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Abstract

In this paper, we describe an architecture for resource guided concurrent mechanised de-
duction which is motivated by some �ndings in cognitive science. Its bene�ts are illustrated by
comparing it with traditional proof search techniques. In particular, we introduce the notion
of focused search and show that a reasoning system can be built as the cooperative collection
of concurrently acting specialised problem solvers. These reasoners typically perform well in a
particular problem domain. The system architecture that we describe assesses the subgoals of
a theorem and distributes them to the specialised solvers that look the most promising. Fur-
thermore it allocates resources (above all computation time and memory) to the specialised
reasoners. This technique is referred to as resource management. Each reasoner terminates
its search for a solution of a given subgoal when the solution is found or when it runs out of
its assigned resources. We argue that the e�ect of resource management leads to a less brittle
search technique which has some advantages over the traditional search techniques such as
breadth �rst or heuristic search. A prototype of the proposed system architecture is currently
implemented in the 
mega/Mathweb framework.

1 Introduction

There are two major approaches to automated theorem proving, machine-oriented methods like
the resolution method (with all its rami�cations) and human-oriented methods. Most prominent
amongst the human-oriented methods is the proof planning approach �rst introduced by [Bun88].

In this paper we argue that an integration of the two approaches and the simultaneous pursuit
of di�erent lines in a proof can be very bene�cial. One way of integrating the approaches is
to consider a reasoner as a collection of specialised problem solvers, in which machine-oriented
methods and planning play di�erent rôles. One of the main distinctions between machine-oriented
and human-oriented methods is the generality of the approaches. While theorem provers that
are built using machine-oriented methods are typically general purpose provers, human-oriented
theorem provers make use of domain-speci�c knowledge.

Machine-oriented theorem provers like classical �rst-order theorem provers (e.g., Bliksem,
Otter, Spass), analytical provers (e.g., Satchmo or Protein), and provers based on comple-
tion methods (e.g., Eqp, Waldmeister) have reached a considerable reasoning power. This is

�This work was partly supported by EPSRC grant GR/M22031.
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2 1 INTRODUCTION

underlined by the recent solution of the Robbins problem by Eqp [McC97]. However, these tradi-
tional systems follow �xed search strategies which are unlikely to fully model the problem solving
expertise of human mathematicians. Furthermore, classical �rst-order theorem provers as well as
higher-order theorem provers like Tps [ABI+96], or the Leo-system [BmK98] are often lost in
the enormous search spaces stretched on a �ne-grained calculus level. General complexity results
demonstrate that no practical algorithm can be constructed which can solve arbitrary tasks. Even
propositional logic is in a class that is generally considered intractable since it is NP-complete.

The success of human mathematicians can largely be ascribed to the fact that they are gen-
erally specialised in some �elds and can rely on domain-speci�c problem solving techniques they
accumulated throughout their professional experiences. Mathematicians learn during their aca-
demic training not only facts like de�nitions or theorems, but also problem-solving know-how for
proving mathematical theorems [Ble86]. An important part of this know-how can be described
in terms of reasoning methods like the diagonalisation procedure, the application of a de�nition,
or the application of the homomorphy property. Human-oriented theorem proving tries to model
this human approach by making use of domain-speci�c knowledge.

One approach to model human-oriented theorem proving on a computer is proof planning
which adopts the planning paradigm. The so-called methods play the rôle of plan operators and
their executions �ll the gaps in a partial proof. Bundy views methods essentially as a triple
consisting of a tactic, a precondition, and a postcondition. A tactic can be seen as a piece of
program code that can manipulate the actual proof in a controlled way. A precondition and a
postcondition form a declarative speci�cation of the deductive ability of the tactic. The approach
to mechanising reasoning using methods forms a qualitative step forward compared to a mere
tactic language. Within such a planning framework it is now possible to develop proof plans with
the help of the declarative knowledge in the preconditions and postconditions. In this view, proof
planning makes use of traditional planning techniques in order to �nd proofs on an abstract level.
Some state of the art proof planners are CLAM [BvHHS90], �-CLAM [RSG98], and the proof planner
of 
mega [BmCF+97].

The concurrent resource managed theorem proving architecture described in this paper is de-
veloped within the framework of the 
mega/Mathweb architecture. An advantage of 
mega
is that it already provides various integrated classical reasoning systems (e.g., Bliksem, Otter,
Eqp, Spass, Satchmo, Protein,Waldmeister, Tps, Leo) as well as some specialised decision
procedures (e.g., a constraint solver and the integrated computer algebra systemsMaple [Red98]
and �CAS [KKS98]), and an analogy module [Mel95]. Additional features are a multi-modal
graphical user interface [SHB+99], a proof verbalisation tool [HF97] and a connected database
of mathematical theories. Using the Mathweb agent architecture [FHJ+99], most of these in-
tegrated systems can be distributed over the internet. Information on successful or unsuccessful
proof attempts of the integrated systems (e.g., partial proofs) can be translated back into 
mega's
central proof data structure, which is based on a higher-order variant of Gentzen's natural deduc-
tion calculus. Translation of di�erent results into the uniform representation in 
mega clari�es
the integrated results of very heterogeneous provers.

Human proof search behaviour may perhaps be best modelled as a mixture of proof planning,
classical theorem proving, computing, and model generation. In 
mega (and in related systems
like Ilf [Dah97] or Discount [DKS97], which integrate relatively homogeneous �rst-order rea-
soning systems) this largely has to be done by the user. Rather poor support is provided for a
fruitful and guided cooperation of the available subsystems.

While 
mega andMathweb provide the technical background, the work described here aims
to investigate how we can establish a meaningful cooperation between di�erent specialised problem
solvers within a uniform architecture. We use as much as possible some of the already existing
technology both in 
mega and in other external systems (i.e., theorem provers, computer algebra
systems, etc.). Therefore, the communication between specialised problem solvers is organised so
that successful and unsuccessful proof attempts or partial proofs are communicated via 
mega.
The assessment of single subsystems and societies of subsystems is embedded within 
mega as
well as the shells surrounding the single subsystems in use. Hence, theorem provers which have
communication features readily available (e.g., Tps) are used o� the shelf, as black-box systems.
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The information they provide is incorporated at run-time into the reasoning process searching for
a proof of a conjecture.

The architecture that we describe in this paper uses resource management in order to determine
the e�ort that is put into searching for a solution of a subgoal by each specialised reasoner. The
overall result of this behaviour is a search technique that is less brittle than traditional heuristic
search. There is less chance for a system to get lost in a misleading branch of a search tree. Hence,
some of the problems that traditional heuristic search reasoners were unable to prove can now be
automatically solved using our concurrent resource managed architecture. A comparison of this
so-called focused search to breadth-�rst and heuristic search is given in 3.

The architecture we present here can be viewed as an agent architecture, where the specialised
problems solvers can be considered as agents. The characteristics of an agent are that they are
autonomous entities, which are aware of their own capabilities and those of other agents. They can
communicate between each other, act on the environment, and have a learning capability in order
to improve their own reasoning capabilities. The specialised subsystems in our architecture have
some of these agent characteristics. Namely, like agents the solvers can run in parallel and act on
the environment. The knowledge of an agent is initially provided by the user or the implementor
of a single agent. Additional knowledge could be gained by evaluating successful and unsuccessful
proof attempts in various mathematical domains as well as by feedback from other agents, i.e.,
solvers (for instance, the usefulness of results from some agents can be used in a reinforcement
learning approach). However, our subsystems do not have learning capabilities yet. Moreover,
they cannot directly communicate with other solvers and they do not have any knowledge of
other systems. But they have a communication capability which is added to the solvers in our
architecture in form of a shell built on top of a solver. The solvers communicate with each other
via this shell and via a so-called planning cell manager (see 4.1).

