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Solutions for Exercise Sheet 5

Exercise 1: Type checking and typing derivations

Type check the following terms in the applied lambda calculus, and derive their types. In addition, write their
typing derivations (either in tree form or linear form).

a. Az:int. Ay: bool. x.

Using the method of annotating subterms with their types, we obtain the following. We abbreviate int to ¢
and bool to b for brevity. S '
(Azzi. (Ay: b, xt)b )i b=

The formal derivation in the linear form can be written as follows:

1. zi,y:bkFx:d using Var
2. xibFAybx:b—1 from 1, using —Intro
3. FXxii.Ay:b.x:i— (b—i) from 2, using —Intro

b. Ap:int — bool. Af:int — int. Az:int. p (f x)

The method of annotating subterms gives:
()\pii b ()\fl . ()\1‘ i (pi—>b (fz—>z xi)i)b)i—>b)(i—>i)—>i—>b)(i—>b)—>(i—>i)—>i—>b

The formal derivation is as follows:

1. pri—b, fri—i,ziFp:i—b using Var
2. pii—b fri—oi, ik fii— using Var
3. pi—b fri—i, xibx:i using Var
4. pi—b, fri—i, xik fxd from 2, 3 using —Elim
5. pii—b, fri—i, xibp(fx):b from 1, 4 using —Elim
6. p:i—b, fri—ibAzip(fz):i—b from 5, using —Intro
7. pi—bE A — i ziop (fe) (1 — 1) — (i — b) from 6, using —Intro
8 FApi—=bAfri—idrii.p(fr): (i —»b)— (i —1i)— (i —b) from7,using —Intro

Exercise 2: More type checking
Type check the following term and derive its type:
Y (Af :int — bool. \n :int.ify, 01 (n = 0) true (f (n —1)))

Note that (n = 0) and (n — 1) denote syntactic sugar for the function application terms (= n 0) and (— n 1)
respectively. Here is the term with all its subterms annotated:

(Y (AfZ —D. (An i (ifg—»b—>b—>b (:’L.*)’L“?b ni O’L)b trueb (f7,~>b (_'LH'L*W ni 1’L-)Z')b)b)7;*>b)(iﬂb)*)i*)b)i*?b

So, the overall type of the term is int — bool.

Exercise 3: Type rules

Formulate type rules for the constructions let t = M in N and letrec t = M in N.
The term let * = M in N is equivalent to (Ax. N) M in the untyped lambda calculus. However, in the typed
lambda calculus, we also need to declare the type of = in Az.. Since the function term is applied to M, the



declared type of x should be the same as the type of M. Suppose the type of M is T'. Then we can produce the

type derivation:
L,o:THN:T

'Xe:T.N:T—-T TFM:T
'cA\e:T.N)M : T’

So, we can postulate the typing rule:
'e-M:T T,o:TEN:T
F'Fletz=MinN :T'

Similarly, letrec z = M in N is equivalent to (Az. N) (Y Az. M) in the untyped lambda calculus. We can proceed
as above, by assuming a type T for M.

'xeTH-M:T
Iz:THN:T 'tXe:T.M:T—T
FFXe:T.N:T — 1T FreEYAe:T.M:T
I'A\e:T.N) (Y \o:T.M) : T

So, we can postulate the typing rule:
Dz:TFM:T TI,z:TFN:T
[+ letrecz=Min N : T’

Note: Unfortunately, this typing rule is not entirely satisfactory. To type check letrec x = M in N, we need to
type check M first. Since this involves assuming a type for x, which must be the same as the type of M, a simple
type checker would be unable to use this rule for type checking. ML-like type inference is necessary for using this
rule as the basis for type checking.

A better solution for the simply typed lambda calculus would be to use an explicitly typed form of the letrec
construct with a type declaration for z, e.g., letrec 2:7 = M in N. The corresponding typing rule for this
construct:

Dz:T-M:T T,z:TFN:T'
I'Fletrecz:T =Min N : T'

does not involve any type inference.

Exercise 4: Type inference
Calculate the principal types for the following terms:
a. Az. \y.yx.

The principal type is t — (t — u) — u.

Assume types x: t; and y: to. Then the application y = gives the constraints:

to = 13—ty
s = 4

Solving the constraints gives the type t; — (¢t; — t4) — t4. We rename ¢, to ¢ and ¢4 to u to obtain a more
readable version of the type.

b. Az. Ay. Az. (z 2) (y 2).
The principal type is (t — v — v) — (t = u) — ¢t — v.

Assume types x: t1, y: to and z: t3. Then the function applications in the body give the following constraints:

t1 = ty—ts
ty = t3
ts = tg— 17
ta = tg—tg
s = t3
e = 19

Solving the constraints gives the type (t5 — t9 — t7) — (t3 — t9) — t3 — t7. By renaming the type
variables for readability we obtain the above type.



c. Y (Af Ax.if (nullz) O (1 + f(cdr x)))
The principal type is list £ — int.

Assume the types f:t; and x:to for the bound variables. Then the body of the function term gives the
constraints:

to = list t3
tl = t4 — t5
ty = listts
ts = int

The type of the function term is now (list¢3 — int) — list¢s — int. The application of the Y combinator to
this term, therefore, has the type list t3 — int. Finally, renaming the type variables for readability we obtain
the above type.



