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Abstract. We discuss a pragmatic approach to integrate computer alge-
bra into proof planning. It is based on the idea to separate computation
and veri�cation and can thereby exploit the fact that many elaborate
symbolic computations are trivially checked. In proof planning the sep-
aration is realized by using a powerful computer algebra system during
the planning process to do non-trivial symbolic computations. Results
of these computations are checked during the re�nement of a proof plan
to a calculus level proof using a small, self-implemented, system that
gives us protocol information on its calculation. This protocol can be
easily expanded into a checkable low-level calculus proof ensuring the
correctness of the computation. We demonstrate our approach with the
concrete implementation in the 
mega system.

1 Introduction

In recent years there have been many attempts at combining computer algebra
systems (CAS) and deduction systems (DS). Either for the purpose of enhancing
the computational power of the DS [17, 18, 3] or in order to strengthen the
reasoning capabilities of a CAS [1, 4]. For the former integration there exist
basically three approaches: (1) to fully trust the CAS, (2) to use the CAS as an
oracle and to try to reconstruct the proof in the DS with purely logical inferences,
and (3) to generate protocol output during a CAS calculation and to use this
protocol to verify the computation. Following approach (1) one cannot guarantee
the correctness of the proof in the DS any longer. While the correctness is no issue
in approach (2) it foregoes the e�ciency of a CAS and to replay the computation
with purely logical reasoning might still impose a hard task to the DS. (3) is a
compromise, where one can employ the computational strength of a CAS and
additionally gains important hints easing the reconstruction and checking of the
computation.

We have, indeed, successfully experimented with idea (3) by implementing a
prototypical CAS (�CAS) that is a small library of simple polynomial algorithms
which give us protocol information on their computations [18, 23]. This protocol
information is used to derive abstract proof plans that can be transformed into
proofs of the 
mega system [16]. Exploiting 
mega's ability of step-by-step
expansions of proof plans into natural deduction (ND) calculus proofs [13], the



computations can be machine-checked on a �ne-grained calculus level. While this
way of integrating a computer algebra system into 
mega solves the correctness
issue, it has the drawback that apart from �CAS there does not exist a full grown
CAS that provides us with the necessary protocol output on its calculations.

In this paper we present a pragmatic approach to work around this prob-
lem in proof planning. It is based on the idea presented in [17] that many hard
symbolic computations are easy to check. As example for this thesis one may
consider symbolic integration, a surely non-trivial computation, whose veri�ca-
tion is to simply di�erentiate the result of the integration algorithm. We exploit
this fact within the proof planning component of 
mega: Results of non-trivial
symbolic computations are used during the proof planning process. The veri�-
cation of these calculations is postponed until a complete proof plan is re�ned
to a low level calculus proof and it is arranged in a way, such that we can use
the trivial direction of the veri�cation. This is achieved by using Maple [22]
for computations during the planning process and �CAS to aid the veri�cation.
The technique we present here is already successfully applied in the 
mega sys-
tem in the domains of limit theorems and optimization problems. For detailed
report on proof planning limit theorems see [20] and for some earlier work on
optimization problems see [18]. In this paper we will only be concerned with the
details of these problems that involve the application of computer algebra.

The paper is organized as follows: We �rst give a general overview on proof
planning and its special features in 
mega in the next section. In Sec. 3 we
present the general architecture of the integration of CAS into 
mega and elab-
orate how the systems Maple and �CAS are used within the proof planning
component of 
mega in order to achieve our goal of separating non-trivial com-
putation and easy veri�cation. In Sec. 4 we tackle the problem of how to deal
with di�erent normal forms of di�erent systems that can arise in our context. In
Sec. 5 we illustrate our ideas with two examples from the domains of limit the-
orems and optimization problems. We �nally discuss advantages and drawbacks
of the presented approach in Sec. 6 before concluding in Sec. 7.

