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Abstract—We present an approach to basic arithmetic between that can be schematically depicted as:
abstract matrices, i.e., matrices of symbolic dimension h
underspecified components. We define a simple basis function '
that enables the representation of abstract matrices commsed (a {
of arbitrary regions in a single term that supports matrix
addition and multiplication by regular arithmetic on terms . This
can, in particular, be exploited to obtain general arithmeic In a naive approach we could symbolically represent the sum

closure properties for classes of structured matrices. We lso  as a piecewise function consisting of one case for schema (a)
describe an approach using alternative basis functions tha ., cases each for (b) and (c), and four cases for (d).
a_llow_r_nort_a compact expressions and admit additional arithretic As an effective alternative to this naive approach we intro
simplifications. . ) .
duce a class of basis functions that enables a straightfdrwa
representation of abstract matrices as single sums, wiaete e
[. INTRODUCTION summand represents one region given as the region entry
together with a coefficient consisting of products of basis
It is everyday mathematical practice to represent matricffnctions representing the region boundaries. This allosvio
in an abstract way with symbolic dimensions and containingfine addition and multiplication for abstract matrice=dily
underspecified parts described by the use of ellipses. Whilg, the corresponding operations on the explicit sums. The
reasoning about matrices in this form is mathematically- rowifferent cases of how regions can be combined is given as
tine, there is very little automated support for it. In eerli 3 product of basis functions in a single explicit formula and
work we have investigated the problem of representing abstrng |onger needs to be considered discretely in a piecewise
matrices with certain entries given by expressions andrsthg,nction.
given by interpolating ellipses [4], [5]. Their analysis-in  Thijs gives rise to a natural way of executing matrix op-
cluded determining conditions for boundaries betweerom®gji erations and we demonstrate how matrix multiplications can
and general expressions for elements within regions of sugflectively be computed symbolically in a form commonly
matrices and has led to a representation that made abstig@wn from textbooks. We will show how our representation
matrices available as a template for concrete matrices Willows us to regain information on the structure of a result
fully specified dimensions and entries. matrix in a well defined computational manner. This can in
In this paper we investigate the problem of performing arittparticular be exploited to show general arithmetic closure
metic on abstract matrices with arbitrary regions of syriolproperties for classes of structured matrices.
size. The main challenge is treating the multiple cases thatThere are certain cases in which the naive, case oriented
arise when the relation between the sizes of the regionstis approach will yield a number of cases factorial in the number

| ofii] wfii

known. Consider for example twd x 2 block matrices of matrix components involved in the computation. In such
cases, our approach reduces this to a number of coefficients
A {Al Az} B {Bl Bz] exponential in the number of components. To address this

Az Ay Bs By issue, we present the first steps towards an alternatives basi

function that, in many cases, reduces this complexity tedin
of Compatible SymbOIiC dimension, for which the sizes of Our work is related to previous work by Fateman in
the blocks 4;, B; are again given symbolically but are notyjacsyma [1], in which indefinite matrices can be subjected
necessarily compatible. That is, the relationship betwtben to some basic algebraic manipulations. While his matrices a
horizontal and vertical extensions of the blocks in matritoA jndefinite in size, their elements are fixed to one particular
those in matrix B is undefined. Just computidg- B leads to  functional expression and cannot be of arbitrary compmsiti
a number of cases for the different possible overlaps ofkslocThe work is also similar in spirit to earlier work by Watt [6],
[7], which presented algorithms for GCD and factorization

of polynomials with terms of symbolic degree, as well as to
*The author’'s work was supported in parts by RISC Transnalidtcess

Programme of the EC FP6 project Symbolic Computation Itfuature for work by-Kauer_s and Schr)(_elder [3], [2] on indefinite symbolic
Europe (SCIEnce, constract No. 026133). summation using unspecified sequences of summands.




