use an asterisk superscript to distinguish reference variables u*, v*, w*
from conventional variables x,y, z. Since the context of a variable determines whether it is a
reference or conventional variable, we do not use asterisk superscripts in any of our examples.

Figure 2.1 presents the context sensitive syntax of ILC terms. The syntax is expressed as
axioms and inference rules for judgements of the form (I' F e:w), where e is a term, w is a type,
and I" is a set of typing assumptions of the forms (z:w) and (v*:Ref #). T' contains typing
assumptions for all the free variables in e. This notation uses the fact that 7 and 6 types are
also w types. See [55] for more discussion on this notation.

ILC includes the simply-typed lambda calculus extended with pairs. These terms have their
usual meaning in all three layers (rules —-intro, —-elim, x-intro, and x-elim). In addition,
ILC contains three new observer terms to create a new reference (creation), access a reference’s
content (dereference), and modify a reference’s content (assignment). ILC also contains explicit
coercion operators to coerce between applicative and observer types. We now discuss these
terms in more detail.

We have seen that there are no reference constants in the language. All references have to

be explicitly allocated and bound to a reference variable. This is done by the letref construct:

letref v*:Ref § :=e; in ey

Such a term is an observer of the same type as ey (rule Creation). When used to observe a
state, it extends the state by creating a new reference, extends the environment by binding v*
to the reference, initializes the reference to the value of e; in the extended environment, and
finally observes the value of ey in the extended environment and state.

The mutable world of references may be inspected by dereferencing a reference, i.e., by
inspecting the value that the reference points to, or, using alternate terminology, by inspecting
the reference’s content. If ey is a reference-valued expression of type Ref 6, then a term of the
form

get z:0 < e1 in e

binds x to the content of e1, and denotes the value of es in the extended environment. Here,
e2 must be an observer of type Obs 7, and the entire term is again an observer of type Obs 7

(rule Dereference).
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Finally, the content of a reference may be modified via assignment observers of the form

€1 :=¢€2; €3

where e; is of type Ref 0 and es is of type 6, for some 6 (rule Assignment). When used to
observe a state, an assignment observer modifies the reference e; to refer to es, and observes the

’ is not a term by itself as in conventional

value of e3 in the modified state. Note that “e; := ey’
languages. The state is modified for the observer es, and the entire construct is again an
observer.

The lifetime of a mutable world (i.e., a collection of references) is limited to its observation.
So, the creation of v* is observable only within the body es of the creation observer, and the
modification of ey is observable only within the body eg of the assignment observer — there are
no side effects produced by the observers. If there are no free occurrences of reference variables
or other state-dependent variables in an observer term, then the term is a trivial observer that
is independent of any state. Such an observer can be coerced to an applicative term (rule
Obs-elim). Conversely, every applicative term (every term of a 7 type) is trivially coercible to
an observer (rule Obs-intro).

It is important to note that all the primitive constructions on observers (get, letref and
assignment) involve exactly one subterm of an observer type. This reflects the requirement
that manipulations of state should be performed in a sequential fashion, similar in spirit to
the proposal of single-threaded lambda calculus [27]. Even though it is possible to express
functions that accept more than one observer, the state manipulations of such observers have
to be eventually sequentialized because there are no multi-ary primitives on observers. (Recall
that there are no constants of storage and observer types). This fact has two consequences.
First, programming in the imperative sublanguage of ILC requires a continuation-passing style.
Second, the state can be implemented efficiently by means of a global store. We return to these
issues in Section 2.4.

In the sequel, we shall use [-like variables for terms that denote references, f-like variables
for terms that denote functions, t-like variables for terms that denote observers, and e-like

variables for arbitrary terms.
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2.3 ILC as a Programming Language

ILC can be used as a programming language in different styles. It can be used as a purely
applicative language by restricting oneself to applicative types. It can be used as a purely
imperative language by mainly using observers (this requires a continuation-passing style of
programming). These styles correspond to traditional programming paradigms.

ILC also permits an interesting new style of programming. It permits closed imperative
observers to be embedded in applicative terms (via the rule Obs-elim). Applicative terms can
be freely embedded in imperative observers (via the rule Obs-intro). Higher-order functions
and laziness can be used to glue together both imperative and applicative subcomputations,
though imperative computation is restricted to continuation-passing style.

One extreme of this paradigm is to use ILC with imperative observers at the top level,
but with nontrivial applicative subcomputations involving higher-order functions. This use is
similar to that of Haskell where state-oriented input/output operations are usually carried out
at the top level. More generally, ILC can be used with imperative observers embedded in
applicative expressions. This corresponds to the use of side-effect-free function procedures in
Algol-like languages.

The examples in this chapter illustrate the use of ILC. Example 1 (factorial) displays how
imperative computations can be embedded in applicative terms. Example 2 (a movable point
object) exhibits how imperative computations can be encapsulated as closures. The queue
and unification examples of Sections 2.7 and 2.8 are significant examples that demonstrate the
ability to perform shared updates of data structures. The resulting programs are more efficient

than purely functional solutions.

2.3.1 Notation

The need to use get’s for dereferencing is rather tedious: it forces us to choose new names,
and more importantly, it clutters up the code. The tedium can be alleviated to a large extent

through a simple notational mechanism.

Abbreviation: If (get x < [ in t[z]) is an observer term with no occurrence of = in a proper
observer subterm of ¢, then we allow it to be abbreviated as t[l 1]. T may be read informally

as “the current content of reference [”.
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Expansion: If ¢ is an observer term with a particular occurrence of [ T, then it is expanded

by introducing a “get” at the smallest observer subterm of ¢ containing the occurrence of [ 7.

The intuition behind this abbreviation is that an observer term (get x <= [ in t) is a program
point at which the content of [ is observed, while occurrences of x in ¢ are program points at
which that content is used. If [ is never modified between the point of dereference and a point

of use, then we can safely view the dereference as taking place at the point of use. For example,

(p=nl*plin:=nl -1 )
=getr<ningety<pin
pi=x *Y;
get z<=mnin
n:=z-—1;c

obs(I17) = (getxz < linobs(z17))
= (getx < lingety < z in obs(y))

f(1) = (get z < L in f(z))

f(obs(l7)) = f(get z <=1 in obs(z))
2.3.2 Examples

For our examples, we assume that ILC is enhanced with user-defined type constructors and
record types (drawn from standard ML [53]). We also assume that ILC is enhanced with explicit
parametric polymorphism with types ranging over the universe of applicative (7) types. Implicit
polymorphism is problematic in the presence of references and assignments [84] — explicit
polymorphism does not suffer from these problems. In our examples, we erase explicit type
quantification and type application, and leave it to the reader to fill in the missing information.

For example, we might define a type constructor for binary trees of numbers as follows:

datatype BTree = Niltree | Mktree of (nat x BTree x BTree)

where Niltree is a constant type constructor representing the empty tree. As another example,
the record term {a = 3,d = true,c = Az.z} has the record type {a:nat,d:bool,c: (T — T},

where the type variable T is universally quantified over all applicative types.
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We also assume primitives such as case, let, letrec and if-then-else for all types.
Note that these primitives violate our earlier prohibition of primitives over storage and observer

types. In Section 2.5.1, we shall see that such primitives are indeed permissible.

Example 1: Factorial

This trivial example is meant to provide an initial feel for the language, and illustrate how
imperative observers can be embedded in applicative expressions. This example is not meant
to illustrate the benefits of ILC; indeed, a preferred solution is to write this as a tail-recursive

applicative function and have the compiler optimize the code into an iterative loop.

factorial = Am:nat. app(letref n:Ref nat :=m in
letref acc:Ref nat :=1in
letrec fact:Obs nat = if (n1< 2) then obs(acc?)
else acc:=nTx*accT;

n:=nl—-1;
fact

in fact)

The function factorial has no free references or state-dependent variables, and so has the ap-

plicative type (nat — nat). This means that factorial can be freely embedded in applicative

expressions even though it contains imperative subcomputations.

Example 2: Points

We implement a point object that hides its internal state and exports operations. Let Point

be the type of objects that represent movable planar points.

Point = {x_coord: (real — ObsT) — Obs T,
y-coord : (real — Obs T') — Obs 7,
move : (real X real) — Obs T — 0bs T,
equal : Point — (bool — Obs T') — Obs T'}

The function mkpoint implements objects of type Point.
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mkpoint : (real — real — (Point — ObsT) — Obs T')
= Az. \y. Ak

letref zcireal ;= in

letref yc:real :=y in

k({x_coord = \k. k(xzcT),
y-coord = Ak. k(ycT),
move = A(dz,dy). \c. zc:= xc]+dx; yec:= yel+dy; c,
equal = M z_coord,y_coord,move,equal }. \k.

x_coord (Ax. y_coord (A\y.

k(z = zcl andy = yc)))
)

Note, first of all, that the mkpoint operation cannot simply yield a value of type Point because
it is not an applicative value. The extent of zc and yc is limited to the bodies of the letrefs
that allocate these references; hence the entire computation that uses these references must
occur in these bodies. Therefore, mkpoint is defined to accept a point observer function k and
pass it the newly created point. This is similar to the continuation-passing style of program-
ming. Observers here play the role of continuations. Technically speaking, observers are not
continuations because they return values. But, they can be thought of as continuations in the
imperative sublanguage so that the “answers” produced can then be consumed in the applica-
tive sublanguage. Such continuation-passing style functions can be defined more conveniently
using Wadler’s monad comprehension notation [85]. Note that each operation in the object is
similarly defined in continuation-passing style.

This example demonstrates that state-encapsulating closures are available in ILC, albeit
in continuation-passing style. Such closures are also representable in semi-functional languages

like Scheme and Standard ML, but usually involve side-effects.

2.4 Discussion of ILC

The motivation behind ILC’s type system is threefold. First, we wish to exclude imperative
terms that “export” their local effects. Consider the unchecked preterm (letref v := 0 in v).
This term, if well-typed, would export the locally created reference v outside its scope resulting

in a dangling pointer. Closures that capture references are prohibited for the same reason —
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they export state information beyond its local scope. For example, the unchecked preterm

letref v:=0in Az.(v:i=v] +z; v1])

exports information about the reference v outside its scope. The type system prohibits such
terms by requiring the value returned by an observer to be applicative and hence free of state
information. (Recall that observer types are of the form Obs 7 where 7 is an applicative type).

Second, we wish to ensure that the imperative sublanguage can be implemented efficiently

without causing side-effects. Consider the unchecked preterm

v:=0; (v:=2; get x < v in obs(z)) + (get = < v in obs(z)))

In a language with a global store and global assignments (e.g. ML or Scheme), the value of the
term depends on the order of evaluation of 4+’s arguments. Further, the term has the side-effect
of changing the value of the global reference v to 2. On the other hand, if assignments are
interpreted to have local effects, then the value of the term would be 2 regardless of the order
of evaluation, and the term would not have any side-effects. However, the state can no longer
be implemented by a (global) store. The state needs to be copied and passed to each argument
of +, making the language quite inefficient.

The type system of ILC excludes such terms from the language by requiring that all state-
manipulations be performed in a sequential fashion. Well-typed terms of ILC do not require
the state to be copied, and hence the state can be implemented by a (global) store. The only

legal way to express the above example in ILC, is to sequentialize its assignments. For example,

v:=0; getx<vin(v:=2; get y < v in obs(y + x))

is a well-typed term.

ILC distinguishes between state-dependent observers and applicative values. Both observers
and values can be passed to functions and returned as results — it is not necessary to evaluate
an observer to a value before passing it. In fact, an observer of the form (get x < [ in t) is in
head normal form, just as a lambda expression is in head normal form (see Section 2.5.2). This

is a form of laziness and, in fact, directly corresponds to Algol’s call by name. However, an
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observer passed to a function can only be evaluated in a single state due to the single-threaded
nature of the type system. So, the ambiguities caused by Algol’s call-by-name are not shared
by ILC.

Finally, we wish the type system to ensure that all recursion-free terms are strongly nor-
malizable, i.e., their evaluation always terminates. We postpone a discussion of this issue to
Section 2.5.2. For now, we merely note that strong normalization is achieved by making ob-
servers non-storable values. If strong normalization is not considered critical, the # and w layers
may be conflated.

The type system described thus far is overly restrictive. It prohibits all nonsequential
combinations of observers in order to ensure that the state is never copied. For example, a

preterm of the form

(v:=0; (get * < v in obs(z)) + (get x < v in obs(x)))

is excluded because the observer arguments of + are combined nonsequentially. However, this
term does not require the state to be copied since the arguments of + do not locally modify

the state. This suggests that the type system could be relaxed by distinguishing between:
e creators, that locally extend the state;
e pure observers, that observe the state without locally extending or modifying it; and
e mutators, that locally modify the state.

The type system could then permit certain state-dependent terms to be combined. For example,
two pure observers could be safely combined. To be effective, such a solution would also have
to incorporate a comprehensive type system that captures “effects” of expressions on “regions”
of references (similar to that of FX [42]). This would permit combining mutators that mutate
disjoint regions of the state. We do not explore this solution in this thesis because it is orthogonal
to the issues considered here. It is also clear that such a type system does not completely

eliminate the need for sequencing.
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2.5 Semantics of 1L.C

We present the denotational and operational semantics of ILC, and detail the proofs of several

important properties including soundness, strong normalization and confluence.

2.5.1 Denotational Semantics

The denotational semantics is defined using complete partial orders (cpo’s) as domains. For
every primitive type (3, choose a domain Dg. D;y, and D,_,; are defined by the standard
product and continuous function space constructions on cpo’s.

For every reference type Ref 6, choose a countable flat domain Dgre¢ ». The defined elements
of a DRpef g domain should be disjoint from those of any other such domain. The defined
elements of these domains may be thought of as “locations”. State is the set of partial mappings
o from (Jy Dref ¢ to Uy Dy with the constraint that, whenever av € Dot g, 0(a) € Dy and
0(Lgef g) = Lo. The subset of Jy Dret ¢ mapped by o is denoted dom(o). o¢ is the “empty”
state, i.e., dom(op) contains only Lgef o elements.

The domain for an observation type is Dgpg , = [State — D,].

An environment 7 is a mapping from variables to |J,, D,. If I is a type assignment, we say

that 7 satisfies I if

e 1(z) € D, for every z:w €T,
o 1)(v*) € Dpef ¢ for every v*:Ref 6 € I', and
o n(v*) # n(w*) for every v*,w*:Ref 0 € T.

We write n[x — v] to denote the environment 1’ that maps the variable z to v, and all other
variables y to n(y). Similarly, we write o[a — v] to denote the state ¢’ that maps the location
a to v, and all other locations o’ to o(a/).

The denotational semantics of ILC (see Figure 2.2) is defined by induction on type deriva-
tions. The meaning of an expression (I' - e:w) is a mapping from environments satisfying I" to

D,.
Lemma 1 [['F e:w] is well-defined.

This involves showing that continuous functions in the interpretation of A are unique and that

the choice of « in the interpretation of letref is immaterial.
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[TFz:w]n =
[T (Az:wi.e):w; — wa] n
[T'F ereo:wa]

[[F F <€1,62>:w1 X WQ]] n
[TFel:wi]n =
[T'Fe2:wo]n =

[T app(e): 7] 7 =
[T+ obs(e):0bs 7] n =

[Tt (Letref v*:Ref § :=e; iney):0bs 7] n

[T+ (get z:0 < e1 ineg):0bs 7 =
[T'F (e1:=eq;e3):0bs 7] n =

nx

A € Dy, [T 2wy F exws] (n[z — v))
([T Ferzwr — wa ([T F e2:wi] n)
([T Ferzwi] m, [T F ea:wa] n)
fst([T'F e:wi X wa] n)

snd([I' F e:wy X wa] )

[T'F e:0bs 7] 1oy
Mo [I'Fe7]n

Ao.[I',v*:Ref O F e9:0bs 7] (n[v* — a]) (oo — ve,])
where « is any element of Dgef ¢ not in dom(o)

and ve, = [I',v*:Ref O F e1:0] (n[v* — a)

Ao [T, x:0 F es:0bs 7] (n[x — o([[" - e1:Ref ]n)]) o
Ao.[I'F e3:0bs 7] n (0[ve, — Ve,])

where v, = [I' - eg:Ref 0]n and v, = [I' F e2:0]n

Figure 2.2: Denotational semantics.

Theorem 2 [I'F e:w]n € D,, whenever n satisfies T.

Proof: This is proved by induction on type derivations. The main property to be verified is

that 1 and o are always extended or modified in a manner type-consistent with I'. Assume that

7 satisfies I' and that the induction hypothesis holds. The proof cases are as follows:

o [I'Faz:w]ne D,

[IT'Faz:w]n = n(z) € D, (since n satisfies I').

o [I'F (Aziwi.e):iwy — wa]|n € Dy

Let v € D,,. If n satisfies I, then n[x — v] satisfies (I, z : wy). Then,

[T'F (A\r:wi.e):wy — wa] n

=X € D,,.[T,z:w1 F e:wa] (njx — v])

€ [Dy, — Dy,] (by induction hypothesis)

— leﬂwg
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[T'Feiex:we]n € Dy,

By induction hypothesis, [I' F e : w; — wa]n € Dy, = [Dw; — D], and [T’ F
es:wi]n € Dy, . Thus,

[TFejea:wa]m = ([CFer:w —w]n)([LF e:wi]n) € Dy,

[T F (e1,e2):w1 X wa] N € Dy, xws
By induction hypothesis, [I' F ej:wi] n € Dy, and [I' - ez:ws] n € D,,,. Thus,

[Tk (e1,e9):wy xwo]n = ([I'Fer:wi]n, [IF ex:ws] n)
e le X Dwg — lexwg

[T'Fel:wi]n € Dy,
[TFel:wi]n = fst([C'Fe:wi X wo]n) € Dy,

Similarly, [['Fe.2:wsln € D,,

[I'Fapp(e):T]n € D,
By induction hypothesis, [I' - e:0bs 7] 7 € Dgpg , = [State — D;]. Thus,

[T+ app(e):7]n = [C'Fe:0bs7]nog € D

[I'F obs(e):0bs 7| € Dgpg »
By induction hypothesis, [T'F e: 7] n € D,. Thus,
[I'Fobs(e):0bs7|n = Xo['FeT]n
€ |[State —» D;] = Dgps ,
[T F (letref v*:Ref # := e iney):0bs 7| € Dgps »
Let o € Dpes - Then, since n satisfies I', (n[v* — «]) satisfies (I', v*:Ref #). Thus, by
induction hypothesis,
[T, v*:Ref 0 F e9:0bs 7] (n[v* — o) € Dgpg ,, and
Ve, = [T, v*:Ref O F e1:0] (n[v* — a]) € Dy
Thus, if o is a well-formed state, then so is (o[a — ve,]), and hence
[T'F (letref v*:Ref 6 :=e; iney):0bs 7] n

= Ao.[[',v*:Ref 0 |- e:0bs 7] (n[v* — a]) (o] — ve,]) € Dops »
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o [I'(get 2:0 <= e; iney):0bs 7| n € Dgpg ,

By induction hypothesis, [I' - ej:Ref 0]n € Dpefg- If 0 is a well-formed state, then
o([T" - e1:Ref 0]n) € Dy. Thus njx — o([I' F e1:Ref 0]n)] satisfies (I, z:0). Thus,

[T'F (get x:0 < e; in ey):0bs 7] n
= Mo.[I',z:0 - ea: 0bs 7] (n[z — o([I' - e1:Ref O]n)]) o
€ Daps -
o [I'F (e1:=ez;e3):0bs 7] n € Dopg ,

By induction hypothesis, ve, = [I' I ej:Ref 0]n € Dget o and ve, = [I' F e2:0]n € Dy.

Thus, if o is a well-formed state, then so is (o[ve, — ve,]). Thus,

[T'F (e1:=eg;e3):0bs 7] n

= Mo.[I' F e3:0bs 7] n (o[ve;, — Vey))
where ve, = [I" - ej:Ref ]n and v, = [I' F e:0]n

eDDbST

The above property ensures that every expression of an applicative type 7 is free of state
information. It also shows that observers (of type Obs 7) do not have any visible side-effects.
This proves our claim that ILC is free of side-effects.

We note that the semantics uses the state in a single-threaded fashion [71]. Whenever a
state is updated, the old state is discarded. Thus, the semantics can indeed be realized by a
global store and no side effects need enter the implementation through the “back door”.

At this stage, we can also point out what kind of primitive constants of mutable and observer
types may be added to the language without violating the basic framework. The acceptable
constants should be purely combinatorial, i.e., they should not use any information about the
semantic interpretations of their parameters. For example, the constants ifgpg ,: bool x Obs 7 X

Obs 7 — 0bs 7 defined by

. t1, if p =true
ZfObS T(p,tlatQ) =
to, if p= false
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(1) (Az:w.e1)(e2) —  eqfex/x]

(2) (e1,ea).i — e fori=1,2

(3) letref v*:Ref §:=e; in — obs(eg) if v* & V(ea)
obs(e2)

(4) letref v*:Ref #:=e¢; in — letref v™:Ref 0 :=¢;
get x:0 <= v* in e in egfe; /x]

(5) letref v*:Ref 0 :=e; in — get 2’10y < w* in if v* # w* and
get x:05 < w* in eq letref v*:Ref 01 :=e1 o' € V(e1)UV(eq)

in eg[z’/x]

(6) v*:=e;1; obs(es) — obs(ez)

(7) v*:=e1; getx:0 <v*ines — v*:=e1; ezle;/x]

(8) v*:=eq; — geta':0 < w* in if v* # w* and
get 1:0 < w* in ey v* =€y ; egla’/x] ' & Viep) UV (e2)

(9) app(obs(e)) — e

Figure 2.3: Reduction rules.

are acceptable because they are not dependent on the semantic interpretation of the Obs 7

parameters. On the other hand, the constant add: Obs 7 x Obs 7 — Obs 7 defined by

add(tl,tQ) = Ao. (tla + 1520')

is not acceptable as it interprets Obs 7 parameters to be functions of type [State — D|.

2.5.2 Reduction Semantics

We now present reduction rules for terms of ILC. These rules are meant to reduce terms to
normal form such that every closed term of a primitive type 8 reduces to a constant of that
type. Let V(e) be the set of free variables of term e. Let ej[es/x] be the result of substituting
es for free occurrences of = in ey (where bound variables of e; are renamed if necessary to avoid
capture of free variables in es).

The reduction rules presented in Figure 2.3 propagate get terms outward (rules (5) and
(8)) until they encounter a letref or assignment. The get construct is then discharged (rules
(4) and (7)). The letref and assignment constructs can be discharged only after the state

observation in their body is completed. At that stage, the body would be a coercion of an
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applicative term to an observer, i.e., it would have the form obs(e). Rules (3) and (6) handle
this situation. Rule (9) cancels out inverse type coercions, while rules (1) and (2) are the usual
lambda calculus rules of beta-reduction and projection.

We now prove several properties of ILC. The style of presentation follows Mitchell [55].

Lemma 3 (Substitution) If (I',z:ws F e1:wi) and (I' F eg:ws) are terms of ILC, then so is

the substitution instance (I' - ejlez/x]: w1).

Let — be the reflexive, transitive closure of —. We can easily show that one step reduction

preserves types, and by induction, so does ——.

Lemma 4 (Type preservation) If (I' b s:w) is a term, and s — t, then (I' F t:w) is a

term.
Proof: Follows from the typing rules and Lemma 3.

Note that the reduction rules do not make use of types. This fact, together with the type
preservation property, implies that type-independent execution of ILC terms is type-correct.

Thus, ILC does not require run-time type checking.

Lemma 5 (Soundness of substitution) [, z:ws F ej:wi] (nfx — [T F ex:we] n]) = [ F

e1les/x]:wi]
Proof: Follows by a simple induction on terms.
Using the above lemma, we can show that one step reduction preserves meaning.

Theorem 6 (Soundness) Let (I'F s:w) and (I' F t:w) be terms, and let s — t. Then

[TFswn=[CFtw]n

Proof:

1. [TF (Az:wi.er)(ex):we]n
= ([TF (Az:wi.e1):wr — wo] n)([T F e2:wi] n)
= [[,z:wy F er:wa] (nx — v))

where v = [I' F eg:w1] n
= [I'Feifez/x]:wa] n
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2. [Tk {e1,e2).1:wi]n
= fst([['F (e1,e2): w1 X wa] M)
= fst(([I'F erzwi] n, [T'F ea:wa] 1)
= [[Ferrwi]n
Similarly for [T F (e1,e2).2 : wo] 7.