2 Proof Planning in 
mega

The purpose of the 
mega system is to provide assistance in the process of
deriving, presenting and checking proofs in mathematics. It provides several
means to prove theorems by applying tactics, by using external reasoners |
such as Automated Theorem Provers or CAS | or by automatically planning
proofs with the help of a proof planner. 
mega's basic logic is a variant of
natural deduction (ND) calculus [13] based on a higher order �-calculus [8]. As

mega neither makes correctness assumptions about the incorporated external
reasoners nor about tactics or planning methods a user speci�es, it requires
that proofs are �nally checked in the basic calculus to ensure correctness. Thus,
although proofs can be both constructed (either interactively or automatically)
and represented on more abstract levels, 
mega accepts a proof to be valid,



only, if it can be successfully expanded into a proof object whose derivations are
in the basic ND calculus that can be machine checked.


mega's proof planner is designed to automatically plan proofs on an ab-
stract level by constructing a sequence of methods that represents an abstract
derivation for a given theorem from a set assumptions. Methods are (partial)
speci�cations of tactics [5] known from tactical theorem proving [15]. In 
mega
planning methods are declaratively represented in frame-like structures consist-
ing of four major slots (two instances of planning methods are given in Sec. 5):
Premises and Conclusions are sets of sequents where the method serves to logi-
cally derive the conclusions from the premises. Single sequents can be annotated
in STRIPS-style with � or 	 (cf. [10]) specifying whether a sequent is added to
or removed from the planning state by the method. In particular, a conclusion
annotated with 	 is a goal that is closed by the method and a premise anno-
tated with � represents a new open subgoal that will have to be proven after
the application of the method.
Proof Schema is a schematic speci�cation of the sub-proof the method abbrevi-
ates. The schemas of premise and conclusion sequents are used to be matched
with actual formulas in a proof in order to determine the methods applicability.
Moreover the proof schema can contain lines that are introduced into the proof
only when the method is re�ned by expansion.
Application Conditions are constraints on the particular instantiations of the
parameters of a method that have been introduced by matching. A method is
applicable with an instantiation I of parameters if and only if for I none of the
application-conditions evaluates to false. Thus, application condition can either
fail or return some values which can be bound to additional method parame-
ters. This o�ers a platform to execute arbitrary functions, e.g., calls to external
reasoners.

Once a proof plan has been found in 
mega, it has to be re�ned by expanding
it to a ND calculus-level proof to gain a proof object which can be checked
in order to ensure its validity. This expansion is a recursive process, i.e., the
expansion of a planning method or an abstract tactic yields a subproof which can
again contain abstract proof steps that can be expanded further. The expansion
is generally not carried out immediately but postponed until a full proof plan
has been found. Yet, as long as a proof step has still an abstract justi�cation,
i.e., a justi�cation that does not belong to the set of basic ND calculus rules, it
is considered planned. 
mega's main data structure for storing proofs and proof
plans | the proof plan data structure, PDS [7] | o�ers facilities to execute
this expansion as well as to contract expanded subproofs to shorter, abstract
proofs again. The expansion of abstract proof steps is triggered either manually
by the user or automatically by the proof checker and executed automatically
by 
mega.

3 Integration of CAS

In this section we �rst present the general architecture for the integration of CAS
into 
mega. For a more detailed introduction see also [18, 23]. We then present



our new approach to integrating symbolic computations and there veri�cation
into proof planning in 
mega.

3.1 Architecture

The integration of computer algebra into 
mega is accomplished by the sapper
system [23] which can be seen as a generic interface for connecting one or several
computer algebra systems (see Figure 1). An incorporated CAS, likeMaple [22]
or �CAS [23], is treated as a slave to 
mega which means that only the latter
can call the former and not vice versa. From the technical point of view, 
mega
and the CAS are independent processes while the interface is a process providing
a bridge for communication. Its role is to automate the broadcasting of messages
by transforming output of one system into data that can be processed by the
other1. The maintenance of processes and passing of messages is managed by
the MathWeb [11] environment 
mega is embedded into.

The role of sapper in the integration has two distinct aspects: Firstly, arbi-
trary CAS' can be easily used as black box systems for term rewriting (similar to
approaches of [4, 3]) and sapper works as a simple bridge between the planner
and the CAS. Secondly, sapper also o�ers means to use a CAS as a proof plan-
ner. That is, if the CAS can provide additional information on its computations,
this information is recorded by sapper and translated into a sequence of tactics
that can eventually verify the computation. Since there does not exist a state
of the art system that provides this information, we use our own �CAS system,
which basically is a collection of simple algorithms for arithmetic simpli�cation
and polynomial manipulations which include a plan generating mode (cf. [18]).

