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Matrices are often presented with symbolic dimensions aitldl asmixture of terms and ellipsis symbols to describe
their structure. Such a representation effectively deiteesientire classes of matrices with respect to their comsirae-
tural properties. When reasoning with such abstract nmedrione is often only interested in the interaction of strradt
properties of matrix classes under arithmetic operatiasle ignoring the actual content of the matrices involvé&ar
example, when showing that the product of two upper triaagoiatrices is an upper triangular matrix, one shows this
property by considering the interaction of the zero and mere regions, while ignoring the actual composition of the
latter. While this type of reasoning is everyday mathenadticactice there is little automated support for this.

We presenthave developed an algebraic encoding of absticices as linear combinations of basis functions that
enables us to define addition and multiplication algorith8iace recovering structural properties from the resuithese
operations is non trivial we have designed a rewrite systehriormalises the results to a form from which the strudtura
properties can be directly read. We can thus regain thetmnegldbstract matrix, which provides an effective procedur
for reasoning about structural properties of classes dfrattsmatrices under arithmetic operations. The work issdas
on (1; 2).

Basis Function

Abstract matrices consist of three types of regions: singtms, single lines or ellipses, and closed convex polygons
These can all be represented via intersections of half pltrat corresponds to the four different possible ellipsethé
abstract matrix: vertical, horizontal, diagonal and afitigonal, the latter two at45° angles. Each half plane constrains
the indices of the region. In order to capture the idea of pilhe constraints algebraically, we define a basis function
1 ifz<y

0 otherwise
Or,y = 0y,z—1. AS €xample consider:

o(z,y) = for z,y € N. We often writes, ,, as shorthand and can define the complement,qf to be
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Here[Mij]’.”jmm*” denotes a matrix of entries indexed by varialilgseach ranging from 1 tex + n. We write regions
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asI';T;, wrlérel“i is a product ot terms andl; is a product of matrix entries. If = o105 ... 0, then its complement is
defined ad’ = 5102 ...0,, = 01 + 0301 + 030102 + - +0n0102...0,

Abstract Matrix Addition

The reason why we can not analyse the sum of two abstractoeaimmediately is that, while the regions of an individual
matrix are disjoint, pairs of regions drawn from differerditrices are not so in general. We overcome this by decomgosin
the regions of each matrix into compatible disjoint regidosing the addition.

A= [(O{Tf + -+ T{TR)]L B=[(L7T{ + -+ TTF)]." 2)
whereT'#,T'P indicates that the respectifeterm originates from matrixd or B, respectively. We define the abstract
matrix addition algorithnADD as

DATB(TA + T8) + TR (TA + TP) + - + TATE(TH + TH)+
ADD(A, B) == | T{IP ... pngA +T4r5 .. .PETQA 4o+ TATE .pgT&;lJr (3)
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Abstract Matrix Multiplication

Our multiplication algorithm is based on the standard daidpict of rows with columns. However, this is carried out
pairwise on regions, and the resulting terms, for any paldiccell of the product matrix, may be from intersecting or
overlapping regions. To end up with a disjoint sum of regjoms need to deal with these overlaps in a manner similar
to the case of addition, via calculating intersections aiffergénces of regions. Lettingl, B be as in (2), we define the
abstract matrix multiplication algorithflULT as:

p
E Ai kBr,j
k=1 ij

E(E ) (s () -

Observe that in the formula above the sum synih@ part of the term syntax, i.e., the actual terms in the ma&wntain

a syntactic summationi andf[ on the other hand meta-syntactic summation and producatgrer which we use for
the simplification of (4).

In (4) the distinction between terms originating frafnand B is no longer necessary, because dtierms involving
the k& index variable no longer describe half-plane constraiitse resultingl’; regions are still convex but also contain
overlap. To factor these overlapping regions into disjoingés, we need to apply some elementary set manipulations. If
there areV potentially overlapping regions, then these can be decsspmto2” — 1 disjoint component regions. Each
such component region is formed by constructing a redioas the intersection of some subgetof the regions, and
removing any parts of? that are in any of the other regions, i.e., intersectihgith the intersection of the complements
of the remaining norRk regions. Thus a single component region will have the foun. .. T's Ty, ., ..., whereS
is an indexing of 1, ..., N'}. This process is described by the formula on the left hanel sfd5), while the result on the
right hand side is the fully expanded version.
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Normalisation

After addition and multiplication algorithm the resultimdpstract matrices are generally no longer in a form from Wwhic
we can easily infer the actual form and approximate contéttiesingle regions. We therefore define a rewrite system
that ensure to produce a desinagular form of an abstract matrix. We thereby define tlegular form of [M]Z’Ji" =
[T + -+ Pka]Z’j’” by requiring that the following holds:

() IyI'y =0foreachl,’in1,... kwithi#1. (Digointness)
(i) I'y=01---0p, foreachlin1,..., kandp > 0. (Convexity)
(i) foreachl;,lin1,..., kthere does not exista e T; such thatT; = T;. (I"-Structured)

The rewrite system consists of four sets of rules that aréiepm three different stages:

Stage 1. 2 Transitive Closurerules complete the partial order in a givéhexpression.
Stage 2: 2 Factoring rules pull singless that are independent from a summation variable in frontsafra expression.

Stage 3: 2 Reduction rules reduce d" expression to a minimal form while retaining the maximunastaral information
on the overall partial order by removing all impliedexpressions.

Finally, 7 contraction rules can be applied during each stage to retheceomplexity of the entire operation, but always
have to be exhaustively applied as well, before resumingetwiting of the particular stage. We can then show for the
combined syster® =(ADD,MULT,NORM) that it terminates, is confluent and correct.
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