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Abstract

In this paper we propose a rich notion of directionality of predicates that combines
modes and regular tree types. We provide a semantic soundness result for this notion and
give inference systems to decide well-modedness of logic programs and goals. We show
how this rich notion of directionality can be used to prove the universal termination of
LD-resolution for logic programs with non-ground goals by using simple syntactic orderings
of the kind used in rewriting theory.
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1 Introduction

Proof techniques for proving termination2 of logic programs have recently emerged as a focus of
attention [27, 3, 1, 4, 2, 17, 29, 18, 24, 25, 26, 28, 20]. A key concept in the study of termination
of logic programs is the notion of the directionality of a predicate i.e., the designation of some
arguments to the predicate as “input” and other arguments as “output”. Directionality is
normally specified via notions of modes of predicates and well-modedness of programs and
goals.

In general, the mode information only specifies which arguments are expected to be ground
(these are the input arguments) and which arguments are expected to be non-ground (these
are the output arguments) ([6, 21]). This ground/non-ground distinction, which is almost
always used to express directionality, is however, too rigid for most programs. For example,
the classical program for append terminates if the first (or the third) argument is a finite list,
independently of whether the elements of this list are ground or not.

In this work, we generalize the original notion of ground/non-ground modes by combining
modes and a subset of the regular tree types [14, 15] to define mode-annotations. Mode-
annotations describe sets of possibly non-ground terms sharing a common structure. For ex-
ample, the mode-annotation describing a set of arbitrary terms (including variables) is “?”;

1presently at IBM Almaden Research Center (lakshman@almaden.ibm.com)
2“Termination” is taken to mean universal termination [27], i.e., every branch of the SLD-tree is finite.
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lists of arbitrary terms have the mode-annotation “list(?)”. The essential difference between
our approach and [15] is that mode-annotations describe sets of (possibly nonground) terms
whereas types include only ground terms. Thus the syntax of mode-annotations includes the
additional symbol, “?”, which represents arbitrary terms, including non-ground terms. Hence,
these mode-annotations provide a formal basis for studying termination of non-ground goals.
In Section 7 we discuss the possibility of using the full regular tree types of [22, 19] to give
directionality to programs using partially instantiated structures such as difference lists.

Absence of directionality distinctions has been cited as one of the strengths of logic program-
ming. Since non-directional predicate definitions can be reused with different directionalities,
non-directionality is indeed an advantage in terms of code size and conciseness. However, prop-
erties such as complexity and termination do depend on the directionality of predicates and
hence need to be verified afresh for each directionality. Furthermore, most predicate definitions
can only be used with specific directionalities.

We thus view a predicate as a directional procedure that, when applied to a tuple of terms
satisfying an input mode, generates a tuple of terms satisfying a more specific3 output mode.
In Section 3 we propose a notion of mode-dependency for a predicate that defines such a
relationship between the structure of inputs and outputs of the predicate. An assignment of
mode-dependencies to predicates is then used to syntactically define the notion of well-moded

clauses and goals. Well-modedness is justified by a semantic soundness result that says that
when a well-moded goal is resolved with a well-moded program, if its inputs are restricted
to satisfy the assigned mode-dependency, then after resolution the outputs also satisfy the
assigned mode-dependency.

Though we assume the standard Prolog computation rule, the results extend to any other
choice of a computation rule. Similarly, we assume that predicates are assigned a unique
mode-dependency (or equivalently that each mode-dependency defines a different version of the
predicate), although, again, our results extend to multiple mode-dependencies for predicates.

The second part of this paper deals with the use of well-founded orderings to prove ter-
mination. Typical proofs of termination of programs involve showing that each step of the
computation represents a reduction according to a well-founded ordering. Formally, this is
expressed for logic programs as follows:

Remark 1 A logic program P universally terminates if and only if there exists a well-founded
ordering �, such that for all goals G1, G2,

G1 `P
4G2 implies G1 � G2

Two observations arise from this remark. First, for a program that contains recursive
predicates it is not normally possible to show universal termination, unless there are some
restrictions on goals. For example, given the usual definition of the predicate append, from
the goal append(X,Y,Z) we can infer the new goal append(X ′, Y, Z ′). Since this new goal is
equivalent to the initial goal, up to renaming of variables, there cannot exist a well-founded

3“More specific” intuitively means that mode-annotations of the form “?” are replaced by mode-annotations
such as “ground” or “list(?)”.

4“`P ” denotes one step of SLD resolution.
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ordering � on goals such that append(X,Y,Z) � append(X ′, Y, Z ′). Consequently, such goals
should not be allowed.

Secondly, universal termination requires showing termination of all possible goals that can
arise during execution. To be practical, a proof technique to show termination must instead
rely on the static structure of the program, for instance, relationships between heads and bodies
of clauses. Hence, we must insure that the relationships between heads and bodies of clauses
can be translated to goals. In Section 4, we show that if the head and body of clauses are
compared but the comparison is restricted to the structure described by the mode, then the
ordering relation holds for any well-moded goal.

To restrict orderings to the structure described by the mode-dependency, we define a trans-
formation, τ , which, given a term and a mode-annotation, strips the term of any structure not
explicitly indicated in the mode-annotation. This transformation is extended to atoms. We
can then use syntactic orderings to compare the head and the body of clauses. In Section 5 we
present some simple syntactic orderings adapted from the orderings commonly used in term
rewriting theory (see [8] for a survey). Our adaptation of these orderings allows the use of
inter-argument relationships 5 which are sometimes needed to prove termination of programs
with local variables.

Consider the following illustrative example:

Example 1

append(nil, Y, Y ).
append(A.X, Y,A.Z) ← append(X,Y,Z).

Let us assume that the mode-dependency of append is

append(list(?), list(?), ?)→ append(list(?), list(?), list(?))

The transformation τ applied to the the head and the body of the clause gives (2 denotes
arbitrary terms)

τ(append(A.X, Y,A.Z), append(list(?), list(?), ?)) = append(2.X, Y,2)
τ(append(X,Y,Z), append(list(?), list(?), ?)) = append(X,Y,2)

We can conclude, using some syntactic ordering > (see Section 5), that append(2.X, Y,2) >
append(X,Y,2). Hence, using this clause with a well-moded goal generates a smaller goal, so
the program terminates for all such goals. A similar construction shows that any goal in the
input mode append(?, ?, list(?)) also leads to termination.

Alternatively, with the input mode append(?, ?, ?), the result of the transformation is

τ(append(A.X, Y,A.Z), append(?, ?, ?)) = append(2,2,2)
τ(append(X,Y,Z), append(?, ?, ?)) = append(2,2,2)

In this case, as expected, we cannot show termination of the program.

5These are also called inter-arguments constraints.
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The two main contributions of this paper are, first, the adaptation of regular tree types
to define a powerful notion of modes that can express a rich notion of directionality, and,
second, the adaptation of syntactic orderings to the context of well-moded logic programs
and their use to prove universal termination6. Our method highlights the distinction between
directionality, orderings, and the use of inter-argument relationships. We believe that our notion
of directionality can also be used for applications other than termination such as specifying
control in concurrent logic languages. Lastly, for programs that use partially instantiated
structures, such as difference lists, the treatment of directionality is a difficult problem. We
suggest in section 7 an extension to our approach to give directionality to such programs. A
promising alternative, which we are studying, is the use of linear logic in defining directional

logic programs [23].

1.1 Related work

The problem of improving directionality information, i.e., to go beyond the simple ground/non-
ground characterization, has been studied by many recent works. In [18, 5, 25, 26], a combina-
tion of modes, orderings and inter-argument relationships provides a more powerful, but more
abstract, notion of directionality. Informally, the “input ⇔ ground” idea is replaced by the
notion “input ⇔ terms acceptable by the ordering relation”. This technique resembles our use
of the transformation τ with the mode “?”. However, we believe that there are advantages in
distinguishing between the issues of directionality and orderings.

An approach similar to our notion of modes is the notion of integrated types of [12] which
have been used in the context of proving termination of programs by [28]. Although, our
approach is more general than [28] because of our treatment of mode-annotations and orderings,
the main differences between our modes and the integrated types appears when we discuss the
extension of our modes with implication and quantification in section 7.