The two tasks of a CAS, rewriting and plan generation, are mirrored in the
interface (cf. Fig. 1) that basically can be divided into two major parts; the trans-
lator and the plan generator. The former performs syntax translations between

mega and a CAS in both directions while the latter only transforms protocol
output of �CAS to 
mega proof plans. Figure 1 also depicts the di�erent uses
of the two CAS involved: whileMaple is connected as a black box system, only,
�CAS can be used both as black box and as plan generator.

While the translation part is very common, the plan generator is the actual
specialty of sapper. It provides the machinery for the proof plan extraction from
the specialized algorithms in �CAS. These are equipped with a proof plan gen-

erating mode that returns information on single steps of the computation within
the algorithm. The output produced by the execution of a particular algorithm
is recorded by the plan generator which converts it, according to additional
information on the proof, into a proof plan. In order to produce meaningful
information �CAS needs to have a certain knowledge on the proof methods
and tactics available to 
mega in its knowledge base. Thus references to log-
ical objects (methods, tactics, theorems, or de�nitions) of the knowledge base
are compiled a priori into the algebraic algorithms in order to document their
calculations. sapper's plan generator uses produced protocol output to lookup

1 This is an adaptation of the general approach on combining systems in [9].
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Fig. 1. Interface between 
mega and computer algebra systems

tactics and theorems of an 
mega theory (cf. Figure 1) in order to assemble a
valid proof plan. How algorithms in �CAS have to be expanded and how the
plan generation is performed is illustrated in Sec. 3.3.

3.2 Integration into Proof Planning

When integrating computer algebra into proof planning we have to keep in mind
that all plans have to be expandable to ND calculus proofs. However, using a
system whose computations are checkable, like �CAS , restricts us to the use of
its rather simple algorithms which might not always be su�cient for the task
at hand. What we really would like, is to combine the computational power of
a CAS like Maple to perform non-trivial computations with the veri�cation
strength of �CAS, i.e., simple arithmetic.

Therefore, we try to exploit as much as possible the fact that many di�cult
symbolic computations are easy to verify. This is folklore in mathematics and
has already been elaborated in [17]; the most prominent example for this is cer-
tainly symbolic integration which is still a hard task for many CAS. Results of
symbolic integration algorithms are, however, easily checked, since it involves to
di�erentiate the result and compare it with the original function, only. Other



examples are computation of roots of functions or factorization of polynomi-
als, which involve non-trivial algorithms, but the veri�cation of the results only
involves straight-forward arithmetic.

The separation of computation and veri�cation can be easily achieved within
proof planning: During the planning process the applicability of a method is
solely determined by matching and checking the application-conditions. As men-
tioned earlier, the latter can be used to execute arbitrary functions, therefore
we can also implement conditions that callMaple and in case useful results are
returned, bind these to some method parameters. During the planning process
we are not concerned with the veri�cation of the computation, and postpone
it until the method is actually expanded. This is done by stating a rewriting
step that is justi�ed by the application of CAS within the proof schema of the
method, preferably in those lines that are introduced during the expansion of
the method.

Thus, we design our planning methods in a way that Maple is called in one
of the application conditions to perform the di�cult computations during the
planning process. The proof schema then contains the appropriate proof steps
that enable the application of �CAS to verify Maple's computation during the
re�nement of a proof plan, in the easier direction.

3.3 Veri�cation of Computations

To implement a plan generating mode is a simple task for simple CAS algo-
rithms. Figure 2 shows the simpli�ed version of the recursive addition algorithm
in �CAS 's arithmetic simpli�cation module in a lisp-like pseudo-code. �CAS
works with polynomial-like representation of given terms together with a lexico-
graphic monomial ordering. Thus the simpli�cation algorithm of �CAS always
transforms terms into lexicographically ordered polynomials and in case of ra-
tional functions into a fraction of two polynomials.

The algorithm in Fig. 2 is basically a case split where the �rst two cases
ensure that the arguments are in some normalized form. The last three cases
then take care of correctly adding the two argument polynomials. The predi-
cates =lex, <lex, and >lex correspond to comparison of monomials according to
the lexicographical term-ordering in �CAS. The protocol output of the tactic
function corresponds to names of tactics that are known to 
mega and from
which a proof plan can be assembled. This proof plan can be inserted into the
given proof and further expanded using 
mega's tactic expansion mechanism.
Note, that such a proof plan only serves to verify the correctness of the result
of one run of the algorithm and cannot be used to verify the correctness of the
algorithm as a whole.