We will refer to our subsystems (specialised solvers) as agents in this work for two reasons.
First, our work is motivated by the work done in the multi-agent community, and second, we think
that the view of the software components as agents with resources, tasks, and goals is a useful
model for describing our approach. We are aware that currently the di�erent components in our
system have only some of the features which typically characterise agents. But we also believe that
by enhancing these, we can model human theorem proving (and possibly other forms of reasoning
as well) more adequately.

2 Motivation

Here we motivate our work on emulating human mathematical reasoning as an interactive process
between a number of di�erent problem solving strategies within a heterogeneous theorem proving
framework, which makes use of proof planning and traditional machine-oriented theorem proving.
We �rst give some speculative evidence supported by advice that other scientists have given
about the importance of following di�erent solving strategies within any single attempt to solve a
problem. Second, we discuss the relationship between reactive and deliberative reasoning processes
and suggest that both should be integrated into a cognitively adequate system. Third, we introduce
the technique of resource managed and concurrent reasoning which is employed in our system.
Finally, we list the type of problems that we aim to solve by our system, and which have not been
solved automatically or in a general framework before.

2.1 Modelling Human Reasoning

Human reasoning has been described in traditional AI (e.g., expert systems) as a process of
applying rules to a working memory of facts in a recognise-act cycle. In each cycle one applicable
rule is selected and applied. While this is a successful and appropriate approximation for many
tasks (in particular for well understood domains), it seems to have some limitations, which can be
better captured by an approach that is not only cooperative but also concurrent.
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Many of us have experienced that collaboration can lead to results that each single person
could not have achieved. One of the rare documents in the history of mathematics where such a
successful collaboration and the joint development of ideas is described in detail is provided by
van der Waerden in [Wae64]. The document shows how three persons contributed to a proof by
di�erent ideas, not only by cooperating but also by concurrent search. It may seem to be too
ambitious to model the cooperation of di�erent persons at a time when we have not yet developed
an adequate model for the mathematical reasoning of a single person. Minsky [Min85], however,
gives convincing arguments that the mind of a single person can and should be considered as a
society of agents. Put in the context of mathematical reasoning this indicates that it is necessary
to go beyond the traditional picture of a single reasoner acting on a working memory { even for
adequately describing the reasoning process of a single human mathematician.

In the following we want to support Minsky's argument by linking it to a key work in the
study of mathematical reasoning, Hadamard's \Psychology of Invention" [Had44]. In his study
Hadamard describes the predominant rôle of the unconsciousness when humans try to solve hard
mathematical problems. He explains this phenomenon by its most important feature, namely that
it can make (and indeed makes) use of concurrent search (whereas conscious thought cannot be
concurrent), see [Had44, p. 22]:

\Therefore, we see that the unconscious has the important property of being manifold;
several and probably many things can and do occur in it simultaneously. This contrasts
with the conscious ego which is unique. We also see that this multiplicity of the
unconscious enables it to carry out a work of synthesis."

That is, in Hadamard's view, it is important to follow di�erent lines of reasoning simultaneously
in order to come to a successful synthesis. Some pages later, on p. 46 he describes a view of
Poincar�e, namely to compare ideas to atoms | only when they meet they can react, simultaneous
movement of many atoms enlarges their chances to meet:

\Again comparing ideas to Poincar�e's atoms, it may happen that the mind projects
them, exactly or almost exactly, in certain determinate directions. Doing so has the
advantage that the proportion of useful meetings between them happens to be relatively
great compared to the sterile ones ... This is what Souriau expresses by the quite
striking phrase: \In order to invent, one must think aside" ... we can remember
Claude Bernard's statement, \Those who have an excessive faith in their ideas are not
well �tted to make discoveries." and on p. 54: But this [thinking aside] is not yet
completely satisfactory: in this way we shall think of expected directions for \aside"
thought ..."

To rephrase it, Hadamard states that concurrent search allows for combinations of ideas, which
are projected either exactly or almost exactly in a particular direction. Inventions require a lot of
knowledge, but they need a lot of (informed) search as well. For di�cult proofs, it is not su�cient
to follow a standard approach, but it is necessary to \think aside", that is, to follow paths in the
search space, which are not as promising. But Hadamard also stresses that just thinking aside {
in the terminology of search, just to search somewhere { is not enough in order to be successful.
We must limit the search to promising directions. In other words, while best-�rst search may be
trapped in just following the standard approach and may not work, the search spaces are far to
big in order for breadth-�rst search to work.

2.2 Deliberation versus Reactiveness

A classical approach to model intelligence consists of carefully selecting a knowledge representation
formalism and then modelling parts of a domain in this formalism. As an antithesis an approach
has been developed that explicitly does not make use of knowledge representation and complicated
deliberations { Brooks phrased it as \Intelligence without Reason" [Bro91]. In this approach it
is possible to obtain complex, apparently goal directed and intentional behaviour which has no
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long-term internal state and no internal communication. This is referred to as a reactive form of
behaviour modelling. For a detailed discussion of Brooks' approach and its relationship to theorem
proving see [Bun94].

Recent years have seen an attempt to reconcile the deliberative and the reactive approaches
in single agent architectures [Slo99]. This is partly motivated by looking at the human way of
acting and reasoning which can be better explained as a combination of the two cases rather than
by any one of them alone. Also, practical issues play an important rôle: in certain cases reactive
behaviour is computationally more e�cient, while in others reactive behaviour gets stuck. In the
latter case deliberative behaviour can sometimes prevent blocking of a reasoning process.

2.3 Concurrency and Resource Management

A weakness of most state of the art reasoning systems is that they usually follow rigid and in
exible
solution strategies in their search for proofs. Instead, human mathematicians use | depending
on their level of expertise | \a colourful mixture of proof techniques" (as Wittgenstein phrases
it). In an attempt to prove a mathematical theorem they typically �rst try a well known standard
technique in the focus of the mathematical theory. If this technique does not lead to the wanted
results in a reasonable amount of time, they may doubt that the theorem holds at all and look for
a counterexample. If this also fails, they may try again by widening and/or deepening the proof
search.

The aim of our approach is to emulate this 
exible problem solving behaviour of human math-
ematicians in a concurrent resource management based reasoning approach. Thus, our system
re
ects at least some of the ideas of a sophisticated and experienced problem solver as described
by P�olya in [P�ol65, I, p. 64]:

\: : : when he does not succeed in guessing the whole answer, [he] tries to guess some
part of the answer, some feature of the solution, some approach to the solution, or
some feature of an approach to the solution. Then he seeks to expand his guess, and
so he seeks to adapt his guess to the best information he can get at the moment."

In [P�ol65, II, p. 93] P�olya describes rules of discovery which can be supported by a concurrent
search e�ort. By these rules, more resources are spent on the more promising, while some (but
less) resources are spent on the less promising search directions:

\The less di�cult precedes the more di�cult. ... The more familiar precedes the less
familiar. An item having more points in common with the problem precedes an item
having less such points. ... Less remote parts precede more remote parts."

2.4 Examples for Multiple Problem Solvers

With our approach we want to tackle two kinds of mathematical problems, �rstly, problems that
are currently not automatically solvable by any system, and secondly, problems that can currently
only be solved by very specialised systems. While the motivation for the �rst class of problems
is self-evident, the latter problems are interesting as well: on the one hand in order to answer
the question whether a general mathematical reasoner can adequately deal with such problems,
and on the other hand it addresses an important aspect of user friendliness of a system. Users
should be able to perform various reasoning tasks within the same system. They should be able to
formulate their problems in a uniform and elegant way, without the need to know every specialised
system that might be appropriate for the task at hand.

We demonstrate our approach by three examples which we brie
y introduce here and which
we discuss in more detail in 6.