We show termination using purely syntactic orderings. By allowing the use of inter-
argument relationships, our approach can profit from the many works concerned with deriving
inter-argument relationships (e.g. [17, 5, 11]). For instance, one could express the notion of
propagating inter-argument relationships to prove termination (as in [17, 25, 26]) by appropri-
ate inference systems for orderings.

It should be pointed out that the use of inter-argument inequality relationships as done in
[17, 26] is, from a theoretical point of view, more powerful than our use of syntactic order-
ings with inter-argument monotonicity relationships. Naturally, our method can be adapted to
use inter-argument relationships, it is only a matter of expressing reasoning with these inter-
argument relationships in term of inference systems. An ever more powerful tool would be the
use of polynomial interpretations (see [8]) with inter-argument polynomial inequality relation-
ships. Reasoning with these is however much harder, so, in practice one most often rely on
syntactic orderings. It should be noted that even though our approach uses only syntactic or-
dering and monotonicity relationships, it can show the termination of all the classical examples
such as quicksort and mergesort and even of examples that seemed to require inter-argument
inequality relationships such as Plumer’s PERM example or the arithmetic expression parser

6While the use of syntactic orderings can clearly be automated, we do not address the issue of the automation
of our treatment of modes.
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in Section 6. This is also noted by [20] whose approach can be, we believe, simulated in our
methodology.

Since all that is really necessary to prove termination is to show that recursive calls to
predicates correspond to some reduction, many authors [25, 26, 17] have either relied on the call
graph generated by the program or on the treatment of the whole program as an interdependent
system needed to be solved. In comparison, in this work we rely on comparisons between head
and body of clauses. Although this is often simpler and it is theoretically sufficient, it might
require more ordering information than these other methods. In practice, a rapid study of the
call graph, if only to check that there are indeed some recursive predicates, should be part of
our method as well.

The approaches of [20, 10] transform logic programs into rewrite systems and then perform
termination analysis using the classical tool of rewrite theory. In contrast, our approach is more
straightforward in adapting the techniques from rewrite theory directly to logic programs.

We believe that the work of [2] , although it concentrates on ground goals, could provides an
abstract framework characterizing our use of syntactic orderings. The use of syntactic orderings
and “don’t care” types is also suggested in [9]. That approach is however, geared toward the
development of programs rather than an a posteriori test of termination.

2 Mode-Annotations

2.1 Syntax of Mode-annotations

Terms and mode-annotations are defined using the following syntactic categories:

X ∈ V V ariables
f ∈ F Function symbols
t ∈ T Terms
α ∈ M Mode variables
a ∈ A Mode annotations

The expressions belonging to the categories T and A are defined with the following context-free
syntax:

t ::= X | f(t1, . . . , tk)
a ::= ground |? | α | f(a1, . . . , ak) | a1 + a2 | fixα.a

We impose two restrictions on the syntax of mode-annotations. First, mode-annotations
must be closed a-terms 7, i.e., they contain no free occurrences of mode variables. Second, they
must be discriminative 8, i.e, for mode-annotations expressed as a sum a1 + a2, the outermost
symbol of a1 and a2 must be distinct.

As a notational convenience we allow, in addition to ground, mode-annotations such as
int, whose semantics is well defined as a subset of ground terms. We also use the following

7In section 7 we discuss the need to drop this condition and extend mode-annotations to full regular trees
[19] to handle partially instantiated structures.

8This condition (taken from [15]) is imposed for reasons of efficiency (see Appendix B).
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shorthand notation for mode-annotations that describe commonly used structures.

list(a) = fixα.(nil + a.α)
tree(a) = fixα.(nil + node(a, α, α))

Note that list(a) denotes the set of lists whose elements satisfy the annotation a. Similarly,
tree(a) denotes the set of binary trees whose elements satisfy the annotation a.

Terms and mode-annotations are syntactically related by the notion of well-modedness of
terms. Well-modedness is defined via the notion of mode contexts. A mode context , is a finite
set of (unique) mode-annotation assertions for variables, each of the form X : a 9. Mode
contexts are needed to disambiguate the role of variables in non-ground terms. For instance,
variables occurring in atomic goals, should be interpreted as terms with the mode annotation
?; while, in the head of a clause, variables are intended as parameters to which the context
binds mode-annotations.

Definition 1 A term t is well-moded in a mode-annotation a relatively to a mode context Γ
(denoted by Γ ` t : a), if the judgement Γ ` t : a is derivable using the inference rules given in
Appendix A.

For example, {X : list(?)} ` f(X) : f(list(?)), ∅ ` X :? and {X : list(a), Y : a} ` Y.X : list(a)
By extension, we write Γ ` {t1 : a1, . . . , tn : an} as an abbreviation for Γ ` t1 : a1, . . ., and
Γ ` tn : an

Definition 2 A mode-annotation a1 covers a mode-annotation a2, (written a1 � a2) if a1 � a2

is derivable using the inclusion checking rules (adapted from [15]) given in Appendix B.

For example, ? � list(?), ? � ground, and a1 + a2 � a1.
The following properties will be used later to show the soundness of LD-resolution relatively

to the notion of well-modedness.

Proposition 2 If Γ ` f(t1, . . . , tn) : a then there exists a1, . . . , an such that
1) ∀i ∈ [1 . . . n].Γ ` ti : ai and
2) for any set of terms {s1, . . . , sn}, ∀i ∈ [1 . . . n].Γ ` si : ai ⇒ Γ ` f(s1, . . . , sn) : a.

Proof: By induction on the length of the derivation of Γ ` t : a where t = f(t1, . . . , tn)

• (basis) length = 2 : The only possibility is the use of the introduction rule for function or
predicate symbols. Thus, a must have the form f(a1, . . . , an) and the result is immediate.

• (Induction step) length > n : Consider the last inference. Four cases are possible.

– Introduction of a function or predicate symbol : as above.

9A mode context can also be viewed as a partial mapping: V → A.
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– Introduction of + : a = a′ + a′′. The last inference was

Γ ` t : a′

Γ ` t : a′ + a′′

First note that Γ ` t : a′, so by the inductive hypothesis, there exist a1, . . . , an

such that ∀i.Γ ` ti : ai. Moreover, for any set {s1, . . . , sn}, ∀i.Γ ` si : ai implies
Γ ` f(s1, . . . , sn) : a′, this, in turn, implies Γ ` f(s1, . . . , sn) : a′ + a′′.

– Use of inclusion : b ⊆ a. The last inference was

Γ ` t : b

Γ ` t : a

We have Γ ` t : b so by the inductive hypothesis there exist a1, . . . , an such
that ∀i.Γ ` ti : ai. Moreover, for any set {s1, . . . , sn}, ∀i.Γ ` si : ai implies
Γ ` f(s1, . . . , sn) : b, this, in turn, implies Γ ` f(s1, . . . , sn) : a.

– Introduction of fix: similar to the above cases.

Proposition 3 (Instantiation I) If ` t : a then ` tθ : a where θ is any substitution.

Proof: By induction on the structure of t.

• t = X: Then a =?. Then ` Xθ : a, since ` t :? for any term t.

• t = f(t1, . . . , tn): So we must have that ` t1 : a1, . . . ,` tn : an (by prop. 2). By the
inductive hypothesis, ` t1θ : a1, . . . ,` tnθ : an, so ` f(t1, . . . , tn)θ : a. 2

If Γ = {X1 : a1, . . . , Xn : an} then Γθ = {θ(X1) : a1, . . . , θ(Xn) : an} is a set of (term,
mode-annotation) pairs that denotes the application of a substitution θ to the mode context
Γ.

Lemma 4 (Instantiation II) If Γ ` t : a and Γ′ ` Γθ then Γ′ ` tθ : a.

Proof: By induction on the structure of t.

• t = X : If (X : a) ∈ Γ, then Γ′ ` Xθ : a by hypothesis. If X 6∈ dom(Γ) then, since
Γ ` X : a, a must be ?. Hence, ` Xθ : a, so Γ′ ` Xθ : a.

• t = f(t1, . . . , tn) : Using the inductive hypothesis on Γ ` ti : ai, we obtain Γ′ ` tiθ : ai.
Hence, Γ′ ` tθ : a. 2

Lemma 5 (lifting) If Γ0 ` tθ : a then there exists a Γ such that Γ ` t : a and Γ0 ` Γθ.
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Proof: Let us first define the following transformation of a term and a mode context into a
mode-annotation:

ρ(X,Γ) =

{

? if X 6∈ dom(Γ)
Γ(X) otherwise

ρ(f(t1, . . . , tn),Γ) = f(ρ(t1,Γ), . . . , ρ(tn,Γ)).