Still, the veri�cation of a single computation is not totally trivial, since it
involves to have the appropriate algorithm available in �CAS , to extend this
algorithm with a proof plan generating mode, and maybe to write some of the
tactics for 
mega that correspond to those in the algorithm. However, as we are
mainly concerned with veri�cations involving arithmetic, the latter task should
diminish over time, since many of the tactics involved can be reused.



(addition (a+c b+d)

(cond ((not (monomial a))

(addition (addition (simplify a) c) b+d))

((not (monomial b))

(addition a+c (addition (simplify b) d)))

((a =lex b)

(tactic "mono-add")

((add a b) + (addition c d)))

((a >lex b)

(tactic "pop-first")

(a + (addition c b+d)))

((a <lex b)

(tactic "pop-second")

(b + (addition a+c d)))))

Fig. 2. Polynomial addition in �CAS.

�CAS could also be viewed as a collection of elaborate tactics for 
mega.
However, it is implemented as an independent system (in Common Lisp) and
can be used like a regular CAS, even though with very limited power, only.

4 Dealing with Normalforms

When usingMaple for a computation within some method and �CAS to verify
Maple's result we might have problems identifying the term resulting from
�CAS 's computation with the original term Maple was applied to. Thus, we
have to take care of the problem of distinct normal forms of the systems involved
during the expansion of a computation 2.

Let �0 be the original term in the proof, while �Maple denotes the term which
results from applying Maple to �0, and let ��CAS be the term returned by
�CAS applied to �Maple. Furthermore, let (T1; : : : ; Tn) be the sequence of tactics
computed by �CAS , whose application to �Maple yields the proof plan (1)3

�Maple

T1�! �0
T2�! : : :

Tn�! ��CAS : (1)

We then have three cases to consider:

(a) �0 and ��CAS coincide,
(b) �0 and ��CAS are distinct, however �0 occurs at some point during the

expansion, and
(c) �0 and ��CAS are distinct, and �0 does not occur during the expansion.

2 The form of Maple's result may vary even for equivalent arithmetic expressions (in
two di�erent runs of Maple), depending on the form of the input. For instance,
Maple's simpli�cation of x+2z+y�z yields x+z+y, while the same computation
with input x+ y + 2z � z would yield x+ y + z in a di�erent run.

3 For the sake of clarity, we omit any context the terms �j might be embedded in, i.e.,
we view the proof plan as rewriting steps of a sub-term of some arbitrary formula.



Case (a) is trivial. Case (b) means that we have some 1 � i � n, such that

�Maple

T1�! �0
T2�! : : :

Ti�! �0

Ti+1
�! : : :

Tn�! ��CAS : (2)

This problem can be easily solved by successively applying the single tactics and
checking after each application whether the resulting term is already equivalent
to �0. In this case the proof can be concluded directly. The remainder of the
tactic sequence, i.e., (Ti+1; : : : ; Tn) in (2), is discarded.

Case (c) is less trivial since the produced tactics are not su�cient to fully
justify the computation and thus we are left with a new proof problem, namely
to derive the equality of ��CAS and �0. However, at this point we can make use
of the lexicographic term ordering of �CAS : if ��CAS and �0 really constitute
the same arithmetic expression, applying �CAS simpli�cation algorithm to �0

will yield ��CAS . Note, that this step might not only include trivial reordering
of a sum but can contain more sophisticated arithmetic. The execution of the
simpli�cation algorithm will then return a sequence of tactics (S1; : : : ;Sm) such
that we get:

�Maple

T1�! �0
T2�! : : :

Tn�! ��CAS
Sm � : : :

S1 � �0 (3)

In praxis, we deal with this problem slightly di�erent, since in 
mega's tac-
tic expansion mechanism calls to �CAS have to be carried out explicitly by
expanding the accordant justi�cation, and not implicitly during an expansion
itself. Thus, we introduce a new subproof for the equality of ��CAS and �0:

��CAS = ��CAS (=Ref)
��CAS = �0 (CAS)

The equation of the second line serves then to apply a =Subst rule to �nish the
original expansion, resulting in proof plan (4).