Our �rst example is a theorem where the equality of log(xn) and n � log(x) is derived from
the fact that two functions are equal if and only if their derivatives are equal and they have one
common value.
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(I)
[8f 8g (f 0 = g0 ^ 9x f(x) = g(x)), f = g]

) 8n (�x n � log(x) = �x log(xn))

Here the notions of a derivative (f 0 is the derivative of f and so on) and of the logarithm need
to be de�ned in a database which is available to the system. The proof of theorem (I) involves
both reasoning and calculation. Although the computation tasks like computing the derivative or
calculating n � log(x) = log(xn) for a particular value could still be done by a deduction system (if
an appropriate de�nition of the log function is available), these computations are tasks which can
typically be more e�ciently solved by some computer algebra system.

Our second example demonstrates how specialised automated reasoners and a proof planner can
fruitfully cooperate. In theorem (II) a is a binary relation, � denotes composition of binary relations
(we assume that � is de�ned for all binary relations u; v and all elements x; y as u � v(x; y) ,
9z u(x; z) ^ v(z; y))) and an is n times the composition of a.

(II) 8n 8a (an � a) = (a � an)

Theorem (II) can be proved by a �rst-order induction theorem prover given that the user
encodes the problem appropriately. However, in our approach, the straightforward higher-order
formulation leads to an e�cient proof built on the cooperation of a theorem prover for exten-
sional higher-order logic and standard �rst-order logic. The possible transformations between the
encodings are done by the cooperating reasoning systems in the background, unnoticed by the
user.

Our third example stems from the Tps-library and has already been discussed in detail
in [BBS99]. It states that if there is a partition p of some set, then there is an equivalence
relation q whose equivalence classes are exactly the elements of p:

(III) 8p partition(p)) (9q equivalence-rel(q) ^ (equivalence-classes(q) = p))

Note that partition, equivalence-classes, and equivalence-rel are derived higher-order concepts
that need to be explicitly formalised in some database available to the system. The proof of
theorem (III) requires a fair amount of higher-order equality and extensionality reasoning which
cannot be done by a single higher-order automated theorem prover so far (or any other system we
know of).

We will discuss how proofs for the �rst two problems can be derived in our system architecture
in more detail in 6. The third example is currently being studied in detail, and the search for its
proof is not fully automated yet. However, we identi�ed all the tasks that need to be done within
our architecture in order to automate the search for the solution of the third example. In 6, we
will concentrate especially on how di�erent systems have to cooperate in order to contribute to
the solutions of the given problems.

3 Search Strategies and Brittleness

Search is a major feature of most AI-systems, as a consequence search techniques are well in-
vestigated and descriptions can be found in standard textbooks in the �eld like [RN95] and in
specialised textbooks like [Pea84]. In this section we discuss some search techniques which are
relevant to our approach. Breadth-�rst search is a technique which in theory guarantees to �nd
a solution to a problem, if there is one. The downside of this technique is that it is computa-
tionally very expensive and in fact turns out to be unusable in practice. Hence, heuristic search
was invented which uses heuristic knowledge built into the system in order to prune the search
space. This technique proves to be very powerful in practice. Its main drawback is that in many
application areas no really good heuristics are known. In particular, heuristics are normally not
complete, that is, they do not guarantee to �nd an existing solution. It is possible that the heuris-
tic may guide the search down a branch of the search tree which does not lead to a solution, so
the search may get lost and no solution is found at all.
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The resource management technique described in this paper controls the amount of e�ort put
into solving a problem by each individual subsystem. The periodic evaluation and assessment of
the success of each reasoner insures that the search of that particular reasoner can rarely get lost
in a branch of a search tree that does not lead to a solution. The overall e�ect of controlling
concurrently the resources of a number of reasoners, and evaluating them periodically, is that the
search of the top level system is less brittle, and more distributed than heuristic search. Yet,
unlike breadth-�rst search, it is in many cases still practically feasible. We call this search a
focused search technique.

Figure 1 demonstrates the di�erences between breadth-�rst, heuristic and focused search tech-

Heuristic Search Focused SearchBreadth First Search

Solution Solution
Solution

Figure 1: Focused search in relation to the breadth-�rst and heuristic search techniques.

niques. Breadth-�rst search is robust in the sense that it is impossible to miss a solution. However,
it is normally prohibitively expensive. Heuristic search 1 may be considered as the other extreme
case, it is possible to go with modest resources very deep in a search tree. However, the search is
brittle in that a single wrong decision may make it go astray and miss a solution, independently
of how big the allocated resources are. Focused search can be considered as a compromise | it
requires more resources than heuristic search, but not as much as breadth-�rst search. As a result,
a solution can still be found even if the focus of the search is misplaced. Clearly, more resources
are necessary in the case of a bad than of a good focus.

Figure 2 demonstrates the comparison between the shapes of search spaces for di�erent search
techniques, given a certain amount R of resources. Breadth-�rst search looks across all the

σ

(rectangle)

Breadth First Search

area=1

area=1

area=1

Heuristic Search

(distribution)

Focused Search

(Gauss distribution)

Figure 2: Shapes of search spaces for a given amount of resources R for breadth-�rst, heuristic
and focused search techniques.

branches of a search tree at any one time. The shape of its search space for a given amount
of resources can be thought of as rectangular. Heuristic search looks only down some branches
of a search tree which are suggested by the built-in heuristics. Hence, the search may be brittle.

1Of course, this description is very simpli�ed. For the illustration purposes we actually use only one kind of
heuristic search, namely best-�rst search.
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The shape of its search space for a given amount of resources looks like a steep distribution curve.
Focused search explores the general area that particular specialised heuristics of a number of rea-
soners suggest. Hence, it is more spread out and less brittle than heuristic search. The shape of
its search space for a given amount of resources can be approximated by a Gaussian distribution
curve.

Depending on the variance �2 it is possible to simulate breadth-�rst search (no brittleness,
low search depth for a �xed amount of resources) and heuristic search (high brittleness, high
search depth for a �xed amount of resources { a good heuristic is assumed) as extreme cases.
The more you focus the more brittle is the search, the less you focus the more robust it is. So
the concurrent resource-bounded search subsumes di�erent extreme cases and can be triggered to
model the intermediate cases as well. The invariance �2 is changed by changing the amount of
resources allocated to the specialised provers.

In practice, the focused search technique can be more successful in �nding a solution to a
problem than the traditional heuristic search technique. Later in the paper we will show an
example of a theorem which goes beyond the strength of existing theorem provers, but which
could be solved in our resource managed system. More research is necessary in particular in form
of empirical studies to compare heuristic and focused search. In particular, it would be interesting
to know whether a monotonicity assumption can be made for existing automated theorem provers.
That is, if a reasoner is given a certain amount of resources and it succeeds to �nd a solution,
would it still be able to �nd this solution if it is given more resources? If it does, and therefore
the reasoner is monotonic, then a monotonic resource allocation to all of the monotonic reasoners
in our architecture would preserve the monotonicity property of the overall system.

4 Architecture

The architecture that we describe here allows a number of proof search attempts to be executed
in parallel. Each specialised subsystem may try a di�erent proof strategy to �nd the proof of a
conjecture. Hence, a number of di�erent proof strategies are used at the same time in the proof
search. However, following all the available strategies simultaneously would quickly consume
the available system resources consisting of computation time and memory space. In order to
prevent this, and furthermore, to guide the proof search we developed and employ a resource
management concept in proof search. Resource management is a technique which distributes
the available resources amongst the available subsystems (cf. [Zil95]). Periodically, it assesses
the state of the proof search process, evaluates the progress, chooses a promising direction for
further search and redistributes the available resources accordingly. If the current search direction
becomes increasingly less promising then backtracking to the previous points in the search space
is possible. Hence, only successful or promising proof attempts are allowed to continue searching
for a proof. This process is repeated until a proof is found, or some other terminating condition
is reached. An important aspect of our architecture is that in each evaluation phase the global
proof state is updated, that is, promising partial proofs and especially solved subproblems are
reported to a special plan server that maintains the progress of the overall proof search attempt.
Furthermore, interesting results may be communicated between the subsystems (for instance, an
open subproblem may be passed to a theorem prover that seems to be more appropriate). This
communication is supported by the shells implemented around the specialised problem solvers.
The resource management mechanism analyses the theorem and decides which subsystems, i.e.,
which provers, should be launched and what proportion of the resources needs to be assigned to
a particular prover. The mechanism is also responsible for restricting the amount of information
exchange between subsystems, so that not all of the resources are allocated to the communication.
Figure 3 demonstrates this concurrent resource management based proof planning architecture.

