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We describe the integration of permutation group algorithms from computer
algebra with proof planning. We consider eight basic questions arising in compu-
tational permutation group theory, for which a computer algebra system provides
solutions together with sets of certificates. The certificates are used to guarantee
correctness by constructing a formal proof employing proof planning techniques.

The experiments were carried out by combining the computer algebra system
GAP [2] and the proof planner of the Omega system [3]. We chose GAP, since it
is particularly good in group theory and has a rich collection of permutation group
algorithms. The choice of Omega was motivated by the fact that it enables the
construction of proofs in a human-oriented reasoning style.

The results of our experiments can be summarised as follows: (i) We provide
GAP functions which handle eight basic queries, ranging from “Is this permutation
in that permutation group?” to “What is the order of this permutation group?”
The functions provide certificates as well as solutions, enabling a user or an intel-
ligent software system to provide a full proof of correctness of the solution. (ii)
We provide proof planning constructs in Omega to prove that the answers given by
GAP to these eight queries are correct; each query can essentially be modelled as a
theorem and the proof planner can verify GAP’s answers using the additional cer-
tificates to guide the planning process. Omega treats single queries independently
from GAP, in a modular and easily extensible approach. As far as possible, we
model a human-oriented reasoning style to give a human mathematician the nec-
essary insights into the computed solutions. (iii) To this end we also implemented
a collection of functions in GAP for turning answers and cerificates into natural
language proofs using simple templates. Similarly, the proofs produced by Omega
can be turned into natural language by means of the connected P.Rex system [1],
which employs elaborate linguistic techniques. Notice that the natural language
proof from GAP does not satisfy a correctness criterion, as it is implemented by
humans and so a mistake in the proof could remain unnoticed.

The need to integrate automated proof assistants with computer algebra sys-
tems comes from two sources. On the computer algebra side, the production of
certificates becomes necessary when systems are used via the internet as ‘oracles.’
In this setting, it is likely that users will not know where the answer is coming
from and so will need to be convinced of its correctness. With a certificate, it is a
relatively easy task to perform a verification. On the proof planning side, we wish
to demonstrate that we meet the challenge of reconstructing a proof from exactly



the same mathematical data that a human would require. It would be unreasonable
to expect more than that from a proof developing system. The fact that Omega
can produce a proof from a certificate also ensures that the certificates have indeed
supplied sufficient information.

In detail we concentrate on the following eight problems: Let G be a group
generated by a set A of permutations of the points Q := {1,2,...,n}

Membership: show that a permutation g is an element of G
Subgroup: show that a group H is a subgroup of G

Orbit: determine an orbit containing a given point z € Q, zG = {zg : g € G}
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Schreier tree: compute the Schreier tree rooted at x to determine a set of
coset representatives for the orbit G
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Stabiliser: compute the stabilisers G, = {9 € G : zg = z}.

6. Base: compute the base for G, i.e. a finite sequence B = [z1,...,2x] of
distinct points in 2 such that G4, 4s,....0, = 1.

7. Non-membership: show that a permutation g is not an element of G

8. Order: compute the order of G given a base B = [z1,...,z%] as |G| =
Hf:1 2G|,

We emphasise that this work extends the boundaries of what is feasible. Clearly,
the eight permutation group queries we are dealing with can all be handled by simple
enumeration. For instance, in order to decide if a given permutation g belongs to
a permutation group G, you could just enumerate all elements of G and check
whether ¢ is one of these. However, G can be exponentially large as a function of
n, the number of letters permuted by G, and so this soon becomes impractical. We
use GAP’s sophisticated group-theoretic algorithms for finding proofs in cases far
beyond reach of such enumeration.

We use the idea of providing verified certificates for computation subproblems,
which gives more mathematical insight into the solutions, i.e. we model a human
reasoning approach rather than a machine-oriented one. Indeed the constructed
proof plans follow the proof idea given by the GAP certificates, which are sufficient
for a working mathematician to verify correctness. The results also show that
our approach can be successfully applied to problems involving large and complex
structures, as we can check mathematical data of a magnitude that is likely beyond
the range of traditional theorem proving systems. The work can now serve as a
basis to approach computation problems in graph theory, like showing two graphs
are not isomorphic, in a similar fashion.
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