3. [I'F (letref v*:Ref # :=e; in obs(ez)):Obs 7] 1
= Mo.[I',v*:Ref 0 I obs(ez): Obs 7] (n[v* — af)(oa — ve,])
where « is any element of Dpef ¢ not in dom(o)
and ve, = [I',v*:Ref O F e1:0] (n[v* — o)
= Mo.[,v*:Ref O ex: 7] (n[v* — «al)
= Ao[I'Fext]n since v* & V(e2)
= [I'F obs(eg):0bs 7] 7

4. [I'F (letref v*:Ref 0 :=e; in (get 2:60 < v* iney)):0bs 7] n
= Mo.[I',v*:Ref O (get z:0 <= v* in e2): 0bs 7]|(n[v* — a])(cla — ve,])
where « is any element of Dggs g not in dom(o)
and ve, = [I',v*:Ref O F e1: 0] (n[v* — «a])
= Mo.[I',v*:Ref 0,2:0 I ex: 0bs 7] (n[v* — o]l — ve,]) (0l = Ve, ])
= Mo.[I',v*:Ref 0 - eae1/z]: Obs 7] (n[v* — af)(o]a — ve,])
= [I'F (letref v*:Ref 0 :=e; in egle;/x]):0bs 7] n

5. Let o be a well-formed state. Then

[T'F (letref v*:Ref ) := €1 in (get x:03 < w* iney)):0bs 7] no

= [I,v*:Ref 6; I (get x:03 <= w* in e3): 0bs 7] (n[v* — a])(ola — ve,])
where « is any element of Dgef o, not in dom(o)
and ve, = [I',v*:Ref 01 F e1:61] (n[v* — «])

= [I',v*:Ref 01, 2:05 - e3:0bs 7] (n[v* — af[x — vy+]) (ol — ve,])
where ve= (ola — v, (nlo* — o) (")

= o(n(w*)) since v* # w*

— [T, v*Ret 61,2 < 6, - eola! /a]: Obs 7] (nlu* — ][z’ — vue])(ola = ve,))

since ' & V(eq)
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[T F (get 2’:0 < w* in (letref v*:Ref 0 := e; in e[z’ /x])):0bs T no
= [I',2":05  (Letref v*:Ref 01 := €1 in es[x’/x]): Obs 7] (nz’ — v/y+])o
where v/« = o (n(w*)) = vy
= [[,2": 63,v*:Ref 01 F eg[z’/x]: Obs 7] (n[x’ — vy+|[v* — a]) (ol — Ve, ])
where v'¢,= [, 2" : 02, v*:Ref 01 b e1:61] (n[z’ — vy+][v* — @)
= [I",v*:Ref 01 F e1:61] (n[v* — a]) since 2’ € V(e1)
= Vg,
= [, 2’ : O3, v*:Ref 01 b e[z’ /z]: Obs 7] (n[z’ — ve+][v* — a])(o]a — ve,])

= [I'F (letref v*:Ref 0 :=e; in (get z:02 <= w* ineg)):0bs 7| no

6. [T F (v* := ey ; obs(es)): Obs 7] 7
= Ao.[T I obs(es): Obs 7] 1 (o[n(v*) — ve,])
where ve, = [T e1:6] 1
= Tk ety
= [T+ obs(es):0bs 7] 7

7. [TF (v*:=e1; (get x:0 < v* iney)):0bs 7] 1
= MXo[I'F (get x:0 < v* in eg):0bs 7] 1 (o[n(v*) — ve,])
where ve, = [ F e1:6] 7
— T2 0F e: 065 7] (1l — vea)(0[(0*) — v ]
= AG[TF ealer/a): Obs 7] 7 (o [(v*) — ve,])
= [['F (v*:=e1; esler/x]):0bs 7] n

8. Let o be a well-formed state. Then,

[T'F (v :=e1; (get 2:0 < w* ineg)):0bs 7] n o
= [I'F (get 2:60 < w* in e3): 0bs 7] n(o[n(v*) — ve,))
where ve, = [ F e1:61] 7
= [ 2:0 & eq:0bs 7] (nz — vu])(o[n(v") = vey])
where vy+= (o[n(v") — v, ]) (n(w”))
=o(nw))  sincev” # w*

= [I,2': 0+ es[2’/x]: 0bs 7] (n[z’ — o(n(w*))])(e[n(v*) — ve,]) since 2’ & V(e2)
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[T F (get 2:0 < w* in (v* := €1 ; e22'/x])):0bs 7] n o
= [0+ (v" =1 ; eafa’/x]): 0bs 7] (n]z" — a(n(w”))])o
= [T’ 0 eafa’/a]:Obs 7] (nfa’ — o (n(w (o (w") — ver))
where v/, = [T’ : 0 F e1:01] (nla’ — o((w))
=[T'Fe:01]n  sincea’ & V(ey)
= [T’ 0 F eafa’/a]: b 7] (nla’ — o (w0 (") — ve,])
= [I'F(v":=e1; (get 2:0 < w* iney)):0bs T no

9. [T+ app(obs(e)): 7] n
= [I'F obs(e):0bs 7] n o9
= [Cker]n

Strong normalization is considered to be a desirable property of typed programming lan-
guages. It asserts that the evaluation of a well-typed recursion-free term always terminates.
Conceptually, its significance is that all terms are meaningful; there are no undefined terms [63].
Its pragmatic implication is that nontermination is limited to explicit recursion. Strong nor-
malization is ensured in ILC by making observers nonstorable. If observers were storable,
Ref Obs nat would be a well-formed type and the language would contain the following infinite
reduction sequence:

letref u*:Ref Obs nat := (u*1) in (u* 1)
— letref u*:Ref Obs nat := (u* 1) in (u* 1)

Since u*: Ref Obs nat, we can store in it an observation of itself, namely (u* 7). Indeed, recursion
is defined in Scheme by a similar device [64].
In a typed language with references (e.g. ML), the Y combinator can be expressed using

references as follows:

y AN: (S —=T)— (S —=T). Afo:(S—T).

let u =ref fpin (u:= Az:S. (N(lu)(x))); lu
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where fj is some dummy function of type S — T that is used to initialize the reference u. As
usual, the Y combinator can be used to define recursive functions. For example, if id: (nat —

nat) is the identity function, we can define the factorial function as follows:

factorial = Y(\F:(nat — nat). An:nat. if (n = 0) then 1 else n* F(n — 1))(id)

Y is not a well-typed ILC term, nor would it be well-typed even if observers were storable.
However, the semantics of ILC interprets the type Obs 7 as a function space domain, namely

[State — 7]. We can thus specialize the Y combinator to:

Y’ = AN:(Obs 7 — Obs 7). \fo:Obs 7.
letref u*:Ref Obs 7 := fy in
(u* := (get y < u” in N(y)));u" T
The non-normalizing preterm we presented at the beginning of this discussion is a simplified
version of the preterm Y’'(Az.z)(obs(0)). This is ill-typed only because Ref Obs 7 is not a
well-formed type. If observers were storable values, this would be well-typed and ILC would
have non-normalizing, recursion-free terms. Note that this discussion suggests that the crux
of the problem is the interpretation of the type Obs T as [State — T|. In Section 4.9, we
shall suggest a type system that might provide us with both strong normalization and storable

observers.

Proposition 7 (Strong Normalization) Let (I'+ t:w) be a recursion-free term. Then there

s no infinite reduction sequence t — t1 — to — ... of ILC terms.

Proof: The proof of the above proposition is quite elaborate and uses twin induction on types
and terms, along the classical lines of [82, 26]. We postpone its presentation to Chapter 3.

d

The Church-Rosser property for the reduction system may be established as follows.

Lemma 8 (Local Confluence) If (I' b r:w) is a term, and if r — s1 and r — 3, then

there is a term (T' & t:w) such that s1 — t and sy — t.

Proof: Let R be a countably infinite set of reference variables. Treat the reduction rules (4)

and (7) as schematic rules representing an infinite set of rules, one for each v* € R. Similarly,
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the rules (5) and (8) may be treated as being schematic for an infinite set of rules, one for each
distinct pair of v*, w* € R. The resulting reduction system has no “critical overlaps”. A critical
overlap occurs when a left hand side has a common instance with a subterm of another left
hand side, where the subterm is not a metavariable. Further, the reduction system is left-linear,
i.e., there are no repeated occurrences of metavariables on any left hand side. The result then

follows from Huet [37], Lemma 3.3.

Theorem 9 (Confluence) If (T & r:w) is a term, and if r — s; and r —— so, then there is

a term (T'F t:w) such that s1 — t and sy — t.

Proof: This follows from Proposition 7, Lemma 8, and Newman’s Lemma.

O

This result can be extended to the language with recursion as follows. Add the following
reduction rule

(10) fixe — e(fixe)
where fiz is the least fixed point operator for each type w. The resulting system still has no
critical overlaps. Further, it is left-linear, i.e., there are no repeated occurrences of metavariables

on any left hand side. Hence, by Huet [37], Lemma 3.3, we have
Proposition 10 The reduction system (1-10) is confluent.

This property, which is equivalent to the Church-Rosser property, gives further evidence of
the side-effect-freedom of ILC. If there were side effects, then the evaluation of a subexpression
would affect the meaning of its context, and normal forms would be dependent on the evaluation
order.

The independence of results on the evaluation order means, in particular, that call-by-value
and call-by-name evaluations produce the same results. This observation must be interpreted
carefully. In the lambda calculus setting, the distinction between call-by-value and call-by-

name refers to when the arguments to a function are evaluated. We are using these terms
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in the same sense. However, in the imperative programming framework, the terms call-by-
value and call-by-name are used to make a different distinction — the question of when the
arguments to a function are observed. In the terminology of ILC, this involves a coercion from
a type Obs 7 to a type 7. Since Obs 7 represents the function space [State — D], such a
coercion involves change of semantics. ILC permits no such coercion. Thus, in the imperative
programming sense, ILC’s parameter passing is call-by-name. However, the linearity of observer
constructions means that a function accepting an observer can use it to observe at most one
state. This contrasts with Algol 60, where a call-by-name parameter can be used to observe

many states with quite unpredictable effects.

2.6 An Abstract View of References

In ML, references are first-class values. They may be stored in other references, and may
be passed as arguments and results of functions. A reference is allocated using a creation
construct, e.g. let or letrec. A reference v is dereferenced by the expression lv. The content
of a reference is modified by assignment, e.g. (v := 3).

A reference has a dual role as a producer (or R-value) and an acceptor (or L-value), depending
on whether its contents are being accessed or modified [66, 83]. A dereference operation !v
coerces the reference v to a producer that takes the current state and returns a value (the
reference’s value in the state) along with the argument state. An assignment operation v := e
coerces the reference v to an acceptor that takes a value e to be assigned, and the current state,
and returns a new state (after performing the assignment).

From this viewpoint, a reference type Ref 6 is an abbreviation of the type (St — (6 x
St)) x (f — St — St), where St is the type of states. Let £st and snd be the first and second
projection operators, and let o be the current state. Then !v is notation for fst(v) (o) while
v := e is notation for snd(v) (e) (¢). Note that the state is not explicit in the notation, but is
implicitly applied by the language.

References in ILC may be viewed as the continuation-passing-style analog of the above
references. Let 7 be an arbitrary type. Then the ILC type Ref 6 may be viewed as an
abbreviation of the type (St — ((# xSt) — 7) - 7)x (# — St — (St — 7) — 7) . As

a producer, a reference takes a state and a continuation function, and returns the result of
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applying the continuation function to the contents of the reference in the state (paired with
the argument state). As an acceptor, a reference takes a value to be assigned, a state, and a
continuation. It performs the assignment, evaluates the continuation in the modified state, and
returns the result.

It is immaterial whether the producers and acceptors take the argument state before or
after taking the argument continuation. Hence, we can rewrite the type of a reference as:
(0 -8t —7)—>8t >7)x (0 — (St — 7) — St — 7) . The state is made implicit by
abbreviating the type (St — 7) to the new ILC type Obs 7.

We thus have that Ref 6 may be viewed as an abbreviation of the type
(0 — 0bs T) — 0bs 7) X (§ — Obs 7 — Obs 7)

With this interpretation, (get x < [ in t) is notation for fst(1) (Ax.t), while (I :=e; t) is
notation for snd (1) (e) (t).
To summarize, ILC’s references and observers are the continuation-passing-style analogs of

references and state-dependent terms of semi-functional languages such as ML.

2.7 Example: Queues

We now present an example that performs shared updates on a data structure. The example is

the traditional data structure example of queues.

type QADT(S) = { insert : S — Obs T" — 0Obs T,
isempty : Obs T' — Obs T' — 0bs T,
getfront : (S — O0bs T) — Obs T,
delete : Obs T' — Obs T

}

QADT(S) is an abstract data type whose members are concrete imperative queue implementa-
tions, with the queues containing elements of type S. An implementation is a record structure
containing four operations that manipulate the representation type of queues. A queue Q is

used by writing a sequence of operations that refer to it. For example,
Q.insert(3)(Q.insert(4)(Q.getfront(Am. Q.delete(Q.getfront(An.n —m)))))

evaluates to 1.
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Qcreate: S — (QADT — 0bs T') — Obs T
= Ad.\k. letref rnew:Ref Lnklist S := Nil in
letref front:Ref Lnklist S := Cons(d, rnew) in
letref rear:Ref Lnklist S := frontT in
let QImpl: QADT
= { insert = Az.Ac. letref rnew: Ref Lnklist S := Nil in
rear ] .2 := Cons(x, rnew);
rear :=rear| .27; ¢
isempty = Ac.Ac’. if front = rear| then c else ¢’
getfront = Ak. k(front T .27 .1)
delete = Ac. front := front T .27; ¢

}
in k(QImpl)

Figure 2.4: Queue implementation.

We implement a queue by a mutable linked list. A node in the linked list is either Nil
(representing the end of the list), or is a pair comprising an element and a pointer (i.e., a

reference) to another node.

datatype Lnklist S = Nil | Cons of (S x Ref Lnklist .5)

A queue is represented by a pair of references front and rear pointing to the first and last
nodes of a linked list respectively. The linked list is always nonempty. It contains a dummy
node at the beginning. For example, the figure below depicts the linked list representation after
the numbers 3 and 4 have been inserted into an empty queue, with 3 being inserted first, and

with the dummy (header) node initialized to 0.

front / rear \

/ \

0

Nil

Y
w
Y
W
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The queue implementation is defined by the function Qcreate in Figure 2.4. This function
creates an empty queue and passes to its argument function a queue implementation that uses
this new queue. The linked list for an empty queue consists of the single, dummy (header)
node. The first argument to Qcreate is a dummy element that is stored in this header node.
The initializations of front and rear correspond to this representation. The insert operation
extends the queue and updates the rear pointer. The isempty operation checks if the linked
list nodes referenced by front and rear are equal. The equality here is the component-wise
equality on Lnklist pairs, with natural numbers compared in the usual fashion and references
compared by identity. (Two references are equal if and only if they denote the same reference
allocated in a particular use of letref). The getfront operation accesses the value in the second
node of the linked-list (skipping over the dummy header), and the delete operation deletes the
first node making the second node the dummy header.

The significant feature of this program is that when a linked list is extended by modify-
ing rear(.2, the modification is visible via other access paths to this reference originating at
front. It is this information sharing that permits Q.insert(3) to affect the later evaluation
of Q.getfront even though no values are passed between these program points. In contrast,
in a functional language, whenever a value is computed, it needs to be explicitly passed to all
the program points that need access to the value. In the case of the queue example, this means
that whenever the last element of the list is modified, the modified element needs to be passed
to all the previous elements so that they can be updated to refer to the new element. This
involves O(n) computation for the insert operation. In contrast, our implementation involves
constant time computation for all its operations.

Constant time queue operations can be implemented in pure functional languages using a
clever representation that keeps two lists instead of one. But, the principles we are referring to
work for all kinds of data structure updates, such as graph traversal, graph reduction, graph
unification, etc., where such clever tricks are not adequate to solve the problems efficiently.

To give a flavor of how the queue implementation discussed above may be used, we show a

sample program for the level-order traversal of a binary tree in Figure 2.5.
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datatype BTree = Niltree | Mktree of (nat x BTree x BTree)
breadthfirst: Btree — Obs T' — Obs T'
= Atree.)Ac.
Qcreate(Niltree)(AQ: QADT.
Q.insert (tree)
letrec bfirst: Obs T'
= Q.isempty(c)(Q.getfront (At: Btree.
Q.delete
case t of Niltree = bfirst,
Mktree(n,t1,t2) = Q.insert ¢1
(Q.insert t2
(visitnode n
bfirst))))
in bfirst)

Figure 2.5: Level-order traversal of binary trees.
2.8 Example: Unification

In our final example, we implement unification by an algorithm that performs shared updates
on a data structure. Unification [70] is a significant problem that finds applications in diverse
areas including type inference, implementation of Prolog and theorem provers, and natural
semantics. This example convincingly illustrates the expressive power and usability of ILC.

Figure 2.6 contains an ILC program that computes the most general common instance of two
terms s and t. A term is either a variable or a pair denoting the application of a function symbol
to a list of subterms. A variable is represented by a reference. The reference may contain either
a term (if the variable is already bound), or the special value Unbound. This representation of
terms illustrates the notion of shared dynamic data mentioned in the introduction; a function
accepting a term has indirect access to all the references embedded in the term.

We assume the existence of a global reference called sigma that accumulates the list of
references bound during an attempt at unification. If the unification is successful, this yields
the most general unifier, while the representations of the terms s and ¢ correspond to the most
general common instance. On failure, this list is used to reset the values of the references to

Unbound.
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datatype term = Var of Ref var
Apply of (symbol x List term)

and var = Unbound | Bound of term

unify: term x term x Obs 7' x O0bs T — Obs T'
= A(s, t, sc, fc). unify-aux(s, t, sc, undo(fc))

unify-aux: term x term X Obs T X Obs T — Obs T
= \(s, t, sc, fc).
case (s,t) of
(Var(v), Var(w)) =

if (v = w) then sc else unify-vars(v, w, sc, fc)

| (Var(v), Apply(—, —)) = bind(v, t, sc, fc)

| (Apply(—, ), Var(v)) = bind(v, s, sc, fc)

| (Apply(f,is), Apply(g,it)) =
if (f = g) then unify-lists(ls, It, sc, fc) else fc

unify-lists: List term x List term x Obs T X Obs T' — 0bs T'
= A(s,lt, sc, fc). case (Is,It) of
(0,0) = sc
| (s:ls2,t:1t2) =
unify-aux(s, ¢, unify-lists(ls2, lt2, sc, fc), fc)
L= fe

unify-vars: var x var X Obs T' X Obs T" — Obs T’
= v, w, sc, fe).
case (v],w1) of
(Unbound, Unbound) = bind (v, Var(w), sc, fc)
| (Unbound, Bound(t)) = unify-aux(Var(v),t, sc, fc)
| (Bound(t), ) = unify-aux(¢, Var(w), sc, fc)

bind: Ref var X term x Obs 1" X Obs T" — 0Obs T
= A(u,t, sc, fc). casev] of
Unbound = occurs(v, t, fc, (v := Bound(t);
sigma := v :: sigma T;
sc))

| Bound(s) = unify-aux(s, ¢, sc, fc)

Figure 2.6: Unification of first-order terms.
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undo:0bs T' — Obs T’
= Afc. case sigmal of
1= fe
| v:ilv= wv:=Unbound;
sigma := lv;

undo(fe)

occurs: Ref var x term X Obs T X Obs T — Obs T

Figure 2.6: Unification of first-order terms (continued).

The function unify attempts to compute the most general common instance of two terms
s and t. If the unification is successful, it instantiates both s and t to their most general
common instance (by updating the references embedded in them), and evaluates the success
continuation sc. If the unification is unsuccessful, it leaves the terms unchanged and evaluates
the failure continuation fc. Internally, it uses the auxiliary function unify-aux, which updates
the terms in both cases. By providing the failure continuation (undo fc) to this function,
terms are restored to their original values upon failure. The function unify-1ists unifies two
lists of terms (1s, 1t), unify-vars unifies two variables (v, w), bind unifies a variable v with
a term t, occurs checks whether a variable v occurs free in a term t, and undo resets the
values of variables that have been bound during a failed attempt at unification. The definition
of occurs is straightforward and has been omitted.

The significant aspect of this program is that when an unbound variable is unified with a
term that does not contain any free occurrence of the variable, unification succeeds by assigning
the term to the reference that represents the variable (see function bind). This modification
is visible via other access paths to the reference. It is this information sharing that affects the
unification of subsequent subterms, even though no values are passed between these program
points. In contrast, in a pure functional language, every computed value needs to be passed
explicitly to all program points that need it. In the unification example, this means that
whenever a variable is modified, the modified value needs to be passed to all other subterms

that are yet to be unified, an expensive proposition indeed.
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Chapter 3

Strong Normalization for ILC

3.1 Introduction

In this chapter we prove that the reduction system of ILC is strongly normalizing for well-typed
terms. The proof inducts over type derivations, and follows the structure of Girard’s proof of
strong normalization for the typed lambda calculus.

The proof uses an induction hypothesis that is stronger than strong normalization. The
hypothesis is based on an abstract notion called reducibility. This notion has the property that
if a term is reducible, then it is strongly normalizable. Thus strong normalization is proved by
proving that all terms are reducible. However, reducibility satisfies three other conditions which
are included in the induction hypothesis and which permit the proof to go through. The notion
of reducibility was originally due to Tait [82]. We use Girard’s formalization [26], including the
technical improvements he made in the proof, though we have modified the details considerably.

The proof may be summarized as follows:

1. We define three families of relations on terms of ILC: 7-reducibility, #-reducibility, and
w-reducibility. These relations are defined by a straightforward induction on the type
structure of ILC. We shall view these relations as sets of terms of 7, 8, and w types

respectively. We call these sets reducibility sets.

2. We define four important properties ((CR 1) ,(CR 2) ,(CR 3) , and (CR 4) ) of the
reducibility sets. The most important property, (CR 1) , says that every term of every

reducibility set is strongly normalizable.
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3. We prove that members of the reducibility sets satisfy the four properties (CR 1) through
(CR 4) . The proof is by induction on the structure of types.

4. The reducibility sets are defined to be closed under pair projection (e.l,e.2), function
application (ejez), and reference creation (letref v* := e; in eg). We prove that they
are also closed under pairing ({(e1, e2)), lambda abstraction (Az.e), dereference (get = <

e1 in eg), and assignment (ej := es ; e3).

5. We use the above to prove that all well-typed terms are reducible. That is, we prove that

all well-typed terms belong to one of the reducibility sets.

6. We know, from the property (CR 1) , that every term of every reducibility set is strongly

normalizable. We conclude that all well-typed terms are strongly normalizable.

Our definition of reducibility modifies the Tait-Girard definition to include observation types.
The complexities introduced by observation types make our proof longer and more complex
than the proof for the simply typed lambda calculus. The proof presented in this chapter may
be generalized to higher order theories; Gallier [22] presents an excellent discussion of various

approaches to such a generalization.

3.2 Strong Normalization

This chapter is devoted to proving the following theorem.

Theorem 11 (Strong Normalization) Let I' - t:w be a recursion-free term. Then there is

no nfinite reduction sequence t — t1 — to — ... of well typed ILC terms.

Notation:

Let x1,...,x, be variables and let eq, ..., e, be terms such that zq,...,x;_; are free in e;. We
abbreviate the term (t[e,,/2n][en—1/Tn-1] ... ei/z;]) to (t[e/Z]}).

Let ¢t be a strongly normalizable term. Then, by definition, every reduction sequence t —
t1 — ty — ... is finite. We write v(t) to denote the length of the longest reduction sequence
beginning with ¢. v(t) is finite, and if ¢ — ¢/, then v(t) > v(t'). We shall use these properties
in the following proofs to induct over the number v(t).

The following lemma is used in several places in the proof, and hence is presented separately.
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Lemma 12 Let Ct[e/Z]}] be a term where t[e/T]|} is embedded in context C[]. If C[t[e/T]}]

1s strongly normalizable, then so is t.

Proof: Let t be a term and let C[t[e/T]|}] be a strongly normalizable term. For every
reduction sequence t — t; — to — ..., we can construct a reduction sequence C[t[e/T]|}] —
Clt1[e/z])}] — Clt2[e/Z]7] — ... This sequence has to be finite as C[t[e/Z]|}] is strongly

normalizable. Thus all reduction sequences from ¢ are finite and so t is strongly normalizable.

3.3 Reducibility

We define a family of sets RED7. (reducible terms of 7-type T') by induction on the 7-type T'.
1. (T'Ft: B), for atomic type (3, is T-reducible if ¢ is strongly normalizable.
2. (T'kHt:71 x 19)is 7-reducible if (I'F¢.1:71) and (I'F ¢.2 : 73) are 7-reducible.

3. T Ft:m — m) is t-reducible if for all 7-reducible (I' e : 1), (I' F t(e) : 1) is

7-reducible.
We define a family of sets RED% (reducible terms of #-type T') by induction on the 6-type T
1. (T Ft:7) is B-reducible if ¢ is strongly normalizable.
2. ('t : Ref 6y) is B-reducible if ¢ is strongly normalizable.
3. (TFt:6; x03) is O-reducible if (' +¢.1:6;) and (T' F ¢.2 : ) are f-reducible.

4. T F t: 60 — 69) is O-reducible if for all f-reducible (I' F e : 01), (T F t(e) : O2) is
f-reducible.

We define a family of sets RED¥ (reducible terms of w-type T') by induction on the w-type T'.
1. (' Ft:0) is w-reducible if ¢ is strongly normalizable.
2. (TF1t:w X wg) is w-reducible if (I' - ¢.1 : wy) and (I' - ¢.2 : wy) are w-reducible.

3. ('t :w — ws) is w-reducible if for all w-reducible (I' - e : wy), (I' F t(e) : wq) is

w-reducible.

4. (T'Ft:0bs 1) is w-reducible if
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(a) T has only 7 types and (I' F app(t) : 71) is 7-reducible; or
(b) T = (I, v*:Ref ;) and, for all f-reducible (I, v*:Ref 01 - e:01), (I I (Lletref v* :=
e int) : Obs 7p) is w-reducible; or

(¢) T'= (I",v:w) and for all w-reducible (' F e:w), (I F t[e/v] : Obs 71) is w-reducible.