Clearly, the evaluation of the success of a proof strategy is crucial for determining the amount
of resources that is allocated to a subsystem. This evaluation is based on the contribution that
the subsystem has made in the proof attempt as well as on its prospect of success in the rest
of the search. For example, a favourable contribution is a partial problem solution. The future
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Exchange of Results)
(Communication/

Assesment / Evaluation

Exchange of Results)
(Communication/

Assesment / Evaluation
(Communication/

Assesment / Evaluation
(Communication/

Assesment / Evaluation

Exchange of Results)

Exchange of Results)

Completed Proof

Theorem

Partial Proof 

Partial Proof 
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Figure 3: The reasoning process { iterative allocation of resources to specialised provers (PAx) by
assessment/evaluation, and the subsequent construction of a proof of a given theorem.

prospect of a specialised problem solver is estimated with respect to the updated global proof tree
and according to the information communicated between the subsystems.

4.1 System Components

We realise the so-called focused proof search as an adaptation of the multi-agent planning architec-
ture, MPA, [WM98] in the proof planning domain. The main component of MPA is a multi-agent
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proof planning cell, which consists of several planning agents, a plan server, a domain server, and
�nally a planning cell manager. The comparison between MPA in [WM98] and our architecture
is given in 7.

4.1.1 Planning Agents

To build up a concrete multi-agent proof planning cell we choose a �nite subset of agents A :=
fA1; : : : ; Ang from a given pool of planning agents. A planning agent either consists of a single rea-
soning system or of a composition of reasoning systems. Generally, a planning agent encapsulates
any reasoning system (or a composition of systems) that is capable of reading and returning partial
proof plans in a uniform representation format. Figure 4 illustrates graphically the structure of

Agent Shell

Reasoning
System(s)

External
Communacation

Internal
Communication

Control

Figure 4: Structure of a planning agent.

a planning agent. In general, a planning agent may even encapsulate another multi-agent proof
planner, that is, we allow our architecture to be recursive. Consequently there may exist internal
communication among the encapsulated subsystems. The task of the agent shell is to provide a
standardised communication protocol between agents and the planning cell manager as well as
amongst the planning agents themselves, and to control the encapsulated systems, for instance,
with respect to resource handling. However, the pool of proof planning agents suggested below
consists only of single reasoning systems or rather simply structured compositions of reasoning
systems.

4.1.2 Plan Server

A plan server stores partial proof plans returned by the planning agents in their previous runs
within the uni�ed data format. In addition to the currently focused partial proof plan it also stores
alternative partial proof plans delivered by the planning agents so far. This enables backtracking on
two distinct levels: on the one hand, we can backtrack within the actual proof plan by taking back
single proof steps or subproofs contributed by some of the planning agents. On the other hand,
we can completely shift to some alternative proof attempt that has been abandoned previously.

In addition, the plan server provides a communication blackboard that is associated with the
currently focused partial proof plan. This blackboard provides communication facilities for the
running agents. For example, a higher-order reasoner may want to pass the generated �rst-order
clauses to the centre of expertise for �rst-order logic to be checked for inconsistency (for details
see 6).

4.1.3 Domain Server

A domain server provides the necessary knowledge for the planning cell manager as well as for the
single planning agents. In our context it consists of a structured database of mathematical theories.
Each theory contains de�nitions of mathematical concepts, related lemmata and theorems together
with their proofs and possibly a collection of open problems. Moreover, it contains domain speci�c
knowledge relevant to certain planning agents.
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Additional information stored by the domain server includes statistical information about
which subsystem proved which theorem, how fast the subsystem proved the theorem, in which
mode did the subsystem prove the theorem, etc. Failed proof attempts can also be associated with
the open problems in the domain server. All this information is useful for the assessment of the
suitability of a subsystem to solve a problem, and the subsequent distribution of the resources to
this subsystem in a proof search attempt.

For example, let us assume that a subproblem in the focus belongs to a certain class of theo-
rems in some domain. If the information stored in the domain server suggests that a particular
subsystem was successful in solving theorems from this domain in the past, then this subsystem
should be preferred and get the largest amount of resources allocated in the subsequent proof
search attempt.

4.1.4 Planning Cell Manager

Tasks of the planning cell manager are to evaluate the resulting partial (or complete) proof plans
delivered by the planning agents at the end of each running phase, and to update the plan server
accordingly. This means that the most promising partial proof plans are selected and inserted into
the backtracking tree according to their particular evaluation result. The non-interesting partial
proof plans are therefore �ltered out. This generally leads to a new partial proof plan to be in the
focus of the next planning phase. Once a new partial proof plan has been selected, the planning
cell manager has to allocate new resources to the available planning agents for the next planning
phase. This focuses the proof search on a particular direction based on the examination of the
selected partial proof plan.

4.2 The Running System

We already illustrated in Figure 3 that our system iterates single reasoning phases in which
the planning agents concurrently try to solve the problem in the focus. We furthermore hinted
that each phase is realised by three subsequent steps: assessment and distribution of resources,
concurrent reasoning, and evaluation of results. These steps will now be discussed in more detail.

4.2.1 Assessment and distribution of resources

Planning

Manager
Cell

Domain
Server

Plan
Server

PA-1

PA-2

PA-3

domain knowledge
(e.g. relevant math. definitions)

Resource Distribution 
& additinal information
   (e.g. control knowledge)

actual partial proof plan
& passive partial proof plans
& history information

...

Figure 5: Assessment and distribution of resources.

The task of this step is to compute an appropriate resource distribution for the planning agents
used in the next run. As a result of this step we obtain a triple (t;m; h) for each planning agent
in the planning cell, where t speci�es a time-bound, m a memory-bound and h a particular host
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system for executing the computations. Planning agents can be excluded from search by setting
their time-bound (or memory-bound) to 0.

In our prototype implementation we aim to realise a restricted version of the general architec-
ture described above, namely a system with synchronised runs. Thus, the agents either obtain the
time-bound 0 (i.e., they are excluded from the next run) or a time-bound a that is �xed for all
agents in the next run. One can give preference to the most promising agents by assigning them
to the most powerful host systems available.

Furthermore, in our prototype, the evaluation and resource distribution is still executed mainly
by the user. One of the most challenging research tasks is to develop more assessment criteria
appropriate for automating the evaluation. However, the goal is not to remove the human from
this process. On the contrary, our approach strongly facilitates the communication between the
human and the machine. In fact, human expertise is incorporated during the assessment phase.
Therefore, it is important to provide an elaborate user-interface for supporting human-machine
interaction during the assessment and distribution task.

Some assessment criteria suitable for automation are:

(i). The logic that the current problem and its proof belong to: for example, in case of a �rst-
order problem, higher-order reasoners should obviously be excluded from the search. A proof
planner should probably be invoked in a special �rst-order reasoning mode (if available).

(ii). The mathematical theory that the current problem and its proof belong to: for example, if
a problem belongs to the limit domain, then the assessment module may give preference
to the 
mega-proof planner, which is currently the only available system with strengths in
this domain. The knowledge about the strengths in particular mathematical domains for
particular systems can be received from the domain server.