Il. BACKGROUND bi; triangle. This in turn determines the relative length of

In this work we are concerned with doing arithmetic ofmplicitly given boundaries of thé) regions as well as the
abstract matrices with underspecified terms and symboYglue for the variables representing height and width.
dimension. We assume we have available appropriately gparse Generalised Positions— Given the lengths of ellipses in
and constructed abstract matrix structures on which toaiper terms of integer constraint variables, we can then detemin
In [5] we have presented a parsing procedure for such alstréte relative positions of start and end points of all elljpse
matrices. In this section we give a brief introduction to somwith respect to these variables. We call positions contgini
of the concepts introduced in [5], which are a necessagpnstraint variables generalised positions. For examipie,
prerequisite for this paper. Moreover, we simplify sometw t diagonal ellipses fromu;; to a,, has its top left corner at
concepts to a level sufficient for the problem at hand. We alg@sition (1,1), while the position of its bottom right corner
omit formal definitions here and instead illustrate the majds determined by the length of the diagonal ellipsis itself.
concepts using the following matrix as a running example: Although in general, and as explained in [5], we can not
fay - au, 0 - ass.omate ellipsis lengths dlrectlly with valqes Qf_ the )nd.e

variables of the terms on the ellipses, for simplicity welwil
: do so here and let the length of the diagonal ellipses:be
A Gnn 1) Therefore the generalised positon of the bottom right corne
b1 -+ bim is (n,n). This in turn determines the generalised positions of
) . the next diagonal ellipses fromw; to b,,.,, which starts at
0 ' b. (n+1,n+1) and ends atn + m,n + m).
mmd Interpolation Functions — With both boundaries and their
The general idea of the parsing procedure is to represent g@gheralised positions one can now establish the exactmonte
abstract matrix as a set of regions. of a region by computing a generalisation of the boundary

Region— A region is a closed polygonal area that can bgrms and computing an interpolation function for indexdun
homogeneously interpolated by a single term. For exampifyns if necessary. For example, the upper left triangledof
Matrix A contains four regions: one triangular region withhgntains terms of the form, g, Wherea, 3 are unification
terms of the forma;;, one triangular region containiny;, variables that can be interpolated with respect to the index
and two0 regions, one triangular and one rectangular. Regioggriables of the overall matrix. Thus let;j be the index
are related to each other by their relative positions in th@yriables of 4, then we can mapr — i anda — ; and
OVera" matrix and are ConStraIned by the relaUVe |engﬂ§| the terms of the region can be expressedlés On the
of their boundaries. Boundaries can be given explicitly byther hand for the lower right triangle we have to take the
concrete terms and ellipses or implicitly by the boundarigsset given by generalised positions into account and it ca
of neighbouring regions or of the matrix. A region is givefiherefore be interpolating by; ,(;_»). Observe also that

in terms of its boundaries, its relative position with respi® regions can have a simple term associated with them like the
other regions in the mat”x, and its content in the form of @. regions inA where no interpo'ation is necessary.

term schema and functions that interpolate the index ve$ab  apstract Matrix — An abstract matrix is represented as a

Syntax o Th_e parsing procedure works W_'th respect tget of regions, a set of constraints for the variables reterr
a well def_lned input syntax for gbstract_ matrlces_. A matri) in these regions, and a (partial) set of bindings for the
can contain concrete terms, vertical, horizontal, diagana 5 iaples. Two of the variables always present in an alfstrac

antidiagonal ellipses, as well as fill terms. Ellipses havée matrix are its width and height, although these may or may

boaned by concrete terms on b,Oth ends and diagonal 30 have concrete bindings. The width and height variables
antidiagonal ellipses are always interpreted to be alb@ 46 ysed to control the various summations in the algorithms

angle. For example in matrid the upper left triangle consists ¢, ahctract matrix operations
of one horizontal, one vertical and one diagonal ellipsid an
is necessarily equilateral as the diagonal is atha angle.

Fill terms are understood to homogeneously fill a region up I1l. A SIMPLE BASIS FUNCTION
to the given boundaries. 1A we have two regions given by
fills terms, botho. We wish to represent matrices and vertices in terms of

Ellipsis Lengths — Ellipses in an abstract matrix can beexpressions for their component elements. However, these
given explicitly by concrete terms and ellipses or implicit expressions do not record the (symbolic) dimensions of the
by the boundaries of neighbouring regions. Each ellipsia inmatrices themselves whereas our internal datastructuses d
matrix has associated integer constraint variables, sgpténg Therefore we introduce a notation that does precisely thdt a
their relative vertical and horizontal extension, plus leip which limits the extent of the horizontal and vertical inekc
constraint variables for height and width. The variables afhese limits will be used explicitly in the summations that
related via constraints that determine their relative tan§or occur in vector and matrix addition and multiplication and,
example, inA the ellipses bounding the triangle containindpience, guarantee that no term outside the range of the emtric
the a;; are all of the same length, similarly those of there ever accessed or referred to.
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Fig. 1. Half plane constraints.