3.4 Neutrality

Definition 13 (Neutrality) A term is called neutral if it is not of the form

x k (Az.e) (er,es) (getx<lint)

In other words, neutral terms are those of the form:
fle) el e2 (letrefv:=eint) (l:=e;t)

Intuitively, neutral terms are those which may have outermost redexes.

3.5 Properties of Reducibility

(CR 1) If (T'F¢:T) is reducible, then ¢ is strongly normalizable.
(CR 2) If (T'F ¢:T) is reducible, and t — ¢/, then (" - ¢': T') is reducible.

(CR 3) Let I' = (x1:T1,...,xp:Ty). If (T F ¢:T) is a term such that ¢ is neutral, and for all
reducible e1: 77, ..., ey T),, whenever we convert a redex of t[e/Z]|] we obtain a reducible

term (- ¢":T), then (Tt ¢:T') is reducible.

(CR 4) Every well-typed variable (I' b x: T') is reducible.
Lemma 14 RED? satisfies (CR 1-4).

Proof: Let (I' - ¢:T') be a term. We prove the lemma by induction on the type 7.

Atomic types (3

A term of atomic type is reducible iff it is strongly normalizable. Thus REDJ is the set of

strongly normalizable terms of type 5. We show that this set satisfies (CR 1-4).
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(CR 1) is a tautology.
(CR 2) Ift is strongly normalizable, then so is every term t’ to which it reduces.

(CR 3) Let e1:Th,...,e,: T, be reducible terms. Every reduction path leaving ¢[e/Z]} must
pass through one of the terms . Since these terms are strongly normalizable, the re-
duction paths must be finite. Hence t[e/Z]} is strongly normalizable, and so ¢ is strongly

normalizable (by lemma 12).

(CR 4) A variable is in normal form and hence is strongly normalizable.

Product type

A term t of product type (71 X 7o) is reducible iff its projections ¢.1 and ¢.2 are reducible.

(CR 1) Suppose that (I' - ¢t : 71 X 73) is 7-reducible. Then, by definition, (I' F ¢.1 : 7q) is
reducible, and by induction hypothesis (CR 1) for 7, ¢.1 is strongly normalizable. Thus,

by lemma 12, ¢ is strongly normalizable.

(CR 2) Suppose that (I'F¢: 7 X 1) is 7-reducible. If t — ¢/, then t.1 — ¢'.1 and t.2 —
t'.2. As t is 7-reducible by hypothesis, so are t.1 and ¢.2 (by definition of reducibility).
The induction hypothesis (CR 2) for 71 and 7 says that ¢'.1 and ¢'.2 are reducible, and

so t' is reducible by definition.

(CR3) LetI' = (z1:7],...,25:7}). Let ([' - ¢: 7 X 72) be a term such that ¢ is neutral.

Further, for all reducible ej: 7], ..., e,:7,[€/Z]}", suppose that all the ¢’ one step from
t[e/z]T are reducible. Since t is neutral, it is not a variable or a pair, and hence t[e/Z]} is
not a pair. Thus the only redices in t[e/Z]}.1 are inside t[e/Z|} Applying such a reduction,
we get some t'.1 which is reducible since ¢’ is (by assumption). But as ¢.1 is neutral, and
as all the terms one step from ¢.1[e/Z|} are reducible, the induction hypothesis (CR 3)
for 71 ensures that ¢.1 is reducible. Similarly, ¢.2 is reducible, and so ¢ is reducible (by

definition).

(CR4) Let (' F x : 7 x 72) be a well-typed variable. Now .1 is neutral. Let I' =

(T1:7]s oy pi 7). Let eri 7], ... en: 74[€/Z)} 7 . Then z;.1[/Z]} = (e;[e/7]?,,.1). Since
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all the e;’s are reducible, (e;[e/Z]}, ;) is reducible and hence so is e;[€/Z]}, ;.1 (by defini-
tion). Thus, by induction hypothesis (CR 3) on 71, 2.1 is reducible. Likewise, I' - 2.2 : 75

is reducible, and hence so is I' - 2 : 71 x 7o (by definition).

Function type

A term of function type is reducible iff all its applications to reducible terms are reducible.

(CR 1) Suppose that (I' -t : 71 — 79) is 7-reducible. Then, by definition, (I' F #(e) : 72) is
reducible for all reducible (I' F e : 71). Now, by induction hypothesis (CR 4) for 71, we
have that (I',z: 71 F 2:71) is reducible. Thus (I',z: 71 F t(x) : 72) is reducible and so t(z)

is strongly normalizable. Thus, by lemma 12, t is strongly normalizable.

(CR 2) Suppose that (I' - ¢ : 71 — 72) is 7-reducible. Then, by definition, (I' F t(e) : 79) is
7-reducible for all 7-reducible (I' e : 7). If ¢t — ¢/, then t(e) — t’(e). The induction
hypothesis (CR 2) for 7 gives that ¢'(e) is reducible. So t is reducible (by definition).

(CR3) LetT'=(x1:T1,...,2,:T},). Let (' t: 7 — 72) be a term such that ¢ is neutral.
Further, for all reducible e1:T1,...,e,: T, suppose that all the ¢’ one step from t[e/T|}
are reducible. Let (F u:71) be a 7-reducible term. By induction hypothesis (CR 1) for

71, we know that u is strongly normalizable, so we can reason by induction on v(u).

In one step, t[e/Z]T(u) converts to

e t/(u), with ¢ one step from t[e/Z]}; but t’ is reducible (by assumption), and hence
t'(u) is reducible (by definition).

e t[e/7]}(v') with v’ one step from u. v’ is reducible by induction hypothesis (CR 2)
for 71, and v(u’) < v(u); so the induction hypothesis for v’ tells us that t[e/z]}(u’)
is reducible.

e There is no other possibility, for ¢[e/Z]|}(u) cannot itself be a redex. (Since t is
neutral, it is not a variable or a lambda abstraction, and so t[e/Z]} is not a lambda

abstraction).

In every case we have seen that the neutral term t[e/Z]|} (u) converts into reducible terms
only. The induction hypothesis (CR 3) for 74 allows us to conclude that ¢(u) is reducible,

and so t is reducible.
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(CR 4) Let (I'Fx:7m — m2) be a well-typed variable. By definition, it is reducible if for all
reducible (I' Fe: 1), (I' F z(e) : 72) is reducible. An identical argument to (CR 3) above

proves that x is reducible.

This concludes the proof of lemma 14.

Lemma 15 REDY satisfies (CR 1-4).

Proof: The proof of lemma 15 parallels the proof of lemma 14.
Lemma 16 RED% satisfies (CR 1-4).

Proof: We reason by induction on the type T

Atomic w-types 6

The proof is identical to the proof for atomic types in lemma 14.

Product type wi X wy

The proof is identical to the proof for product types in lemma 14.

Function type w; — ws

The proof is identical to the proof for function types in lemma 14.

Observer type 0bs 7

A term of observer type Obs 7 is w-reducible iff it is w-reducible under all possible assignments
of #-reducible terms to its free references. This is defined by inducting over the length of the

type assumption I'. Hence our proofs will also involve inducting over the length of I'.

1. T has only 7 types.
By definition, (I' F ¢ : Obs 7) is w-reducible iff (I' F ¢:7) is 7-reducible. But REDT
satisfies (CR 1-4) (by lemma 14). Hence, so does RED{, .

2. T'is of the form (T, v*:Ref 0).
The following proofs for (CR 1-4) closely mimic the corresponding proofs for function

types.

45



(CR 1) If (I';v*:Ref § It : Obs 7) is w-reducible, then ¢ is strongly normalizable.
Proof: Let (I',v*:Ref 6 - t:0bs 7) be w-reducible. Let = be a variable of type 6.
Then, (', v*:Ref 6 - x:6) is f-reducible, since RED} satisfies (CR. 4) by lemma 15.
Hence (T' - (letref v* := x in t) : Obs 7) is w-reducible (by definition of reducibil-
ity). By induction hypothesis (CR 1) for I', we have that (letref v* := z int) is

strongly normalizable, and hence so is ¢ (by lemma 12).

(CR 2) If (I',v*:Ref 6 + t:0bs 7) is w-reducible, and ¢ — ¢/, then (I',v*:Ref 6 I
t': 0bs 7) is w-reducible.
Proof: Let (I',v*:Ref 6 |- t: 0bs 7) be w-reducible, and let t — ¢’. Let (I',v*:Ref 6 F
e:0) be f-reducible. Then, (I' F (letref v* := e in t) : Obs 7) is w-reducible (by
definition of reducibility). Since ¢ — ¢/, (letref v* := e in t) — (letref v* :=
e in t'). The induction hypothesis (CR 2) on T' gives that (I' - letref v* :=
e in ¢’ : Obs 7) is w-reducible. Thus, (I',v*:Ref 6 - t':0bs 7) is w-reducible (by
definition of reducibility).

(CR 3) Iftisneutral, and whenever we convert a redex of t[e/Z]|} we obtain a w-reducible
term (I',v*:Ref 6 - ¢: Obs 7), then (I',v*:Ref 6 I ¢: Obs 7) is w-reducible.
Proof: Let t be neutral. Assume that whenever we convert a redex of t[e/Z]} we
obtain a w-reducible term (I',v*:Ref 6 F ¢":0bs 7). Let (I',v*:Ref 6 F e:6) be 6-
reducible; we want to show that (I' - letref v* :=e in ¢ : Obs 7) is w-reducible. By
lemma 15 (CR 1) , we know that e is strongly normalizable; so we can reason by
induction on v(e).
In one step, (I' F letref v* := e in t[e/Z|} : Obs 7) converts to:

o ('t letref v* :=e int': Obs 7) with ¢ one step from t[e/Z]}; but (T, v*:Ref 6 -
t':0bs 7) is w-reducible (by assumption and t[e/Z|} — t’, and hence (I" +
letref v* :=e int' : Obs 7) is w-reducible (by definition of reducibility).

o (I'F letref v* := ¢ in t[e/Z|} : Obs 7) with €’ one step from e. (I',v*:Ref 6 -
e:0) is f-reducible by assumption, and hence so is (I',v*:Ref 6 + ¢€’:0) (by
lemma 15 (CR 2) ). Since v(e’) < v(e), the induction hypothesis for e’ tells us

that (I' - letref v* := ¢ in t[e/Z|} : Obs 7) is w-reducible.
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e There is no other possibility, for (letref v* := ¢’ in t[e/T|}) cannot itself be a
redex. (Since ¢ is neutral and is not a variable, t[e/Z]} is neutral and hence is

not of the form k, (Az.e), (e1,eq) or get x < [ in s).

In every case we have seen that the neutral term letref v* := e in t[e/T|} converts
into w-reducible terms only. The induction hypothesis (CR 3) for I' allows us to

conclude that letref v* := e in ¢ is reducible, and so t is reducible.

(CR 4) Let (I';v*:Ref 0 | 2:0bs 7) be a well-typed variable. Let (I',v*:Ref 6 |- e:0) be
f-reducible; we want to show that (I' - letref v* := e in z : Obs 7) is w-reducible.

This is proved by an argument similar to the proof of (CR 3) .
3. T'is of the form (I',v:w).

(CR 1) Let (I'yv:w; F t:0bs 7) be an w-reducible term. Let (I' F e:wq) also be w-
reducible. Then, (I' F t[e/v] : Obs 7) is w-reducible (by definition of reducibility).
By induction hypothesis (CR 1) on T', t[e/v] is strongly normalizable, and hence so
is t (by lemma 12).

(CR 2) Let (I',v:w; F t:0bs 7) be an w-reducible term, and let ¢ — ¢'. Let (I' F e:wq)
also be w-reducible. Then, (I' F t[e/v] : Obs 7) is w-reducible (by definition of
reducibility). Since t — ¢, t[e/v] — t'[e/v]. By induction hypothesis (CR 2) on
I, (T'F t'[e/v] : Obs T) is w-reducible, and hence so is (I',v:wy F ¢’ : Obs 7).

(CR3) Let I' = (z1:T1,...,xn:Ty). Let (I',viwy F ¢t : Obs 7) be a term such that ¢
is neutral. Further, for all reducible eq:T1,...,e,: Ty, e:wi, suppose that all the ¢’
one step from t[e/v][e/Z|} are reducible. Let (I' - e:wq) be an w-reducible term. we
want to show that (I' - t[e/v] : Obs 7) is w-reducible. We know (by assumption) that
all the ¢’ one step from t[e/v|[e/Z|} are reducible. Further, since ¢ is neutral and is
not a variable, t[e/v][€/Z]} is neutral. Thus, by induction hypothesis (CR 3) on T,
(T t[e/v] : Obs T) is w-reducible.

(CR 4) Let (I',v:wy F x : 0bs 7) be a well-typed term. By definition, this is w-reducible
iff for all w-reducible (I' F e:wq), (I' F z[e/v] : Obs 7) is w-reducible. If v is z,
then this is immediate. Otherwise, z]e/v] = x and (I" i 2:0bs 7) is w-reducible by

induction hypothesis (CR 4) on T
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3.6 Admissibility

3.6.1 Pairing
Lemma 17 If (T'F ej:wq) and (I' b eg:wsy) are reducible, then so is (I'F {(e1,e2) 1 w1 X wa).

Proof: See Girard [26], Section 6.3.1.

3.6.2 Abstraction

Lemma 18 If (I' F eae1/x] : we) is reducible for all reducible (I' & e1:wq), then so is (I' F

AT.eg : Wi — wa).

Proof: See Girard [26], Section 6.3.2.

3.6.3 Dereference

Lemma 19 If (I' - [ : Ref ) is O-reducible, and if (I' - t[e/z] : Obs T) is w-reducible for all
O-reducible (T' e :0), then (I' - get x < [ int : Obs 7) is w-reducible.

Proof: Assume that (I' F [ : Ref 0) is f-reducible, and that (T' F t[e/z] : Obs 7) is w-reducible
for all f-reducible (I" - e : §). We prove that (I' - get x <= [ in ¢ : Obs 7) is w-reducible. We

reason by induction on the number of free reference variables in I'.

1. T has only 7 types.
This is not possible since the language has no reference constants and since [ is a reference

valued expression under I'.

2. T'=(I",v* : Ref ).
By definition of reducibility, (I' F get < [ in ¢t : Obs 7) is w-reducible iff (I'V +

letref v* :=einget z <= [ int: Obs 7) is w-reducible for all f-reducible (I' - e : 0).

Let (I' - e : 0) be f-reducible. Earlier assumptions give us that (I' F [ : Ref 6) is
O-reducible, and (I' - t[e/z] : Obs 7) is w-reducible. (CR 1) permits us to reason by
induction on v(e)+v(l)+v(t) to show that (I - letref v* :=einget x <l int:0bs T)

is w-reducible. This term converts to:

o (I F letref v* := e in t[e/z] : Obs 7), which is w-reducible by definition of

reducibility (using our assumptions).
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o (I"+ (get 2/ < [ in letref v* := e in t[z'/z]) : Obs 7), if | is w* # v* and. 2’ ¢
V(e). This follows from the induction hypothesis on I". However, for the induction
hypothesis to be applicable, (I' - (letref v* := e in t[z’/x])[¢//2] : w) should be
w-reducible for all §-reducible (I' €’ : §). But (letref v* := e in t[a'/z])[¢//2'] =
letref v* := e in t[¢//x], which is w-reducible by definition of reducibility and our
first assumption.

o (I"F letref v* :=¢ inget x < [ in¢: Obs 7) with €’ one step from e.

(T' k€ :0) is f-reducible by (CR 2) , and we have v(e’) < v(e); so the induction
hypothesis tells us that this term is w-reducible.

o (I"t letref v* := e inget x < I’ int : Obs 7) with I’ one step from 1. This term
is w-reducible for similar reasons.

o (I"+ letref v* :=einget x < [ int' : Obs 7) with t’ one step from t. This term

is w-reducible for similar reasons.

In every case, the neutral term (I'" - letref v* := e in get x < [ in ¢ : Obs T) converts
to w-reducible terms only, and by (CR 3) it is w-reducible. Hence, by definition, so is
(IT'+getx<«<lint:0bsT).

3. I'=T"v:w
Let (T' F €’ : w) be w-reducible. We have, by assumption, that (I' - [ : Ref 6) is f-reducible.
Thus, by definition, (I F I[¢//v] : Ref 0) is O-reducible. Similarly, by assumption and
definition, (Tt t[e/z][¢/ /v] : Obs T) is w-reducible for all #-reducible (T' F e : §). Thus, by
induction hypothesis on T', (I I~ (get = < l[e’/v] in t[¢//v]) : Obs 7) is w-reducible. By

definition of reducibility, (I' - get x <=l in ¢ : Obs 7) is w-reducible.

3.6.4 Assignment

Let (' - ¢ : T) be a reducible term. Then by (CR 1) , ¢ is strongly normalizable and hence
all its reduction sequences are finite. Let t — t; — ... — t,, be an arbitrary reduction
sequence v of t with ¢,, in normal form. Let SD ,(¢) be the number of times the reduction rule
(letref v*: 0 :=e inget x < v* int — letref v*: 0 := e in t[e/z]) is used in 9.
Definition 20 The state dependence rank SDR (I' -t : T') of a reducible term (I' =t : T) is
defined as follows:
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If T is free of reference variables, then SDR (I' =t : T') is the minimum of SD (t) over

all reduction sequences v that reduce t to normal form.

IfT' = (I",v* : Ref ), then SDR ('t :T) = SDR (I'',zp : 0 - letref v* :=xp int:T)

Lemma 21 If (' -1 : Ref 0), (' - e : 6) and (' - t : Obs 7) are reducible, then so is

(Tkl:=e; t:0bsT).

Proof: Let (' -1 : Ref 0), (' - e : 0) and (I' F ¢ : Obs 7) be reducible, We show that

(I'+1:=e; t:0bs 1) is reducible by induction on v(l) + v(e) + v(t) + SDR (I' - ¢ : Obs 7)

(T'1l:=e; t:0bs T) converts to:

(TH1U:=e; t:0bs7), with]’ one step from 1. (I' 1" : Ref 0) is #-reducible by (CR 2) ,

and we have v(I") < v(l); so the induction hypothesis tells us that this term is w-reducible.

(F1l:=¢€; t:0bs 7), with e one step from e. This term is w-reducible for similar

reasons.

('F1l:=e€; ¢ :0bs 7), with t’ one step from t. This term is w-reducible for similar

reasons.

(T'Ft¢:0bs 7),if [ is v* and if ¢ is of the form k, Az.ey, or (e1,e2). This term is reducible

by assumption.

(T (v*:=e; sle/z]) : Obs 7), if [ is v* and if ¢ is of the form (get x < v* in s). Since
v* has type Ref 6, we know that for all a € 6, SDR (a) = 0. Since (I' e : 0) is a term,
we have that SDR (e) = 0. Thus, SDR (s[e/z]) < SDR (get = <= v* in s), and hence by

inductive hypothesis, (I' - (v* := e ; s[e/z]) : Obs 7) is w-reducible.

('t (get v < w* in (v* :=e€; s)) : Obs 7), if [ is v* and if ¢ is of the form (get = <
w* in s), for w* # v*. Now, SDR (s) < SDR (get = <= v* in s) (by definition) and hence
by inductive hypothesis, (I' F (v* := e ; s[e/z]) : Obs 7) is w-reducible. By lemma 19 we

have that (I' - (get z <= w* in (v* ;=€ ; s)) : Obs 7) is w-reducible.

In every case, the neutral term (I' =1 := e ; ¢ : Obs 7) converts to w-reducible terms only, so

by (CR 3) it is w-reducible.
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3.7 Reducibility Theorem

Proposition 22 If () :wi,..., 2y :wp Et:w) isaterm, andif (o 11 :w1), .., (@ F 1y wy)

are reducible terms, then (¢ & tri/x1,... /] + w) is reducible.

Proof: By induction on terms. We write t[7/Z] for t[ri/x1,...,mn/zp].
1. tis one of z;,e.1,e.2, (eq, e2), f(e) or A\z.e; the proof is as in Girard [26], Section 6.3.3.

2. tis (letref v:Ref W :=eins):
By induction hypothesis, e[l/v,7/Z]| and s[l/v,7/Z] are reducible for all reducible [ in
Ref . and so (by definition) is (letref v := ¢[F/Z] in s[F/Z]); but this term is nothing
other than t[F/Z].

3. tis (get y : W < [ in s): By induction hypothesis, [[F/Z] and s[e/y,7/Z] are reducible
for all reducible e of type W. Admissibility lemma 19 tells us that (get y : W «

[[F/Z] in s|y/y,T/]) is reducible; this term is nothing other than ¢[F/].

4. tis (I := e ; s) of type Obs 7: By induction hypothesis, {[F/Z], e[F/Z] and s[F/Z] are
reducible. Admissibility lemma 21 tells us that (I[F/Z] := e[F/Z] ; s[F/Z]) is reducible;

this term is nothing other than t[7/z].

Theorem 23 All terms are reducible.

Proof: This follows from proposition 22 by putting r; = x;, since (¢ - z; : w;) is reducible by
(CR1).

Corollary 24 All terms are strongly normalizable.

Proof: This follows from theorem 23 and (CR 1) .
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Chapter 4

Observation Type Theory (OTT)

4.1 Introduction

In this chapter, we present a programming logic for the language ILC. We choose constructive
type theory as our framework. However, since a full constructive type theory is quite complex
both in terms of presentation and understanding, we work with a barebone theory. We start
with the simply typed lambda calculus and moderately enrich its type system. We then show
that this enriched type system has an interpretation as a constructive logic, and permits us
to reason about the equality of typed terms of the enriched lambda calculus. Hence, it is a
programming logic for the language. An analogous enrichment and interpretation process can
be applied to ILC to yield a programming logic for enriched ILC. We call the resulting theory
observation type theory (OTT).

4.2 Simply Typed Lambda Calculus

The simply typed lambda calculus is defined as follows:
Terms e == k|xz|Arelee|(ee)|el|e?2
Types T u= fltroT1|TXT
Reductions  (Az.ej)es — ejfes/x]

<61,62>.1 — €1

<€1,€2>.2 — €3
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X -introduction X -elimination

I'ber:mm They:m I'kFe:m xm I'tFe:m X7
'k (e1,e2) : 71 X T I'kFel:m I'kFe2:m
— -introduction — -elimination
Ne:mke:m 'Fer:mm—m T'kex:m
'k (we):m — 1 I'erez:m

Figure 4.1: Inference rules for the simply typed lambda calculus.

The terms of the language consist of constants (k), variables (x), function abstraction (Az.e),
function application (ejes), pair formation ({e1,es)), and pair projection (e.l and e.2). The
types of the language are primitive types [, function spaces (71 — 72), and cartesian products
(11 X 73). Figure 4.1 presents the inference rules for the type system. The introduction rules
prescribe how we may construct members of a type, while the elimination rules prescribe how

we may use those members in computations.

4.3 Simple Constructive Type Theory

We can enrich the above type system to obtain a theory that has an interpretation as a logic.

The enriched type system is defined as follows:

Terms e u= k|xz|Arelee|{ee)|el]|e2]|abort(e)|fact
Types 7 = (|void| (lz:7)r | (Bz:7)T |e=einT
Reductions  (Az.ej)ea — ejlea/x]

(e1,e2).1 — e

<61,62>.2 — €2

The terms of this new language include the terms of the simply typed lambda calculus. In
addition, they contain terms of the form abort(e) that correspond to errors with justification

e, and a single constant called fact (whose significance will be explained later).
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B-formation void-formation

I' = 3 Type I' - void Type
II-formation Y-formation
I't7 Type I'jz:71 F 75 Type I'k7 Type I'z:71 75 Type
I' b (ITz: 71 )72 Type '+ (X2: 7)™ Type

equality-formation
I'kepi:r T'key:m T'F 7 Type
'k (e; = ez inT) Type

Figure 4.2: Type formation rules for simple type theory.

4.3.1 Types

The primitive types of the system include the types §, and in addition include the type void
(which represents the empty type). Types are closed under the dependent function, dependent
product and equality type constructors; we describe these constructors below. The context-
free grammar presented earlier only prescribes the structure of terms and types and does not
prescribe when they are well-formed. We use the type system to dictate well-formedness. Well-
formedness of terms is prescribed as usual by type inference rules that use assertions of the
form (I' - e: 7). We assert type well-formedness by means of a new form of assertion, namely
(I' - 7 Type). This asserts that if I" is a well-formed type assignment, then 7 is a well-formed
type. The type system includes a set of type formation rules that prescribe when a type is

well-formed (see Figure 4.2).