�Maple

T1�! �0
T2�! : : :

Tn�! ��CAS
=Subst
�! �0: (4)

In order to completely verify the computation the justi�cation (CAS) above must
be expanded as well. This results in the second call to �CAS , yielding a proof
plan equivalent to the right hand side of (3).

5 Examples

We illustrate our approach with two examples of proof planning methods that
are used in di�erent domains. The �rst is the Complex-Estimate method that
is needed for proof planning limit theorems; the second is the Polynomial-Root
methods which is employed for solving optimization problems.

The use of proof planning to solve optimization problems is advancement
of work already reported on in [18]. However, in [18] we were restricted to the
use of �CAS and therefore could only tackle problems involving polynomials of
degree at most two, due to lack of sophisticated algorithms for computing roots



Method: Complex-Estimate

Premises L1, � L2,� L3, � L4

Appl. Cond.
�  � GetSubst (a; b)
k; l � CAS split(a�; b)

Conclusions 	 L7

Proof

Schema

(L1) � ` jaj < e1
(L2) � ` jkj <M (OPEN)
(L3) � ` ja�j < �=2 �M (OPEN)
(L4) � ` jlj < �=2 (OPEN)
(L5) ` b = b (=Ref)
(L6) ` b = k � a� + l (CAS L5)
(L7) � ` jbj < � (fix L6L1L2L3L4)

Fig. 3. The Complex-Estimate Method

in �CAS . We are currently experimenting with a set of 30 di�erent problems
where most of them can be proof planned automatically.

Proof planning of limit theorems is extensively described in [20]. Besides the
application of computer algebra it also involves the use of a constraint solver
in order to fully automate the planning process. However, we are not concerned
with these details here since we will elaborate for neither example how the com-
plete proof plans are found or look like but rather concentrate on the application
of those methods involving computer algebra. In 
mega we can currently auto-
matically plan around 20 theorems from the limit domain [19] including theorems
such as LIM+, LIM*, and LIM/.

5.1 The Complex-Estimate Method

Figure 3 depicts the planning method Complex-Estimate whose purpose is to
estimate the magnitude of the absolute value of a complex term by estimating
its simpler factors. The method formalizes the derivation of the conclusion L7

from the premises L1, L2, L3, and L4. The annotations indicate that the lines
L1 and L7 have to be present in the current planning state for the method to
be applicable, whereas L2, L3, and L4 will be introduced as new open goals.

Thus, Complex-Estimate is handled by the planner as follows: If an open
line in the planning state matches L7 and if an assumption matching L1 is
available, Complex-Estimate's parameters a; b; e1; � are instantiated. Then the
two application conditions are evaluated. The �rst, GetSubst(a; b), computes a
substitution in order to match sub-terms of the expressions a and b. If such an
substitution exists, it is returned and bound to the parameter � and the next
application condition, CAS split(a� ; b), is evaluated. CAS split calls Maple to
factorize b. This factorization is done using Maple's functions quo and rem

which both employ the Euclidean algorithm where quo returns the quotient of
a polynomial division (corresponding to k in our method) and rem returns the
remainder of that division (i.e., l in the method). The two functions are called in
the following way: quo(b,a�,a

0) and rem(b,a�,a
0), where a� denotes the term



resulting from the application of the substitution � computed by GetSubst to a.
a0 is a sub-term of a� that functions as the reference variable for the polynomial
division in quo and rem respectively. Instead of using both Maple functions
we could have supplied the call of quo with an additional formal parameter to
store the remainder of the division automatically. However, using rem frees us
from the requirement to choose the formal parameter distinct from any term
occurring in both b and a�.

If the two application-conditions are successfully evaluated, the method is
introduced into the partial plan. The goal L7 is removed as planning goal, and
the new goals L2, L3, and L4 are introduced instead.

When the method is expanded later on, the complete subproof given in the
proof schema is introduced, i.e., the sequents L5 and L6 are newly added to
the proof and the justi�cation of L7 is updated. It is then justi�ed by (fix
L6L1L2L3L4), where fix is an abstract justi�cation itself that will be expanded
during further re�nement of the proof plan, as well. Lines L5 and L6 serve to
certify the correctness of the values computed byMaple by making this compu-
tation explicit. Here the equality of b and k�a�+ l is derived from the re
exivity
of equality which is an axiom of the underlying calculus. The justi�cation of line
L6 indicates both that the step has been introduced by the application of a CAS
and that its expansion can be realized by using �CAS in plan generating mode.