Definition 1: 1. Hence we can optimise the expression by removing the
unnecessarys, as we have already done in Equation (2):

11 ot Tim m+n,m+n
[2]™ o= . . A =000 + 0n+1,i0i,jbi7n,jfn]i_j ’ (3)
»J14,3 . . ’
Tni  Tnm In manipulating terms with basis functions, we will make use

) i of a number of basic properties which we present here without
wherei and j are the names of the index variables used ifqof.

the expression and range from 1 toand m respectively.

Furthermore, the pair of possible values of the index végmb 0z =1 (4) . .
. : . ; : . OryOye=1x=y (7)

define the dimensions of the matrix, even if those variabtes d o, , = 0,1. y1. (5)

not appear in the element term. oy = O—y—a ©6) Oyt1,20z,y =0 8

As an example, note théil]?_,’-3 describes the matrix with 2 Note that we can get full logical combinations of our basis

rows, 3 columns and in which all cells contain the value 1.functions: given we are usingue = 1, false = 0, we have

Definition 2: Let xz,y € N then we define ANB=AxB,-A=1—AandAVvB=A+B— Ax B.
_ Thus we can get unions, complements and intersections of our
o(z,y) = {1 if Sy regions. This, in turn, lets us handle min and max nicely.
0 otherwise
Oz,min(y,z) — Ox,y0w,z (9)
For convenience, we introdueg, , as a more compact nota- O max(y,2) = Oy + Ouz — OuyOu s (10)
tion for the functiono(z, y) o o A0 —0n .0 (11)
LetU = [uy,us, ..., up,uy,uh, ..., ul,_,]. This vector con- R A
tains two regions, characterised by their respective gdised Tmax(z,y),z = Iz,20y,2 (12)
termsw; andu. We represent it as the sum of two terms, IV. MATRIX ADDITION

where the basis functions control in which part of the vector

: ) _ _ Consider addition on two vectors]” + VT, where
a particular generalised term is active.

oim Ut = [ur, g, . up, uy, U, . ]
U= loinus + onigiionli @) = [ojn i+ onsng wpp],
Representing general structured matrices pose a slighithe m T , , (13)
involved problem. Regions are specified by convex polygons, VE = o,z vn 0,0, v
and containment within a region by the conjunction of half = [0jk Vj + Okt v;,kLl]”

planes defined by the equations of the lines of the polygon

(czf.tuFrE(’j ]t'))' gosnitnal?éniﬂ:]g;g?]ma?}(;‘?!gﬂ:&?n(;i? V?/ﬁh?:ztlgne form of the result for each ordering bfand k. Namely,
b y g ’ whenh < k, we get a sum of three terms, far< ¢ < h,

region by a product ofs. Hence the elements of the matrixWe et Ctorh41<i<k we aetu “Wwhile for
in equation (1) can be written as getu; + vi, tlsisw getu; + i,

k <i < n, we getu;+v,. Similar reasoning leads to the form
+n,m+ :
A= [Ul,in,nCTz‘,jaij + 0n+1,i0j,n+m0i,jbifn,jfn]m o for the casek < h:

A naive approach leads to dealing with a case analysis, with

Z7
: o : ' ut+v*t
More explictly, considering the first summand ondy, ; re- ) in
stricts the region to be on or below the top boundary ofdhe h<pk Oih (uj + v;5) +/Uh+1l,j0j7k (Uj + ”j)
triangular regiong; ,, restricts the region to be on or to the _ N + Ok+1,j05,n (uj + Uj)
left of the right boundary of the triangle, and ; restricts it <h Tk (uj +vj) + Ok41,505n (uj + v;)
to be on or to the upper right of the diagonal boundary. If any + Oh41,j05,n (U’7 + v;) i

of these half plane constraints are not satisfied, at leasbbn
the os will force the value of the summand to O.