4.3.2 Type Inhabitance

Figure 4.3 presents the introduction, elimination, and equality rules for the theory. The intro-
duction rules prescribe how we may construct members of a type, the elimination rules prescribe
how we may use those members in computations, and the equality rules prescribe when mem-

bers of a type are equal. Types are considered equal only if they are identical, and hence we do
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hypothesis
Dyo:m, IV aimy
if 71 is a-convertible to T

reflexivity

I'kemn
'k fact:(e=einm)

equality
't fact: (e=¢€ inm)
if the equality can be deduced from I'
using only symmetry, transitivity and
congruence

void-elimination
I'te:void
I't abort(e) : 1

Y -introduction
F'kep:m T'Fes:mle/x]
'k (e1,e2) : (Xx:71)7T2

Y -elimination

Ike: Xrm)me Tre: (Szim)n

weakening
I'kFemn
Iz:mbFemn

computation
I'ter Ike:m
'+ fact: (e=¢ inm)
if e computes to €’

substitutivity

Ik ey :mies/x]
'k fact: (ea = e3 in 72)
Ik e :miles/x]

II-introduction
e Femn
' (Az.e) : (Iz: 7)™

II-elimination
Fkep:(Mlx:im)s Thea:m

'kel:n I'ke2:mnlel/x]

>i-equality
I'F fact: (e7.1 =eg.1in )
[ x:7m F fact : (e1.2 = e2.2 in 73)

'k fact: (eg = eg in (Xz: 1) 72)

'k ejeq : mles/x]

II-equality

[ x:7m F fact : (eyx = egx in 79)

'k fact: (e; = e in (Ilx:7y)72)

Figure 4.3: Inference rules for simple type theory.
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not present any rules for the equality of types. We describe the type system in the following

paragraphs.

Empty type (void)

void has no members, and hence there is no rule void-intro. Rule void-elim indicates
that if we can ever show void to have a member e, then every type can be presumed to

have a member. Such a (meaningless or erroneous) member is denoted by abort(e).

Dependent Function Space ((I1x:71)72)

Members of the dependent function type (Ilz:71)7o are function abstractions Az.e that
represent total functions with domain type 71 and range type m»[z] (rule II-intro). The
range type 7o[x] depends on the argument x to the function. For example, in a language

that includes the natural numbers, strings, and conditional expressions,

(ITm:nat)(IIn:nat)(if m > n then nat else string)

is the type of functions that take as arguments two numbers m and n. If (m > n),
then the functions return a number; otherwise, they return a string. Subtraction on the

non-negative integers is an example of such a function:

Am.An.if m > n then m — n else “error”

Functions are used in computations by applying them to arguments (rule II-elim).

The dependent function space type is a generalization of the function space type. If z
does not occur free in 79, then the dependent type (Ilx:7y)7y is the same as the regular

function space type (11 — 72).

Dependent Product ((Xz:71)72)

Members of the dependent product type (Xx:71)7e are ordered pairs (e, e2), where e; is
a term of type 71, and eg is a term of type 7zle; /x| (rule ¥-intro). The pair’s second
component has a type 79[e;/z] that depends on the first component e; of the pair. For
example,

(¥n:nat)(if even(n) then nat else void)
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is the type of pairs of natural numbers with even first components. Pairs are used in
computations by projecting them to their first and second components and then using

these components (rule ¥-elim).

The dependent product type is a generalization of the cartesian product type. If x does
not occur free in 75, then the dependent type (Xx: 71)72 is the same as the regular cartesian

product type (11 X 7).

Equality type (e; = e in 7)

If e; and eg are equal members of type 7, then the equality type (e; = e2 in 7) has exactly
one member, namely fact. Otherwise, the equality type is empty. The constant fact is
a proxy for all proofs of the fact that e; and es are equal members of type 7. It does not
have any computational significance, and hence no computational operations are defined

for it.

4.3.3 Propositional Interpretation

In a logic, the term (e; = e3) is a formula that may be true or false. The equality type
(e1 = e2 in 7) may be viewed as encoding such a formula for members of type 7. If the
equality type is inhabited, then the formula (e; =; e2) is true. If the type is empty, then
the formula is false. This view equates types with formulas, type inhabitance with truth, and
type emptiness with falsehood. It turns out that this view can be extended to the entire type
system, yielding an isomorphism between types and formulas. This is known as the formulas-as-
types principle [33, 10] or alternatively, the propositions-as-types principle, or the Curry-Howard
isomorphism.

This isomorphism implies that every formula has a translation to a type; conversely, every
type can be viewed as encoding a formula. Let P be the type corresponding to formula P.
We present the translation from (first-order) formulas to types in Figure 4.4. The meaning of
each formula now depends on the meaning of the type it translates to. These meanings are
summarized in Figure 4.5, and correspond to the intuitionistic (or constructive) meanings of

the formulas. For example, the type

(ITz:nat)(Ily:nat)(I1z:nat)((x = y in nat) X (y = z innat) — (x = z in nat))
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‘ Name of formula ‘ Formula ‘ Type Name of type
absurdity false void empty
truth true nat any inhabited type
conjunction PAQ PxQ cartesian product
implication P=Q |P—-Q function space
negation -P P — void
existential quantification | 3z:7.P, | (Xx:7)P, | dependent product
universal quantification | Vz:7.P, | (Ilz:7)P, | dependent function space

Figure 4.4: Propositions as types.

Connective ‘ Notation ‘ Intuitionistic meaning

conjunction P AQ | there is evidence for both P and Q.

negation -P there is no evidence for P; that is, P can never
be proved.

implication P =@ | there is a method for transforming any evi-
dence for P into evidence for Q.

existential quantification | Jz:7.P, | we can find an element v of type 7 such that
there is evidence for Plv/x].

universal quantification Vx:7.P, | given any element v of type 7, we can find ev-
idence for P[v/x].

Figure 4.5: Intuitionistic meaning of logical connectives.
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corresponds to the formula

Ve Yy Vz.[(x =nat Y) AN (Y =nat 2) = (& =pnat 2)]

It asserts that equality on the natural numbers is transitive. As another example, the type

(ILz:nat)(Ily:nat)—~(y = 0 in nat) — (Xz:nat x nat)(x = (y * 2.1 + 2.2) in nat)

corresponds to the formula

Ve NYy.(y #nat 0) = Fz.(x =pat (Y * 2.1+ 2.2))

This formula is the specification of integer division, with z being the pair of the quotient and
remainder of the division of x by y. This is not a complete specification since we have no means
of asserting that the remainder z.2 is less than the divisor y. In Chapter 5, we shall examine
a full-fledged type theory that contains types of the form (e; <pat €2), thus permitting the
complete specification of integer division. Note that the simple type theory does not include
disjunction. We have omitted disjunction from this discussion for pedagogical reasons. The
full-fledged type theory of Chapter 5 includes disjunction.

The type system enables us to prove assertions of the form (I' - ¢:7), namely that under
the type assignment I', the term ¢ has type 7. This asserts that the type 7 is inhabited, or,
under the propositions-as-types principle, that the formula encoded by type 7 is true. The type
system is thus also a formal logical system that permits us to prove formulas. Since the theory
has atomic formulas representing equality of terms, the logic permits us to reason about the
equality of terms in the language. It is thus a programming logic for the language. An assertion
that a term ¢ has type 7, when viewed logically, corresponds to the assertion that the program
t meets its specification 7. Type checking is now isomorphic to program verification which we
know is undecidable for any interesting language.

It is important to note that equality is not a single global relation. Rather, each type has
its own equality relation. That is, the type (e; = ez in 7) is well-formed only if e; and ey
are both members of type 7 (rule =-formation). The equality type can be used to check for

equality of two terms only if it is known that the two terms are members of 7. In particular,
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(e = e in 7) is well-formed only if e is a member of type 7. Thus the equality relation is not
globally reflexive, but is reflexive only at well-typed terms of types. This is expressed by the
rule reflexivity in Figure 4.3. The relation is symmetric and transitive, as expressed by the
rule equality.

Rule computation indicates that equality respects computation. Computation takes place
by reducing terms using the reduction rules we presented earlier. Thus if a well-typed term ¢
reduces (computes) to a well-typed term ¢’ then ¢ is equal to t’. Rule X-equality indicates
that two pairs are equal if their respective components are equal. Rule I[I-equality indicates
that two functions are equal if they map equal arguments to equal results (this is known as
extensional equality).

The type-specificity of the type (e; = ez in 7) implies that type formation is not context
free. For example, (z = y in nat) is well-formed only in contexts where z and y are variables
of type nat. This is why we need to axiomatize type formation within the logic by means of
the assertions (I' - 7 Type) and the type formation rules.

The simple type theory presented in this section is a first-order theory since it does not
have a type of types, and hence does not permit quantification over types (formulas). Types
are distinct from terms and are not values of the language. Full-fledged type theories treat
types as values and include higher-order types. Although such theories are considerably more
powerful than the simple theory of this chapter, they are also considerably more complex. We

postpone a discussion of such theories to Chapter 5.

4.4 QObservation Type Theory

In the previous section, we enriched the simply typed lambda calculus to obtain a simple
constructive type theory. Part of this enrichment involved our generalizing the function and
product type constructors to dependent type constructors. We then presented a propositional
interpretation of the theory that permitted us to reason about the equality of terms. We now
present a similar enrichment of the type system of ILC. Part of this enrichment involves our
generalizing the observation constructor Obs 7 to a dependent constructor (Get z:6 < e in 7).
We call the resulting theory observation type theory (OTT). The language of OTT is defined

as follows:
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(1) (Az:w.e1)(e2)

—  eqfex/x]

(2) (e1,e2).i — e fori=1,2

(3) letref v*:Ref §:=e; in — obs(eg) if v* & V(ea)
obs(e2)

(4) letref v*:Ref #:=e¢; in — letref v™:Ref 0 :=¢;
get x:0 <= v* in e in egfe; /x]

(5) letref v*:Ref 0 :=e; in — get 2’10y < w* in if v* # w* and
get x:05 < w* in eq letref v*:Ref 01 :=e1 o' € V(e1)UV(eq)

(6) v*:=e;1; obs(es)

in eg[z’/x]

— obs(eg)

(7) v*:=e1; getx:0 <v*ines — v*:=e1; ezle;/x]

(8) v*:=eq; — geta':0 < w* in if v* # w* and
get 1:0 < w* in ey v* =€y ; egla’/x] ' & Viep) UV (e2)

(9) app(obs(e)) — e

Terms
Applicative types
Storage types

Assertion types

Observation types

Obs 7).

In the following sections, we first discuss the logical concepts behind OTT, then we present

B

w

Figure 4.6: Reduction rules.

kE|xz|v"| Ax.e|ee| (ee)|el]|e2]abort(e) | fact |
letref v* :=eine|getz < einele:=¢e; e

B |void | (Iz:7)7 | (Xa:7)T |[e=einT

T |Ref 0| (1z:0)0 | (Xx:0)0 |[e=einf | (e =g €)

7 |0bs a | Get x:0 < e in a | (A1l z: )ex | (Some z: o)x |
e=einal|(e=gpe)|(e~a)

Ola|(r:ww| (Xr:w)w|e=einw

The terms of OTT extend the terms of ILC with the constant fact and the term abort(e).
These terms were explained in the previous section. The letref, get, and := terms have the
same meaning as in ILC. The reduction rules are exactly the same as ILC’s rules and are
reproduced in Figure 4.6. In the sequel, we use [-like variables for reference valued terms (i.e.,

terms of some type Ref ), and t-like variables for observer terms (i.e., terms of some type

a formal system based on these concepts.
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4.5 Logical Concepts of OTT

Observation Type Theory (OTT) is a constructive logic for which ILC forms the language
of constructions. Central to the theory is a certain correspondence between variables and
references. Various aspects of this similarity have been noted by numerous researchers, and
techniques applicable to variables have often been applied to references. For instance, in Hoare
logic, references are treated just as variables of logic, and in common imperative programming
parlance, references are simply called variables.

In our formulation, references share many of the important properties of variables. These

are that

e variables range over the values of a type,

they allow quantification of propositions, e.g., (Va:7)P,

they allow quantified propositions to be specialized,

they allow abstraction of terms to form “methods”, e.g., Az.t, and

they allow methods to be applied to values.

While references share all these properties, there are two important differences between vari-
ables and references. First, while variables are lexical, references are semantic values. This
fact allows references to participate in constructions such as pairing (data structure building),
function abstraction (parameter passing), and observer abstraction (storing). Variables cannot
participate in such semantic constructions (although some effects of references can be obtained
in the setting of Girard’s Linear Logic [25], which exploits the duality between inputs (vari-
ables) and outputs (values)). Second, references are reusable. This permits data structures to

be updated without copying.

4.5.1 Quantification of References

In simple constructive type theory, a proof of a universally quantified proposition (Va:7)P is a
method (function or rule) that, given a value z of type 7, yields a proof of P. The quantified
proposition can be obtained by generalization from a judgement of the form I',x:7 + P. If ¢

is a proof of P, then Az. ¢ is a proof method for (Vz:7)P. Given any term e: 7, the quantified
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proposition can be specialized to Ple/x]|. A proof of thisis f(e) where f is any proof of (Vz: 7)P.
Thus, function abstraction and application are based on the variables of logic.

In contrast, imperative programming is based on the idea of references. A reference is a
kind of token that ranges over the values of a certain type. In this respect, references are similar
to variables. But, whereas variables are lexical, references are semantic values. They can be
embedded in data structures, obtained as results of functions, or stored in other references.
There are only two properties known about a reference: its identity and the type of values it
ranges over. The latter is determined by the type of the reference itself: a reference of type
Ref 0 ranges over values of type 6. But the identity of a reference is a tricky issue, particularly
since we don’t wish to have reference constants. We assume that we have a separate class
of variables called reference variables which have the property that any two distinct reference
variables are always bound to distinct references. The reference variables are distinguished from
ordinary variables in the formal treatment by an asterisk superscript, as in v*.

References give us a new form of universal quantification written as

Get z:0 <= 1lin P

Here, quantification is over type 6 and [ must be a reference-valued term of type Ref 6. The
quantified proposition is true iff, for all values v that [ may refer to, Plv/z] is true. Since [ may
refer to any value of type 6, this means the same as (Va: 0) P in classical (truth value) terms. The
quantified proposition (Get x:0 < [ in P) can be obtained by generalization from a judgement
of the form I',z:0 = P. If ¢ is a proof of P, then the observer method (get = < [ in ¢) is a
proof of (Get z:6 < [ in P).

The role of the reference [ in (Get x:0 < [ in P) is roughly the same as that of the bound
variable x in (Vx:6)P. Both are used to range over the values of type 6. (The presence of the
variable x in (Get 2:60 < [ in P) may be confusing in seeing this correspondence. Note that x
plays a purely local role in this expression and the quantification is indeed over [. In contrast,
the quantification in (Va: 7)P is over the variable x). The important difference between the two
quantifications is that [ may be a term whereas x must be a variable. As a special case, [ may

also be a reference variable of the form v*.
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A Get-quantified proposition can be specialized in two ways. First, the reference [ can
be assigned the value of some term e. (This is similar to instantiating a variable, but we
use alternative terminology since [ is not a variable but an expression). If ¢ is a proof of
(Get x:0 < [ in P), then we can obtain Ple/x] with proof (I := e ; ¢). Note that the reference
[ is not discharged, but is available for further generalizations and specializations. The crucial
benefits of references are obtained from the fact that the same reference can be reused for
many generalizations and specializations. In contrast, the variable x involved in (Va: 7)P is lost
(discharged) after a specialization.

The second kind of Get-specialization applies to the special case where [ is a reference
variable v*. Here, we not only assign a value to v*, but also discharge it so that it is not

available for further generalizations. Given

I',v*:Ref 6 - Get :0 < v* in P

with evidence ¢, we can derive

'+ Ple/x]

with proof (letref v* := e in ¢).

4.5.2 Benefits of References

As noted above, references play essentially the same role as variables in conventional logic and
Get-types play the same role as universal quantification. Why, then, do we need these new
forms?

There are several reasons. First, the implications for storage reuse are already apparent.
Whenever we use a variable x for generalization and instantiation via the V quantifier, we are
obliged to use a location for x that is different from the locations for all other variables. On
the other hand, the same reference v* can be used for multiple generalizations and instantia-
tions, indicating to the language processor that the same storage location can be used in each
case. While compilers for functional languages use a variety of techniques to reuse storage
locations allocated for function parameters, it is doubtful if they can achieve all the storage

reuse expressible in a language like ILC.
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Second, we are able to construct data structures with references. Given a data structure,
we can reuse some of its references for new bindings and retain the old bindings of other
references. This saves not only storage locations, but also the computation involved in binding.

For example, let [ be a pair of type Ref nat x Ref nat. Given a construction ¢ of
(Get z:nat < [.1 in Get y:nat < [.2 in Q[z,y]),
we can form a construction for
(Get z:nat < [.1 in Get y:nat < 1.2 in Q[z + 1,y])

as (get x < .1 in (I.1 := 2+ 1 ; t)). In contrast, if we consider the corresponding logical
proposition (Vp:nat x nat)Q[p.1,p.2] with a construction f, the construction for (Vp:nat x
nat)Q[p.1 + 1,p.2] would be the function Ap. f((p.1 + 1,p.2)). This involves consuming the
input pair p and constructing a new pair (p.1 + 1,p.2), whereas the construction for the Get-
proposition involves only one binding and no construction of new data structures. Such saved
effort can grow arbitrarily in large data structures. For instance, consider a specification that
quantifies over all linked lists. The evidence for the specification would be indifferent to the
length of the linked list and its elements. In instantiating the evidence with a specific list, we
can form the list from an existing linked list by extending it. In doing so, we save not only the
recycling of storage, but also the computation of reconstructing the old portion of the linked
list.

Third, references allow sharing. Consider a pair of the form (v*,v*). By instantiating v*,
we achieve the instantiation of both the elements of the pair. If such shared references are
embedded deep in data structures, their shared instantiation can save arbitrary amounts of
computation. For a concrete example, consider the unification problem. The specification is
that for every pair of terms t and wu, either there exists a most general common instance of ¢
and u or there is no common instance. There would, in general, be multiple occurrences of a
variable z in ¢t. During unification, we have to ensure that all the occurrences z correspond to
identical subterms of u. If term variables are modeled by references in the term representations,
then mapping an occurrence of z to a subterm of u merely involves assigning the subterm u
to the reference representing z. This has the effect of constructing a new term ¢’ with all the
occurrences of z replaced by this subterm. Such effects cannot be achieved by variables of

conventional logic.
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In summary, variables of logic have certain properties that are essential to them. These
are that variables range over values, propositions can be formed by quantifying over such
variables, and quantified propositions can be instantiated with specific values. In the domain of
constructions, one can abstract over variables to construct functions, and these functions can
be applied to values. All these properties are retained by references. They range over values.
Propositions can be formed by quantifying over references (using Get), and such quantified
propositions can be instantiated. In the domain of constructions, one can construct “observer
methods” using get, in effect abstracting over references. Such methods can be applied to
specific values using assignment or letref.

The essential difference between variables and references is that variables are syntactic
entities whereas references are semantic values. Therefore, references can participate in semantic
constructions like pairs and functions while variables cannot. This allows the various flexibilities

outlined above.

4.5.3 State-assertions and State-judgements

Consider the difference between the following judgements:

I',x:nat - P[z]
I' - (Vz:nat)Plx]

Both of them say that there is evidence for P|x] for all natural numbers z (in the context of T').
However, in the first judgement, the quantification over numbers is contained in the judgement
whereas in the latter it is contained in the proposition itself. The former kind of judgements
are unavoidable in logic because they form the raw material from which quantified propositions
can be obtained by generalization. Formally, a judgement I', xz:nat F P is valid iff there is a
proof term ¢ such that, for all environments 7 satisfying (I', z:nat), [¢]7 is a proof of [P]n. A
judgement I' F (Vx:nat)P is valid iff there is a proof method f such that, for all environments
n satisfying I and for all natural numbers 4, [f]ni is a proof of [P]n[i/z].

When we consider observers and Get-propositions, judgements involve not only environ-
ments but also states. The latter map references to values. As usual, a judgement of the form
I' - @ is valid iff there is an observer proof method ¢ such that [¢]7 is a proof of [Q]n, for all

environments 7 satisfying I'. However, [¢]n as well as [Q]n are functions of state. This means
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that the judgement is valid iff, for all environments 7 satisfying I" and for all states o, [¢]no
is a member of [Q]no. Note that the states are not constrained by I'. Thus the quantification
over states is contained in the proposition @) rather than the judgement, just as in the case of
(Vz:nat)P above.

This suggests the need for judgements that involve quantification over states. Propositional
expressions appearing in such judgements refer to propositions in specific states. This closely
corresponds to the notion of “assertions” in Hoare logic [31]. So, we use notation reminiscent
of the latter. We call such expressions state-assertions (assertions for short) and write them
enclosed in braces as {@Q}. A judgement of the form I' - {Q} is valid iff there is an observer
proof method ¢ such that, for all environments 1 and states o satisfying I", [¢]no is a proof of

[Q]no. As an example of such a judgement, consider

...,v":Ref nat, {Get y:nat < v* iny =t} - {Obs (Jz:nat)z = t}

It asserts that in every state in which v* refers to the value of ¢, it is possible to observe a natural
number equal to ¢. If ¢ is evidence for the hypothesis Get-assertion, then (get y < v* in (y, ¢))
is evidence for the right hand side. Note that the corresponding judgement with state-universal

propositions

...,v":Ref nat, (Get y:nat < v* iny =t) + Obs (Jz:nat)z = ¢

would be trivial because the hypothesis (Get y:nat < v* in y = ¢) can have no evidence. (It

means the same as (Vy:nat)y = t, i.e., that all natural numbers are equal to t).
State-assertions are common in informal reasoning about time-varying phenomena. For

instance, consider the statement “a free-falling body accelerates at the rate of g”. There are

two possible interpretations of it:

1. For every body =z, if x is falling freely in all states, then x accelerates at the rate of ¢ in

all states.

2. For every body = and every state o of z, if x is falling freely in state o, then x accelerates

at the rate of g in o.

67



Obviously, the second interpretation is the appropriate one because we want the statement to
cover bodies that are not perpetually free-falling. The predicates “free-falling” and “accelerates
at the rate of g” are state-dependent properties or state-assertions. However, the entire state-
ment is not a state-assertion but is state-universal: it incorporates an implicit quantification
over all states of x. In reasoning about imperative programs, we require similar quantifications
of state-assertions and state-universal propositions.

The following inference rules capture the required forms of reasoning;:

Assertion-introduction
'@
r={Q}

Assertion-elimination

r-{Q}
THQ

if I has no state-assertions

Assertion-introduction asserts that if () holds in all states, then ) holds in states satisfying
I'. Assertion-elimination asserts that if @ holds in all states that satisfy I', and if I" has no
state-assertions (and hence is satisfied by all states), then @ holds in all states. For the second
rule, note that if I' has no state-assertions and ¢ forms evidence for {Q}, ¢ is, in fact, evidence
for {@} in all states. Thus, ¢ is also evidence for the proposition Q.

Now, state-assertions are rather like propositions except that they are state-dependent.
Thus, for every logical operator on propositions, there is a corresponding operator on state-
assertions. The rules for the state-assertional operators are similar to those for propositional
operators, the difference being that they deal with state-assertions. The copy of the standard

logic used for state-assertions is called assertion logic.

4.5.4 Noninterference

We must now address a special concern that arises with the use of references. Consider a
proposition of the form

Get 2:0 <l in Get y: 0 < [ in Qlz, 1]
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This is a well-formed proposition. However, it uses the same reference twice for quantifica-
tion. Even though it lexically appears to have two quantifiers, it is equivalent to the following

proposition with one quantification:

Get 2:0 < | in Q[z, ]

But this kind of reduction of quantifications is not always possible. A formula of the form

Get 7:0 <= [ in Get y: 0 <= I’ in Qlz, ]

may use two different expressions [ and I’ that denote the same reference. Or, they may
denote the same reference in some states and different references in others. Thus, the degree of
quantification involved in a formula is not syntactically discernible.

In a sense, this is the cost we must pay for generalizing syntactic variables to semantic
references. But note that it is precisely this feature — the ability to write distinct expressions
that may denote the same reference — that allows the flexibilities mentioned in Section 4.5.2.

The ambiguity involved in Get-quantification surfaces only when such quantifications are

specialized by Get-elimination. The inference

I'Ft:(Get z:0 < [ in Q)
I'E(l:=e; t):Qle/x]

is sound only if @) does not have further quantifications over the reference [. In that case, we
say that | does not interfere with @ and write it as (I ~ @). This notion of noninterference is
similar to that used in Reynolds’s Specification Logic [67, 83]. The proposition (I ~ @) holds
iff [ is distinct from each reference used for Get-quantification in Q).

To reason about distinctness of references, we stipulate that all the reference variables in
an environment denote distinct references. That is, each letref operator binds its reference
variable to a reference that is not bound to any other reference variable in the environment.
This corresponds to the notion of block structure in Algol-like languages [66, 83].

Assertion logic, the copy of standard logic used for state-assertions, also contains introduc-

tion and elimination rules for Get. Therefore, we also need noninterference state-assertions of
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the form {(I ~ @)}. Such an assertion means that [ is distinct from all the references used for
Get-quantification in the assertion {Q}, i.e., ) interpreted in the current state. To see the need

for this, consider an assertion of the form:

{Get y:Ref 6 <= w* in Get 2:0 < y in Q}

We can say that a reference v*:Ref 6 does not interfere with this assertion only if w* does not
refer to v*™ in the current state. Obviously, such noninterference does not hold for all states
(since there are states in which w* refers to v*). Reynolds’ Specification logic does not allow
state-specific noninterference assertions. As this example shows, full use of references (arrays,

graphs, reference functions, etc.) cannot be made without them.