(iii). The similarity of a current subproblem to some already solved theorems stored in the domain
server:2 if similar problems are found, preference is given to the planning agent that solved
these before. Furthermore, if available, preference is given to a planning agent which uses
analogy reasoning techniques.

4.2.2 Concurrent reasoning

Planning

Manager
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Domain
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Plan
Server
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PA-2

PA-3

...

actual partial proof plan
& dynamic exchange 
    of infomation
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domain knowledge

Figure 6: Concurrent reasoning.

According to the resource distribution computed in the assessment step the planning agents
then start to reason about the problem in focus. The problem in focus can be requested by the

2For this task we employ the similarity checker of 
mega's analogy component [Ull00]. In this context the
analogy planning agent (as sketched in 5.1) is important. It is is capable of reformulating 
mega-proofs.
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agents from the plan server. The agents quit their search either when their computations terminate
or as soon as their resources are consumed. In the former case agents can return either some useful
result or failure, while the latter case will be recorded as failure automatically if the systems are
not able to return some useful results. A useful result can be of one of the following types: an
indication of the successful solution of a problem, a result of a computation or a completed or
partial proof plan.

Interesting data can be exchanged between the concurrently running planning agents via a
special communication blackboard maintained by the plan server. For instance, a planning agent
for higher-order resolution reasoning may pass pure �rst-order clauses generated within its reason-
ing process to the planning agent for �rst-order reasoning. This �rst-order reasoner then checks
whether the generated �rst-order clauses are unsatis�able (see 6 for further details). In our proto-
type the run-time communication via the communication blackboard should be reduced as much as
possible in order to avoid a communication bottleneck. Although we support the communication
between higher-order reasoners and �rst-order reasoners via this channel, we do not want to estab-
lish a communication between specialised automated �rst-order reasoning systems as for instance,
suggested in [DF99]. In our architecture, a centre of expertise for �rst-order reasoning should be
encapsulated itself as a planning agent (see also the description of the �rst-order planning agent
sketched in 5.1).

4.2.3 Evaluation of results

After terminating their computations the agents return completed or partial proof plans in the
uniform data format to the planning cell manager. The cell manager then evaluates the incoming
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partial proof plans
resulting from the
running phase
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Figure 7: Evaluation of results.

partial proof plans and encodes the results of this evaluation process, for instance, in form of
an integer value assigned to each partial proof. This integer value indicates how promising a
particular proof plan is for further investigation. After �ltering out all non-promising results, the
remaining partial proof plans are reported to the plan server. The plan server stores them in a
preference list according to their evaluation results. The best rated partial proof plan becomes
the current proof plan in the next run. If the evaluation of the partial proof plans indicates that
the system searched in a non-promising direction, then the system can use the preference list of
previously evaluated proof attempts in order to continue its search in a more promising direction.

As mentioned in the assessment and resource distribution step, one of the most challenging
research tasks is to automate the evaluation process. Again, we do not want to exclude the user
from this crucial task. On the contrary, we support the user by providing an elaborate user-
interface that o�ers appropriate evaluation criteria which are suitable for automation.

The evaluation criteria are:
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(i). The selected partial proof plan should be new with respect to the proof plans previously pro-
cessed by the plan server.

(ii). There are more simpli�ed expressions in the partial proof plan than before.

(iii). The open goals in the selected partial proof plan must be simpler. By simpler we mean,
for example, an open goal has been reduced from higher-order to �rst-order logic, or from
�rst-order to propositional logic.

(iv). The open goals are similar to previously proved theorems, which are stored in the domain
server.

5 Implementation

In this section we detail which part of the architecture presented is currently implemented in a
�rst prototype. Figure 8 illustrates the design of this prototype which is only partially completed
so far. Moreover, some of the subsystems employed in our architecture still require modi�cations.

...

TPS-Agent

TPS-System
& TPS-Trans

LEO-Agent

LEO (OMEGA)

FO-Agent

& FO-Trans

FO-Reasoners
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CAS-Simplif.
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(OMEGA)
Analogy

EXTENDED

LOUI
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OMEGA
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MATHWEB-Agents
realised as 

for communication
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Figure 8: Implementation and design decisions: concrete choices of subsystems.

In the prototype implementation we tried to draw as much as possible on the already existing
infrastructure in order to evaluate the feasibility of the proposed architecture. Therefore, we used
the core of the 
mega-system as starting point of the implementation.

As a �rst approximation to the plan server we use 
mega's partial proof plan data structure
(PDS) which maintains 
mega-style generalised natural deduction proofs simultaneously on dif-
ferent layers of abstraction [CS99]. The contributions of most of the integrated agents can be
incorporated or translated into the PDS format. For instance, terms computed by the computer
algebra system can be translated into 
mega's syntax and incorporated into the proof, or refu-
tation proofs by �rst-order theorem provers can be translated into PDS-style natural deduction
proofs. Thus, the PDS in our prototype serves as a uniform communication data structure. In the
future, we aim to adapt it and develop a PDS format which is less complex, optimised and more
pertinent to our setting. This is currently being developed.

The main research task is the development of an intelligent planning cell manager. Cur-
rently we have expanded 
mega's mechanism to suggest commands for interactive theorem prov-
ing [BmS98]. This mechanism is based on a multi-agent architecture where the single agents test
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rules and tactics for the applicability in a given proof state. They then present the applicable ones
to the user in a heuristically ordered way. The suggestion mechanism provides resource adaptive
behaviour for single command suggestion agents. Moreover, it can classify certain subgoals as ap-
propriate for a speci�c automated theorem prover, and it can suggest its use to the user [BmS99].
Like 
mega's core system, this whole mechanism is implemented in LISP.

The classi�cation agent also realises the �rst two assessment criteria given in 4. The preference
for calls to a speci�c system is enforced using the heuristic sorting functions for the suggestion
mechanism. These are presented to the user via a graphical display of the blackboard containing
all sorted suggestions. Moreover, we have automated the process of assessing and executing
to an extend that the suggestion mechanism carries out a certain prede�ned number of steps
automatically. The backtracking for this automation is, however, still rudimentary. It works only
for backtracking single step tactic applications, but not yet for the whole subproofs inserted by
some reasoning component.

Calls to system components, other than the simple application of tactics, are carried out in
the background. For this, in particular for calls to Maple, we partially employ the Mathweb

architecture [FHJ+99] into which 
mega is embedded. Mathweb has an architecture that is
similar to CORBA (CommonObject Request Broker Architecture) [Sie96]. Systems are integrated
as mathematical services by embedding them in agent shells. The shell enables the communication
with other services via the domain-independent general communication language KQML [FF94].
Mathweb can automatically distribute the agent shells to di�erent host systems over the internet,
and manage the maintenance of processes and the message handling. However, the resource
concept of Mathweb is not yet fully developed. This forces us to restrict ourselves, for now, to
allocating computation time as resources only to the single agents.

The contributions of automatic components in the form of suggestions for further proof at-
tempts can be displayed on the blackboard. However, due to only partial implementation of a
plan server, the choices of subproofs can be displayed only one at a time, rather than several
choices at the same time. The implementation of the display of several choices of the subproofs
on the blackboard simultaneously will require to keep several copies of a PDS in parallel, and
an extension of the graphical user interface Loui [SHB+99]. Presently, the user has to make an
appropriate choice.

Finally, we employ 
mega's knowledge base which consists of a hierarchically structured col-
lection of theories as our domain server. The theories contain basic de�nitions, axioms, theorems
and tactics for particular mathematical domains as well as domain speci�c knowledge for 
mega's
proof planner. As displayed in Figure 8, we aim to employ the Mbase-system [FK99] as domain
server. However, Mbase is still in the early development phase and thus, is not yet suitable for
our purposes. Once it is completed, it will not only contain mathematical knowledge in di�erent
representations, but it will also be accessible from di�erent types of mathematical reasoning sys-
tems. Moreover, it is planned to have Mbase as an independent system within Mathweb. This
will make our architecture more independent from the 
mega core system.