Note that the term forl above contains some redundancieg
Sincei andj are limited to the bounds of the matrix, the ;
of the first summand and the; ,, ,,,, will always evaluate to lai )57 + (il 5" = laig + bigli " (14)

¥ ¥

However, there is a better, and simpler approach. We simply
lug the representations into the standard matrix addition
efinition:



Our use of thes basis functions allows us to encode th&here thea; andb; are considered to be infinite sequences,

cases in a simpler expression:

v +vT

defined as zero foi > m,n, respectively. Our aim is to
write this polynomial multiplication in matrix form, caltate

the result using our methods and show that this evaluates to
Equation (16) above. This polynomial multiplication can be
written in matrix form as:

}l,n

/! /
=[0)n U + Ongrg Wy + 04k v Okt V]

_[ 0 j,min(h,k) (uj + ’Uj) + Oh+1,5075k (u; + 'Uj) + :| 1,n .
| orr10in (1 + 0)) + Omaa(ni+1,505.m (15 + 05) ij o A
m
:[ 0in0jk (Wj+ V) + Ohi1,j05k (uz + Uj) + T’n 2T Ap — [xm+n B 'Io] ao an (17)
Tkt1,505,n (W) + Vf) + Ot jOr41,j0n () +0)) i : b.
0
Observe that at least one of the middle two summands must 0 ao
reduce to zero as, for both to be non-zero, we must have that ) ) )
h+1<kAk+1< h Therefore, if the variabled andk Next we writez, A andb in our notation:
are eventually bound to concrete numbers, at least one of the A ] 1m+nil
summands will disappear. Both will disappear if and only if St
h = k. In this way, the multiple cases of the naive approach A = [0ji0ij4n a"*H"j]i,j ’
are reduced to a single expression without cases. I [bmﬂ,i];”*l’l
Finally, consider the problem of adding vectdrs?, i = ? .
1,...,m, where each vectod ) has components given by oneQbserve that we do not need amyfunctions in the terms for

function of the index up to the poift and by another function 2T andb sinc_e they Complete_zly fill their respectivg matrix cells
of the index from that point on. Depending on the relativ@nd the matrix bounds provide the only constraints necgssar

order of the values:, .. ., k., the sumy_""  A() may take hus we get

on any ofm! different forms. In a symbolic setting, the order m+1 mtntl,1

of the k; is not known so the sum is given by a piece-wise Ab = Z Ok,i0i ktn an—i+kbm+l—k] (18)
function withm! cases. Using our approach, however, reduces k=1 ij

the m! number of cases to a single expression without caseShich. not surprisingly

only varies in since it is a column
namely a sum o™ terms.

vector. We then multiply this expression with

V. MATRIX MULTIPLICATION mnt1 m+1 1,1
T . m-+n+1—1
For multiplication we express the formal product " Ab= Z r Z k1O ke nn—L+kbm+1-k
=1 k=1 i,j

m,p

Since the result is @ x 1 matrix, we can treat it as a single
value rather than a matrix. Furthermore we can reindex both
sums byl — [+ 1 andk — k + 1, respectively:

lai )" big]i ) = [Z ai,kbk,j] (15)
k=1

We take, as an exampl&,” x V whereU andV are taken,
appropriately transposed, from Equation (13). As the tasul

al x 1 matrix, we drop the matrix structure and present it as o ) )
a single value: We then simplify indices and functions using property (5)

and reverse the order of the summands of the first sum:

m—+n m

§ l § :
= € Ok,m+n—10m+n—I,k+n an—(mﬂ—n—l)-l—kbmfk
=0 k

3
m—+n m

_ m+n—I1
= X Ok4+1,14+10141,k+1+n an7l71+k+1bm+17k71
=0 k=0

n
UTV = Z (Ul,h U+ Opt1, u;,h) (Ul,k U+ Okt vl/fk)

n

-3

=1

!
OLhOLE WY + O h0k+1,1 WV_p +
! !
Oh+1,100,k U_p VI + Oh1,10k41,0 Up_pV]_k

=0
) After further simplification and reordering we get:
m—+n m

Again we observe that the two cases coresponding to the two = Z ! Z O—kn—10—1,—k G1—kbk

possible orderings ok and k are encoded more efficiently in =0 k=0

the resulting term without need for case expressions. Here we simplify thes functions using property (6):
To demonstrate how our representation allows us to com-