4.5.5 Linearity

The three constructions mentioned in the previous section, (get = < [ in ¢), (I := e ; ¢),
and (letref v* := e in ¢) are called observer terms. They have the property that each has a
single observer subterm. Thus, observers can only be composed linearly. This is an important
property. If multiple observer subterms were allowed, separate copies of the state would be
required for each observer (or side effects must be tolerated).

To ensure that observer terms are linearly composed, we allow such terms to be proofs
of only selected forms of propositions. Conventional propositions (of say intuitionistic logic)
cannot have observer terms as proofs. Get-quantified propositions and propositions of the form
Obs P can have observer proofs. A proposition of the form Obs P means that a proof of P
is observable in every state. Under the types-as-propositions correspondence, this is the same
as the Obs type constructor of ILC. Further, Obs P is equivalent to every quantification of the
form Get x:0 < [ in P where x does not occur free in P. Thus, Get-quantification generalizes
the Obs type constructor in much the same fashion as V quantification generalizes the — type
constructor of functional programs. This analogy is not perfect since Obs cannot be defined to
be a special case of Get — Obs is also needed in contexts where no references are available, but

Get necessarily involves a reference.
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4.6 Formal System for OTT

We now present a formal system for OTT. We first describe the types of OTT, and then present
type inhabitance rules for the relevant core of OTT. The complete set of rules may be found in

Appendix B.

4.6.1 Types

The syntax of types is as follows:

Applicative types 7 == f|void | (z:7)7 | (Zx:7)T|e=einT
Storage types 0 = 7 |Ref|(x:0)0 | (Xx:0)0 |e=einf | (e =ge)
Assertion types a == T7|0bsa|Getz:f<einal (All z:a)a | (Some x: )« |

e=eina|(e=gpe)| (e~ a)

Observation types w = 0|a| ({Iz:w)w | (Zx:w)w |e=einw

The types of OTT are stratified into four layers: 7, 6, o and w. The 7 and 6 layers enhance
ILC’s 7 and 6 layers in the same way that simple type theory enhances the simply typed
lambda calculus. That is, they include empty (void) and equality (e; = ey in T') types,
and they generalize the product and function space constructions to dependent product and
dependent function space constructions. The w layer is an enhancement of ILC’s w layer;
however, the Obs 7 construct of ILC is enlarged into a new intermediate layer of assertion types.
It includes, in addition to the Obs constructor, the Get-quantification discussed in Section 4.5.1,
state-assertional quantifiers A1l and Some (which are the state-assertional analogs of the II
and ¥ operators), a new reference equality type, and a noninterference type. The following

abbreviations are defined for the quantifiers:

ajand s = (Some z:ap)ay where z &€ V(ag)

aq implies g = (All z:aq)as  where z € V(ag)

An «a type-term can be used as a type as well as a state-assertion. In the latter role, we enclose

it in braces {a}.
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(1) Obsa = Getx:f<lina (ifzdV(a))

(2) Obs (Obs o) = O0Obs «
(3) Get x1:01 < l1 in = Get x9:0y <[y in

(Get z9:03 < ls in «) (Get z1:01 < 11 in «)
(4) Getx:0<lin (Gety:0 <lina) = Getxz:0 <[ inaz/y]
(5) (A1l z: (Get y:0 <l inajy))aes = Gety:0 <[ in (All z:ag)an
(6) (A1l z:0;)(Get y:0 <= linag) = Gety:0 < 1[in (All z:ag)an
(7) (Some z: (Get y:0 <l inaj))as = Gety:0 <[ in (Some z:aq)ay
(8) (Some z:v1)(Get y:0 <=l inay) = Gety:0 <[ in (Some z:aq)ay
9) (A1l z:m)70 = (Ha:my)72
(10) (Some x:71)T0 = (Ba:Ty)T2

Figure 4.7: Equivalence of « type-terms.

The reference equality type (e1 =g e2) is well-formed only if e and ey are of some reference
types Ref 6 and Ref 6'. It denotes the proposition that e; and ey denote the same reference.
Its main use is to reason about inequality of references in establishing noninterference.

The type-terms of the « layer have a considerable degree of redundancy because they capture
implicit dependence on the state. Figure 4.7 lists the equivalences imposed on these terms to
eliminate this redundancy. The equivalences 1-4 state the relationship between Get and Obs
operators. The equivalences 4-8 state that a Get operator in an argument position of All
or Some can be pulled out. The equivalences 9 and 10 state that A11 and Some operating on
applicative types are equivalent to II and X.

Since we have four layers, we have four kinds of judgements that assert well-formedness. We
use (I' = T Type.), (I' - T Typey), (I' = T Type,), and (I' = T Type,,) to assert that T is a 7
type, 0 type, a type, and w type respectively. Figure 4.8 presents the type formation rules for

the new types introduced in these layers; miscellaneous rules and rules for 3, void, (Ilz: S)T,
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T-to-0

I' =7 Type,

I' = 7 Typey
0-to-w

I' = 6 Typey

' 6 Type,,
Ref-formation

I' = 6 Typey

I' - (Ref 6) Typey

Obs-formation
I' = a Type,
I' - Obs « Type,,

A11 -formation
I't=ay Type, I',z:a1F as Type,

T-to-«x
I' =7 Type,
I' =7 Type,
a-to-w
I' - a Type,
I' - a Type,,

typeless-equality-formation
Fl—61:01 Fl—egieg
I't=60, Typey @'t 02 Typey
I'F (e1 =g e2) Typey

Get-formation
I'=1:Ref 0 TI',x:0F a Type,
I'+ (Get 2:0 <= | in «) Type,,

Some -formation

I'=ay Type, I',z:a1F as Type,

I'F (A1l z: aq ) Type,,

equality-formation

ez I'Fexiar T'Eaq Type,

I'F (e1 = ez in a1) Type,,

noninterference-formation
I'=1:Ref 0 TI'F o Type,
I'F (I ~ a) Type,

I' - (Some x: a1 )ap Type,,

typeless-equality-formation
' (e1 =g e2) Typey
I' - (e1 =¢ e2) Type,

Figure 4.8: Type formation rules for observation type theory.
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(3¥2:S5)T and (e; = e2 in T') have been omitted since they were presented in Figure 4.2.

Appendix B contains a complete list of rules of OTT.

4.6.2 Type Inhabitance

The inference rules of the constructive logic OTT are presented as rules for type inhabitance.
These take the form of introduction and elimination rules for various operators. We only
present the rules that have direct relevance to this chapter. The full set of rules may be found
in Appendix B.

The rules for void, II, and ¥ types (in all layers) are conventional. The rules for = types
are also conventional except that, for assertion types, equality is defined to be extensional over
states. Ref # types have no rules because their members are only available in the language by

allocation of reference variables. The reference equality type has the single introduction rule

€] = e9 in Ref 0

€1 =g €2

Figure 4.9 presents the introduction and elimination rules for the « layer of OTT. These
represent the core of the logic.

Rules Obs-intro and Obs-elim are coercion rules between applicative terms and observers.
Obs-intro prescribes that all applicative and state-dependent terms may be coerced to observers,
while Obs-elim prescribes that state-independent observers may be coerced back to applicative
types. These rules are directly carried over from ILC.

The Dereference, Assignment, and Creation rules provide for the introduction and elimina-
tion of the Get operator. These rules generalize the corresponding rules of ILC. The Dereference
rule is similar to the introduction rule for II. The difference is that rather than abstract over a
variable, we abstract over the content of a reference.

The Assignment rule eliminates Get operators that represent state-dependence on unaliased
references. The premise ¢: (Get 2:6 < [ in o)) means that ¢ is an observer method that proves
Get x:0 < [ in a. That is, if ¢ is executed in a state where [ refers to, say, a, then it yields a
value that belongs to afa/x]. Thus, assigning e to [ before ¢ provides a proof of afe/z]. The
additional Obs operator in the conclusion Obs afe/z]| takes care of the special case where « is

an applicative or storage type (which is not permitted to have an observer term as a member).
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Obs-intro Obs-elim

I'Fta I'-t:0bs T )
TFt0bs a B e— (if T" has only 7 types)
Dereference
' 1:Ref 6

I',z:0F t:0bs «
I'F(getz<1lint):(Get x:0 <[ in )

Assignment
I'FIl:Ref 0 Coz:0F (I~ a)
e T Ht(Getx:0<lina)
'k (l:=e; t):0bs ale/z]

Creation
I'ke:0 I'1li:Ref 6, I'1,:Ref 0,
[,v*:Ref 6, =(v* =g ly),...,(v*" =g l,) F t: (Get z:0 < v* in «)

'k (letref v* :=e in t): Obs ale/x]

Figure 4.9: Inference rules for observation type theory.
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~ -QTLOM-T
I'-1:Ref § Tk 7| Type,
't fact: (I ~m)

~ -intro-Obs ~ -intro-Get
' I'Fl:Ref §; T FU:Ref b,
T {lf_fiCt(l (l Eba) ] Pk fact:~(l=¢l') T,x:05F fact: (I ~ «)
ack: s 'k fact: (I ~ (Get x:02 < ' in o))

~ -iniro-A11 ~ -1niro-Some
'k fact: (I~ a) 'k fact: (I~ ag)
Iyz:ap b fact: (I~ ag) [,z:ap F fact: (I ~ ag)
'k fact: (I ~ (A1l z:av)a) 'k fact : (I ~ (Some x: av1)a)
~ -intro-equality ~ -intro-typeless-equality
'k fact: (I~ (e =eg in «)) I'F fact: (I ~ (e1 =g e2))

Figure 4.10: Inference rules for observation type theory (continued).

The premise (I ~ «) ensures that « has no further Get-quantifications over the reference [. So,
assigning to [ does not alter the meaning of «.

The Creation rule is fairly similar to the Assignment rule described above. The primary
difference is that the reference used for quantification in the premise is a reference variable v*
which is discharged by the inference. The proof term for the conclusion, namely (letref v* :=
e in t), is responsible for creating a new reference for the discharged variable. The semantics of
letref guarantees that the reference allocated for v* is distinct from all other references. Hence,
if 11,...,1, are any references available from the context I, the proof of (Get z:6 < v* in «)
can assume that v* is distinct from them. Such assumptions are quite important because they
are the only information available for proving noninterference of v* in a use of the Assignment
rule. A second difference from the Assignment rule is that the noninterference premise (I ~ «)
is not present in the Creation rule. Since v* is distinct from all references available from the

context I', and a must be well-formed under I', v* cannot interfere with «.
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The noninterference type (I ~ «) asserts that the meaning of the type a does not depend
on the content of reference [. In our language, a Get is the only way for a type to access
a reference’s content. (I ~ «) requires that there be no meaningful Get’s to the reference
l in a. This condition is axiomatized by a collection of rules (see Figure 4.10). We only
describe the most interesting rule, namely ~-intro-Get. The meaning of a type of the form
(Get x:02 < I’ in a) may depend on the content of reference I’. Thus, if [ is not to interfere

with such a type, [ should be distinct from the reference I’:

T'FIl:Ref §; Tk U':Ref 0,

I'Ffact:~(l =¢l') T,x:02F fact: (I ~ )

'k fact: (I ~ (Get x:02 < I’ in o))

It is nontrivial to show that two references [ and [’ are distinct since [ and I’ are both expressions
and may be aliases of the same reference. The only way to show that they are distinct is to
show that they were created by separate instances of the letref construct. The inequalities

introduced by the Creation rule can be used for this purpose.

4.6.3 Assertion Logic

The Some and All operators of the « layer are state-assertional operators, i.e., both the argu-
ments to such operators are interpreted in the same state. These operators are handled by a
separate set of inference rules collectively referred to as assertion logic.

Any assertion type « can be enclosed in braces to form a state-assertion {a}. A judgement
that has a state-assertion on either side of “+” is called a state-judgement. State-judgements
quantify over all states and every state-assertion appearing in such a judgement is interpreted
with respect to the state pervasive in the judgement. Thus, a judgement of the form {1} - {as}
means that, in all states satisfying «i, there is evidence for ay. Types appearing in state-
judgements are, however, interpreted in their usual fashion. Assertion logic deals with inferences
for state-judgements.

Figure 4.11 presents the important rules of assertion logic. Assertion-intro asserts that if «
holds in all states, then « holds in states satisfying I'. Assertion-elim asserts that if « holds in

all states that satisfy I', and if T has no state-assertions (and hence is satisfied by all states),
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Assert-intro Assert-elim

'et:o CHt:{a1}
TF¢:{a} TFe: o (if T has no {a} types)
Obs-intro Obs-elim,
It {a) THt:{obs7}
fT"h 1
I'+t:{0bs a} THt:{r} (i as only T types)
Dereference
I'1:Refé

2:0,{Get z:0 < linx =z} Ft: {0Obs a}
' (getz<lint): {Get x:0 <[ in a}

Assignment
I'Hl:Refd Doz F{(l~a)}
'Fe:0 T'Ft:(Geta:f<lina)
'k(l:=e;t): {0bs ale/z]}

Creation
I'ke:0 I' 1y : Ref 04 I'H1, :Ref 0,
T,v* :Ref 6, (v =g ly),...,~(v" =g l,) Ft:(Get z:0 < v* in «)

'k (letref v* :=eint): {Obs ale/x]}

Figure 4.11: Inference rules for state-assertions in OTT.
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then « holds in all states. These rules coerce between the interpretations of o terms as state-
assertions and types, and are essentially specialization and generalization rules for the implicit
quantification over the state.

The remaining rules are the assertion logic counterparts of the type inferences rules of
Figure 4.9. Some of these rules are stronger than the corresponding type inference rules. For
instance, the major premise of the Dereference rule assumes that x is equal to the content of
[ in the pervasive state. The Dereference rule of Figure 4.9, in contrast, requires the premise
to be established for all states. Similarly, the Assignment rule of assertion logic requires the
noninterference premise to be only a state-assertion {(I ~ «)}, i.e., it needs to be proved only
for the pervasive state, not for all states. This is a powerful rule that is required for reasoning

about state-dependent references. Suppose A:nat — Ref nat is an “array”. If « is of the form

Get z:nat <= [ in Get y:nat < A(x) in T

then (A(0) ~ «) is not provable because =(A(0) =y A(z)) does not hold for all states (since
there are states in which [ refers to 0). However, the corresponding state-assertion {(A(0) ~ «)}
is provable for states in which [ does not refer to 0. Thus, reasoning about array-subscripted
references (and pointers etc.) requires state-dependent noninterference assertions.

The rules for Some and All are similar to those for the ¥ and II operators. However,
note that in a type of the form (Some z:q)as, both ay and ay should be interpreted in the
same state. Correspondingly, the construction for the type, which would be a pair of the form
(t1,t2), should also interpret both its components in the same state. Since each component
may involve assignments to references, this means that the state must be copied and passed
to each component. This is not computationally practical. However, in practice, only one of
the components is of computational significance. Typically, t1 has computational content and
to is merely a verification of the fact that ¢, satisfies as. Thus, the constructions produced for
assertion types can be tested for their computational feasibility. Alternatively, different type
constructors, such as the subset type constructor of Nuprl [6], can be used to suppress the

noncomputational constructions.
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The following rules express the inferences required for Some and A1l in assertion logic.

Some -introduction Some -elimination
I'Es:{S} TFt{T[s/x]} 'k e:{(Some x: S)T'}
I'F (s,t): {(Some 2: S)T'} I'kFel:{S}

'k e:{(Some x: S)T'}

I'ke2:{Te.l/x|}

A11 -introduction A11 -elimination
D,z {S}Ft:{T} M'Ef:{(A11 z:8)T} T'Fs:{S}
I'F Azt {(A11 2: S)T'} L f(s):{T[s/x]}
The underscored constructors ., “.”, “N” and “()”, signify the fact that they are “state-

indexical”, 4.e., all their components are interpreted in the same state.

4.7 Modeling Hoare Logic

Hoare logic and its extension, Specification logic, can be modeled in observation type theory.
Commands, which are conventionally treated as transformers of state, are treated in OTT as
observer transformers. A command S is a function that maps an observer ¢ to an enhanced
observer 3(c) which first carries out the actions of 5 and then continues with the observer c.
With this interpretation, the Hoare triple { P}s{Q} corresponds precisely to a judgement of the
form

'35 : (Q implies C) — (P implies C)

where § is a function from observers to observers. The argument of 5, when evaluated in a state
satisfying @, yields a value of some (polymorphic) type C. The observer returned by s, when
evaluated in a state satisfying P, yields a value of the same type C. The relationship between
Hoare-triples and OTT judgements reflects the duality between traditional state-dependent
values and ILC’s observers: the value s transforms states satisfying P to states satisfying @,
while the observer transformer 5 transforms observers of states that satisfy @ to observers of

states that satisfy P.
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The Hoare assignment axiom

{Plel} 1= e {Pl]}

is modeled by the following inference using the Assignment rule:

F'Ft:Get z:0 < [ in (P[z] implies C)

I'F(l:=e;t):0bs (Ple] implies C)

So, forward deduction using the rule Assignment is remarkably similar to the Floyd-Hoare
technique of pushing assertions backwards through assignments.
Since judgements such as the above are no different from other judgements in OTT, it is

possible to derive rules such as antecedent-strengthening. The effect of the Hoare-logic rule

P implies ) {Q}s{R}
{P}s{R}

is achieved by the following inference using OTT:

s: (R implies C) —
(Q implies ()

f: (P implies Q) (r: R implies C)
(p:{P}) f:{P implies Q} s(r) : (Q implies C)
fp) :{Q} s(r) : {Q implies C}

s(r)(f(p)) : {C}
Ap.s(r)(f(p)) : {P implies C'}
ArAp.s(r)(f(p)) : (R implies C) — (P implies C)

The terms p and f(p) correspond to proofs of the assertions { P} and {Q} respectively, and do
not have any computational significance. Thus, the computational effect of Ar.Ap.s(r)(f(p)) is
the same as that of s (since Ar.s(r) = s). Ignoring the non-computational constructions, we

can summarize the above derivation as follows:

f:(P implies ) s: (R implies C) — (@ implies C)

s: (R implies C) — (P implies C)
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The main advantage of OT'T over a Hoare-style logic is that its constructions do not have
side-effects; state information is localized and we can reason about the state without complica-
tions involving the context. Moreover, since all state-dependencies need to be explicitly stated

by means of dereferences, reasoning about aliasing of references is simplified.

4.8 Examples

In this section, we present examples of the use of OTT in reasoning about ILC programs. We

first introduce notation that simplifies our presentation.

4.8.1 Notation

In Section 2.3.1, we introduced a notation that permits us to abbreviate the term (get = <
lint) to [l /2] under certain conditions. In a similar fashion, under certain conditions, we
permit the type (Get z:6 <=1 in T') to be abbreviated to T'[[T /x].

A term (Get z:0 < [ in «) is sugared by first using the type equality rules of Figure 4.7
to propagate the Get past all outermost Obs, A11 and Some constructors in «, getting rid of
redundant Gets. Then, subterms of the form (Get 2:0 < [ in (e; = e3 in T")) are abbreviated
to (e1[l1 /z] = ez[l1 /x] in T') if x does not occur free in 7.

A type T'[11] is desugared by introducing Gets at the innermost type expressions that contain
the occurrences of [ 7. The type equalities of Figure 4.7 can then be used to propagate the Gets

outward, if desired. For example,

Get z:nat < v in (r =3 innat) = (v]= 3 innat)
Get z:(a=0bin S) < v in (z = fact in (Get y:nat <= w in (y = 6 in nat)))

= ov]=fact in (w1= 6 innat)

In Chapter 2, our examples assumed that ILC was enhanced with user-defined type construc-
tors, named records and record types, universal polymorphism, and constructs such as let,
letrec and if-then-else. Our examples in this chapter involve verifying some examples of
Chapter 2. We assume that OTT is enhanced with rules to handle these additional constructs.
This enhancement is nontrivial and is postponed to subsequent chapters. Chapter 5 describes

a full-fledged, higher-order, constructive type theory. Chapter 6 describes how we may use
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well-founded orderings (based on inductive types) to reason about recursive programs within
constructive type theory.

An unfortunate aspect of constructive type theory is that the constructions corresponding
to logical proofs get intermingled with computational terms, and thus simple programs get

encoded as long, unwieldy terms. For example, consider the type

(IIz : nat)((z > 0) — (Xy : nat)(x =y + 1 in nat))

that specifies the predecessor function on the natural numbers. Members of this type are
functions of the form Az.\p.(e,r), where x is a natural number, p is a proof that (z > 0), e is
some expression, and r is a proof that (z = e+1). For example, the function Az.\p.(x —1, fact)
is a member of the above type. Computationally, this has the effect of the function \z.(x — 1),
with the terms p and fact being useless clutter. The clutter gets worse with larger examples.
In the interest of readability, we shall ignore subterms that do not have any computational
significance. For the remainder of this thesis, when we say that a term ¢ is a member of type
T, we mean that t is the computationally significant part of some member of T'. For example,

we say that A\z.(z — 1) is a member of

(Ilz : nat)((z > 0) — (Xy : nat)(z = y + 1 in nat))

and mean that A\z.(z — 1) describes the computational effect of some actual member of the
above type.
Finally, we shall abbreviate the term (e; = eg in T') to (e; = e3) when the type of the terms

is obvious from the context.

4.8.2 Example: Factorial

To illustrate the inference rules of OTT, we verify the factorial program that was presented in

Section 2.3.2. The factorial program is written as:
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factorial = Am:nat. app(letref n:Ref nat:=m in
letref acc:Ref nat ;=1 in
letrec fac:Obs nat = if (n1< 2) then obs(acc?)
else acc:=nT*accT;
n:=nl-—1,

fac

in fac)
This program achieves iteration by means of a tail-recursive use of the letrec construct. Al-
though we have not yet described how to reason about such a construct within constructive type
theory, the basic intuition behind the reasoning is well-known. We associate an invariant with
the loop, and ensure that execution of the loop preserves the invariant. We use well-founded

induction to ensure that the loop terminates. Consider the program fragment

letrec fac:Obs nat = if (n]< 2) then obs(acc?)
else acc:=nTx*accT;
n:=nl-1;

fac

in fac

Assume the following hypotheses:

n,acc : Ref nat
—(n =¢ acc)

WF(nat X nat, <,1)

where <1 is the comparison operator that compares two pairs by comparing their first com-
ponents (i.e. <pr1= Ap.Aq.(p.1 <nat ¢.1)), and where WF(nat x nat, <p,1) asserts that the
comparison operator <,,; is well-founded over pairs of natural numbers.

We wish to prove that fac returns a natural number whose value is (n 1! % acc T) in the
current state. In the formalism of type theory, we wish to show that fac is a member of the type
(Some z : nat)(x = (n!*accl) innat). (Recall that we are assuming that noncomputational
constructions are suppressed, and hence although this assertion contains pairs as members, we
only focus on the first components of the pairs). We abbreviate this type to {n 1! * acc 1} nat,

and we prove that fac belongs to it. The proof proceeds by well-founded induction. Assume
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(' #2)
fac : 0Obs ((n1,accl) <pr1 (0, acc’))
implies {n1!* accq}nat
(n:=n"—1; fac) :
Obs ((n' — 1,accl) <pr1 (0, acc’))
implies {(n' — 1)! x accl}nat
(acc:=n'xacd ; n:=n" —1; fac) :
Obs ((n' — 1,n/ x acc’) <pr1 (n',acc’))

(n' <2) implies {(n/ — 1)! * n’ x acc }nat
acd : {acd }nat (acc:=n'"*xacd ; n:=n' —1; fac) :
acd : Obs {n'! x ac }pat Obs {n/! * acc }nat

(if n’ < 2 then acc else acc:=n'*acc ; n:=n'—1; fac) :
Obs {n'! * acc }nat
get n’ < n in get acd’ < acc in
(if n’ < 2 then acc else acc:=n'*xacc ; n:=n'—1; fac) :
Obs {n1!'*accT}nat
fac : 0bs {n1!*acc}nat

Figure 4.12: Correctness proof of the factorial program.

that for some n/,acc : nat, the constant fac is a member of the type (Obs ((n 1,accT) <pri
(n',;acc’)) implies {n 1! * acc?}nqat). The deduction in Figure 4.12 is then valid.

The first two inferences in the second column are by rule Assignment, with the first in-
ference using the hypothesis =(n =y acc) to prove noninterference. The third inference is
by implies -elim since the proposition (n’ — 1,n' * acd’) <pr1 (n/,acc’) is true, and since
(n" — 1)« n' xacd = n'! x acd’. The fourth inference is by case analysis on (n < 2) | (n £ 2),
while the fifth inference is by folding the definition of fac. Finally, well-founded induction over

WF(nat x nat, <,,1) lets us conclude that fac is a member of Obs {n 1! * accl}nat-

4.8.3 A Derived Rule for Sugared Assignments

All the inference rules of Figures 4.9— 4.11 are valid for both proper terms and sugared terms of
OTT, except for the rule Assignment. To see that Assignment is not valid for sugared terms,

consider following Hoare triple

{1=1} (ifv]=0thenvelsew):=1 {(if v1=0thenv elsew)l= 1}
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that corresponds to the following OTT judgement

(Ac.(if vT=0thenvelsew):=1; ¢):

(((if v1=0thenv else w) = 1) implies C) — ((1 = 1) implies C)

This is clearly invalid, since if the reference v initially contains 0, then the assignment assigns 1
to reference v, while the postcondition asserts that reference w contains 1 (since v 1 is no longer
0). Were we to use the rule Assignment directly, this invalid judgement would be derivable.