L5 and L6 indicate that for the veri�cation of Maple's computation it is
necessary to certify that k � a� + l can successfully be transformed into b. To
perform this goal, we must use basic arithmetic, only, instead of the consider-
ably harder polynomial division performed byMaple. Thus, we can use �CAS '
simpli�cation component which employs, among others, the algorithm of Fig. 2.
For a concrete instance �CAS would return a sequence of tactics indicating sin-
gle computational steps that have been performed inside the computer algebra
algorithm. This proof plan is then inserted into the proof and further expanded
to show the correctness of the computation.

As a concrete example we consider the application of Complex-Estimate in
the proof of LIM+. LIM+ informally states that the limit of the sum of two
functions is the sum of their limits and is formalized by:
8f 8g 8l1 8l2 lim

x!a
f(x) = l1 ^ lim

x!a
g(x) = l2 ! lim

x!a
(f(x) + g(x)) = l1 + l2:

During the proof planning process for LIM+, the assumption � ` jf(X1)� l1j <
E1 is available at some point. Then the goal � ` jf(x) + (g(x) � (l1 + l2))j < �
can be removed by applying the method Complex-Estimate. After matching the
premise and conclusion lines the method variables a and b are instantiated by
(g(X1) � l2) and f(x) + (g(x) � (l1 + l2)), respectively. When the application-

conditions of Complex-Estimate are evaluated, GetSubst returns [x=X1] and
CAS split callsMaple to compute the instantiations k and l. The actual function
calls passed to Maple are

quo(f(x)+g(x)�(l1+l2),f(x)�l1,f(x)); rem(f(x)+g(x)�(l1+l2),f(x)�l1,f(x));

returning 1 and (g(x) � l2) as results for k and l, respectively. Because quo

and rem are algorithms dealing with polynomials, only, functional notation is
abolished in sapper's translator whenMaple is called; e.g., f(x) would become
f x.



The goal � ` jf(x) + g(x)� (l1 + l2)j < � is then replaced by the new goals4

1. � ` j1j <M, 2. � ` jf(x)� l1j < �=2 �M, 3. � ` jg(x)� l2j < �=2.

After a complete proof plan has been found for the LIM+ theorem, the plan
can be re�ned to a calculus level proof. We elaborate this expansion for the
Complex-Estimatemethod, focusing on the steps of the expansion dealing with
the veri�cation of Maple's computation:

f(x) + (g(x)� (l1 + l2)) = f(x) + (g(x)� (l1 + l2)) (=Ref)
f(x) + (g(x)� (l1 + l2)) = ((1 � (g(x)� l2)) + (f(x)� l1)) (CAS)

where the second line is justi�ed by the application of a CAS. In order to obtain a
pure ND-level proof this line needs to be further expanded. However, since during
the application of Complex-Estimate the values for l and k were computed by
Maple, we do not have any additional information for an expansion. To justify
the computation in more detail we use an algorithm within our �CAS system
in plan generation mode that produces a trace output giving more detailed
information on single computational steps. Instead of simulating the complex
algorithm for polynomial division within �CAS , we simply use an algorithm
that simpli�es the term on the right-hand side of the equation. Thus, �CAS
veri�es the result of Maple's computation with the help of a much simpler
algorithm. The yielded proof plan consists of a sequence of tactics indicating
single computational steps of the algorithm. Within the PDS , the single step
can be expanded to a plan with higher granularity. The newly introduced proof
steps are:

f(x) + ((g(x)� l1)� l2) = f(x) + ((g(x)� l1)� l2) (=Ref)
f(x) + ((g(x)� l1)� l2) = f(x) + (g(x)� (l1 + l2)) (CAS)

f(x) + (g(x)� (l1 + l2)) = f(x) + (g(x)� (l1 + l2)) (=Ref)
f(x) + (g(x)� (l1 + l2)) = f(x) + ((g(x)� l1)� l2) (=Subst)
f(x) + (g(x)� (l1 + l2)) = ((g(x)� l1) + (f(x)� l2)) (Pop-Second)
f(x) + (g(x)� (l1 + l2)) = ((1 � (g(x)� l1)) + (f(x)� l2)) (Mult-1-Left)