pute even complex results symbolically, consider polyradmi

multiplication: Letp = a,2" + ap_12"" ' + --- + ag and

g =bmx™ 4+ bp_12™ L + .- 4+ by. Then,

m—+n m

!
= E x E Ol—n,kOk,l Qi—kby
=0 &

=0
A final application of property (5) gives us:
m+n l

pg= Y 2

=0

m-+n

Z( Z a,,bu)xl

=0 p+4v=l

m—+n m

!
= E x E Ol—k,nOk,l A1—1bg
=0k

=0

aj—iby = (16)
0

k=



At this point we have the closest expression possible to tegamine the arithmetic properties of structured matridehie
standard presentation, Equation (16), without relying lo@ t classes and concentrate on the multiplication. Assumentbat
coefficients outside their specified range to be zero. Thé nemultiply matrix A with the following matrix B.
step is to eliminate the first. To do so, we merely have to - 0 -
observe that if — k £ n, thena;_; = 0: tn ot Cm

m—4+n m e .
=2 @) o by B= Cmm (19)
=0 k

—0 dyy -+ din

We still need to eliminate the finat and correct the inner .
summation limit. We start by splitting the inner sum into two 0 dom

m+n min(l,m) m

; Observe that inB we have reversed the indices and m

= Z x Z Okt Qi—kbr + Z Okt Gk and thus the size of the two triangles. This choice aims to
1=0 k=0 k=min(l,m)+1 minimise confusion caused by employing too many variable

In the first inner sumf is always less than or equal toso names. Although it is slightly less general than using eftir

the ¢ can be eliminated. In the second inner sum, the lowdifferent index variables, the example nevertheless settve

bound of the summation implies that either< k = b, = 0, Same purpose of showing how properties of structure matrice

orl<k=101—k<0= a_j; = 0. Hence the second innercan be computed.

sum is always zero irrespective of theterm and irrespective  We first translate both matrice$ and B into our syntax:

of the upper bound. Thus we can safely eliminate ¢hand

o . o . . n+m,n+m
change its upperbound fo = (0403 aij + Ont1304,5 bivnj—nl; (20)
m-+n,m+n
mtn  [min(lm) ; B = [0j,m0i;j Cij + Om+1,i0i,j dimmj—ml; ; (21)
— ! . .
= Z x Z ar—kbr + Z ar—kbr Their product,AB, is:
1=0 k=0 k=min(l,m)+1 n+m,n+m
Finally we can recombine the inner sums to get the desiredl [ 7kn0ik0imTk,j GikCrj+
I‘eSU|t n . Z Ok,n0i,kOm+1,k0k,j aikdkf'rn,jfm“‘
m-+n
_ Z 2 a1 kb k=1 | On41,i04k05,m0k,j bi—n k—nCr;j+
=0 =0 - On+1,i04,kOm+1,k0k,j bifn,kfndkfm,jfm 4
VI. SHOWING STRUCTURAL PROPERTIES The sum can clearly be split into 4 separate sums, one for

Up to this point, we have shown how, using our bas@ach of the summands in the summation. Each of the resulting

functions, we can provide a simple unified approach to corfRMs is nearly, but not quite, in the form we are looking for:
puting with abstract matrices that does not involve havimg & 9eneralised term expression multiplied by a product oisbas
carry out complex analyses with combinatorially prohiksti funcuons,_where each product describes a d!310|nt shape. T
numbers of cases. However, the question remains of whet@§# them into the correct form, we need to find the product
we can recover the region oriented structural descriptiomf ©f all the possibleos that are implied by the term but are
the result of arithmetic combinations of abstract matrice§'dependent of the summation variable. This product will be
thereby obtaining closure for abstract matrix operatidre. the most generab product that can be moved outside the
example, can we tell, after multiplying two upper triangulaSummation and will then provide us with the required form.
abstract matrices, that the result is upper triangular, andFirst we show that that the regions associated with each term
indeed, construct the corresponding abstract matrix olgec is disjoint: Consider the full set of inequalities impliegt the

it. We can, and the basis for doing so is to organise tif Of each term. We can do this most easily by completing
term computed into the form of a sum of terms, where eadh€ partial order on the limits, and displaying them as a set
term is an arithmetic combination of generalised terms ef tif Hasse diagrams (albeit based on a non-strict, rather than
operand abstract matrices, which become the generalised téhe usual strict, covering relation):

of the new region, multiplied by a product of basis functions " n i i :
where these basis function products describe shapes which J K K

are disjoint from the corresponding shapes of the othergerm : § i ! m*L
This shape becomes the shape of the new region. The ability to i m+1 i n+1 n+1

reconstruct abstract matrices from the underlying exjmess  We can now see that all four partial orders are incompatible
allows exploring and demonstrating structural propertiés (e.g.j7 < m in (1), butm 4+ 1 < j in (2), etc.) and hence
classes of matrice. We demonstrate this approach with #ie space defined by the possiblg pairs describe disjoint
example of matrix multiplication. regions.