Reynolds rules out such assignments in his Specification Logic [67], declaring the reference
expression (if v 1= 0 then v else w) to be a “bad” variable (i.e. a bad reference). A reference
is considered “bad” if assigning it a value changes its own meaning. The assignment rule of
specification logic is only valid for good variables.

In ILC, an expression such as (if v [= 0 then v else w) is not a reference, but an
observation of a reference (i.e., it is state-dependent). Such an observation has to be carried

out in a specific state. For example, we might write

getz < wvin (if xr =0thenvelsew):=1; ¢

thereby observing v in the state before the assignment. Similarly, in OTT, the type of ¢ needs

to explicate all state dependencies; for instance, we might write

¢ : (Get x:nat < v in (Get y:nat <= (if z = 0 then v else w) in (y = 1 implies C)))

The rule Assignment cannot be used any more, and there is no way to deduce the invalid
judgement in OTT.

Since we explicate all state dependencies, we have no need for the good variable concept
of specification logic. Not only does this make the logic simpler, it also buys us significant
generality. Examples of useful “bad” variables include array subscripts and pointer dereferences.
Such bad variables can be used in assignments in OTT as long as they do not interfere with
the properties being proved.

However, when we consider sugared terms, state dependencies are no longer explicit and we

do need to ensure that the good variable condition is met. In this section, we use OTT to derive
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an inference rule for sugared assignments. As expected, this derived rule includes a condition
corresponding to the good variable requirement of specification logic. Let [ be a reference
expression of type 01, and let e[l 1] be a reference expression of type 05. Let (e[l 1] :=e1[l1] ; )
be a sugared term with [T being the only instance of sugaring. By the definition of desugaring,
this is equivalent to

getz < linefx]:=eifx]; t

Theorem 25 The following inference rule can be derived for a sugared assignment term:

(.%' : 01)
(z:01) (y : 62)
cule] inplies (efe] ~ (ell] = efe]))  aula] implies (efe] ~ asly))  ¢: aslel1]1]

(e[lT] :=e1lT]; t) : (a1[l7] implies awle1[lT]])

Proof: From the first two antecedents, use assertion logic to derive:

(.%' : 01) (y : 92)
aq[z] implies (e[x] ~ ((e[l1] = e[z]) implies as[y]))

Now, note the following deduction:

&‘Z ;[iﬁ) (x:61)  t:asfell1]1]

(y : 62) t: (ell1) = efa] implies asle[i1]1])
{ele] ~ (ell1] = elz] implies asfy])}  t: (ellT) = efa] implies aslelz] 1])

(cla] =eile] 5 t) ¢ {ell1] = ela] implies asfe[a]]}

(efz] :=e[z] ; t) : {ai[z] implies e[l]] = e[z] implies asle:[z]]}

(e[z] :=ei[z] ; ¢) : ailz] implies e[l1] = e[z] implies anle; [z]]
(get © <= Line[z] :==e1fz]; £) : au[l1] implies e[l1] = e[l 1] implies aafer[l ]
(get v < linelz] :==eifz] ; t) : ay[l1] implies asler[I1]]

There are two interesting features of this derived rule. First, there are two noninterference
conditions involved. While the second one is similar to that in the rule Assignment, the

first one ensures that the reference being assigned remains invariant through the assignment.
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This condition plays the role of the good variable condition of specification logic. The second
interesting feature of the derived rule is that we allow the inference to accumulate a precondition
aq[l 1] which is not present in the type of t. To motivate this, assume that A is an array

(reference-valued function), and attempt

t:(A(1)1>0)
(AG@T) =05 1) : (AGT)T>0)

Noninterference requires the condition (i T = j T) to be true for all states, which is clearly
impossible. Our derived rule allows state dependent conditions to be used in proving noninter-

ference, thereby establishing state dependent noninterference.

4.8.4 Example: Queues

One of the major benefits of imperative languages over purely applicative languages is the
ability to modify the content of references and observe these modifications via different access
paths. Reasoning about such shared modifications is one of our goals in the formulation of
OTT. Naturally, programs that use sharing are harder to reason about than those which do not
use sharing. So, we believe it is important to formulate useful abstractions to facilitate such
reasoning.

If we are trying to show

(a:=e;c):C[bT]

we have to know the relationship between a and b. If @ = b in all states, then the assignment is a
shared modification; it is observable via both a and b. We can then replace C[b1] by Cla 1] using
the equality, and prove the latter type. If =(a =4 b in all states, then a is noninterfering with
the occurrences of b1 in C'. If all other references are similarly noninterfering, rule Assignment
can be used. If, on the other hand, the truth of a =4 b is state dependent, the Assignment rule
is not applicable. It may be possible to prove C[b1] by cases or by using the Assignment rule
of assertion logic. However, it is preferable to formulate programs such that this situation does
not arise.

We illustrate these issues by verifying the insert operation in the “linked list” representation

of queues that was presented in Section 2.7. The representation involves two pointers front and
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rear pointing to the two ends of the list, so that modifications to rear] are also observable by
references accessible from front. The essence of our argument is that we are mainly interested
in the values lying between the nodes front] and rear]; these are not affected by modifications
to rearT, even though both frontT and rear] are affected by such modifications.

Figure 4.13 shows the representation fragment. List is the type of applicative lists of type S.
Nil represents the empty list, a :: ¢ is the usual “cons” operation on lists, and ¢ @ ¢’ is the usual
“append” operation on lists. Lnklist is the type of linked lists, with the second component of
every pair being a reference to the next pair. A queue is represented by two pointers front and
rear that point to the front and rear of a linked list. The linked list always contains a dummy
header at its front. f +— 7 asserts that the linked list node r is accessible from f by following
links. If f +— r holds, then q-refs(f,r) is the set of references in the nodes between f and r, while
g-val(f,r) is the applicative list of values in those nodes. Note that g-refs(f,r) does not include
the reference in node r and g-val(f,r) does not include the value in node f. This is because if f
and r are the first and last nodes in a queue’s representation, then the value in the first (header)
node and the reference in the last node are not significant to the representation. Note that
Type, denotes the type of all “small” 6 types (see Sections 4.9 and 5.3.2 for discussions on such
universes of types). noninterfere-qrefs(front, rear, T') asserts that none of the references in the
queue representation interfere with the type 7. DRT (distinct reference table) is an abstraction
representing the structure of the store. It asserts that various collections of references are
disjoint. This information is used to prove noninterference obligations. In the figure, we present
the definition of DRT for two arguments; this can be generalized to handle multiple arguments.
GQ(front, rear) captures all essential properties of the representation of queues, and certifies
that (front, rear) is a good queue.

The implementation of queues was presented in Section 2.7. We reproduce the implemen-
tation of the insertion operation (we have labeled the subterms with labels [1], [2], and [3], and

shall subsequently refer to these subterms by their labels):

insert = Av.\Ac. [3] letref rnew:Ref Lnklist S := Nil in
[2] rear? .2 := Cons(v, rnew);
[1] rear := rear] .27; ¢

This operation takes a value v and an observation ¢, modifies rear to achieve the effect of

inserting v, and then evaluates the observation c. In the remainder of this section, we show
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datatype List S = Nil | :: of (S x List .S)

@ : List x List — List

Nil @ ¢ def q

(a:q) Q¢ def (q@q")

datatype Lnklist S = Nil | Cons of (S x Ref Lnklist .S)
Let ¢ € Lnklist S such that ¢ # Nil. Then,

q.1 ' case q of Nil = abort(0)
| Cons(a,q) = a
q2 % case g of Nil = abort(0)
| Cons(a,q') = ¢

datatype Queue S = Ref Lnklist S x Ref Lnklist S

—: Lnklist S x Lnklist S — 0bs Prop
def

(f=r) = (f=r)or ((f #Nil) and (f.27— 7))
g-refs : Lnklist S x Lnklist S — 0bs Typey
g-refs(f,r) e {z : Ref Lnklist S |
(Jy: Lnklist S)(f +— y) and (y — r) and (y # r) and (z = y.2)}

g-val : Lnklist S x Lnklist S — Obs List S
def

g-val(f,r) = if (f =r) then Nil else (f.27.1) :: gq-val(f.27,r)
noninterfere-qrefs : Ref Lnklist S x Ref Lnklist S x Type, — Obs Prop

noninterfere-qrefs(fp, rp, T') o (fp~T)and (rp~T) and
(V1 qerefs(fp 1, p 1) (L ~ T) and (mp] .2~ T)

DRT : Obs Typey x Obs Typey — Obs Prop
DRT(T1,T7) = (A11 1:T1)(A11 I To)~(l =6 I')

GQ : Ref Lnklist S x Ref Lnklist S — Obs Prop
GQ(fp, ) & (fp1— rp1) and (rp1+# Nil) and DRT({fp}, {rp}, q-refs(fp T, rp1), {rp1 .2})

Figure 4.13: Properties of the queue representation.
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that insert has the following type:

insert : (Iv:S) (GQ(front, rear) and noninterfere-qrefs(front, rear, T')
and (q-val(frontT,rear]) = ¢ @ (v :: Nil)) implies Obs T')

—  (GQ(front, rear) and noninterfere-qrefs(front, rear, T')
and (q-val(front1, rear]) = q) implies Obs T')
Let z,y, z € Lnklist S. We assume the following lemmas.
1. (z #Nil) = (z — z.27)
2. (x — y) and (y — 2) implies (z — 2)
3. (z # Nil) and (2.27# Nil) and (x # 2.27) implies g-val(z,2.27) = (.27 .1 :: Nil)
4. g-val(z,y) @Q g-val(y, z) = g-val(z, 2)
5. g-refs(z,y) U q-refs(y, z) = g-refs(z, 2)
6. (x # Nil) = qrefs(z,z.27) = {z.2}
7. (p & qrefs(z,y)) implies (p ~ z — y)
8. (p & qrefs(z,)) implies (p ~ qrefs(z,))

Assume:

¢ : (GQ(front, rear) and noninterfere-qrefs(front, rear,T')
and (q-val(front], rear]) = ¢ @ v :: Nil) implies Obs T)

The proof proceeds by applying rule Assignment twice, and then applying rule Creation. The
assignments result in a host of noninterference obligations; these are proved using the distinct

reference table abstraction. Expanding the definitions of GQ and noninterfere-qrefs, we have

that:
c¢: (frontT— rear?) and (rear]# Nil)
and DRT ({front}, {rear}, q-refs(front1, rear?), {rear?1 .2})
and (front ~ T') and (rear ~ T))
and (VI : g-refs(front1,rear]))(l ~ T) and (rear] .2 ~ T
and (q-val(frontT, rearT) = ¢ @Q v :: Nil)
implies Obs T'
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Then, by rule Assignment:

[1] : (frontT— rear? .27) and (rear] .27+ Nil)
and DRT ({front}, {rear}, q-refs(front], rear1 .27),{rear .27 .2})
and (front ~ T) and (rear ~ T')
and (VI : g-refs(front1, rear] .27))({ ~ T) and (rear’ .27 .2 ~T)
and (q-val(front], rear] .27) = ¢ @ v :: Nil)
implies Obs T

This simplifies to:

[1] : (frontT— rear?) and (rear# Nil) and (rear] .27+ Nil)
and DRT({front}, {rear}, q-refs(front1, rear?), {rear? .2}, {rear1 .27 .2})
and (front ~ T') and (rear ~ T)
and (VI : g-refs(frontT,rear?))(l ~ T) and (rear] .2 ~ T') and (rear] 27 .2 ~T)
and g-val(frontT, rear]) = q and rear] .27 .1 =v
implies Obs T

Again, by rule Assignment:

[2] : (frontT— rear?) and (rear]# Nil) and (Cons(v, rnew) # Nil)
and DRT ({front}, {rear}, q-refs(front1, rear?),{rear] .2}, {Cons(v, rnew).2})
and (front ~ T') and (rear ~ T))
and (VI : q-refs(front], rear]))(l ~ T') and (rear] .2 ~ T') and (Cons(v, rnew).2 ~ T)
and g-val(frontT, rearT) = q and Cons(v, rnew).1 = v
implies Obs T'

which simplifies to:

[2] : (frontT— rear?) and (rear?# Nil)
and DRT ({front}, {rear}, q-refs(front 1, rear?),{rearT .2}, {rnew})
and (front ~ T') and (rear ~ T)
and (VI : g-refs(front 1, rear]))(l ~ T) and (rear] .2 ~ T') and (rnew ~ T))
and g-val(frontT, rear]) = ¢
implies Obs T

We now apply the rule Creation to create the reference rnew. This permits us to assume that

rnew is distinct from all other references in existence.
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Thus, by rule Creation:

[3] : (frontT— rear?) and (rearT# Nil)
and DRT ({front}, {rear}, q-refs(front 1, rear?),{rearT .2})
and (front ~ T) and (rear ~ T')
and (VI : g-refs(front1, rear]))(l ~ T') and (reart .2 ~T)
and g-val(front], rear]) = q
implies Qbs T

which simplifies to:

[3] : GQ(front, rear) and noninterfere-qrefs(front, rear, T')
and (q-val(front, rear]) = q) implies Obs T
as desired.

The noninterference obligations for the first application of rule Assignment are:

—(rear =g front)

(rear ~ qg-refs(front T, z))

(rear ~ q-val(frontT,z) = ¢ @ v :: Nil)
for all x € Ref Lnklist S. Assertion logic permits us to use information about the current state
to prove these. Specifically, we can use the distinct reference table (DRT) to prove that the
reference rear is distinct from all references that are dereferenced in the above types.

The noninterference obligations for the second application of rule Assignment are:

—(rear? .2 =4 front)
—(rear] .2 =¢ rear)
(rear? .2 ~ g-refs(frontT, rear?))
(rear? .2 ~ (g-val(front1, rear]) = q))
These again follow from the DRT assumptions.
This example demonstrates how the creation rule provides us with information about the
distinctness of references, while the assignment rule creates noninterference obligations that are

proved using this information. The distinct reference table (DRT) is a convenient abstraction

that captures this information.
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4.9 Predicativity

An impredicative definition constructs an object by combining a collection of objects that in-
cludes the object being constructed. Thus an impredicative notion depends on itself for its
definition, leading to the possibility of a “vicious circularity”. For example, a type of all types
is an impredicative notion: types are defined in terms of their membership and equality rela-
tions; a type of all types contains itself as a member, and hence its definition involves combining
a collection of objects that includes itself. Recursive definitions are also impredicative, as they
are clearly circular (although not viciously so).

It is well-known that impredicativity has the potential of leading to paradoxes. Russell’s
paradox is famous for showing this in set theory. The paradox goes as follows: consider the
set of all sets that do mot include themselves; does this set include itself? Type theory is not
immune from this, and indeed, Martin-Lof’s type theory becomes inconsistent when a type of
all types is added to it. Hence, it is defined to be a predicative theory, i.e. no type is defined
in terms of a collection of types that includes itself. The theory is organized as an infinite
hierarchy of universes, each of which is a collection of types (see Section 5.3.2). The hierarchy
is cumulative: every universe is a proper subset of the next higher universe. The hierarchy
is reflective: every universe is also a type that is a member of the next higher universe. The
hierarchy is predicative: whenever an object’s definition quantifies over the types in a universe,
the object resides in a higher universe.

The Nuprl type theory is a variant of Martin-Lof’s type theory and has the same universe
structure. However, Nuprl contains several new type constructors, including inductive type
constructors. These constructors take the least (and greatest) fixpoints of recursive type equa-
tions. As usual, these are defined by modeling universes as lattices and taking the least upper
bounds of the appropriate chains. These constructors quantify over collections of types that
include the types being defined, and hence are impredicative. However, these constructors can
be shown to be consistent with the rest of the theory [52].

ILC and OTT’s type systems contain a type constructor Obs 7. 0bs T contains terms
(called observers) that observe the state and return values of type 7. 0Obs T may thus be
viewed as an implicit, polymorphic, function-space type from the type of a state to the type T.

That is, if State is the type of all state types, then Obs 7' = (VSt : State)(St — T). However,
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a state type St is an arbitrary product of reference types; if Ref Obs T were a well-formed
type, then a state might include references of this type. Thus the definition of Obs 7" would
depend on the definition of Ref Obs 7', which in turn would depend on the definition of Obs T'.
We may conclude that 0bs 7' is an impredicative type constructor, and has the possibility of
making the theory inconsistent. This is borne out by our observation (see Section 2.5.2) that
the type Ref Obs T results in the failure of strong normalization, a property that is the testbed
of consistency in type theory.

There are two possible remedies to this situation. First, we might prohibit types like
Ref Obs T from being well-formed types; this corresponds to saying that observers are not
storable values. This is the approach we have adopted in this thesis, where we use a layered
type system to syntactically eliminate types of the form Ref Obs 7', thus eliminating the cir-
cularity. Alternatively, we might prohibit Obs 7' from being a well-formed type, and require
instead a predicative type constructor. With this approach, we would replace the impredicative
type constructor Obs T with a family of predicative type constructors Obs; 7. Obs; T is the
type of observers that can only observe references that are well-typed at universe level i. As
before, the observers return a value of type T'. Since the type Obs; T quantifies over types
in universe 7, it is made to reside in a universe higher than i. It no longer depends on prior

knowledge of itself, and is a predicative type. We do not pursue this idea further in this thesis.
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Chapter 5

Constructive Type Theory (CTT)

5.1 Introduction

Type theory is a rapidly developing field that, although still in its infancy, has already had a
considerable impact on programming language research. Type theory has been used to formalize
intuitionistic logic [45, 46] and has influenced the design of numerous functional and procedural
languages [4, 6, 16, 59]. It has been used to model polymorphism [65, 56] and data abstraction [5,
43, 57] and to reason about programs [6, 9]. It has even found use in the study of semantics [2,
51, 75].

This chapter is not intended to be a tutorial on type theory; for such expositions, we direct
the reader to the literature [26, 3, 47, 6]. The purpose of this chapter is to provide an overview
of the important concepts underlying a Martin-Lof-style type theory [46] and to describe the

language of such a theory.

5.2 Type Systems and Type Theories

Type systems are formal systems for assigning types to expressions of a programming language.
Their purpose is either to specify the context sensitive syntax of typed programming languages,
or to impose constraints on untyped programming languages [56, 55]. Type systems may be
interpreted either mathematically or computationally. A mathematical interpretation treats
types as collections of mathematical objects; it does not distinguish between mathematically

equivalent but computationally distinct terms. A computational interpretation treats types
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as collections of untyped computational terms; this permits reasoning about computational
properties of the terms. Type systems for programming languages always have a computational
interpretation, but do not necessarily have a mathematical interpretation (eg. the Nuprl type
theory) [74].

Type systems vary widely in their richness, spanning the range from the simply typed
lambda calculus to extremely rich constructive type theories. Constructive type theories (here-
after abbreviated to type theories) are type systems rich enough to serve as programming logics
for the underlying languages. These theories include equality types that axiomatize equality of
terms, and structured types that correspond to formulas of constructive logic.

Some of the more prominent type theories are: de Bruijn’s AUTOMATH [12], Scott’s
theory of constructive validity [72], Stenlund’s Theory of Species [76], Martin-Lof’s intuitionistic
type theories [45, 46, 47], Constable’s Nuprl type theory [6], Coquand and Huet’s Calculus of
Constructions [8], Feferman’s theory T [18], Hayashi’'s PX [28], and Henson’s TK5 [30, 29].
Of these, Martin-Lof’s intuitionistic type theory has been by far the most influential. In the
remainder of this chapter, we review the basic concepts of Martin-Lof’s type theory (MLTT)
and the similar Nuprl type theory. These theories are much more powerful than the simple

constructive type theory described in Section 4.3.

5.3 Constructive Type Theory

Figure 5.1 presents the abstract syntax of terms of the language. Terms may be canonical or
noncanonical. Canonical terms are the “values” of the language; noncanonical terms define
computations and are the “programs” of the language. The abstract syntax of terms that are
canonical types has been factored out into Figure 5.2. This separation is merely to enhance
the presentation — otherwise, types are terms with the same status as all other terms. In the
syntax, the metavariable x ranges over variables, n ranges over the natural numbers, the e;
range over terms, S, T range over terms that evaluate to types, and CT ranges over canonical
types.

Let V(e) be the set of free variables in term e. V(e) is defined by induction on terms in

Appendix A.
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Canonical

x variable

n natural number (constant)
CT canonical type

inl(e) inject left

inr(e) inject right

(e1,€2) pair

Az.e abstraction

fact unit

Noncanonical

abort(e) error/abort

€1 op e +,—, %,/ or mod

ind(e; eg; x,y.e3) primitive induction
case ej of inl(z) = eg | inr(x) = e3 end union tag discrimination
let (x,y) = e iney pair component selection
e1(e2) function application
letrec f = Az.ej in f(e2) recursion

if e; = e9 then e3 else ¢y equality conditional

if e; < eg then ez else ¢y less-than conditional

Figure 5.1: Abstract syntax of terms.

void empty

nat natural numbers
U, universe

S|T disjoint union
SxT cartesian product
S—T function space
(Xz: )T, dependent product
(Ilz: )T, dependent function
{x:S|T,} subset

(px:Up) Ty inductive type

(e1 =e2inT) equality

(e1 < e2) less-than

Figure 5.2: Abstract syntax of canonical types.
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5.3.1 Typing and Computation Rules

Appendix A contains the type-inference and computation rules of the type system. For each

type constructor, we include
1. a formation rule to describe when a type is well-formed;
2. introduction rules to construct members of the type;
3. congruence rules to define equality on members of the type;
4. elimination rules to compute with members of the type; and

5. computation rules to define the operational semantics of computation.

5.3.2 Informal Description
Empty type (void)

void has no members. If e is a member of void, then abort(e) is a term representing an
error (since there is no member of void). Hence, abort(e) has the operational effect of

aborting the entire computation with no final result.

Natural number (nat)

nat’s canonical members are the numbers 0,1,2,... The usual operations of addition,
subtraction, multiplication, integer division and modulo (remainder of integer division)
are provided. One computes with numbers via primitive recursion using the construct

induct. This construct translates into ML’s recursive “letrec” construct as follows:

ind(e; ea; x,y.e3) = (letrec f = (Az.if x = 0 then ez else e3[f(z —1)/y]) in f(e1))

Thus, it first evaluates e; to a natural number, say x. If x is zero, it returns the value of es.
Otherwise, it returns the value of es, with y bound to the recursive result of the construct
at (x —1). The if-then-else conditionals represent the fact that integer comparison is

decidable.
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Universe (U;)

Types are ordinary terms of the language. Hence we need to indicate what the type of a

type is. There are two prominent approaches to this:

1. Impredicative approach: We can define a type of all types. This approach is

unsuited for Martin-Lof style type theories, as it makes the theories inconsistent [24].

2. Predicative approach: We can define a “cumulative hierarchy of universes”. That
is, define a family Uy, Us, ... of universes. Each universe is a type (i.e. collection) of
some types, and each universe U; is strictly contained in all higher universes U;4;.

This is the approach taken by Martin-Lof.

Thus, U; is the ith universe type. It contains, as canonical members, all types constructible
from the universe types U; through U;_1, the primitive types (nat and void), and the
type constructors. Uj is called the universe of small types, while Us includes first-order

polymorphic types. No special computations are defined on canonical types.

Disjoint Union (S | T)

Members of S | T are either members of S or members of T, the members being
tagged to indicate which of S or T they come from. Thus if s € S and ¢t € T, then
inl(s),inr(¢) € S| T. The terms inl and inr stand for “inject left” and “inject right”
respectively. The case statement permits conditional computation based on the tag of a
term. case e; of inl(z) = eg | inr(z) = e3 end evaluates to either ey or es depending
on the tag of the value e;. If e is tagged with inl, then it evaluates to eo with x bound

to the value of e;; otherwise it evaluates to eg with  bound to the value of e;.

Cartesian Product (S x T)

Members of S x T" are ordered pairs (s, t) of members s of S and ¢ of T'. Two ordered pairs
are equal if their corresponding components are equal. The computational “let” construct
permits a program to access the individual components of a pair. (let (z,y) = e; in e3)
evaluates to ey with z bound to the first component of the pair e, and y bound to the

second component.
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Function Space (S — T)

Members of S — T are total functions Ax.t from type S to type T'. Functions are used in
computations by applying them to values. f(e) evaluates f to a function and returns the
value of this function at e. Equality on functions is defined extensionally. That is, two

functions are equal if they yield equal values when applied to equal arguments.

Dependent Product ((Xz:5)7T)

Members of (¥z:S5)T are ordered pairs (s,t) of members of s of S and t of T'[s/x].
For example, (X¥n:nat)(if even(n) then nat else void) is the type of pairs of natural
numbers with even first components. The dependent product type is a generalization of

the cartesian product type.

Dependent Function Space ((I1z:S)T')

Members of (Ilz: S)T are total functions Az.t from type S to type T. The range type
T depends on the argument to the function. Thus f € (Ilx:S)T iff for all s € S,
f(s) € T[s/x]. For example, (IIT:U,)(T" — T) is the type of explicitly polymorphic
functions AT.\t.b that take as arguments a type T and a term ¢ of type T', and return
as result b[Tt] of type T. The dependent function space type is a generalization of the

function space type.