The lower four lines correspond to a step-by-step version of the computation as
one might do it by hand. We can also observe a con
ict of normalforms here,
as described in the preceding section. �CAS simpli�cation algorithm only yields
f(x) + ((g(x) � l1) � l2) as a result and thus the upper two lines had to be
introduced in the proof in order to justi�y the equality substitution (=Subst).
The new (CAS) justi�cation is expanded with another call to �CAS . However, we
want to focus on the expansion of the original proof plan, i.e., of the lower four
lines. So far the expansion of the original CAS justi�cation has been exclusively
done by �CAS proof plan generation mode. At this stage �CAS cannot provide
any more details about the computation and the subsequent expansion of the
next hierarchic level can be achieved without further use of a CAS. Let us, for
instance, take a look at the expansion of the Pop-Second tactic which basically
describes the reordering within a sum:

4 Note, that M is a meta-variable, i.e., a place holder for instantiations of an exis-
tentially quanti�ed variable, that will be instantiated later in the course of planning
LIM+. It's actual value is, however, irrelevant to our example.



: : : = f(x) + ((g(x)� l1)� l2) (=Subst)
: : : = (f(x) + (g(x)� l1))� l2 (Associativity+�)
: : : = ((g(x)� l1) + f(x))� l2 (Commutativity+)
: : : = ((g(x)� l1) + (f(x)� l2)) (Associativity+�)

Here the tactics named Associativity+� and Commutativity+ correspond to the
application of the obvious theorems as a rewrite rule. Now the little subproof
introduced when expanding (Pop-Second) is already on the level of application of
basic laws of arithmetic. These tactics can, however, be expanded even further.
Expanding, for example, the (Commutativity+) justi�cation will yield:

8a 8b a+ b = b+ a (Theorem)
8b (g(x)� l1) + b = b+ (g(x)� l1) (8E (g(x)� l1))
(g(x)� l1) + f(x) = f(x) + (g(x)� l1) (8E f(x))

: : : = (f(x) + (g(x)� l1))� l2 (Associativity+�)
: : : = ((g(x)� l1) + f(x))� l2 (=Subst)

This last expansion step details the application of commutativity of addition as
rewrite step by deriving the right instance from the theorem of commutativity.
If the expansion is carried out up to this level of detail for the whole proof plan
�CAS computed to justify the computation, we can proof check for correct-
ness.5 Provided the proof checker approves and we have correct proofs for all
the applied theorems in our database, we have successfully veri�ed the particular
computation which guarantees us the correctness of the overall proof.

5.2 The Polynomial-Root Method

In general optimization problems are of the form Opt<(f; I) or Opt>(f; I), where
f is cost function consisting of a rational polynomial an some denomination, that
either has to be minimized or maximized within the rational interval I . Thus
the goal is to show that the polynomial part of f has a total maximum or
minimum within I . Generally f is not directly given but has to be computed
from a set of given cost-functions of economic processes and prices for resources.
These manipulations are done by methods using �CAS computations, whereas
the calculation of extrema and subsequently of roots to justify total minimum or
maximum properties are performed by methods using Maple and are veri�ed
by �CAS .

One of these latter methods is Polynomial-Root shown in Fig. 4 whose
purpose is to con�rm the existence of a root of a polynomial. It therefore has
one conclusion only and no premises, that is, when the method is applied, it
closes an open line, but does not introduce any new goals into the proof plan.
The application conditions are handled as follows: if p is actually a polynomial

5 Actually, we have not yet expanded the subproof to ND calculus level. Since equality
is a concept de�ned by Leibniz-equality in 
mega, =Subst is a tactic which can be
further expanded. However, we omitted the rather tedious details of this expansion
here.



Method: Polynomial-Root

Premises

Appl. Cond.

IsPolynomial(p)
a � CAS root(p; x)
�  �[x/a]

Conclusions 	 L3

Proof

Schema

(L1) ` 0 = 0 (=Ref)
(L2) � ` p� = 0 (CAS L1)
(L3) � ` 9x p = 0 (9I L2)

Fig. 4. The Polynomial-Root Method

the CAS root function calls Maple's function roots to compute the rational
roots of p. In caseMaple's computation is successful the method is applied and
the �rst of the returned values is bound to the method parameter a (whereas
possible additional roots are kept for backtracking purposes). The value of a
is then used to construct an appropriate substitution for p which is bound to
the parameter �. Because Polynomial-Root does not introduce any new lines
during the planning process all the instantiations are needed for the expansion
of the method.