Consider matrices of a structure similar to matrxgiven To extract the required most general productsfirom each
in section Il, Equation (1). Let us suppose we want tterm, we generate @ expression from every pair of elements



in the partial order for the term, excluding only the summati S4  This region is also bounded abovenat- 1, to the

variable. We explain the process in detail for the first ragio left by columnm + 1 and by the main diagonal.
tm ntm.ntm Otherwise it goes all the way to the right e_dge and
Z the bottom of the matrix. It is therefore a triangular
Okn0i,k0jmOk,j QikCkyj - - -

region that might have its top left corner clipped

vertically.
Our task is to factor out functions from the sum. We generate o that we know the form of the single regions, we are

all inequalities not featuring: from the partial order for this jterested in what the structure of the overall matrix looks

term:i < j, j < m, i <nandi < m. In practice, we only |i e anq if it is always of a particular form regardless of the
peed a.m|n|mal set of|nequallt|es that imply all the inedfied concrete values ofn and n. Firstly, we observe that every
in the list so we can omit < m. We turn each one of these gginn contains the term; ;. Thus every non-zero region is

into the corresponding expression and multiply the term by gy ated above the main diagonal and the matrix has an upper
it. This does not modify the meaning of the term as the?ﬁangular form.

constraints were implied by it anyway. Observe that althioug Secondly, we note that regions S2 and S3 contain mutually

we add these as new coefficients, we can nevertheless gol ive variable orders: We therefore perform a caseyaisl
simply remove any of ther functions from inside the sum, j. o relation between andm

since although the inners imply the outer ones, the reverse m < n: Region S2 is non-zero and region S3 vanishes. The
is not, in general, true. Continuing in this way we obtain th?esult matrix is of the form:

following set of 4 outels products, where, in all cases, both
1 andj ranges from 1 tan + n:

k=1 0.

rac ac ad adq

05,m0in0ij (S1) .
0i,504,n0m+1,0m+1,n (82) wd
On+1,i04,j04,m (S3) . .
On+1,i04,j0m+1,j (S4) " ad ... dd

bd bd

Reconstructing the shape of a region is done by translating o
eacho back into one of the half-plane constraints given in .0 b

Figure 1. We consider each shape in turn Note, that we have given the matrix entries without indices.
S1  0;; means that this region is constrained to be on, or , < m: Region 3 is non-zero and region 2 vanishes. Since
to the upper right, of the main diagonal of the matrixeegion 1 is bounded from the right, and both region 3 and 4
ojm Means this region extends to the right only agre bounded from the top we also get a rectangular zero region

far as columnm, o; , means it extends downwardsin the top right-hand corner of size x n. The result matrix
only as far as rown. Hence, ifm < n, the region s therefore of the form:

will be a triangle with its base on the main diagonal, i o
one side on the top boundary of the matrix (limited o

only by the lower bound of 1 of) and the remaining . o

side being the vertical column gt= m. If, however, be .. be bd ... bd
n < m, the bottom corner of the triangle will be : Do :
clipped off horizontally by the row = n.

S2 Firstly, this region only appears at all when< n.

It is bounded horizontally at» + 1 from the left and bd
vertically atn from below. In addition it is bounded L
by the main diagonal. Otherwise it is bounded only 10 -
by the implied limits of the matrix. This means that

the region is a rectangle in the upper right corner of n = m: Both region 2 and 3 vanish. The result matrix is of
the matrix that potentially has its lower left cornem form similar to the original matriced and B.

clipped off diagonally by the main diagonal of the
matrix.