ρ satisfies two important properties:

• Γ ` t : ρ(t,Γ).

• If Γ ` t : a then ρ(t,Γ) ⊆ a. This can be proved by induction.

Now we can prove the lemma by constructing the appropriate Γ using induction on t.

• t = X : Let Γ = {X : ρ(Xθ,Γ0). Hence, we have Γ0 ` Γθ, since Γ0 ` Xθ : ρ(Xθ,Γ0), and
Γ ` t : a since ρ(tθ,Γ0) ⊆ a.

• t = f(t1, . . . , tn) : Let Γ =
⋃

1≤i≤n Γi where the Γi are recursively constructed using the ti

and Γ0. We trivially have that this construction is well-defined and that Γ0 ` Γθ. Again,
we rely on the property that there exist mode-annotations a1, . . . , an such that for all
i ∈ [1 . . . n] Γ0 ` tiθ : ai to conclude that Γ ` ti : ai and so that Γ ` t : a. 2

2.2 Semantics of Mode-annotations

As before, let T denote the set of all (possibly non-ground) terms. Note that (2T ,⊆) is a
reflexive partial order where ⊆ is the set-inclusion relation on sets of terms. Let H denote the
Herbrand universe of ground terms.

Definition 3 The semantic function for mode-annotations [[ ]]η : A −→ 2T is defined using
mode valuations η ∈M −→ 2T as follows:

• [[?]]η = T .

• [[α]]η = η(α).

• [[ground]]η = H.

• [[f(a1, . . . , ak)]]η = {f(t1, . . . , tk) | t1 ∈ [[a1]]η . . . tk ∈ [[ak]]η}

• [[a1 + a2]]η = [[a1]]η ∪ [[a2]]η.

• [[fixα.a]]η = the least S ⊆ T such that S = [[a]](η[S/α]).

Since we restrict mode-annotations to closed a-terms, the mode valuation η is only a nota-
tional formalism that is convenient in defining the semantics of fix. In what follows we generally
omit η.

For example, the semantics of recursively defined lists and trees is:
[[list(a)]] = the least S ⊆ T such that nil ∈ S and if s ∈ S then t.s ∈ S for all t ∈ [[a]].
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[[tree(a)]] = the least S ⊆ T such that nil ∈ S and if s, s′ ∈ S then node(t, s, s′) ∈ S for all
t ∈ [[a]].

We can now provide a semantic interpretation for Γ ` t : a. First, since the variables in the
domain of Γ are intended as parameters, we need the notion of valuations. A valuation ζ is a
partial mapping ζ : V → T 10. A valuation is said to respect a mode context Γ if ζ and Γ have
the same domain and for all X ∈ Dom(Γ), ζ(X) ∈ [[(Γ(X))]]. A valuation is identified with its
extension to terms. Therefore, the semantics counterpart of Γ ` t : a is the following: for all
valuations ζ which respect Γ, ζ(t) ∈ [[a]].

3 Mode assignment to programs

An n-ary mode is an n-tuple over mode-annotations. An n-ary mode for an n-ary predicate p
is syntactically specified as : “p(a1, . . . , an)”.

Definition 4 An n-ary mode-dependency is a pair of n-ary modes (written mi → mo) where
mi (mo) is called the input (output) mode.

Mode-dependencies for a predicate specify the structure of the input and output arguments to
the predicate (treated as a directional procedure).

A moded clause (goal) is a clause (goal) together with an assignment of mode-dependencies
to every literal occurring in the clause (goal). The notion of a well-moded clause is now defined:

Definition 5 A moded clause A ← B1, . . . , Bn, with the assigned mode-dependencies mi
a →

mo
a,m

i
B1
→ mo

B1
, · · · ,mi

Bn
→ mo

Bn
is well-moded if for all mode contexts Γ, the following hold:

1. ∀j < n.Γ ` A:mi
a, Γ ` B1:m

o
B1

. . . Γ ` Bj:m
o
Bj

implies Γ ` Bj+1:m
i
Bj+1

2. Γ ` A:mi
a, Γ ` B1:m

o
B1

. . . Γ ` Bn:mo
Bn

implies Γ ` A:mo
a

A logic program P is well-moded if all clauses in P are well-moded. For example, the pro-
gram defining append in example 1 is well-moded with respect to the assigned mode-dependency
for append.

Definition 6 A moded goal C1, . . . , Cn is well-moded if the following hold:

1. ` C1 : mi
C1

2. For all mode contexts Γ, and for all j ∈ [1 . . . n− 1]

Γ ` C1:m
o
C1

. . . Γ ` Cj:m
o
Cj

implies Γ ` Cj+1:m
i
Cj+1

For example, with the mode-dependency for append assumed in section 1, the goals
append([X, 1, 2], [Y ], Z) and append([X, 1, 2], [Y ], Z), append(Z, [Y, 1], U) are well-moded.

The well-modedness of a moded clause or a moded goal can be checked as follows: For each
implication condition in the definition of well-modedness, first, the elimination rules given in

10A valuation can also be viewed as a substitution.
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Appendix A are used to construct a most general mode context Γ in which the atom(s) in the
antecedent of the implication are in their assigned modes. Next, this mode context Γ is used
to check (using the introduction rules) whether the atom in the consequent is in its assigned
mode.

Note that there can be multiple assignments of mode-dependencies for predicates for which
the program is well-moded. For example, even with the mode-dependency

append(?, ?, list(?))→ append(list(?), list(?), list(?))

the program defining append in Section 1 is well-moded. On the other hand, with the alternate
mode-dependency

reverse(?, list(?))→ reverse(list(?), list(?))

the second clause defining reverse in Section 5 is not well-moded. The body literals in the
clause have to be exchanged in order for the clause to be well-moded with the above mode-
dependency. We view the resulting program for reverse as having a directionality that is distinct
from the original version. Though, from now on we assume that a unique mode-dependency
is assigned to each predicate occurring in a program, our approach can easily be extended to
handle multiple mode-dependencies for predicates.

Throughout the rest of this paper “programs” and “goals” denote well-moded programs
and well-moded goals.

The following theorems express the “correctness” of the notion of mode-dependency.

Theorem 6 Mode-consistency of LD resolution One step of LD resolution transforms a
well-moded goal into another well-moded goal.

Proof: Consider a well-moded goal B1, . . . , Bn. Let B1 be the selected atom and B1θ = Aθ
where A ← A1, . . . , Am is a well-moded clause. The new goal derived from one step of SLD
resolution is A1θ, . . . , Amθ,B2θ, . . . , Bnθ. We must show that this new goal is also well-moded
i.e., show that

• ` A1θ : mi
A1

.
Since ` B1 : mi

B1
(the initial goal is well-moded)

⇒ ` B1θ : mi
B1

(by proposition 3)
⇒ ` Aθ : mi

A (since B1θ = Aθ)
⇒ ∃ Γ′, such that Γ′ ` A : mi

A and ∅ ` Γ′θ (by lemma 5)
⇒ Γ′ ` A1 : mi

A1
(since A← A1, . . . , An is a well-moded clause)

⇒ ` A1θ : mi
A1

(by lemma 4).

• for all Γ , Γ ` A1θ : mo
A1

. . . Γ ` Ajθ : mo
Aj
⇒ Γ ` Aj+1θ : mi

Aj+1
.

From the antecedent, and since ` Aθ : mi
A ⇒ Γ ` Aθ : mi

A (trivially).
⇒ ∃ Γ′ such that Γ′ ` A : mi

A, Γ′ ` A1 : mo
A1

, . . . ,Γ ` Aj : mo
Aj

and Γ ` Γ′θ (by

lemma 5).
⇒ Γ′ ` Aj+1 : mi

Aj+1
(since A← A1, . . . , An is a well-moded clause).

⇒ Γ ` Aj+1θ : mi
Aj+1

(by lemma 4).
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• for all Γ, Γ ` A1θ : mo
A1

. . . Γ ` Amθ : mo
Am
⇒ Γ ` B2θ : mi

B2
, and so on.