Subset ({z:S|T})

Members of type {z: .S | T'} are members s of type S such that the type T'[s/x] is inhabited.
This corresponds to forming a subset of type S. Equality and computation is the same

as for members of type S.

Inductive type ((uz:U;)T)

Members of (pz:U;)T are members of the “unrolled” type T'[(ux:U;)T/x]. This corre-
sponds to the least fixpoint of the type equation x = T. A recursive “letrec” con-
struct is provided to compute recursively with these inductive objects. (letrec f =

Az.ep in f(eg)) defines a recursive function f = Az.e; and returns f’s value at es.
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Equality type ((s=tinT))

If s and ¢ are equal members of type T, then the term (s = ¢ in T') is a type that contains
the single member “fact”; otherwise, this term is not a well-formed type. No compu-
tations are defined on the term fact, since this term does not have any computational

significance.

Less-than type (s < t)

If s and t compute to natural numbers with s less than ¢, then s < ¢ is a type that contains
the single member “fact”. Otherwise, this term is not a well-formed type. Again, no

computations are defined on the term fact.

5.4 The Propositions-as-Types Principle

A fundamental axiom of classical logic is the “law of the excluded middle”. This says that
(6 or —0) holds for all propositions . Intuitionistic (constructive) logic ! rejects the law of
the excluded middle as a valid axiom. It considers a mathematical object to exist only if a
procedure for constructing and exhibiting the object is given. For example, to show a set to
be inhabited, one must construct an element of the set. One cannot merely show that it is
contradictory for the set to be empty — the proof-by-contradiction method of proof is not valid.

Martin-Lof’s type theory treats a type as the intuitionistic set of all its members, and it
treats an intuitionistic proposition as the intuitionistic set of all its proofs. Thus, it identifies
a proposition P with the type of all proofs of P. Conversely, it identifies a type T with
the proposition that the type T is inhabited. This is not merely a simple analogy; rather,
it is an isomorphism between propositions in constructive logic and types of a programming
language. This principle was first observed by Curry [10], developed by Howard [33], and used by
DeBruijn [11]. It is now known as the “propositions-as-types principle” or the “Curry-Howard
isomorphism” [7].

This isomorphism is used in an essential way to embed a programming logic within type
theory. Figure 5.3 describes the intuitionistic meaning of the standard logical connectives.

Figure 5.4 describes how the types of the previous section may be interpreted as intuitionistic

1We use the words intuitionistic and constructive interchangeably.
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‘ Connective ‘ Notation ‘ Intuitionistic meaning
conjunction P AQ | there is evidence for both P and Q.
disjunction PV @ | there is evidence for either P or Q; (we should
be able to tell from the evidence which of P or
Q it supports).

negation -P there is no evidence for P; that is, P can never
be proved.

implication P = @ | there is a method for transforming any evi-
dence for P into evidence for Q.

existential quantification | Jz:T.P, | we can find an element v of type T such that
there is evidence for Plv/x].

universal quantification | Va:7T.P, | given any element v of type T, we can find
evidence for Pv/x].

Figure 5.3: Intuitionistic meaning of logical connectives.

‘ Name of formula Formula ‘ Type ‘ Name of type
absurdity false void empty
truth true nat any inhabited type
set of propositions Prop Uq first universe
conjunction PAQ PxQ cartesian product
disjunction PvQ PlQ disjoint union
implication P=Q |P—-Q function space
negation -P P — void
existential quantification | Jz: T.P, | (X2:T)P, | dependent product
universal quantification | Va:T.P, | (Ilz: T)P, | dependent function space

Figure 5.4: Propositions as types.
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formulas. This has two major consequences. First, it permits type theory to be a foundation
for doing (constructive) mathematics [45]. Second, it permits type theory to be a foundation
for doing computer science [46, 6].

To elaborate on the second consequence, the duality between type theory and constructive
logic provides for an interesting style of program development: if the formula corresponding to
a problem specification is proved within constructive logic, then an executable program can be
mechanically extracted from the proof. Based on this idea, program development systems [61,

6, 79, 8, 28, 30] have been implemented for several type theories.

5.5 Notation

We have seen how the type system of Section 5.3 may be interpreted as a constructive logic.
In subsequent chapters, we shall freely use the logical connectives of Figure 5.4, with the
understanding that these are merely notational variants of the corresponding types.

In addition, we shall also use the following derived notation:

ep=res = (eg=einT)

(all z: A | P,) B, (Iz:{z: A| Py})By

i.e., the dependent function space from a subtype of A to B,
with P, describing the domain.

{t1,te,..,tn}r = {x:T|xz=rt1V...Vz=rt,}

i.e., the subset of type T" with members t1,to,...,t,

Uy

Type
i.e., the type of all small types

The type theory we described does not have any built-in data types other than the natural
numbers. Other data types may be defined using the inductive type constructor. For example,
we can define a data type of lists as follows. (List T') is the type of lists whose elements have
type T. Nil represents the empty list, a :: ¢ is the usual “cons” operation on lists, and g @ ¢’ is
the usual “append” operation on lists. A case construct permits conditional execution based on
whether the list is empty or not. A recursive form provides primitive recursion over lists. This
is based on the rule p-elim which performs structural induction over lists, yielding a primitive

recursive instance of “letrec” as the computational form.
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In previous chapters, we had defined and used recursive data types based on constructors
(using ML notation). Those data types are just notational variants of types definable using the

inductive type constructor. As an example, we present the definition of a list data type.

List ¥ AT U (pa: Us) ({0hnat | (T x 7))

Nil ¢ in1(0)

anb inr({a, b))
def

(caselof Nil=¢) |z iy = e2) =
casel of inl(z) = e | inr(z) = (let (x,y) = z in e3) end
(f(l) =caselof Nil=e|z:y= e;,f(y)) e
letrec f = (M.caselof Nil=e |z ::y =€) in f(I)
1@l © caselof Nil = 7/
| zuoy=ax:(yQ@l)
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Chapter 6

Well-founded Orderings

6.1 Introduction

We have seen that constructive type theory defines both a programming language and its logic.
Viewed computationally, type theory defines a pure functional language with a very rich type
system. Viewed mathematically, type theory defines a constructive logic. This duality can be
used to form the basis of a program development system. Martin-Lof’s type theory has been a
particularly influential type theory having spawned numerous derivative theories and program
development systems.

Martin-Lof’s type theory has several drawbacks as a programming language, a major draw-
back being that it does not provide general recursion. It only provides the restrictive form
of primitive recursion for every datatype. A general recursive function is defined by the ML-
like construct (letrec f = Az.bs, in e), where bs, indicates that the term b may have
f and z free in it. In contrast, a primitive recursive (arithmetic) definition has the form
(letrec f = Ax.by(y_1), in e). Thus a primitive recursive b may only use f(x — 1) and x to
compute the value f(x).

Mathematically, this is not much of a limitation since a primitive recursive definition may
involve functions of higher type. Any recursive function whose termination is provable in

first-order arithmetic is definable in Martin-Lof’s type theory [73]. For example, Ackermann’s
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function [44] is a standard example of a recursive function that is not primitive recursive over

first-order functions. Ackermann’s function is defined as Az.ack(x,z) where

ack(m,n) =if m =0 thenn+ 1 else if n =0 then ack(m — 1,1)

else ack(m — 1,ack(m,n — 1))

Although not primitive recursive, Ackermann’s function can be expressed using primitive re-
cursion over higher-order functions [68]. Let succ be the usual successor function and let aug

be an auxiliary function such that aug(f)(n) = f*+1(1).

succ = Az.z+1
aug = Af:nat — nat.Az:nat.if z =0 then f(1) else f(aug(f)(z — 1))
ack = Az:nat.if z = 0 then succ else aug(ack(z — 1))

Now since

ack(m + 1)(n) = (if m 4+ 1 = 0 then succ else aug(ack(m)))(n) = aug(ack(m))(n)

we have
ack(0)(n) = succ(n) =n+1
ack(m + 1)(0) = aug(ack(m))(0)
= ack(m)(1)
ack(m+1)(n+1) = (if m+ 1 =0 then succ else aug(ack(m)))(n + 1)

= aug(ack(m))(n +1)

= if n+1 =0 then ack(m)(1) else ack(m)(aug(ack(m)(n)))
— ack(m)(aug(ack(m))(n))

= ack(m)(ack(m + 1)(n))

That is, Az.ack(z)(x) is Ackermann’s function.

Although not a significant mathematical limitation, the restriction to primitive recursive
definitions is a substantial computational and linguistic limitation that forces functions to be
implemented with inefficient, inelegant, complex algorithms. For example, the above coding of

Ackermann’s function is far more complex than its general recursive definition. This defect is not
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isolated to pathological cases, but extends to common recursive algorithms such as the quicksort
algorithm [58, 59, 73]. The inefficiency and lack of expressiveness of Martin-Lof’s language have
been the subject of considerable research, with numerous extensions and alternatives having
been proposed [52, 75, 30].

In the previous chapter, we saw two such extensions (namely subsets and inductive types)
made by Nuprl’s type theory over Martin-Lof’s type theory. In Nuprl, it is possible to con-
struct inductive data structures and to compute recursively over their (finite) structure. In
this chapter, we demonstrate how such inductive values may be used to give general-recursive
definitions to some functions. The results of this chapter may be used to permit well-founded
recursion over the contents of references in observation type theory (as we did, for example, in
Section 4.8.2).

The remainder of this chapter proceeds as follows: we define orderings on types and give a
type-theoretic definition of well-foundedness of orderings. Induction over the structure of these
orderings gives us computational induction. This permits efficient, recursive programs to be
extracted from constructive proofs of problem specifications. We detail constructive proofs of
the well-foundedness of several classes of orderings, and demonstrate their significance through

examples.

6.2 Well-founded Orderings

Let S be a type and let <g € (S — S — Prop) be a binary relation on S. We use infix notation
for <g, writing (z <g y) in place of <g (x)(y). We also use the notation y >g x interchangeably

with  <g y. We drop the subscript S on <g when the type S is obvious from the context.
Definition 1 An ordering (S, <) is a binary relation < on type S.

Classically, an ordering (S, <) is said to be a well-ordering if either of the following conditions

holds:

1. every non-empty subset of S has a least element; That is,

(VP C S)(P#{}) = Bac P)(¥be P)a<b)

108



2. there are no infinite descending sequences of elements of S. That is,

(3P CS)(P#{})AN(Vae P)(Fbe P)a>D)

The classical equivalence of these two conditions follows from De Morgan’s laws.

Within intuitionistic logic, these conditions are no longer equivalent (since De Morgan’s
laws are not valid). More importantly, these conditions are intuitionistically inappropriate.
Condition (1) is inappropriate since it implies the law of the excluded middle. To see this,
consider the type S = {1,2} with 1 < 2 and =(2 < 1). Let S be well-founded by condition (1).
Then, for an arbitrary proposition 6, the set T' = {x:{1,2} | x =2V (x = 1 A0)} has a minimal
element (by condition (1)). Let a € T' be the minimal element of T; i.e. Vb:T.(a < b). Since

a € T, we have that a =2V (a =1 A 0). We show by cases that (0 V =6) holds:

Case a =2 : Assume 6 holds. Then 1 € T, and so 2 < 1 (since a = 2 is the minimal element
of T). But by definition of <, =(2 < 1). We have a contradiction, and so can conclude
that our assumption is false. Thus =6 holds (since the intuitionistic meaning of =6 is “the

absurdity is derivable from 6”.)
Case (a =1) A0 : The case condition says that 6 holds.

Now, intuitionistic logic is classical logic minus the law of the excluded middle. We have just
shown that the law of the excluded middle follows intuitionistically from the assumption that
the two element set S satisfies condition (1), and hence this assumption is inappropriate. Since
we clearly wish S to be well-founded, condition (1) is unfit as a definition of well-foundedness.

Condition (2) is intuitionistically inappropriate since it is defined in terms of infinite objects.
Further, since it is defined using negation, it does not have any meaningful computational
content. Consequently, we rephrase condition (2) as an affirmative statement. Instead of saying
that “there are no infinite descending sequences of elements of s”, we say that “all descending
sequences of elements of S are finite”. Since our main interest in well-orderings is to use their
structure to perform induction, we use an inductive definition of finiteness of a descending

sequence. Let (S, <) be an ordering, and let s,s’; s1, 59, s3... € S.

Definition 2 A descending sequence from si is a sequence s1, $2, S3, ... of elements of S such

that s1 > s9 > s3 > ...
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WS(S, <, s)
WEF(S, <)
WEFET

(all s:5 | s < s)WS(S,<,s)
(Vs: SYWS(S, <, )
(3S: Type)(3 <: (S — S — Prop))WF(S, <)

Figure 6.1: Definition of well-founded orderings.

WS-introduction
Iyz:Ske:(all y: S|y <x) WS(S,<,y)
[z:SEe: WS(S, <, z)

WS-elimination
Fhey:S Tya: S, f:((211l y:S |y <z) Aly] Fer: Alx] Tk esz: WS(S, <, e2)
'k letrec f = Az.ej in f(e2) : Ales]

Figure 6.2: Inference rules for well-founded orderings.

Definition 3 All descending sequences from s are finite iff all descending sequences from s’

are finite for all s’ < s.

Definition 4 An ordering (S, <) is said to be well-structured at s (written WS(S, <,s)) if s € S

and if all descending sequences from s are finite.

Definition 5 An ordering (S, <) is said to be well-founded (written WF(S, <)) if it is well-

structured at all s in S.

We represent well-foundedness within type theory using inductive types (see Figure 6.1).
WS(S, <, s) says that all descending sequences from s are finite if and only if all descending
sequences from a smaller s’ are finite. WF(S, <) asserts that all descending sequences of ele-
ments of S are finite. WFT is the type of all well-founded orderings. An element of this type
is an ordering (S, <) together with a proof of the well-foundedness of the ordering.

The inference rules for well-founded orderings are presented in Figure 6.2. WS-introduction

constructs a well-founded ordering by unfolding its structure (see the earlier definition of WS).
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WS-elimination uses a well-founded ordering by inducting over its structure. This rule says
that if Afz] holds assuming Afy] for all y < x, and if (5, <) is a well-founded ordering, then
Ales] holds for all e5 € S.

6.3 Proving Orderings to be Well-founded

We now define several interesting classes of orderings [13, 14] and give proofs of their well-
foundedness. The main significance of these proofs is that they are constructive proofs. We first
prove the well-foundedness of the ordering <;,4; on natural numbers, since the proof method used
in this simple proof carries over to other proofs. We then successively define more complicated
orderings, and prove them to be well-founded based on the well-foundedness of the simpler

orderings.

6.3.1 Natural Numbers

The following theorem provides the means for course-of-values induction on natural numbers.

Theorem 26 The ordering <pqgt = Ax.A\y.x <y on natural numbers is well-founded. That is,

WEF(nat, <nqt) holds.

Proof:

By definition of well-foundedness, we need to prove (inductively) that for every m € nat, all
descending sequences from m are finite. We prove this using primitive induction on the natural
number m. Primitive induction says that if T'[0] holds, and if T'[n] holds assuming T'[n — 1],
then T'[m] holds for all natural numbers m.

There is only one descending sequence from 0, and it is finite. Assume that all descending
sequences from n — 1 are finite. We prove that all descending sequences from n are finite. By
WS-introduction, we prove instead that for all k£ <, n, all descending sequences from k are

finite. We do this by cases:

Case k= (n—1) : The result follows trivially from the induction hypothesis.
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Case k < (n—1) : By definition of WS, the induction hypothesis is equivalent to the propo-
sition that all descending sequences from j are finite for all j < (n—1). Since k < (n—1),

the result follows.

A course-of-values induction proof is obtained by specializing the above theorem WF (nat, <;,4¢)
at some n € nat obtaining WS(nat, <,q¢,n), and then using the rule WS-elimination to induct

over this structure.

6.3.2 Cartesian Product

Let (A,<4) and (B,<p) be well-founded orderings, and let p and q be proofs of the well-
foundedness of the respective orderings. Define the lexicographic relation on pairs (a,b) € Ax B

as follows: <jez= Az Ay.(z.1 <q4ylV(zl=4y1A22<py2)

Theorem 27 The lexicographic ordering (A X B, <je;) is well-founded:

(V(A,<a,p): WFT) (V(B,<p,q): WFT) WF(A X B, <jez)

Proof:

Let (a,b) € A x B. We prove that all descending sequences from (a,b) are finite by inducting
over the structure of the well-founded ordering (A, <4) at the element a € A. Assume as
inductive hypothesis I that for all a’ <4 a, all descending sequences from (a’, b) are finite for all
b € B. We now induct over the structure of the well-founded ordering (B, <p) at b € B. Assume
as inductive hypothesis IT that for all b’ <p b, all descending sequences from (a,b’) are finite.
We need to prove that all descending sequences from (a, b) are finite. By WS-introduction, we
prove instead that for all (a’,b’) <je; {(a,b), all descending sequences from (a’,b’') are finite. We

do this by cases.

Case a’ < a : The result follows from specializing induction hypothesis I at b’ € B.

Case a' =5 a Al <gb: The result follows from induction hypothesis II.

Corollary 28 The first and second projection orderings <pr= Aa.Ab.(a.1 <4 b.1) and <=
Aa.Ab.(a.2 <p b.2) are well-founded.

(V(A,<a,p): WFT) (V(B,<p,q): WFT) WF(A x B, <p,,) fori=1,2
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6.3.3 Example: Greatest Common Divisor

We present a simple example of how well-founded orderings may be used to develop recursive
algorithms. If we prove a problem specification by induction on the structure of well-founded
orderings, we obtain a program with well-founded recursive structure. The computational
structure of the algorithm corresponds to the structure of the ordering used.

The example problem is to find the greatest common divisor n of any two natural numbers
i and j. Let n | i read as “n divides i” and GC'D(n, (i, j)) read as “n is the greatest common

divisor of 7 and j”. That is,

n|i=((imodn)=0)
and GCD(n, (i,j)) =n|iAn|jA (Vk:nat) (k|iANk|j=k<n)

We can then specify the problem as follows:

(V (i,7j) :nat x nat) (In:nat) GCD(n, (i, 7))

A primitive recursive solution of this problem would require iterating down from the larger
of 4,5 until a divisor is found. By using a simple well-founded ordering, we obtain a general
recursive solution for this problem.

Let (nat x nat, <,2) be the second-projection combination of the well-founded ordering
(nat, <nq¢) with itself. We induct over the structure of this ordering by specializing it at (i, j),

and then applying rule WS-elimination. Assume as inductive hypothesis:
(a1l (¢, ;') :nat x nat | (i, j') <pr2 (i,J)) (3n:nat) GCD(n, (i, j'))

If j = 0, we take i as the solution to the problem. GCD(i, (i,0)) is easily proved true. Oth-
erwise, by arithmetic reasoning, we know that (j,7 mod j) <, (i,7) . Thus by specializ-
ing the inductive hypothesis at this smaller pair, we obtain a natural number m such that

GCD(m, (j,7 mod j)). By arithmetic reasoning again, we can show that

GCD(m, (4,7 mod j)) =pnqt GCD(m, (i, 7))
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Thus m is the desired solution to the problem. The program constructed by this proof is:

i, j).letrec ged = A(4,j).if j = 0 then i else ged((j,7 mod 7))
in ged((i, 7))
6.3.4 Example: Ackermann’s Function
Ackermann’s function is defined as Az.ack(x,z) where

ack(m,n) =if m = 0 thenn + 1 else if n =0 then ack(m — 1,1)

else ack(m — 1,ack(m,n — 1))

As we discussed in the introduction to this chapter, this function is not primitive recursive over
first-order functions. However we can easily derive the general recursive solution by inducting
over the lexicographic ordering. The proof involves the same principles used in the ged proof,

and is easily reconstructed.

6.3.5 Disjoint Union

Let (A,<4) and (B,<p) be well-founded orderings, and let p and q be proofs of the well-

foundedness of the respective orderings.

Let <ynion= Au.Av. case

Theorem 29 If (A,<4) and (B,<p) are well-founded orderings, then so is their disjoint
UNLON.:
(V(A,<a,p): WFT) (V(B,<p,q): WET) WF(A | B, <union)
Proof: The proof of this is straightforward.
Note that the above ordering can be strengthened by making all elements of A less than all

elements of B or viceversa.
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6.3.6 Subset

Theorem 30 If (A, <) is a well-founded ordering, then < is well-founded on any subset of A.

(V(A,<q,p): WFT) (VP: A — Prop) WF({a: A| P(a)},<a)

Proof: The proof of this is straightforward.
6.3.7 Mapping

Theorem 31 If A is a type, (B,<p) is a well-founded ordering, and f is a function from A
to B, then (A, \x.\y.f(z) <pB f(y)) is a well-founded ordering.

Proof: The proof of this is straightforward.

This is also known as the inverse image construction.

6.3.8 Example: Quicksort

Quicksort is an efficient algorithm for sorting lists. It first selects a pivot element from list
[. It then partitions [ into two lists, one of which is smaller than the pivot and the other
larger. The original list is sorted by recursively sorting the two lists and then joining them
together. Quicksort cannot be defined cleanly by primitive recursion; it requires a general
recursive solution. We can easily obtain such a solution by inducting over an inverse image
ordering. We use an ordering that compares two lists by comparing their lengths.

To simplify the presentation, we shall work with lists of natural numbers. The proof is
easily generalized to obtain a polymorphic quicksort. We shall also assume that the lists are to
be sorted in ascending order. This can be easily generalized by parameterizing the comparison
operator <. We begin by defining several predicates and auxiliary functions. These are all

primitive recursive on lists, and can be easily constructed from their specifications.
e lesslist(a,l) is a predicate that is true if a is less than every element in list [.

e geqlist(a,l) is a predicate that is true if a is greater than or equal to every element in .
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o filter(<,/, a) is a function that returns the list of all elements of list I that bear the relation
“<” with a. Thus filter(<,l,a) returns the list of elements of [ less than or equal to a,

while filter(>,1, a) returns the list of elements of [ greater than a.

e (I—a) is a function that returns the list [ after removing exactly one occurrence of a from

it; if @ does not occur in [, then [ is returned unchanged.
e member(a,l) is a predicate that is true if a occurs in list .

e sorted(l) is a predicate that is true if list [ is sorted. This is defined inductively by saying

that a list [ is sorted if its tail is sorted, and if {’s head is less than all elements in {’s tail.

permut(l, 1) is a predicate that is true if lists [ and I’ are permutations of each other.

These auxiliary functions and predicates are defined as follows:

lesslist(a,l) = casel of Nil = true
| z:y= (a <pa x) Alesslist(a,y)
geqlist(a,l) = casel of Nil = true
| x:y= (r <pa a) A gedlist(a,y)
filter(<,l,a) = casel of Nil = Nil
| x:y= if z < athenz : filter(<,y,a) else filter(<, y, a)
l—a = caselof Nil= Nil
| x:y=if (r=a)thenyelsez: (y—a)
member(a,l) = casel of Nil = false
| z:y= if (x = a) then true else member(a,y)
sorted(l) = casel of Nil = true
| @y = lesslist(x,y) A sorted(y)
permut(l,l') = casel of Nil = (I’ = Nil)

| @ :y = member(z,!') A permut(y,l’ — x)
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We can now specify the sorting problem as follows:

Sort = (VI :List nat)(3!’: List nat) sorted(l') A permut(l,1")

We prove this by induction on the length of the list . We first define a function to compute
the length of a list, and a comparison operator that compares two lists by comparing their

lengths.

length : List nat — nat
length(l) = case ! of Nil = 0

| x:y= (1+length(y))
<len: List nat — List nat — Prop

ten= A" length(l) <pqt length(l)

<nat 1s a well-founded ordering by Theorem 26. Thus, by Theorem 31, (List nat, <g.,) is a
well-founded ordering.

Let I be a list of type List nat. We show, by induction on the length of list [, that
there exists a list I’ that is a sorted permutation of [. Assume as inductive hypothesis that

(V' <jen 1)(3m : List nat) sorted(m) A permut(m, ).
Case [ = Nil: [’ = Nil is a sorted permutation of list [.

Case | = x ::y: We can show that filter(<,y,x) <je, y and filter(>,y,x) <jen, v (these are
easily proved by induction). Then, since y <j., [, we can use the inductive hypothesis
to obtain lists p and ¢ such that sorted(p) A permut(p, filter(<,y,z)) and sorted(g) A
permut(q, filter(>,y,x)).

Now, we can prove by induction that geqlist(z, filter(<, y, z)) and lesslist(z, filter (>, y, x)).
However, if lists [; and I are permutations, then any property which holds for all elements
of 11 also holds for all elements of [ (this is again provable by induction). We thus have

that geqlist(x, p) and lesslist(z, ¢) hold.
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Combining this with the earlier result that p and ¢ are sorted, we get that p @ z :: ¢ is
sorted. We thus have

sorted(p @Q x :: ¢) A permut(p Q z :: ¢, filter(<,y, z) Q z :: filter(>, y, x))
which simplifies to
sorted(p @ z :: ¢) A permut(p Q x :: ¢,1)
Thus, p @ x :: ¢ is the desired witness.