S3 Note that, < m is implied by the set ofs here,and  The ¢ basis functions are well behaved, simple and easy
was only eliminated to reduce unnecessary expansitin manipulate, however, in certain cases they might lead to
of the term. Hence this region only appears ik m. overly complex terms. An obvious alternative is to try imr
This region is bounded above at raw+ 1, to the instead of half plane, basis functions. It turns out, howeve
right at columnm+1 and also by the main diagonal.that a simple interval function does not solve the problem.
Thus it is a proper triangle sitting in the middle ofWe therefore define a variant of an interval basis function
the matrix, above the main diagonal. that exhibits some interesting properties. Its basic idetoi

be

VIl. ALTERNATIVE APPROACH



eliminate explicit case analysis of the results of aritimetThis is exactly what one gets directly from< k.
operations altogether by committing to one ordering of indeh = k In this case, Equation (26) reduces to the correct
variables, and, automatically applying corrections ineci® equation forh = k because€ (i, h, k) = £(i, h, h) = 0.
commitment was erroneous. A case based approach would have produced one case for

Definition 3: each ordering of the lengths of the first components of the
vectors: in this case, two cases, with 3 terms each. If we were
adding m such vectors, we would have one case for each
E(i,y,2)=q—1 if 2<i<y possible ordering, leading ta! different cases, each with +

0  otherwise 1 terms.

Recall that thes basis function approach produced a sum

of 4 terms, one for each of the four possible combinations

1 ify<i<z

The following properties follow immediately from the def-

Inition: of each of the two terms from the first vector with each of
(i, y,y) =0 (22) the two terms from the second, where two of the terms are
(i, y, 2) = —€(i, 2,y) (23) mutually equuswe in that, vyhen the relative lengths offilnst .
) ) i component in each vector is resolved, one of those terms will
E(iy,x) + (i, @, 2) = £(i, y, 2) (24)  pe reduced to zero. If we were adding such vectors, there
Using this basis function, we will attempt a vector additiorf"® 2" possible combinations that would need terms, hence
Consider two vectors: 2™ terms in the result with only one case.
When using the (z, y, z) representation, we have produced
Ut = [Ulvu% ey UR—1, U, Ug,y 7u;z—h+l] a sum of 3 terms only, which corresponds to a single ordering
VT = [v1, 02,0, U1, 0, V), o Uy ] of the possible first component lengths, and have shown that

this expression is exactly equal to the corresponding expre

We can write these vectors as sion for the alternative ordering. This was possible beeaus

UT = [€(3,1,h) X u; + (i, hyn) x u/ichrl};T if we commit to a single ordering and choose incorrectly,
- , . ) o the basis functions allow reversing the direction of traar
VT = [€(6,1,k) x v; + £(i, k,n) x Ui-kﬂLJ- of elements in the vector, undoing the commitment to the

first order by subtracting the values erroneously committed

Adding the vectors, we get to, and applying the values of the alternative orderingc&in

1,n . . . .
. o €61 R) X wi €, hyn) X i+ we are thus encoding all possible or(_JIerlngs with the number
Ul +Vvi= €001, k) % v+ €00, Fym) X o] of terms necessary for only one ordering, the number of terms
B ! B ikl L necessary for adding: such vectors isn + 1 and there is

To get the benefit of using the negative values and compre€8ly one case. _ N
ing into 3 cases, we have to do a different type of case amalysi The £(i,z,y) bas_ls vectors: work so well for addition
rather than the obvious one, where we choose a configuratRffause, when the interval limits are reversed, they aply t
of h < k and use the negative values &, y, z) to fix the additive inverse on to the carried term. Unfortunately, whe

problem if it turns out thak < h. multiplying vectors, if we want the same trick to work we
h < k Here (25) yields a sum of three terms: must use the multiplicative inverse instead and thus have to
_ changet(i, z,y) to a multiplicative version:
€(i,1,h) x (u; + vi) Definition 4:
i hy K : i 26 ,
+§(27ka ) X (uj—h-i-l +U/) ( ) e if y < i<z
+ &0k, n) X (Ui_pyr + Vi) Exliyz)(e) =R L ifz<i<y
_k < h Here we claim th_at the sqlution for the previou_s case 1 otherwise
is also the correct solution for this case. Using the praogert . . L .
shown above fo€(z, y, z) we have: It is worth noting that this definition leads to the following
e relationship: _
(€6, 1,k) + €(i, k, h)) X (ui + ;) Ex(iry,2) (e) = Sh0?)

- 5(27 kv h) X (u;—h-i—l + Ui)

We therefore get a new set of properties §or.
+ (5(27 kv h) + 5(27 h’ TL)) X (u/ichrl + Uékarl)

iy, =1 27
e e Ex(i,9) (€) 1 @7)
+ &(i, ky h) X (wivi—ui_p g —vi+u;_p 05 q) Ex(i,y,2) (€) = 020 (28)
+&(i, hyn) X (Wi_pyy +Vipy1) Ex(iyy,x) (e) x Ex(iy2,2) () = Ex(4,y,2) (e)  (29)
= 5(21’ 1,k) < (us —H)i/) Note that to construct vectors and matrices out of terms
+&(is ky h) X (ui + v_giq) involving &, (i, 4, ) (¢), we have to multiply them together,
+ &6, hyn) X (Wi_pyq +Vi_ji) instead of add them as in the casef¢f, y, z).