5.1 Selected Planning Agents

Here, we describe a few specialised reasoning agents used in our architecture.

TPS-Agent

TPS-System
& TPS-Trans

The Tps-agent provides the Tps-system [ABI+96] { an automated reasoning system
for higher-order logic | together with a special module of the 
mega-system that is
capable of translating partial proofs from the PDS format into corresponding partial
proofs in the input format for Tps and vice versa. During the transformation process

the translation module looks up in the domain server the unexpanded mathematical de�nitions
given in PDS format (see 4.1), and makes this information available to the Tps-system. Hence,
Tps can use its mechanism for selectively expanding de�nitions [BA98]. The result of this agent,
after consuming the available resources, is either a completed or a modi�ed partial proof.
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LEO-Agent

LEO (OMEGA)

The Leo-agent encapsulates the resolution based higher-order theorem proving system
Leo [Ben99] which specialises in simple extensionality reasoning. The Leo-system is
implemented as part of the 
mega-system. Hence, this agent provides a particular
instance of the 
mega core system. However, our system employs only the features

belonging to the Leo-subsystem. Leo often generates a set of contradictory �rst-order clauses
when using extensionality reasoning to solve problems [Ben99]. Since Leo lacks facilities for
e�cient �rst-order reasoning it can take a while for it to realise that the clauses are contradictory,
or it might even fail to do so altogether. Therefore, it is advisable to pass �rst-order clauses
generated by Leo to specialised �rst-order reasoners in order to improve the overall capability of
the system. This idea is illustrated in detail in 6.

FO-Agent

& FO-Trans

FO-Reasoners

The FO-agent is a collection of the state of the art �rst-order reasoners (Otter,
Spass, Bliksem, and Protein), as well as special �rst-order equational reasoners
(Waldmeister and EQP). In our prototype implementation the FO-agent runs the
embedded reasoners in parallel. It uses some knowledge of the structure of the proof

problem and the expertise of the embedded systems by being able to exclude the equational
reasoners from proving non-equational problems. Results from the �rst-order provers can be
integrated into the overall proof by employing a translation module that can translate refutation
proofs into PDS-style natural deduction proofs [Hua94, Mei97]. This module is an integral part
of the 
mega-system, but is currently being made available as a stand-alone component in the
Mathweb environment. In case several of the �rst-order reasoners return a proof within their
speci�ed resource limitation, then the proof which translates into the shortest natural deduction
proof is preferred.

So far, we do not yet organise any further communication between the single �rst-order provers.
However, we intend to replace this rather simple agent by a more elaborate centre of expertise for
�rst-order reasoning. For instance, one could integrate or rebuild a system as sketched in [DF99],
enhance it with an appropriate translation module, and encapsulate it into an agent shell.

CAS-Agent

CAS-Simplif.
Specialised

The CAS-agent employs computer algebra systems in order to simplify the current
proof problem. It is a wrapper for sapper, a generic interface that can connect ar-
bitrary computer algebra systems to 
mega [KKS98]. sapper integrates the general
purpose computer algebra systemsMaple, GAP and Magma (two systems specialised

on group theory), and our self-tailored �CAS system (a small computer algebra system specialised
on polynomial manipulations and arithmetic) which has the ability to generate proof plans for its
computations. Since sapper also realises the syntax translation for the single system, the CAS-
agent can use this knowledge to decide whether any expression within one of the proof problems
can be passed to one of the integrated computer algebra systems. It then passes these expressions
to the appropriate computer algebra system | possibly to several in parallel | and, in case the
expression was successfully simpli�ed, returns the resulting simpler proof problem. Thus, com-
puter algebra systems are currently used as black boxes, except in the case of the �CAS system
which also returns partial proof plans in PDS format.

OMEGA-Agent

Plan (OMEGA)
& CAS

& COSIE
& FO-Systems

The 
mega-agent provides a particular instance of the traditional 
mega-proof plan-
ner together with the employed external subsystems. The state of the art 
mega proof
planner employs the COSIE constraint solver, the computer algebra system Maple,
and several �rst-order reasoners. As 
mega operates directly on partial proofs in

the PDS format, this agent after consuming the available resources, returns as a result either a
complete or a partial proof.

User-Int.-Agent

OMEGA
interactive

The automated agents and the user may work concurrently on the problem in focus.
The interactive user session is made available by an additional planning agent which
provides (another) instance of the 
mega-system together with the user interface
Loui for interactive proof development. Note that our system behaves like a tradi-

tional interactive theorem proving environment in case the planning cell manager gives preference
to the results of the user in all evaluation phases.
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Analogy-Agent

(OMEGA)
Analogy

The analogy agent encapsulates the analogy reasoning system described in [Ull00].
This system looks for target theorems in the domain server that share major similar-
ities to the given source problem. If it �nds a suitable target theorem it then tries
to use the target proof to solve the source problem. The result of the reformulation

process is either a complete or partial proof in PDS format.

Induction-Agent

& Ind.-Trans

Induction Reas.

So far, we do not have any reasoning component specialised on induction integrated
into the system. However, the INKA-system [AHMS99] is currently being integrated
into the Mathweb environment. Thus, we will be able to employ this system soon.
Since INKA uses a sequent calculus and stores proofs in a PDS-like structure, it will

be straightforward to integrate the subproofs found by INKA with the help of an appropriate
translation module. In the long run, it would be desirable to integrate several induction reasoners
in order to form a respective centre of expertise. Hence systems such as CLAM [BvHHS90] and �-
CLAM [RSG98] could be connected as well. Since both systems work with a planning architecture
it would be possible to incorporate their partial plans into our architecture.

In the current implementation the planning cell manager has at its disposal the TPS-, LEO-
, FO-, and CAS-agents, as well as 
mega's proof planner and interactive proof development
facilities.

6 Examples Revisited

We illustrate now how the examples introduced in 2.4 are tackled in our system architecture. We
want to point out that our system is still under development and that the following examples
can currently be solved semi-automatically. In particular, the examples have been analysed in a
simulation of our system, where the user took over the crucial tasks of the planning cell manager.

6.1 Example I

(I)
[8f 8g (f 0 = g0 ^ 9x f(x) = g(x)), f = g]

) 8n (�x n � log(x) = �x log(xn))

In the �rst run theorem (I) is simpli�ed by 
mega's proof planner and by Tps by applying the
obvious natural deduction rules as far as possible. As a result, both systems pass the following
sub-problems to the planning cell manager:

(�x n � log(x))0 = (�x log(xn))0 (1)

and
9x n � log(x) = log(xn) (2)

Both sub-problems are then tackled independently in the subsequent concurrent runs. Sub-
problem (1) can be solved by both, the computer algebra system Maple and 
mega's proof
planner, using the knowledge provided by the domain server. The domain server contains the
appropriate theorems that determine the respective derivatives. Hence, the planning cell manager
has the choice between two di�erent solutions for the same problem3.

The task in the sub-problem (2) is to compute a witness-term that satis�es the given equality.
In our system this is currently only solvable by Maple. When asked for which x the equality
n � log(x) = log(xn) holds,Maple simply returns x itself. This indicates that the two functions are
equal within their domain. Hence, the planning cell manager now has to chose a value from the
domain of the logarithmic functions and call Maple to do the necessary simpli�cations. In our
case x = 1 is the obvious choice, since for this value the left and right hand side of the equation
evaluate to 0 (this requires knowledge like log(1) = 0).