From the antecedent, and since ` Aθ : mi
A ⇒ Γ ` Aθ : mi

A.
⇒ Γ ` Aθ : mo

A (since A← A1, . . . , An is a well-moded clause).
⇒ Γ ` B1θ : mo

B1
(since Aθ = B1θ)

⇒ ∃ Γ′, such that Γ′ ` B1 : mo
B1

and Γ ` Γ′θ (by lemma 5)
⇒ Γ′ ` B2 : mi

B2
(since the original goal is well-moded).

⇒ Γ′ ` B2θ : mi
B2

(by lemma 4). 2

From the above theorem we see that LD resolution preserves well-modedness of goals.

Theorem 7 Correctness of Mode dependency Consider a well-moded atomic goal
p(t1, . . . , tn) with an assigned mode-dependency p : mi

p → mo
p. If the LD resolution of this

goal with respect to a well-moded logic program succeeds with a computed answer substitution
θ then ` p(t1, . . . , tn)θ:mo

Proof: By induction on the length of the SLD refutation.

• length = 1. There exists a well-moded clause p(u1, . . . , un) : p(mi
1, . . . ,m

i
n) →

p(mo
1, . . . ,m

o
n) such that p(t1, . . . , tn)θ = p(u1, . . . , un)θ. Thus,

` p(t1, . . . , tn) : p(mi
1, . . . ,m

i
n) ⇒ ` p(t1, . . . , tn)θ : p(mi

1, . . . ,m
i
n) (by proposition 3).

⇒ ` p(u1, . . . , un)θ : p(mi
1, . . . ,m

i
n) ⇒ ` p(u1, . . . , un)θ : p(mo

1, . . . ,m
o
n) (since

p(u1, . . . , un) is well-moded).

• length > 1. There exists a well-moded clause A ← A1, . . . , An such that the goal
p(t1, . . . , tn) unifies with the head of the clause. The new goal is A1θ, . . . Anθ which is
well-moded (by Lemma 6). By induction hypothesis, each of the subgoals A1θ, . . . , Anθ
succeed with the results (Aiσ) in the corresponding output mode. ` A1σ : mo

A1
, . . . ,`

Anσ : mo
An

Hence, there exists a Γ′ such that Γ′ ` A1 : mo
A1

, . . . ,Γ′ ` An : mo
An

and
∅ ` Γ′θ. (by lemma 5) Furthermore, Γ′ ` A : mi

A (since the goal is well-moded, i.e.
` A : mi

A). Hence, Γ′ ` A : mo
A (since the clause is well-moded). Hence, ` Aθ : mo

A (by
lemma 4) ⇒ ` p(t1, . . . , tn)θ : mo

p

2

4 Characterizing orderings to prove termination

4.1 Simplifying terms with mode-annotations

To prove termination it is not enough to show that the head of a clause is “greater than”
the body since goals that unify with the head of a clause might be more general than the
head itself. Consequently, we need to compare generalized versions of the head and the body.
These generalizations depend on the mode-dependency of the predicates in the clause, and are
obtained by the transformation τ defined below.
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Definition 7 Given a term t over a set of function symbols F a set of variables V, and a
mode-annotation a, the transformation τ : T ×A → T (F ∪ (V×A)∪{2,⊥}) which generalizes
t to the most general term in the mode-annotation a, is defined recursively as follows:

τ(X, a) =

{

2 if a =?
Xa otherwise

τ(f(t1, . . . , tn), ?) = 2

τ(f(t1, . . . , tn), ground) = f(τ(t1, ground), . . . , τ(tn, ground))

τ(f(t1, . . . , tn), g(a1, . . . , am)) =

{

f(τ(t1, a1), . . . , τ(tn, an)) if g = f and n = m
⊥ otherwise

τ(f(t1, . . . , tn),fixα.a) = τ(f(t1, . . . , tn), a[fixα.a/α])
τ(f(t1, . . . , tn), a1 + a2) = sup(τ(f(t1, . . . , tn), a1), τ(f(t1, . . . , tn), a2))

where the binary operator sup on terms over F ∪ (V ×A) ∪ {2} is defined as follows:

sup(t1, t2) = 2 if t1 = 2 or t2 = 2

sup(t,⊥) = t
sup(⊥, t) = t
sup(f(t1, . . . , tn), f(u1, . . . , un)) = f(sup(t1, u1), . . . , sup(tn, un))

The value 2 denotes arbitrary terms (i.e., a lack of any structure information) while the
value ⊥ denotes an erroneous application of τ , i.e., an application τ(t, a) where no instance of
t can be in the mode a. Furthermore, we require τ to be strict in ⊥. Note that the binary
operator sup operates only on terms such that either one of the two terms is a 2 or a ⊥, or the
two terms have the same outermost function symbol.

For a term t and a mode-annotation a, the transformation τ produces the “generalization”
of t compatible with the mode-annotation a. This means that subterms of t with corresponding
mode-annotations ? are replaced by the symbol 2, and that variables are tagged with the cor-
responding mode-annotation. For example, τ(1.X, list(?)) = 2.X list(?), and τ(f(X,X), f(g(?),
ground) = f(Xg(?), Xground).

In the following, we identify τ with its (obvious) extension to pairs of atom and mode. We
also usually omit the tag on the variables after the application of the transformation τ , unless,
as in the last example above, such an omission would be ambiguous. Notice, however, that if
∅ ` t : a, then τ(t, a) does not contain any tagged variables.

Lemma 8 Let t be a term in a mode-annotation a. Then, for every substitution σ, τ(t, a) =
τ(tσ, a).

Proof: (by induction on the construction of τ(t, a)) Consider the possible cases:

• a is ground, then t must be a ground term, so t = tσ.

• a is ?, then τ(t, a) = 2 = τ(tσ, a).

• a is f(a1, . . . , an), then since t is in mode a, we must have t = f(t1, . . . , tn) and, naturally,
tσ = f(t1σ, . . . , tnσ); by the inductive hypothesis τ(ti, ai) = τ(tiσ, ai), so, the result
follows.

12



• a is fixα.a, then by the inductive hypothesis τ(t, a[fixα.a/α]) = τ(tσ, a[fixα.a/α]), and
the result follows trivially.

• a is a1 + a2, then again by the inductive hypothesis the result follows. 2

Lemma 9 Given a substitution σ, the substitution ν ≡def {{X
a

; τ(Xσ, a) | X ∈ dom(σ) ∧
a ∈ A} is such that for any term t and any mode-annotation a (t does not have to be in the
mode-annotation a)

τ(tσ, a) = τ(t, a)ν

Proof: (by induction on the definition of τ(t, a)) First, it is easy to see (by induction) that if
τ(t, a) = ⊥ then for any σ, τ(tσ, a) = ⊥, so τ(tσ, a) = ⊥ = τ(t, a)ν. Similarly, if τ(t, a) = 2

then τ(tσ, a) = 2 = τ(t, a)ν.
Next, if t = X, and a1 6=? then τ(t, a)ν = Xaν = τ(Xσ, a1) = τ(tσ, a). If X is not in

the domain of σ then Xaν = Xa = τ(X, a) = τ(Xσ, a). Let us now consider the cases where
t = f(t1, . . . , tn):11

1. if a is ground, then

τ(t, ground)ν = f(τ(t1, ground)ν, . . . , τ(tn, ground)ν)
=Ind f(τ(t1σ, ground), . . . , τ(tnσ, ground)) = τ(tσ, ground)

2. if a is f(a1, . . . , an), then

τ(t, f(a1, . . . , an))ν = f(τ(t1, a1)ν, . . . , τ(tn, an)ν)
=Ind f(τ(t1σ, a1), . . . , τ(tnσ, an)) = τ(tσ, f(a1, . . . , an))

3. if a is fixα.a, then

τ(t,fixα.a)ν = τ(t, a[fixα.a/α])ν =Ind τ(tσ, a[fixα.a/α]) = τ(tσ,fixα.a)

4. if a is a1 + a2, first, by a simple induction on the definition of sup we can show that
sup(t1, t2)ν = sup(t1ν, t2ν). Now we have

τ(t, a1 + a2)ν = sup(τ(t, a1), τ(t, a2))ν = sup(τ(t, a1)ν, τ(t, a2)ν)
=Ind sup(τ(tσ, a1), τ(tσ, a2)) = τ(t, a1 + a2)

2

11The symbol =Ind denotes equality by the inductive hypothesis
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4.2 Simple Termination Theorem

Theorem 10 A logic program P universally terminates if there exists a well-founded stable 12

ordering �, such that for each clause A ← B1, . . . , Bn (with mode-dependencies: A : ai →
ao, B1 : bi

1 → bo
1, . . . , Bn : bi

n → bo
n,)

∀j.τ(A, ai) � τ(Bj , b
i
j)

The proof of this theorem follows from the proof of the more complex version of this theorem
given in subsection 4.4.