The program constructed from the proof is:

quicksort = Al.case [ of Nil = Nil

| x:y = quicksort(filter(<,y,z)) Q x :: quicksort(filter(>,y, z))

6.3.9 Lists

Let (A,<4) be a well-founded ordering, and let p be a proof of its well-foundedness. Let
SortedList A = {l : List A | sorted(l)} be the type of lists I of type A where the lists are sorted

in strict descending order. The predicate sorted is defined as follows:

gtlist(a,l) = casel of Nil = true
| z:y= (z<4a)Agtlist(a,y)
sorted(l) = casel of Nil = true

| x:y = gtlist(x,y) Asorted(y)

Define the dictionary relation on sorted lists | € SortedList A as follows:
<dict= Al1.M\ly.case [y of Nil = false
| x9:ys = caselj of Nil = true

| x1:y1 = (11 <4 x2)V

((z1 =4 22) A (11 <dict Y2)))
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Theorem 32 The dictionary ordering (SortedList A, <gict) is well-founded:

(all (A, <qa,p): WFT) WE(SortedList A, <gict)

Proof:

Let | € SortedList A. Thus [ is a list of elements of type A that are sorted in strict descending
order. We prove that all descending sequences from [ are finite. If [ is the empty list Nil, then
this holds trivially. Otherwise, let [ be a :: p. We induct over the structure of the well-founded
ordering (A, <4) at the element a € A. Assume as inductive hypothesis I that for all a’ <4 a, all
descending sequences from a’ :: p’ are finite for all p’ such that a’ :: p’ € SortedList A. We prove
that all descending sequences from a :: p’ are finite for all p’ such that a :: p’ € SortedList A.
Then, by specializing this at p € SortedList A, we will obtain the desired result.

Let p’ € SortedList A such that a :: p’ € SortedList A. By definition, p’ is a list of elements
strictly smaller than a. Thus all descending sequences from p’ are finite (this is trivial if p is
Nil; otherwise, it follows from inductive hypothesis I applied to the first element of list p). We
can thus induct over this structure. Assume as inductive hypothesis II that for all ¢’ <yt q,
all descending sequences from a :: ¢’ are finite. We prove that all descending sequences from
a :: q are finite.

By WS-introduction, we prove instead that for all I’ <y a :: q, all descending sequences
from I’ are finite. If I’ is the empty list Nil, this is trivial. Otherwise let I’ = (s :: t). We proceed

by cases.
Case s < a : The result follows from specializing induction hypothesis I at ¢ € SortedList A.

Case s =4 aand t <giet ¢ : The result follows from induction hypothesis II.

Corollary 33 The ordering N.X'.sort(l) <aict sort(l') on arbitrary lists (without duplicate

elements) is well-founded.

This ordering sorts the argument lists in strict descending order and then compares them using
the dictionary ordering. The ordering is well-founded since it is obtained by applying the inverse

image construction to the dictionary ordering.
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6.4 Comments

We have presented techniques for developing practical recursive programs in a Martin-Lof-style
type theory. This work clearly shows the power of inductive types and their role in supporting
general recursion. The notions of well-foundedness and the various classes of well-founded
orderings are well-known. We have formulated these notions in a constructive framework, and
have presented constructive proofs of well-foundedness of orderings. These proofs make clear the
computational structure of the orderings. They also permit this potentially complex structure

to be used to easily derive total recursive programs with a similar computational structure.
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Chapter 7

Conclusion

We have addressed the problem of adding assignments and dynamic data to functional languages
without violating their semantic properties. We have presented both a programming language
(ILC) and a programming logic (OTT). In this chapter, we review the results of this thesis and

discuss research directions.

7.1 Results

We have presented a formal basis for adding mutable references and assignments to applica-
tive languages without violating their semantic properties. This is achieved through a rich
type system that distinguishes between state-dependent and state-independent expressions and
sequentializes modifications to the state. The language, called ILC, possesses the desired prop-
erties of applicative languages such as strong normalization and confluence. At the same time,
it allows the efficient encoding of state-oriented algorithms and linked data structures.

We have also presented a programming logic for ILC called observation type theory (OTT).
OTT is a strict extension of a Martin-Lof-style constructive type theory. It embodies the
fundamental logical principles that underlie our formulation of references and assignments;
these are remarkably similar to the principles that underlie variables and functions. OTT’s
language of constructions is ILC. As mentioned above, ILC satisfies all the important properties
of type theory’s language of constructions, such as confluence and strong normalization of the

reduction relation.
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Compared to conventional type theories, OTT appears somewhat complex. Much of the
complexity is in the stratification of the type system into four layers and the need for a separate
assertion logic. However, a comparison with other formulations of imperative programming
logics, such as Specification logic, suggests that some of this complexity might be inevitable.
We continue to investigate further refinement of the present theory.

Finally, we have presented techniques for developing practical recursive programs in a
Martin-Lof-style type theory. These techniques can also be used to develop recursive programs

in OTT.

7.2 Future Directions

We hope this work forms the beginning of a systematic and disciplined integration of func-
tional and imperative programming paradigms. Their differing strengths are orthogonal, but
not conflicting. Much further work remains to be done regarding the approach presented here.
The issues of polymorphism over mutable and observer types must be investigated. A complete
equational calculus must be found for supporting formal reasoning. This, in turn, requires a
formalization of the models of ILC and the development of proof methods like logical relations.
The incorporation of an effect system and use of the monad comprehension notation would
make the language more flexible and convenient to use. Finally, the issues of implementa-
tion (including language syntax, type reconstruction, and program optimization) need to be
addressed.

Much work remains to be done regarding the practical application of OTT for carrying
out proofs and program derivations. Some examples were presented in this thesis, but much
experience needs to be obtained; it is still too early to pass this as the final word on constructive
formulation of imperative programs. The most rewarding aspect of the present formulation is
the insight it brings to the nature of references, observer methods, and assignment as a form
of method application. It would be worthwhile to study programming paradigms weaker than
references to obtain a better understanding of their nature, e.g., “logic variables” of logic
programming [41, 88] and the negative types of linear logic [1, 25].

The issue of aliasing of references needs to be examined further. Since OTT requires all state

dependencies to be specified explicitly by means of dereference operators, it may be possible
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to reason about noninterference even in the presence of aliasing. This is likely to be aided by
modularizing data structures based on their interference characteristics — a systematic study of
this would be beneficial. The state-indexical constructions of state-assertions also bear further
investigation since they require the state to be copied. For efficiency considerations, their use

should be restricted to parts of the proof that do not have meaningful computational content.
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Appendix A

Rules for Constructive Type

Theory

We present a collection of rules that describe the type theory used in the examples of this thesis.
Our description of what the rules mean is informal. A formal account of the judgements and
rules may be found in writings of Martin-Lof [46] and the Nuprl group [6]. Our judgements
should be interpreted as Nuprl-style judgements, even though we adopt Martin-Lof’s notation
for this presentation.

A type assignment I' is a sequential assignment of types to variables. I' has the form
I'=ux:T1,...,2, : T, with no x; occurring twice. The units of assertion of the theory are
called judgements. For example, the judgement I' F e : T' means (intuitively) that if variables
1, ..., 7, have types T, To[z1]..., Ti[z1 ... 21| respectively, then e is a well-formed term
of type T. We read it as saying “in context I', the term e has type T.” A typing rule has the

form

It says that if each judgement J; is valid, then so is judgement J.

The theory is described as follows:

Syntax: We present the syntax of the language (this was presented earlier in Section 5.3).
Terms are either canonical or non-canonical. Canonical terms are the normal-forms of the

language. Non-canonical terms can be reduced by the computation rules of the system.
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Free variables: We inductively define a function V' (e) that determines the set of free variables

of term e.

Computation rules: We present a collection of rewrite rules that determine the operational
semantics of the language. A term is reduced by applying these rules in an outermost,
leftmost evaluation order. This is called head-reduction. If a term is non-canonical and
none of the rules apply, reduction terminates with an error. Reduction of well-typed terms

is normalizing — it reduces every well-typed term to head normal form.

Formation rules: We present rules that determine when a type is well-formed. An informal
reading of the judgement I' - T : U; is that the term T is a well-formed type under the

type assignment I'.

Congruence rules for types Congruence rules are used to specify when two types are equal.
The judgement I' = S = T may be read as asserting that terms S and T are equal
well-formed types under the type assignment I'. This relation is taken to be intensional
equality. That is, two types are equal if their component types are equal. Consequently,

we do not present congruence rules for types.

Introduction and elimination rules: Introduction rules specify the well-formed members
of a type, while elimination rules indicate how to compute with these members. Both
classes of rules use the judgement I' - ¢ : T to assert that term ¢ has type 1" under the

type assignment I.

Congruence rules: These rules specify when two terms are equal, well-formed members of
a type. The judgement I' - s =t in T asserts that s and ¢ are equal members of type 7.
Note that S =T in U; is the same as the type congruence (S = T'); as mentioned above,

this is taken to be intensional equality, and such rules are not presented.
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Canonical

x variable

n natural number (constant)
CT canonical type

inl(e) inject left

inr(e) inject right

(e1,€2) pair

Az.e abstraction

fact unit

Noncanonical

abort(e) error/abort

€1 op e +,—, %,/ or mod

ind(e; eg; x,y.e3) primitive induction
case ej of inl(z) = eg | inr(x) = e3 end union tag discrimination
let (x,y) = e iney pair component selection
e1(e2) function application
letrec f = Az.ej in f(e2) recursion

if e; = e9 then e3 else ¢y equality conditional

if e; < eg then ez else ¢y less-than conditional

Figure A.1: Abstract syntax of terms.

void empty

nat natural numbers
U, universe

S|T disjoint union
SxT cartesian product
S—T function space
(Xz: )T, dependent product
(Ilz: )T, dependent function
{x:S|T,} subset

(px:Up) Ty inductive type

(e1 =e2inT) equality

(e1 < e2) less-than

Figure A.2: Abstract syntax of canonical types.
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Az.e1 in f(ez))

if e; = ey then e3 else ey4)

e1 in 62)
if e; < ey then e3 else ey)

case e of inl(x)
(x,y)

letrec f

e N N N N N N N S S

NN NN NN

N N N N N N N

BSaR N e A

D
_SEaHE
—_ )\)T\}Sl.l.l)
T —~ TT S Sﬂtt
.1H\w/|x\ﬁx$:x__<
SEStnmmndESEZTan

e N N N N N N N S

Figure A.3: Free variables of terms.
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void-formation nat-formation

'k void: U; I' - nat: U;
x -formation — -formation
re=s:U; I'r1T:U; r=s:U; T'ET:U;
FE(SxT):U; r=(S—-7T):U;
Y-formation I1-formation
r=s:U;, I'z:S+T:U; '=S:U, I'e:SET:U;
' (X2:8)T : U; ' (lz: S)T : U,
| -formation subset-formation
I'eS.U;, THT:U; '=S:U, I'e:SET:U;
r=S|7):U; FFE{x:S|T}:U;
w-formation < -formation
DU bT:U; T,o:Upy: U,z CytT CTly/z] I'+ep:nat T'Feg:nat
I'F (pz:U)T : U; 'k (e1 <eg):U;

= -formation
I'tep:T T'kex:T T'HT:U;
't(eg=eyinT): U;

Figure A.4: Type formation rules.
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void-introduction void-elimination
I'F e:void
't abort(e) : T

nat-introduction nat-elimination-1
I'kej:nat I'F eg:nat

I'Fi:nat (fori=0,1,2,...) ' eq op ey :nat
1 2"

nat-elimination-2
I'+eprnat I'Fs:7T[0/z] T',z:nat,z >0,y:T[x —1/2] Fea: T[x/z]
't ind(ey; s; z,y.e2) : Tley/z]

X -introduction x -elimination
's:S I't:T ke :SxT TDyx:Sy:TkFes: Al{z,y)/z]
'k (s,t): SxT 't let (z,y) = €1 in ey : Aley/z]
— -introduction — -elimination
T SHGT 'kFeS T'Hf:85—-T
F'EXet:S—T 't f(e): T
Y-introduction Y-elimination
'ks:S I'Ht:T[s/x] ke : (BT T,x:S,y:TFes: Al{z,y)/z]
'k (s,t): (Xx:8)T I'Flet (z,y) = e ineg : Ale1/7]
IT-introduction II-elimination
Da:S+t¢T 'Fe:S T f:(x: ST
' Aet: Iz S)T 'k f(e): Tle/x]

Figure A.5: Introduction and elimination rules.
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| ~introduction-1

I'ks:S
I'Finl(s): S| T

| -introduction-2
I'Ht.T
FFinr(t): S| T

subset-introduction
'ks:S T'kHt:T[s/z

| -elimination
[y2:SF ey: Alinl(x)/z]
Fke :S|T T,y:TkFes: Alinr(y)/z]

I'F case e; of inl(z) = ey | inr(y) = e3 end : Ale1 /7]

subset-elimination if y ¢ V(e2)
Phe :{xe:S|T} T,ax:S,[y: T+ eq: Alz/z]

F'ks:{z:S|T}

p-introduction

DHt:T[(px:U;) T/ x)

F'Et: (pa:U;)T

Ik egler/x] : Aler /2]

p-elimination
I'keg: (pa:Up)T
DU,z C (ue:U)T, f: (Hzix)A, 22T Fep: A
't (letrec f = Az.ep in f(e2)) : Ales/z]

= -conditional < -conditional
I'F eq:nat I'ey = ey innat Feg: T ' eq:nat T'ei <eybeg:T
't ey:nat I',—(e; =eg innat) b ey T I'Feg:nat T',—(eg <eg)bFeg:T
't (if ey = e thenegelseey): T ' (if e; < eg thenegelseey): T

Figure A.6: Introduction and elimination rules (continued).
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equality
e¢T
I'fact:(t=tinT)

X -congruence
F'kfact:(s=s1inS) D'k fact:(t=tinT)
Ik fact: ((s,t) = (s,t') in S x T)

— -congruence
'cf:S—T T'kg:S—>T TI,z:SFfact: (f(x)=g(x)inT)
'Ffact:(f=¢ginS — 1)

Y -congruence
'k fact:(s=¢in S)I'F fact: (¢t =t in T[s/x])
'k fact: ((s,t) = (¢',t') in (Zz: S)T)

II-congruence
FFf:(Mle:S)T Thkg:(le:S)T TIyz:SkEfact: (f(x) =g(x) inT)
I'F fact: (f =g in (Ilz: S)T)

| -congruence-1 | -congruence-2
'k fact: (s=s"1in 9) I'Ffact: (t=tinT)

'k fact: (inl(s) = inl(s’)in S |7T) Tt fact: (inr(t) = inr(t’) in S| T)

subset-congruence
'k fact:(s=s"1in )
I'kfact:(s=¢in{z:S|T})

p-congruence
Ik fact: (t =t in T[(ux:U;)T/x))
'k fact: (t =t in (ux:U;)T)

Figure A.7: Congruence rules.
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-n

mopn

ind(0; e1; x,y.e2)

ind(m; ey; x,y.e2)

if m = n then e else ey

if m = n then e else ey

if m < n then ey else ey

if m < n then e; else e9

let (x,y) = (e1,ez) in e3

(Az.e1)(e2)

case inl(e;) of inl(z)
| inr(y)

case inr(e;) of inl(x)

)

(
| inr(y
(

letrec f = Ay.e; in f(e2)

— the negation of n

— the result of the operation “op” on m and n

— eg[m,ind(m — 1; ey; x,y.e2)/x,y]

e (&)
— €9
e el
— €9

— esler, e2/,y]
—  eqea/x]

= e9 —  egler/x]
= €3

= €9 — 63[61/?/]

= €3

ifm>0
ifm=n
ifm#n
ifm<n
if m &n

— eqlea, (A\z.letrec f = \y.eq in f(z))/y, f]

Figure A.8: Computation rules.
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Appendix B

Rules for Observation Type Theory

In this appendix, we summarize the definition of simple observation type theory. We present
the syntax, reduction rules and proof rules of the theory.

A type assignment I' is a sequential assignment of types to variables. I' has the form
I'=x1:T11,...,x : T}, with no z; occurring twice. The units of assertion of the theory are
called judgements. For example, the judgement I' F e : T' means (intuitively) that if variables
1, ..., 7, have types T, To[x1]..., Tk[z1 ... 21| respectively, then e is a well-formed term
of type T. We read it as saying “in context I', the term e has type T.” A typing rule has the

form

It says that if each judgement J; is valid, then so is judgement J.

Terms e = klz|v'|rel|ee]| (ee)|el]e2]|abort(e) | fact |
letref v* :=eine|getz <einele:=¢e; e

Applicative types 7 u= f|void | (z:7)7 | (Zx:7)T|e=einT

Storage types 0 = 7 |Ref@|(x:0)0 | (Xx:0)0 |e=einf | (e =ge)

Assertion types a = T7|0bsa|Getz:f<eina| (All z:a)a | (Some z:a)a |
e=einal|(e=gpe)|(e~a)

Observation types w == 0|a| ((lz:iw)w | (Zx:w)w |e=einw

Figure B.1: Abstract syntax.
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(Az:w.eq)(e2)

<61, €2>.i

letref v*:Ref 0 := ¢ in

obs(e2)

letref v*:Ref 0 := ¢ in

get z:0 <= v* in ey

letref v*:Ref 0 := €7 in
get x:0y < w* in egy

v* = e ; obs(ez)

v i=e1; get x:0 < v* in eg

v¥i=eq;

get x:0 < w* in ey

app(obs(e))

e1les/z]
obs(ez)

letref v*:Ref 0 := ¢

in egfey /x]

get 2/:02 < w* in

letref v*:Ref 01 := ¢

in eyf2’ /2]
obs(ez)

v*i=e1; esler/x]
get /160 < w* in
v i=e1 ; egfa’/x]

e

fori=1,2
if v* & V(ea)

Figure B.2: Reduction rules.

B-formation

I' = 3 Type.

II-formation

I'= 7 Type, I',z:71F 7 Type,

void-formation

I' = void Type,

> -formation
I' = 71 Type,

I'z:7 = m Type,

I' b (ITz: 1) 72 Type,

equality-formation

I'kep:r T'keg:r 'k 7 Type

'+ (X2: 7)™ Type,

'k (e1 = e2 in 7) Type,

Figure B.3: Type formation rules for 7 types.
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T-Coercion
I't=7 Type,
I' =7 Type,

II-formation
I'-6; Typey I',z:01 - 02 Typey

Ref-formation
I' =0 Typey
I' - (Ref 0) Type,

Y-formation
I'-60; Typey I',z:01 - 62 Typey

I' = (I1z: 61)62 Type,

equality-formation

I'e;:0 TI'Fex:f T'F0OTypey

't (e1 = ez in 6) Typey

' (Xz:61)02 Type,

typeless-equality-formation
F|—61:01 F|—€2192
I't- 60, Typey I'F 02 Typey
I'F (e1 =g e2) Typey

Figure B.4: Type formation rules for 6 types.

Obs-formation
I' - o Type,
I' - 0bs a Type,,

A11 -formation
I'= oy Type, T',z:01F a2 Type,

Get-formation
'-1:Ref @ I',2:0F o Type,

I'F (Get 2:0 < [ in a) Type,

Some -formation
I' oy Type, T',z:a1F ag Type,

I'F (A11 z: aq)as Type,

equality-formation
I'Feitay I'egrag T'F ag Type,

I' - (Some x: vy )cva Type,,

typeless-equality-formation
' (e1 =g e2) Typey

I'F (e1 = ez in aq) Type,

noninterference-formation
I'-1:Ref @ I'F aType,
' (I ~ a) Type,,

' (e1 =p e2) Type,

T-to-«
I' =7 Type,
I'F 7 Type

«

Figure B.5: Type formation rules for « types.
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0-coercion a-coercion

I' = 0 Type, I' = o Type,,
' 6 Type,, I' - a Type,,
II-formation Y -formation
I'=wy Type, I',z:wiF wy Type, I'=wy Type, I',z:wiF wy Type,
I' - (Ilz: wy )wa Type,, I'F (Xz:wi)ws Type,,

equality-formation
I'Fejrw T'Fexiw I'FwType,
I'F (e1 = ez inw) Type,

Figure B.6: Type formation rules for w types.

(1) Obsa = Getx:f<lina (ifzdgV(a))
(2) Obs (Obs ) = 0Obs «
(3) Get z1:01 < l1 in = Get z9:09 <y in

(Get z9:03 < ls in «) (Get z1:01 < 11 in «)
(4) Getx:0<lin (Gety:0 <lina) = Getxz:0 <[ inaz/y]
(5) (A1l z: (Get y:0 <l inajg))as = Gety:0 <[ in (All z:ag)an
(6) (A1l z:a)(Get y:0 <=l inag) = Gety:0 < 1[in (All z:ag)an
(7) (Some z: (Get y:0 <l inay))ay = Gety:0 <[ in (Some z: )y
(8) (Some z:v1)(Get y:0 <l inay) = Gety:0 <[ in (Some z: )y
9) (A1l z:m)70 = (Ha:7y)72
(10) (Some x:71)T0 = (Ba:Ty)T2

Figure B.7: Equivalence of « type-terms.
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hypothesis
Do: S, IV +a:T
if S is a-convertible to T

reflexivity
I'Ht:T
I'kfact:(t=tinT)

equality
F'tfact:(t=tinT)
if the equality can be deduced from I
using only symmetry, transitivity and
congruence

void-elimination
I'Ft:void
't abort(t) : T

weakening
I'¢T
Ixe:SE&T

computation
'¢T TH:T

.ft t« t t?
F'kfact:(t=¢inT) if t converts to

substitutivity

I'bt:T[s/x] TFfact:(s=s"1inS)
I'kt:T[s )z

Figure B.8: Miscellaneous inference rules for all layers (7, 6, a and w).
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Y -introduction
F'ks:S T'Ht:T[s/z]
I'F (s, t): (Zx:5)T

Y -elimination

II-introduction
Dx:SHt:T
't (Az.t) : (Iz: S)T

II-elimination

F'ke: (X2:9)T 'te: (X2:5)T 'k f:Mx:S)T T'ks:S
Fkel:S F'Fe2:Tlel/z L'E f(s): T[s/x]
Yi-equality II-equality

'k fact:(e.l=¢.11inS5)
Fyz:SEfact:(e2=¢€.2inT)
'k fact: (e =€ in (X2:5)T)

typeless-equality
F'Ht:(e; =eginb)
Lkt:(eg =¢e2)

Iz:SF fact: (f(z) =g(x)inT)

'k fact: (f = g in (2 5)T)

Figure B.9: Inference rules for type constructors (in layers 7, 6, and w).



Obs-intro Obs-elim

I'Fta I'-t:0bs T )
TFt0bs a B e— (if T" has only 7 types)
Dereference
' 1:Ref 6

I',z:0F t:0bs «
I'F(getz<1lint):(Get x:0 <[ in )

Assignment
I'FIl:Ref 0 Coz:0F (I~ a)
e T Ht(Getx:0<lina)
'k (l:=e; t):0bs ale/z]

Creation
I'ke:0 I'1li:Ref 6, I'1,:Ref 0,
[,v*:Ref 6, =(v* =g ly),...,(v*" =g l,) F t: (Get z:0 < v* in «)

'k (letref v* :=e in t): Obs ale/x]

Figure B.10: Inference rules for the a layer.
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~ -QTLOM-T
I'~1:Ref @ Ik 1 Type,
't fact: (I ~m)

~ -intro-Obs ~ -intro-Get
I'Fl:Ref §; T FU':Ref b,
'k fact: (I~ «) ) o ) )
T fact : (| ~ 0bs a) Ik fact:~(l=pl') T,z:02F fact: (I ~ )

'k fact: (I ~ (Get x:02 < ' in «))

~ -iniro-A11 ~ -iniro-Some
'k fact: (I~ a) 'k fact: (I~ ag)
Iz:ap b fact: (I~ ag) Iyz:ap F fact: (I ~ ag)
'k fact: (I ~ (A1l z: o)) '+ fact : (I ~ (Some x: av1)a)
~ -intro-equality ~ -intro-typeless-equality
'k fact: (I~ (e = e in «)) I'F fact: (I~ (e1 =g e2))

Figure B.11: Inference rules for noninterference in the a-layer.
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Assert-intro Assert-elim

'Ft:aoq PHt:{a} ) ‘
THt:{a} Tt oy (if T has no {a} types)
Obs-intro Obs-elim
I'Hi:{o} FHt:{0bs7} . ‘
TF¢:{0bsal TFi:{r} (if " has only 7 types)
Dereference
I'F1l:Ref @

2:0,{Get z:0 <l inxz =z} Ft: {0Obs a}
I'F(getz<lint): {Get x:0 <[ in a}

Assignment
'H1:Reff Loz {(~a)}
F'te:0 ThkHt:(Getx:b<1lina)
' (l:=e; t): {0bs ale/z]}

C'reation
'Fe:0 'y :Ref 64 'k, :Ref b,
I,v*:Ref 6, =(v" =g l1),...,~(v" =g ) Ft:(Get 2:0 < v* in «)
't (letref v* :=e int) : {Obs ale/x]}

Some -introduction Some -elimination
I'Fs:{S} T'Ft:{T[s/x]} ' e:{(Some z:S)T'}
I (s,t): {(Some z: S)T'} I'te.1:{S}

'k e:{(Some x:S)T'}
'k e.2:{T[e.1l/z]}

A1l -introduction A1l -elimination
Do {S}F&:{T} FEf:{(A11 2:S)T} Ttk s:{S}
I'F Azt {(A11 z: S)T'} L f(s):{T[s/x]}

Figure B.12: Inference rules for state-assertions.
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