3In our case, the system would prefer the solution proposed by the planner since it is based on the knowledge
of the domain server. The knowledge of the domain server is considered more reliable than the information from
an external component.
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6.2 Example II

(II) 8n 8a (an � a) = (a � an)

In a �rst run 
mega's proof planner or the user employs an induction method in order to split
the theorem into two subgoals: the trivial base case 8a (a � a) = (a � a) and the more complicated
step case (8a (an � a) = (a � an)) ) (8a ((an � a) � a) = (a � (an � a))). In a subsequent run
the higher-order extensionality reasoner Leo works on this example. First the de�nition of � is
unfolded and as Leo is a resolution based reasoner the problem is then negated and reduced to
clause normal-form. Hence, Leo's initial clause set consists of the following two clauses:

:((�x; y 9u (9v an(x; v) ^ a(v; u)) ^ a(u; y)) = (�x; y 9u a(x; u) ^ (9v an(u; v) ^ a(v; y))))

and

(�x; y 9z an(x; z) ^ v(z; y)) = (�x; y 9z a(x; z) ^ vn(z; y)))

where a is a Skolem constant and, in the second formula, v a free variable. By applying its special
extensionality rules Leo generates the following set of �rst-order clauses from the negated unit
equation (note that Leo always applies its extensionality rules exhaustively in a straightforward
way to equations between set and relation descriptions as given here), where s1; : : : ; s6 are Skolem
terms and x; y; z; w are variables:

a(s1; s2) _ a(s3; s2) (1)

an(s4; s1) _ a(s3; s2) (2)

a(s5; s4) _ a(s3; s2) (3)

a(s1; s2) _ a(s6; s3) (4)

an(s4; s1) _ a(s6; s3) (5)

a(s5; s4) _ a(s6; s3) (6)

a(s1; s2) _ an(s5; s6) (7)

an(s4; s1) _ an(s5; s6) (8)

a(s5; s4) _ an(s5; s6) (9)

an(s4; s1) _ :a(x; s2) _:an(y; x) _ :a(s5; y) (10)

a(s5; s4) _ :a(x; s2) _:an(y; x) _ :a(s5; y) (11)

a(s3; s2) _ :a(x; s2) _:a(y; x) _ :an(s5; y) (12)

a(s6; s3) _ :a(x; s2) _:a(y; x) _ :an(s5; y) (13)

an(s5; s6) _ :a(x; s2) _:a(y; x) _ :an(s5; y) (14)

a(s1; s2) _ :a(x; s2) _:an(y; x) _ :a(s5; y) (15)

:a(x; s2) _ :a(y; x) _:an(s5; y) _:a(z; s2) _ :an(w; z) _ :a(s5; w) (16)

Analogously, Leo transforms the positive unit equation into the following set of clauses, where
s7 and s8 are Skolem terms:

v(s7; x)_ :vn(y; x) _ :v(z; y) (17)

vn(x; s7) _ :vn(y; z) _ :v(x; y) (18)

vn(s8; x)_ :v(y; x) _ :vn(z; y) (19)

v(x; s8) _ :v(y; z) _ :vn(x; y) (20)

Thus, within less than 3 seconds this inconsistent set of clauses is available within Leo. Al-
though the inconsistency of this set of generated clauses can be proved trivially in a specialised
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�rst-order reasoner (Otter needs less than 2 seconds when employing the higher-order to �rst-
order encoding as inbuilt to 
mega), this task takes quite a long time within the higher-order
reasoner Leo (more than 3 minutes). This is due to the fact that Leo is not specialised in �rst-
order reasoning, and it also has to cope with other { potentially higher-order { clauses in its search
space. Fortunately, our architecture enables Leo to dynamically exchange the clauses between
the reasoners in the centre of expertise for �rst-order logic. This is done via the communication
blackboard maintained by the plan server. Hence, the generated set of clauses is passed to these
specialised reasoners which detect the contradiction immediately.

6.3 Example III

(III) 8p partition(p)) (9q equivalence-rel(q) ^ (equivalence-classes(q) = p))

The search for the solution of theorem (III) has not, as said in 2.4, been automated yet.
However, we identi�ed the tasks that need to be done. Here we give a general analysis of these.

First, the initial proof goal is split into three subgoals (e.g., with the help of a proof planner).
Namely, from a given partition p we can derive the existence of an equivalence relation q, consti-
tuting the �rst subgoal. For the same equivalence relation q it holds that its equivalence classes
are exactly p. The two directions of the set equality give us the second and the third subgoal.
Next, higher-order equality and extensionality reasoning is required. The �rst two subgoals can be
solved automatically by the higher-order prover Tps. The last subproblem, which requires a fair
amount of extensionality reasoning, we expect to be solvable by cooperation between the higher-
order extensionality prover Leo and a �rst-order automated theorem prover. Leo provides the
necessary higher-order extensionality treatment, however, it cannot cope with the large number
of �rst-order clauses that are generated subsequently. Therefore, this set of clauses is passed via

mega to the �rst-order specialist available within our concurrent subsystems society.

6.4 Evaluation

Although the examples presented here are non-trivial with respect to their automation, they are
still far away from being impressive from a mathematical point of view. The main point here is
not to demonstrate how powerful our system already is, but to illustrate that the architecture is
capable of embedding di�erent styles of automated reasoning and computation in a sensible way
into one single system. Above all, it allows to integrate the user on two di�erent interaction layers:
�rstly, the user may operate as an intelligent proof planning agent in an interactive instance of

mega in competition to the other reasoning agents in each running phase. Secondly, the user
may supply expert knowledge and support to the planning cell manager by (re-)directing the
system in promising directions. One of our aims is to relocate necessary user interaction in our
system mainly to the latter layer. Note that the above examples can already be proved without
any user interaction on the former layer.

Another interesting aspect illustrated by theorem (II) is that the system has capabilities to
reduce problems that are essentially of �rst-order nature, but which are stated in our system in a
more elegant and natural (and thus user-friendly) higher-order formulation, automatically into an
appropriate �rst-order encoding. This contrasts reasoning in a restricted �rst-order environment
where the encoding of a problem into a �rst-order formulation has to be supplied in advance by
the user. Burdening the user with �rst-order coding is problematic for two reasons. First, the
encoding requires a fair amount of explicit knowledge, and second, it often requires the user to
solve some crucial aspects of the problem, for instance, by implicitly employing extensionality
reasoning.

7 Related Work

Our work is related to work in multi-agent systems in general, and to approaches to distributed
proof search and agent-oriented theorem proving in special.
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One of the �rst theorem proving systems which uses distributed search is Denzinger's \team
work" approach, in which theorem proving is modelled as a team of experts. A team has a
supervisor which distributes the tasks, and a number of experts which work on selected subtasks
and which are evaluated by referees. Important results are exchanged in team meetings, and based
on the referee reports the team may be restructured (see, e.g., [DF94]). While theorem proving in
the original team work system can be viewed as selecting strategies within multiple instances of
the same theorem prover, this work has been extended in the Techs system in order to realise the
cooperation between a set of heterogeneous �rst-order theorem provers (see, e.g., [DF99]). Partial
results are exchanged between the di�erent theorem provers in form of clauses, and di�erent
referees �lter the communication at the sender and receiver side of the communication.

There are two main di�erences between Denzinger et al 's and our work. First, the diversity of
integrated systems is bigger in our case (incorporating higher-order theorem provers and computer
algebra systems). Second, we try to integrate reactive and deliberative behaviour and have a more
open-ended approach to search with our focused search approach, at the price that our model has
a more complex structure, but may turn out to be more 
exible. In particular, Techs does not
provide techniques to translate selected results of the reasoning agents (e.g., clauses derived by a
�rst-order theorem prover) into derivations in a uniform proof data structure, whereas for most
systems in our approach this is possible. Hence, our evaluation criteria may be able to exploit
knowledge on a more abstract level and relate the contributions of the agents to the current partial
proof in the global proof attempt. As our system stores interesting results of previous running
phases it is able to backtrack (i.e., to relocate the focus) to previously dismissed search directions.
This kind of focus shifts are not supported in the Techs approach.