This theorem can be used to prove the termination of simple programs such as append or
split. However, for many programs, such as quicksort, we need to use inter-argument relation-
ships to complete the termination proof.

4.3 Inter-argument Relationships

Given a predicate p with a mode dependence p(ai
1, . . . , a

i
n)→ p(ao

1, . . . , a
o
n), an inter-argument

relationship on p is expressed by the syntax:

p(X1, . . . , Xn) : R(τ(X1, a
o
1), . . . , τ(Xn, ao

n))

and has the interpretation:

` p(u1, . . . , un) : p(ao
1, . . . , a

o
n), and p(u1, . . . , un) succeeds, implies R(τ(u1, a

o
1), . . . , τ(un, ao

n))

In defining an inter-argument relationship, the transformation τ is needed because we must
allow inter-argument relationships to hold on non-ground terms.

For example, the semantic property that in the output tuple of append the length of the
first argument is less than or equal to the length of the third can be expressed by:

append(X,Y,Z) : X ≤ Z

Inter-argument relationships can also be defined for (conjunction of) literals with the syntax

L1, . . . , Ln : R(τ(t1, a
o
1), . . . , τ(tk, a

o
k))

where t1, . . . , tk are terms appearing in the literals and a1, . . . , ak are the corresponding mode-
annotations. The interpretation of this relationship is: for all substitutions σ,

` L1σ : mo
L1

, . . . , Lnσ : mo
Ln

, and L1σ, . . . , Lnσ succeed, implies R(τ(t1σ, ao
1), . . . , τ(tkσ, ao

k))

As an example consider the following relationship:

append(X, [A|L], Y ), append(X,L,Z) : Y > Z

In general a set of inter-argument relationships can be expressed as a single relationship on
a conjunction of the literals. Consequently, in the following, we assume that all inter-argument
relationships have been appropriately defined on conjunctions of literals.

12An ordering � is stable if t1 � t2 implies for all substitutions σ, σ(t1) � σ(t2).
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We define an ordering relation � via an inference system `�. Such an inference system
can use an inter-argument relationship (L1, . . . , Ln : R) as a hypothesis for inferences. Thus,
derivations have the form:

R `� t1 � t2.

For example, we define in the next section an inference system that establishes an ordering
relation �, by combining subterm ordering, inter-argument monotonicity relationships, and
lexicographic ordering.

Definition 8 We say that an inference system `� is stable if

R `� t1 � t2 implies ∀σ.Rσ `� t1σ � t2σ

Lemma 11 If `� is stable then given an inter-argument relationship L1, . . . , Ln : R such that
R `� τ(t1, a1) � τ(t2, a2) and given a substitution σ such that L1σ, . . . , Lnσ are in their output
mode and succeed, then τ(t1σ, a1) � τ(t2σ, a2).

Proof: By the definition of inter-argument relationships, if L1σ, . . . , Lnσ are well-moded and
true, then R(. . . , τ(tiσ, ai), . . .) is true as well. By lemma 9 there exists a substitution ν such
that for any t and a, τ(tσ, a) = τ(t, a)ν. Hence, R(. . . , τ(tiσ, ai), . . .) = R(. . . , τ(ti, ai)ν, . . .) =
Rν. By stability, R `� t1 � t2 implies Rν `� t1ν � t2ν. Since Rν is true, the result follows
from the correctness of `�. 2

4.4 Termination Theorem

Definition 9 Given a stable inference system defining an ordering relation, a clause A ←
B1, . . . , Bn is τ -decreasing if

∀i, Ri−1 `� τ(A, a) � τ(Bi, bi) (1)

where Ri is defined by the following inter-argument relationship B1, . . . , Bi : Ri.

Theorem 12 A logic program P terminates if there exists a stable inference system `�, defin-
ing a well-founded ordering relation �, such that each clause in P is τ -decreasing.

Proof: Suppose, on the contrary that there exists some infinite derivation: G1 ` G2 ` · · ·.
Consider the (infinite) proof tree represented by this derivation. By Koenig’s lemma, since
the branching factor is finite, there must be some infinite branch. Consider adjacent nodes
A,B along this branch. The subtree below A was obtained by resolving A with a clause
A′ ← B1, . . . , Bi−1, B

′, Bi, . . . , Bn such that Aσ = A′σ (σ = mgu(A,A′)) and B = B ′σγ where
γ is the computed answer substitution obtained from the resolution of B1σ, . . . , Bi−1σ.

Therefore, each of B1σγ, . . . , Bi−1σγ succeed and are in their output mode. Since the
clause is τ -decreasing, Ri `� τ(A′, a) � τ(B′, b). By lemma 11, we obtain that τ(A′σγ, a) �
τ(B′σγ, b).

By lemma 8, τ(A, a) = τ(Aσ, a) = τ(A′σ, a) = τ(A′σγ, a). Similarly, we have τ(B, b) =
τ(B′σγ, b). Since τ(A′σγ, a) � τ(B ′σγ, b), we can conclude that this infinite branch represents
an infinite descending sequence. This contradicts the well-foundedness of �. 2
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The following alternative definition of τ -decreasiveness (adapted from [10]) is consistent
with the termination theorem above and has proven to be useful in practice.

Definition 10 Given a stable inference system defining a well-founded ordering relation, a
clause A← B1, . . . , Bn is said to be τ -decreasing also if

1. τ(A, ai) � τ(B1, b
i
1)

2. ∀j, Rj−1 `� τ(Bj−1, b
o
j−1) � τ(Bj , b

i
j)

3. Rn `� τ(Bn, bo
n) � τ(A, ao) or Rn `� τ(A, ai) � τ(A, ao)

where Rj is the inter-argument relationship of B1, . . . , Bj .

The advantage of this alternative definition of τ -decreasiveness is that sometimes using this
definition and a carefully chosen ordering, we can avoid the need for inter-argument relation-
ships. The example 3 illustrates this possibility. Using the following proposition we can easily
show that Theorem 12 still holds with this characterization of τ -decreasing clause.

Proposition 13 Given a stable inference system defining a well-founded ordering relation >.
For all τ -decreasing clauses A← B1, . . . , Bn and for all atoms A′ and substitution σ such that
A′ : ai and A′σ = Aσ, we have

• τ(A′, ai) > τ(Bjσαj−1, b
i
j) and τ(A′, ai) > τ(Bjσαj , b

o
j) where αj is the computed answer

substitution resulting from the evaluation of B1σ, . . . , Bjσ.

• τ(A′, ai) > τ(Aσαn, ao) where αn is the computed answer substitution resulting from the
evaluation of B1σ, . . . , Bnσ.

Proof: (by induction on >) First note that by Lemma 8 τ(A′, ai) = τ(A′σ, ai) = τ(Aσ, ai).
Now consider the following two cases:

• There is no Bj. In that case, if the clause is τ -decreasing we have τ(A, ai) > τ(A, ao).
By Lemma 11 and the stability of > this implies τ(Aσ, ai) > τ(Aσ, ao), as desired.

• There are some Bj ’s. Let us do a secondary induction on n, the number of Bj ’s, to prove
the first part of the property.

– n = 1. Since the clause is τ -decreasing we must have τ(A, ai) > τ(B1, b
i
1), so

τ(Aσ, ai) > τ(B1σ, bi
1). Since the clause is well-moded, ` B1σ : bi

1, so the induc-
tive hypothesis is applicable and we have τ(B1σ, bi

1) > τ(B1σα1, b
o
1) (for α1 the

substitution generated by the execution of B1σ). Hence, τ(Aσ, ai) > τ(B1σα1, b
o
1).