Using the same vectors as before, we get that VIIl. CONCLUSION

. . n,1 i i i
_ [gx(z,l h) (us) % €x (i, h,n) ( ul h+1)] We have preS(_anted a computatl_onal approach to .anthme.‘tlc
o 1 on abstract matrices. We have defined a simple basis function

V= [ix(i, 1,k) (v;) x §X(i,k,n)( v;_ k+1ﬂ that allows us to represent every abstract matrix regasdles

of its structural composition as a sum of region terms.
Given this representation we could define matrix additiod an
Ve Z( € (i, 1, h) (ug) xEx (i, h,m) (“§—h+1) ><> (30) multiplication straightforwardly as addition and mulfigtion .
Ex (i, 1,k) (v;) xEx (i, k,m) (v£7k+1) of the sums. In fact we could show that our representation
enables symbolic computations on abstract matrices theat ar
Just as with the additive version, we could do essentialpnsidered mathematically routine but for which only lieuit
the same case analysis and rewrite to show that the reSU'hliﬁomated Support exists. In a next Step we therefore intend
a product (rather than a sum) of 3 terms that correspond jfaplement bespoke algorithms for abstract matrix ariticet
precisely one possible ordering of the initial vector com@at and combine them with our parsing procedure presented in [5]
lengths and that the result is equal to the expression th@breover, we intend to use our representation as a basis
one would obtain with the other order. Instead we show fgr developing other operations on abstract matrices ssch a
more direct derivation of the 3 term version from the initiabomputing Jordan normal forms or determinants.
expression. Another advantage of our representation is that the re$ult o
The procedure starts with equation (30) and rewrites alh arithmetic operation on two abstract matrices can be exam
Ex(i,1,h) (e) into £x(i,1,k) (e) x &x (i, k, h) (e), and simi- ined by systematic arithmetic manipulations and expliitat
larly & (i,h,n) () into &x (i, h, k) (e) x Ex(i,k,n) (e) and  of the partial order structure of the basis function to yield
simplify. This works analogously for addition of course.  structural properties of the resulting matrix. This could b
further exploited to perform and automate general proofs of

and multiplyingU andV yields

U-V= Z U, xV; closure properties for certain classes of structural roasrin a
i=1 computational manner. Furthermore, this fact indicatas e
- n Ex(i,1,h) (ug) x Ex (i, h,n) ( h+1) X representation could be used as a starting point for tringla
= Z ( € (i, 1, k) (03) X &x (i, k, ) (szkﬂ) ) the algebraic expression back into a graphical repredentat
=1 of the abstract matrix, i.e. with ellipses etc.
n Ex (i, 1, k) (ul/) x 5X(Z ky ) (us) % While our approach is encompassing enough to deal with
— Z Ex (i hym) (W4 abstract matrices of arbitrary structure, we have ideuwtifie
P Ex (i, 1, k) (v3) X cases in which the growth of terms is potentially exponéntia
5X (i, K, h) (Vi 1) % Ex (i hyn) (vi_jpr) We have started addressing this issue by investigatingtan al
n Ex (4,1, k) (u; x vl) native basis function that can avoid this exponential ghowt
= Z Ex (i, k, h) (ul X v k+1) Although the alternative basis function requires distirep-
=1\ Ex(i,hon) (uf_p oy XVl pyq) resentations of abstract matrices, depending on the atibm

While we believe these basis functions are promising ar(?(ﬁ)efrfanon V\;e W?jr(;t to perf(;;rm IW(T could alreal;iy show that it
worthy of further study, there remain some open issues tHé'te ectlvet ora |tt|on fm muttlptlr(;attlon %n a stract:tlxn;;
we are currently investigating: l;)V\t/evetr |st correct ex enstlr(:n ob e tW(f)f |tmen3|0n|? se
1. When using thé basis functions, addition works well in the@PStract matrices remains the subject of future work.
sense that incorrect case choices are correctly compeifsate REFERENCES
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