The concurrent resource managed approach to theorem proving is related to agent based the-
orem proving architectures. Some of the state of the art agent architectures for automatic and
interactive theorem proving are discussed in [Fis97], [BmS98], and [BmS99].

To give a full account of related work in multi-agent systems would go much beyond the
scope of this paper. We borrow in our approach much from the general terminology used in
multi-agent systems { expressions like plan, reactive behaviour, resources are very common in this
�eld. Important in our context is the development from planning, as described for instance in
Strips [FN71], over an approach of merely reactive behaviour, as advocated by [Bro91], to very
sophisticated multi-level architectures, as presented by [Slo99].

From an architectural point of view our system can be seen as an adaptation of the con�guration
for multiple planning cells of the multi-agent planning architecture (as described by [WM98])
to the proof planning domain. MPA is a distributed architecture which can run a number of
agents in parallel. It is based on the concept of planning cells. Each planning cell consists of a
collection of agents, two of which are distinguished: the planning cell manager and the plan server.
Agents employed in MPA have the capability to communicate directly with other agents. This is
facilitated by wrappers, agent libraries, and communication and plan transformations which de�ne
the message protocols. MPA can be con�gured in two ways: as a single planning cell con�guration
for generating individual solutions to a planning task, or as a multiple planning cell con�guration
for generating alternative solutions in parallel. A multiple planning cell con�guration includes
multiple instances of the single planning cell con�guration coordinated by the meta planning cell
manager. The MPA framework has been used in the development of several large-scale problem
solving systems.

There are clearly many similarities between our concurrent resource managed deduction archi-
tecture and MPA. Like MPA, our system is composed of planning cells which consist of a planning
cell manager, a plan server and a number of specialised reasoning agents. When triggered, these
agents run in parallel in both systems. We can view our architecture as an adapted example of
a multiple planning cell con�guration. However, unlike in MPA which is applied to the domain
of planning, the problem domain tackled by our architecture is proof planning and deduction.
Clearly, this means that our specialised problem solvers are di�erent from the ones employed in
MPA. Other di�erences between the two frameworks are that in MPA agents can communicate
directly with each other, whereas in our system the communication is indirect via a communication
blackboard provided by the plan server. Furthermore, MPA employs a shared plan representation
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which is understood by all agents, whereas our agents are used as glass boxes which use their own
representation. We employ the 
mega proof data structure as a uniform data structure used by
the planning cell shell, and the planning manager to carry out the translation to and from the
data structures of individual agents.

The comparison of our work with MPA [WM98] also clari�es the commonalities and di�erences
of our approach to the approach of Melis and Meier, which is another related system. Namely, the
system described in [MM99] can be viewed as an adaptation of the single planning cell con�guration
in MPA, applied to the proof planning domain, rather than multiple planning cell con�guration
as it is in our case.

Recent work in multi-agent systems tries to reconcile di�erent paradigms by integrating them
in a hybrid system, in particular to combine plan-oriented and reactive methods. We do not
claim that we have achieved such a combination with our system yet. In order to achieve this,
the critical question of how to allocate resources automatically would need to be resolved, and
a deeper understanding of the interplay of reactivity and long-term planning would be needed.
We think, however, that we made �rst steps to transfer and implement the ideas in this general
area. In particular, we combine heterogeneous approaches like theorem proving in �rst-order
logic, in higher-order logic, computer algebra, proof planning, and interactive theorem proving.
The integration of further components (like model generators) should be straightforward. In order
to further develop the full potential of the approach, many problems, some of which are very hard,
have to be solved. We brie
y discuss some in the next section.

8 Further Work

The most crucial open research task concerns further development of the planning cell manager
which controls and realises the focused proof search of the overall system.

Clearly, the success of the overall system strongly depends on the availability and applicability
of suitable evaluation and assessment criteria. Although some sensible criteria have been presented
in the paper (simplicity/complexity of partial proofs, the theory/logic a subproblem belongs to,
and the similarity of open subproblems to already solved problems stored in the database), they
need to be extended by more �ne-grained ones.

Despite our aim to increase the degree of automation and the quality of the planning cell
manager in the evaluation and assessment processes, we explicitly want to integrate the user as
�nal means of control for these crucial tasks. Ideally, the planning cell manager presents the results
of its evaluation and assessment processes in an appropriate user interface. The user will then be
able to bring into the system his/her expertise in order to (re-)direct the focus of search to the
most promising directions. In order to support this way of user interaction, the corresponding
graphical user interface facilities have to be built. Therefore, we want to appropriately extend

mega's graphical user interface Loui. For example, Loui should be able to present several
partial proof plans { the most promising ones returned in each running phase of the system.

Currently, we use 
mega's database of mathematical theories as a domain server. As soon as
the development of Mbase is at an acceptable stage, Mbase will be employed as domain server
in our system instead.

The Mathweb environment currently being developed will provide a fruitful basis for our
system. However, only some of the reasoning agents exist as Mathweb-agents. Furthermore, the
required communication and resource management facilities of the Mathweb-agent are still not
fully available. Therefore, we employ in our prototype system ad hoc implementations of agent
shells. Subsequently, these ad hoc agent shells will be replaced by the respective Mathweb-shells.

Interesting further work will also concentrate on the question of whether it is possible and
sensible to employ copies of the system architecture at a lower layer, so that the system allows,
for instance, grouping of homogeneous provers tackling similar kinds of problems into one single
reasoning agent. It may be useful to group classical �rst-order reasoners together to form a centre
of expertise for classical �rst-order logic. Ideally, such centres of expertise may use a mechanism
analogous to the overall system in order to organise the communication between its subsystems,
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and to further distribute the resources they obtain at the upper level. The systems in a centre of
expertise can be evaluated using �ne-grained evaluation criteria. Evaluation experiments of this
kind have been carried out in the past, for instance, for �rst-order theorem provers and other
homogeneous systems, cf. [Fis97, Wol98, DF99]. They proved to be successful and gave positive
results. That is, it is possible to realise a more homogeneous system communication within the
centre of expertise. Furthermore, the centres of expertise can have a dynamic nature, that is, they
might remodel themselves di�erently for di�erent problem domains or explicitly learn in which
areas their particular strengths and weaknesses are.

Our current working example is theorem (III). The need for cooperation of specialised reasoning
systems, and some concrete cooperation ideas to solve this challenging problem are illustrated
in [BBS99]. Our system architecture now provides the required basis for tackling this example,
even though it has not yet been shown that it can be solved automatically in our approach.
The bottleneck is the Leo system, whose still rather prototypical implementation is not able to
plunge deep enough into the search space when tackling the crucial subproblem requiring a non-
trivial amount of extensionality reasoning. More precisely, Leo is not able to apply its special
extensionality reasoning facilities in such a way that the subsequently generated set of �rst-order
clauses (to be passed to a centre for �rst-order reasoning) is contradictory. Thus, one of our future
tasks will be to increase the reasoning power of some of the reasoning agents exploited in our
system.

9 Conclusion

We described in this paper an approach to reasoning with a concurrent resource management
based architecture incorporated into a proof planning framework. As discussed here, such an
architecture gives scope to improved mechanised reasoning capabilities. Unlike a conventional
distributed parallel model of theorem proving, a concurrent resource managed architecture provides
a paradigm where the communication between the underlying systems and the management of
resources for these reasoners can be realised. The resource management technique results in a less
brittle search, and hence promises to �nd more results than traditional search techniques. We
have demonstrated the feasibility and usefulness of our approach by proving a few theorems with
our prototype implementation. The hope is that such a system will be able to prove a signi�cant
number and range of theorems that have previously not been proved automatically and to ease
the task of interactive theorem proving in many cases as well.
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