– n > 1. Assume τ(Aσ, ai) > τ(Bn−1σαn−1, b
o
n−1). By τ -decreasingness we have

Rn−1 ` τ(Bn−1, b
o
n−1) > τ(Bn, bi

n), so, by stability, Rn−1σαn−1 ` τ(Bn−1σαn−1, b
o
n−1) >

τ(Bnσαn−1, b
i
n). By the correctness of the inter-argument relationship, Rn−1σαn−1

holds, so using the inductive hypothesis, τ(Aσ, ai) > τ(Bnσαn−1, b
i
n). By the in-

duction argument on >, we can assume that τ(Bnσαn−1, b
i
n) > τ(Bnσαn, bo

n). From
this, the result follows.
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Since the clause is τ -decreasing, we must have either Rn ` τ(Bn, bo
n) ≥ τ(A, ao), so,

by stability, Rnσαn ` τ(Bnσαn, bo
n) ≥ τ(Aσαn, ao). Therefore, since Rnσαn must hold,

τ(Aσ, ai) > τ(Aσαn, ao). We can also have Rn ` τ(A, ai) > τ(A, ao), so, by stability,
Rnσαn ` τ(Aσαn, ai) > τ(Aσαn, ao). From this the result follows. 2

5 Orderings for Logic Programs

It follows from Theorem 12 that to show termination we need inference systems that define well-
founded stable orderings and allow the use of inter-argument relationships. We now present
one such system inspired by [16, 5, 7] which is based on the lexicographic ordering ([8]).

Given a precedence ordering �p on predicate symbols and a term ordering �t (discussed
below), we can define the following lexicographic ordering > among literals:

P ≈p Q {ti}i(�t)lex{si}i
P (t1, . . . , tn) > Q(s1, . . . , sm)

P �p Q

P (t1, . . . , tn) > Q(s1, . . . , sm)

In general, the term ordering, �t, must be well-founded and defined by a stable inference
system. Moreover, it is essential that the ordering induced by the inter-argument relationships
be consistent with the term ordering. While different term orderings are possible, in practice,
the subterm ordering is sufficient for most programs. The set of inference rules for the subterm
ordering is

• Subterm relation
ti �t s

f(. . . , ti, . . .) �t s

t �t g(s1, . . . , sm)

t �t si

• Structural rules : transitivity, reflexivity of �t, irreflexivity of �t, . . . .

The correctness of these rules is straightforward as is the stability of the ordering. With
the appropriate structural rules, this set is complete as well. Other terms orderings, such as
the lexicographic path ordering, could easily be adapted to form sets of inference rules such
as the above ([7]). It is even possible to define inference rules that use mode information for
simplifications, but such inference rules do not seem to help significantly in practice.

Example 2 (Quicksort)

split(nil,A,nil,nil).
split(B.X,A,B.L,H) ← B ≤ A, split(X,A,L,H).
split(B.X,A,L,B.H) ← B > A, split(X,A,L,H).
quicksort(nil, nil).
quicksort(A.X, Y ) ← split(X,A,L,H), quicksort(L,L1),

quicksort(H,H1), append(L1, A.H1, Y ).

% Mode-dependence :

split(list(int), int, ?, ?) → split(list(int), int, list(int), list(int))
quicksort(list(int), ?) → quicksort(list(int), list(int))
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To show that this program terminates, we use the lexicographic ordering > described earlier,
with the following precedence ordering on predicate symbols:

quicksort �p split �p append �p “≤” �p “>”

The term ordering �t is simply the subterm relation.
We can show the termination of split as follows:

{split(B.X,A,B.L,H)} > B ≤ A, > (B > A), and > split(X,A,L,H)}, since

1. split �p “≤”, and split �p “>”

2. split ≈p split and (2.X,A,2,2)(�t)lex(X,A,2,2).

To show the termination of quicksort, we need the inter-argument relationships
split(X,A,L,H) : X ≥ L and split(X,A,L,H) : X ≥ H, and then we must prove:

quicksort(A.X,2) > split(X,A,2,2)
X ≥ L,X ≥ H ⇒ quicksort(A.X,2) > quicksort(L,2)
X ≥ L,X ≥ H ⇒ quicksort(A.X,2) > quicksort(H,2)
X ≥ L,X ≥ H ⇒ quicksort(A.X,2) > append(L1,H1,2)

The first and fourth case are trivially true. The second and third case can be seen to follow
from the inter-argument relationships. For example, in the second case, the following deduction
is possible:

quicksort ≈ quicksort

X ≥ L

A.X �t L

{A.X,2}(�t)lex{L,2}

quicksort(A.X,2) > quicksort(L,2)

2

5.1 Recursive term orderings for literals

When a term ordering is defined recursively using a precedence ordering on function symbols one
can, in addition to the precedence, attach a status to each function symbol indicating whether
its arguments should be compared lexicographically or as a multiset [8]. This notion of recursive
ordering is easily adapted to orderings for literals. Moreover, the notion of status can be
expanded for predicate symbols. For a predicate symbol, different status (and precedences) can
be given for each mode of the predicate, and, furthermore, one can even specify, as part of the
status, that only certain arguments of the predicate should be involved in further comparisons.
The resulting notion of recursive orderings provides a powerful class of orderings. For example,
in some cases, such orderings obviate the need for inter-argument relationships.

Consider terms t = f(t1, . . . , tn) and s = g(s1, . . . , sm) where the status of f and g are
written sf and sg respectively. If t and s are compared by a recursively defined ordering >,
three cases can occur
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• the arguments of t are compared with s in accordance with the status of f . This is
written {t1, . . . , tn}(>)〈sf ,∅〉s. For example, if sf indicates that only the second and third
arguments should be involved in further comparison, this is equivalent to t2 > s ∧ t3 > s.
(Whether the status indicate multiset or lexicographic does not have an effect in this case.)

• the arguments of s are compared with t. This is written t (>)〈∅,sg〉{s1, . . . , sm}.

• the arguments of s are compared with the arguments of t. This is written {t1, . . . , tn}
(>)〈sf ,sg〉 {s1, . . . , sm}. For example, if both sf and sg specify that a lexicographic order
should be used and sf specifies that only the second and third arguments should be used,
then this is equivalent to {t2, t3} (>)lex {s1, . . . , sn}. Note that sf and sg must both
indicate a lexicographic order or both indicate a multiset order.

Definition 11 (Recursive Ordering) Assume given a precedence ordering >p on function
symbols and on moded predicate symbols (i.e., on predicate symbols with an associated mode)
and assume that each function and each moded predicate symbols has associated with it some
status. Note that symbols of equal precedence must have the same lexicographic or multiset
status.

Besides the usual structural rules (transitivity, . . . ), the inference rules specific to the re-
cursive ordering are as follows: let A = p(t1, . . . , tn) and B = q(s1, . . . , sm)

p >p q A (>)〈∅,sq〉{s1, . . . , sm}

A > B

{t1, . . . , tn} (>)〈sp,∅〉B

A > B

p ≈p q {t1, . . . , tn}(>)〈sp,sq〉{s1, . . . , sm} A (>)〈∅,sq〉{s1, . . . , sm}

A > B

Proposition 14 The recursive ordering is a well-founded order.

Proof:

• Transitivity: Let A = p(t1, . . . , tn), B = q(s1, . . . , sm), and C = o(r1, . . . , rl). Assume
A > B and B > C. We want to show A > C. We proceed by induction in the size of the
terms A,B,C. According to the definition of recursive orderings, the possible cases are

– {t1, . . . , tn}(>)〈sp,∅〉B, i.e., some selected subterms of A is greater than B. Hence,
by the inductive hypothesis, this subterm is greater than C, so A is greater than C.
The same reasoning applies if {s1, . . . , sm}(>)sqC.

– p >p q ≥p o, in this case we must have B(>)〈∅,so〉{r1, . . . , rl}, so, by the inductive
hypothesis, A(>)〈∅,so〉{r1, . . . , rl}. Hence, A > C. The same reasoning applies if
p ≥p q >p o.

– p ≈q q ≈p o. By the same reasoning as above, we can show A(>) 6 ∅,so〉
{r1, . . . , rl}.

Moreover, in this case A > B > C implies {t1, . . . , tn}(>)〈sp,sq〉{s1, . . . , sm} (>
)〈sq ,so〉{r1, . . . , rl}. Hence, {t1, . . . , tn}(>)〈sp,so〉{r1, . . . , rl} by the transitivity of the
multiset or lexicographic ordering, accordingly.

19



• Well-foundedness : Suppose, there is an infinite descending sequence of literals. Consider
an infinite subsequence where all the literals use with the same predicate symbol. By
transitivity, this is an infinite descending sequence. By definition of the recursive ordering,
the multisets of arguments from these literals form an infinite descending sequence of
multisets of fixed size of terms (since a literal cannot be a subterm of another literal).
But this contradicts the well-foundedness of the recursive ordering for terms ([8]).