We observe the behavior of Polynomial-Root with a concrete example, but
only focus on the application and expansion of the method and do not elaborate
on the actual optimization problem and how it is solved. Suppose we apply
Polynomial-Root to an open line of the form: 9x (x3 + x2 � 5x � 2) = 0 the
method variable p is then bound to x3 + x2 � 5x� 2 and Maple is called with
roots(x3 + x2 � 5x � 2,x). Maple returns 2 as the only rational root of p
(together with its multiplicity which we can ignore) which is bound to x and
�nally the substitution � is constructed as [x=2].

When expanding the method the lines L1 and L2 are properly substituted and

0 = 0 (=Ref)
((23 + (22 � 5 � 2))� 2) = 0 (CAS)
9x ((x3 + (x2 � 5x))� 2) = 0 (9I)

introduced into the proof, as
shown on the right. When ex-
panding the CAS justi�cation in
the second line �CAS is again used to perform the step-by-step low-level veri-
�cation of the result. The expansion employs tactics that represent single com-
putational steps on rational numbers. We omitt, however, the details of this
expansion since it works analogously to the one presented in Sec. 5.1.

6 Discussion

From our current experience, the presented approach is well suited for symbolic
computations whose veri�cation are relatively trivial, e.g., where only simple
arithmetic needs to be employed. However, the method is not feasible for com-
putations where the veri�cation is as costly or even more complicated as the
computation itself. At least in the latter case it might be more practicable to
specify the computation as a �CAS algorithm immediately. Computations where



the veri�cation will be de�nitely non-trivial are those involving certain unique-
ness properties of the result. For instance, when employing Maple to compute
all roots of a function, it will be a hard task to verify that there exist no more
roots than those actually computed. See also [17] for further discussion of this
point.

Although we presented our ideas in this paper in the context of proof plan-
ning, we strongly believe that the approach could also work in tactical (interac-
tive) theorem proving. One necessary prerequisite will be the existence of a proof
object such that a tactic employing elaborate computation can be veri�ed with
the help of the simple algorithm and the attached tactics. For instance, one can
imagine a tactic such as Complex-Estimate in TPS[2] which would be veri�ed
after application with the help of �CAS after successful proof construction.

For systems not maintaining explicit proof objects, such as HOL [14] or
PVS [21] the approach of [17] will be best suited. However, this approach di-
rectly implements the veri�cation algorithms as tactics in the HOL system as
direct correspondences to Maple's computation. Using a separate system for
the veri�cation, i.e., the generation of more or less detailed inference chains
justifying computations, keeps the DS clean from special algorithms, methods
and tactics employed for this task, only. Moreover, both sapper and �CAS are
generic enough to easily adapt them for connection with other systems, whereas
tactics can generally not that easily be exported.

7 Conclusion

We have presented an approach for integrating symbolic computations into logi-
cal derivations without foregoing the formal correctness requirements for proofs
in deduction systems. The main idea underlying the approach is to employ the
computational power of full grown CAS, such as Maple, during proof planning
and thereby ease the derivation of certain witness terms. After a proof has been
successfully planned we use a little self-tailored CAS, �CAS, during the re�ne-
ment phase of the plan to an actual natural deduction proof in order to verify the
correctness of the original computation. This is based on the idea that for some
computations the veri�cation of a result is much simpler than the computation
itself, and, indeed, for our examples it su�ces to use arithmetic.

Although we hinted at how this method could also be successfully employed
outside the proof planning context, it is certainly not the ultima ratio as a
paradigm for integrating deduction and computer algebra. However, since there
are currently no CAS available that are either provably correct or give us enough
information on their computations in order to derive proof plans which in turn
could be used to justify the correctness of results, we have chosen this pragmatic
approach in the 
mega system.

We demonstrated the presented technique with two example from the domain
of limit theorems and optimization problems. We are currently investigating how
CAS such as Gap [12] and Magma [6] can be employed to proof plan theorems
in group theory.
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