Example 3 ([10]) Consider the following program computing the transitive closure of a pred-
icate p:

p(a,b).
p(b, c).
tc(X,X).
tc(X,Y ) ← p(X,Z), tc(Z, Y ).

% Mode-dependencies :

p(ground, ?) → p(ground, ground)
tc(ground, ?) → tc(ground, ground)

This program can be shown to terminate without inter-argument relationships by using
the recursive ordering defined above with the precedence ordering: a �p b �p c �p p :
p(ground, ground) �p tc : tc(ground, ?) �p tc : tc(ground, ground) �p p : p(ground, ?), and
status information specifying that p : p(ground, ?) and tc : tc(ground, ?) consider only their
first argument for further comparisons and p : p(ground, ground) and tc : tc(ground, ground)
consider only their second argument for further comparisons. Then the clauses defining the
program can be shown to be τ -decreasing as follows:

• For the first clause, we must show

p(a, b) : p(ground, ?) > p(a, b) : p(ground, ground)

which follows from a �p p : p(ground, ground) and a �p b.

• The second and third clause are similarly shown to be τ -decreasing.

• For the fourth clause, we must show

tc(X,Y ) : tc(ground, ?) > p(X,Z) : p(ground, ?)
p(X,Z) : p(ground, ground) ≥ tc(Z, Y ) : tc(ground, ?) and
tc(Z, Y ) : tc(ground, ground) ≥ tc(X,Y ) : tc(ground, ground)

All these can be shown by our recursive ordering. Therefore the program terminates.

6 Inductive Reasoning and Symbolic Evaluation

6.1 Deriving inter-argument monotonicity relationships

Inter-argument monotonicity relationships can be derived as partial correctness properties by
assuming that they hold for the recursive call to predicates (or of the goal) and using inference
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systems for orderings, like the ones discussed earlier, to test that they hold for the original
predicates. This is the classical Hoare’s technique to prove partial correctness properties;
moreover, if the relevant literals are terminating then the inter-arguments relationships become
total correctness properties and this technique can be seen as a special case of Noetherian
induction.

Example 4 Given the usual definition of append (with both modes: append(?, ?, list(?)) →
append(list(?), list(?), list(?)) and append(list(?), list(?), ?) → append(list(?), list(?), list(?))),
suppose we want to prove the inter-argument relationship:

append(L1, A.L2, Y ), append(L1, L2, Z) : Y > Z

We have to consider two cases: L1 = [] and L1 = [B|L′]. In the first case, after simplification,
we are left to prove A.L2 > L2 which follows by the subterm property of >. In the second case,
the result of the symbolic evaluation is:

append(L′, A.L2, Y
′), append(L′, L2, Z

′) : B.Y ′ > B.Z ′

By the assumption that the inter-argument relationship holds for the recursive call of the goal,
we have Y ′ > Z ′. It is now trivial to show that Y ′ > Z ′ ⇒ B.Y ′ > B.Z ′.

Moreover, having proved that append in the above given modes terminates, we can conclude
that this inter-argument relationship is a total correctness property. Using this, we could, for
example, easily prove the termination of the permutation program ([17]):

perm(nil,nil).
perm(A.X, Y ) ← append(L1, A.L2, Y ), append(L1, L2, Z), perm(X,Z).
% Mode-dependency :
perm(?, list(?))→ perm(list(?), list(?))

6.2 Mutually recursive predicates

For mutually recursive predicate definitions a formal inductive argument is sometimes neces-
sary to prove termination. The technique adopted is similar to the one advocated above for
deriving inter-argument relationships. It uses symbolic evaluation with the termination of the
predicates as the inductive hypotheses and syntactic orderings to justify the use of the inductive
hypotheses. Moreover, once the termination of some literals is established (e.g. by the induc-
tive hypothesis), we can use the relevant inter-argument relationships as a total correctness
property to propagate ordering information, henceforth, allowing more uses of the inductive
hypotheses. The following example (from [17, 26]) illustrates these issues.

Example 5 (Parser) The following rules specify an arithmetic expression parser. The mode-
dependence is e(list(ground), ?)→ e(list(ground), list(ground)) The first argument to e is the
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ground input list to be parsed and the second argument is the unparsed suffix.

e(L,T) : − t(L, ‘+’.C), e(C, T ).
e(L, T ) : − t(L, T ).

t(L, T ) : − n(L, ‘*’.C), t(C, T ).
t(L, T ) : − n(L, T ).

n(‘(’.A, T ) : − e(A, ‘)’.T ).
n(L.T, T ) : − constant-or-identifier(L).

The technique described in subsection 6.1 can be used to obtain the inter-argument rela-
tionships:

e(L, T ) : L > T, t(L, T ) : L > T, n(L, T ) : L > T

To prove the termination of this program we prove by induction the following property:

Any goal of the form e(t1, t2) or t(t1, t2) or n(t1, t2) terminates.

We use the simple lexicographic ordering on literals defined earlier. The precedence ordering
on predicates is e ≈p t ≈p n �p constant-or-identifier.

Symbolic evaluation of the possible goals {e(L, T ), t(L, T ), n(L, T )} generates a large number
of cases like e(‘(’.A, T ), e(L.‘*’.C, T ), t(‘(’.‘*’.C, T ), . . .. Let us consider, for example, the case
t(‘(’.A, T ) whose symbolic evaluation produces:

t(‘(’.A,T) ⇔ e(A, ‘)’.‘*’.C), t(C, T )
∨ e(A, ‘)’.T ).

It is possible to use the inductive hypothesis since

t(‘(’.A, T ) � e(A, ‘)’.‘*’.C)
and t(‘(’.A, T ) � e(A, ‘)’.T )

Hence, by the inductive hypothesis, e(A, ‘)’.‘*’.C) and e(A, ‘)’.‘*’.T ) terminate. Moreover, the
inter-argument relationship holds, i.e A > ‘)’.‘*’.C, so A > C and ‘)’.A > C. Hence

t(‘(’.A, T ) � t(C, T ).

This allows the use of the inductive hypothesis again and we conclude that t(C, T ) terminates.
All the other cases can be treated similarly, so the program universally terminates.

Notice, however, that we could show the termination of this program in a more straightfor-
ward way, without inter-argument relationships, if we use the recursive ordering discussed ear-
lier with the precedence ordering “.” �p n : n(list(ground), list(ground)) �p t : t(list(ground),
list(ground)) �p e : e(list(ground), list(ground)) �p e : e(list(ground), ?) �p t : t(list(ground),
?) �p n : n(list(ground), ?) and the status: e : e(list(ground), ?) consider only its first argu-
ments while e : e(list(ground), list(ground)) consider only its second arguments, and similarly
for t and n.
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7 Extensions

The techniques for showing termination presented here can be adapted to more powerful notions
of mode-annotations. We can indeed extend mode-annotations to regular trees as described in
[19]. An extension is in fact necessary to handle partially instantiated structures which none of
the existing approaches to termination are able to handle. Consider the following motivating
example: a tail-recursive program to flatten an input list by one level.

Example 6 (Tail-recursive one level Flatten)

flatten(nil,nil).
flatten(A.X, Y ) ← mlist(A), append(A,Z, Y ), flatten(X,Z).
flatten(A.X, Y ) ← constant(A), append([A], Z, Y ), flatten(X,Z).
constant(X) ← atom(X), integer(X).
mlist([A|X]).

% Mode-dependencies :

flatten(list(ground + list(?)), ?) → flatten(list(ground + list(?)), list(?))
constant(?) → constant(ground)
mlist(?) → mlist(list(?))

With the definition of mode-annotations given in section 2 we are not able to assign a
mode-dependency for append such that the program is well-moded. If we assign the following
mode-dependency to append

append(list(?), ?, ?) → append(list(?), list(?), list(?))

then the first clause defining append is not well-moded. However, we clearly need the mode-
dependency append(list(?), ?, ?) → mo if flatten is to be well-moded. For mo all that is really
necessary is that when Z is in the mode list(?) then Y is also in that mode. Informally this
suggests a mode-dependency of the form

∃ α, β (append(list(?), ?, ?) → append(list(?), α, β) & α = list(?))⇒ β = list(?)).

After the subsequent execution of the (recursive) call to flatten, since Z is in the output
mode of flatten, Z is instantiated to a term in the mode list(?). Hence, we can use the im-
plication in the mode-dependency of append to conclude that Y must also be in mode list(?).
This concludes proving the well-modedness of the program. The termination proof is then
straightforward. 2

Thus, to define well-modedness of programs such as flatten above, we need to extend the
syntax of mode-annotations by allowing a-terms containing existentially quantified mode vari-
ables and mode-dependency defined by logical implication. The extended mode-annotations
are similar to regular trees 13 as described in [19].

13We note in passing that the alternative prescriptive approach to types as defined in [13] is not able to handle
partially instantiated arguments.
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Mode-dependency for predicates can also be used to specify control in concurrent logic
programs. For instance, a consumer process may have to suspend until an argument gets
sufficiently instantiated by a producer process to unify with the head of a clause. Mode-
annotations can be used to specify the exact structure of the arguments that would allow
the consumer process to resume. Furthermore, in parallel evaluation of logic programs, the
granularity of subtasks (i.e., if a subtask warrants a sub-computation large enough to outweigh
the cost of forking) can be specified via the richer notion of modes.

8 Conclusions

This paper presents a rich framework of directionality for logic programs and its use in a proof
method for proving universal termination of logic programs. Notions of mode-annotations
(defined via a combination of modes and types) and mode-dependencies are used to give a
directionality to logic programs. Well-founded orderings on the atoms in a clause are then
used to show the finiteness of LD-derivations. Due to the generality of mode-annotations, the
termination methodology can handle programs and goals with non-ground inputs and non-
ground outputs.

We believe that the richness of mode-annotations can also be used in applications other
than termination proofs, such as specifying control for concurrent logic languages.
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Appendix A: Mode Inference Rules

Mode judgements of the form Γ ` t : a are derived using the the following mode inference rules:

Introduction Rules

In an mode context Γ, mode judgements Γ ` t : a are inferred using the the following intro-
duction rules:

Γ ` X: a if (X: a) ∈ Γ

Γ ` X: ? if (X 6∈ dom(Γ)

Γ ` c: ground if c is a constant

Γ ` t1: a1 . . . Γ ` tk: ak

Γ ` F (t1, . . . , tk):F (a1, . . . , ak)
where F is a function or predicate symbol

Γ ` t: a1

Γ ` t: a1 + a2

Γ ` t: a[fixα.a/α]

Γ ` t:fixα.a

Derived Rules

The following rule expresses inclusion relationship between well-moded terms.

Γ ` t: a

Γ ` t: b
if b � a

Elimination Rules

The mode-context Γ generated by a sequence of well-moded literals (each in its output mode)
is determined using the introduction rules backward and the following elimination rule:

Γ ` t: a1 + a2 Γ ∪ {t: a1} ` A Γ ∪ {t: a2} ` A

Γ ` A

Notice that because of the implicit non-determinism involved in the backward use of the inclu-
sion rule, in practice we might fail to effectively generate a mode-context Γ.

The soundness of these rules is shown as follows.

Proposition 15
If Γ ` t : a then for all ζ which respect Γ, ζ(t) ∈ [[a]]η where η is any mode valuation.
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Proof: By induction on the length of the derivation of Γ ` t : a.

• Γ ` X : a if (X : a) ∈ Γ. For all ζ which respects Γ, ζ(X) ∈ [[Γ(X)]]η; i.e., ζ(X) ∈ [[a]]η.

• Γ ` X : ? if (X : a) 6∈ Γ. For all ζ which respects Γ, ζ(X) ∈ [[?]]η which is true for all ζ.

• Γ ` c : ground. For all ζ which respects Γ, ζ(c) = c ∈ [[ground]]η which is true for all ζ.

• Γ ` f(t) : f(a). For all ζ which respects Γ, ζ(f(t)) = f(ζ(t)). By induction hypothesis,
ζ(t) ∈ [[a]]η. Hence, f(ζ(t)) ∈ f([[a]]η) i.e., ζ(f(t)) ∈ [[f(a)]]η

• Γ ` t : a1 + a2. By induction hypothesis, for all ζ which respects Γ, ζ(t) ∈ [[a1]]η. Now,
since [[a1]]η ⊆ [[a1 + a2]]η, hence ζ(t) ∈ [[a1 + a2]]η.

• Γ ` t : fixα.a. By induction hypothesis, for all ζ which respect Γ, ζ(t) ∈ [[a[fixα.a /α]]]η.
Hence, ζ(t) ∈ [[a]](η[fixα.a /α]). Hence, ζ(t) ∈ least S such that S = [[a]](η[S/α]). By the
definition of fix, this means that ζ(t) ∈ [[fixα.a]]η.

• Γ ` t : a2 (using the inclusion rule). By the induction hypothesis, for all ζ which respect
Γ, ζ(t) ∈ [[a1]]η. Hence, ζ(t) ∈ [[a2]]η (since a1 � a2 ⇒ [[a1]]η ⊆ [[a2]]η by proposition 16).

2
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Appendix B: Inclusion Checking Rules

The following inference rules (which have been adapted from [15]) are used to infer inclusion
(covering) of mode-annotations: a1 � a2.

a � a reflexivity

a1 � a2, a2 � a3

a1 � a3
transitivity

a �?

a1 � ground, . . . , an � ground

f(a1, . . . , an) � ground

a1 � b1, . . . , an � bn

f(a1, . . . , an) � f(b1, . . . , bn)

a1 � a, a2 � a

a1 + a2 � a

a � a1

a � a1 + a2

a[fixα.a/α] � a2

fixα.a � a2

a1 � a[fixα.a/α]

a1 � fixα.a

The above rules can be transformed into an algorithm for checking inclusion a1 � a2. Fur-
ther note that the inference system is deterministic but for the rule for + in a2 and the unfolding
of the fix. The rule for + can be made deterministic by requiring that a2 be discriminative.

The soundness of these rules is shown below.

Proposition 16 If a1 � a2, then [[a1]]η ⊆ [[a2]]η where η is any mode valuation.

Proof: By induction on the length of the derivation of a1 � a2.

• a � ?. Since [[?]]η = T , hence [[a1]]η ⊆ [[?]]η

• If the last rule used to derive a1 � a2 is

a1 � ground, . . . , an � ground

f(a1, . . . , an) � ground

By the induction hypothesis, we can assume that [[a]]η ⊆ [[ground]]η.
Now, [[f(a)]]η = {f(t) | t ∈ [[a]]η} ⊆ {f(t) | t ∈ [[ground]]η} ⊆ [[ground]]η
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• If the last rule used to derive a1 � a2 is

a1 � b1, . . . , an � bn

f(a1, . . . , an) � f(b1, . . . , bn)

By the induction hypothesis, we can assume that [[a1]]η ⊆ [[b1]]η, . . . , [[an]]η ⊆ [[bn]]η.
Now, [[f(a1, . . . , an)]]η = {f(t1, . . . , tn) | t1 ∈ [[a1]]η, . . . , tn ∈ [[an]]η}
⊆ {f(t1, . . . , tn) | t1 ∈ [[b1]]η, . . . tn ∈ [[bn]]} ⊆ [[f(b1, . . . , bn)]]η

• If the last rule used to derive a1 � a2 is

a1 � a, a2 � a

a1 + a2 � a

By the induction hypothesis, we can assume that [[a1]]η ⊆ [[a]]η and [[a2]]η ⊆ [[a]]η.
Now, [[a1 + a2]]η = [[a1]]η ∪ [[a2]]η ⊆ [[a]]η

• If the last rule used to derive a1 � a2 is

a � a1

a � a1 + a2

By the induction hypothesis, we can assume that [[a]]η ⊆ [[a1]]η ⊆ [[a1 + a2]]η

• If the last rule used to derive a1 � a2 is

a[fixα.a/α] � a2

fixα.a � a2

By the induction hypothesis, we can assume that [[a[fixα.a /α]]]η ⊆ [[a2]]η. Hence,
[[fixα.a]]η ⊆ [[a2]]η (by the semantics of fix) .

• If the last rule used to derive a1 � a2 is

a1 � a[fixα.a/α]

a1 � fixα.a

By the induction hypothesis we can assume that [[a1]]η ⊆ [[a[fixα.a /α]]]η. Hence
[[a1]]η ⊆ [[fixα.a]]η (by the semantics of fix).
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