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Abstract 
 
 
The Particle Swarm Optimization method has 
proven quite successful in treating a variety of 
applied problems.  Here we further test its 
capabilities by studying its behavior when 
applied to a challenging problem, namely the 
search for energy conformations of atomic 
clusters.  In its simplest form this is known as the 
Lennard-Jones Problem.  Results are compared 
with those achieved using simple Genetic 
Algorithms. 

1 INTRODUCTION 
The problem of minimizing the potential energy function 
of clusters of atoms is generally known as the molecular 
conformation problem.  Cluster sizes can range from a 
few atoms up to several hundred atoms.  Physical and 
chemical characteristics vary with size. The determination 
of the global minima or ground states of these energy 
functions is of particular interest to researchers in 
chemistry, biology, physics and optimization methods.  
One particular class of these problems in molecular 
conformation is that where the interaction potential is the 
pure Lennard-Jones potential function.  This turns out to 
be a very difficult problem to solve since the number of 
local minima has been estimated to increase exponentially 
with the number of atoms N (Tsai and Jordan, 1993; 
Stillinger, 1999).   Studies have shown that at N = 13 
there are 988 local minima, and for N = 98 the number 
grows to the order of 1040. In spite of this formidable 
hurdle, success has been found in locating what are 
believed to be the global minima (ground states) for 
systems with N as large as 250 (Hartke, 1993 and 2001).   
 While Genetic Algorithms (GA) have played an 
important role in treating this problem (Barron et al. 1999; 
Deaven and Ho, 1995; Zeiri, 1995), the generic GA has 
not proven to be very successful beyond small numbers of 
atoms, requiring a large number of generations in order to 
locate the global minima.  In place of it, modifications to 

the GA operations of crossover, and mutation have had to 
be made in order to bring about more rapidly converging 
sequences.  These variations have been based on physical 
insight into the problem (Hartke, 2001) incorporating 
crossover and mutation procedures based on the physical 
geometry of the clusters.   In addition, improvements have 
been achieved by incorporating local search algorithms 
into the GA as well (Deaven et al., 1996; Doye et al., 
1999; Neisse & Mayne, 1996; Radcliffe and Surry, 1995; 
Wales and Doye, 1997).  These investigations have shown 
that the problem can be treated using problem-specific 
GAs. 
Here we investigate and compare the success of the 
Particle Swarm Optimization  (PSO) method with a fairly 
generic GA when applied to the Lennard-Jones problem.  
There has already been some discussion of the similarities 
and differences between the PSO method and genetic 
algorithms (Eberhart and Shi, 1998; Angeline, 1998).  
The PSO method has proven to be successful in a variety 
of applications (Kennedy and Eberhart, 2001).  Our 
objective is to see how well it can handle quite a 
challenging function in order to better understand its 
capabilities.  Certainly the success achieved using special 
treatments tailored to the cluster problem will not be 
achieved using a simple approach such as the PSO.  
However, it’s ability to seek out the global minimum in a 
function with a large number of local minima will be 
severely tested.  If it can accomplish this test as well if not 
better than simple generic genetic algorithms, then it 
should merit recognition as a valuable tool for treating 
other global optimization problems. 

2 THE LENNARD-JONES PROBLEM  
The Lennard-Jones problem is concerned with 
determining the lowest-energy configuration of a cluster 
of neutral atoms interacting via the Lennard-Jones 
potential.  The function to be minimized is the total 
energy (in reduced units) of the Lennard-Jones cluster as 
computed from 
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where N is the number of atoms in the cluster, and rij 
represents the distance separating atom i and atom j. This 
problem has a long history (Hoare, 1979; Leary, 1997).  It 
has served as a test-bed for a wide variety of optimization 
algorithms, primarily due to the exponentially increasing 
number of local minima.  It is significant in the field of 
chemical physics for the insight gained by studying the 
structure of the clusters as the size increases.  It also 
serves as a reasonably accurate mathematical model of a 
real physical system, namely that of low-temperature 
microclusters of heavy rare-gas atoms such as argon, 
krypton and xenon. 
Much of the foundation for the study of the Lennard-
Jones problem was laid by the well-known results of 
Northby (1987).  He established multilayer icosahedral 
conformations as the dominant structural motif for the 
optimal microclusters and produced global optima for all 
N # 147.  Other authors (e.g. Xue, 1994;  Deaven et al. 
1996; Leary & Doye, 1999) have since found new 
configurations having lower energies than those of 
Northby for some values of N.  Many of these studies 
employed hybrid genetic algorithms with local search. 
More recently (Hartke, 2001) the PHENIX method, also 
based on a GA, has extended the values of N successfully 
treated up to 250.  It is believed that the lowest-energy 
configurations have now been determined for all N # 250. 

3 PARTICLE SWARM OPTIMIZATION 
The Particle Swarm Optimization (PSO) method has 
evolved from a purely qualitative social optimization 
scheme to a truly numeric optimization scheme (Kennedy 
and Eberhart, 1995; Eberhart and Kennedy 1995).  In its 
most applied form, the algorithm is designed to search for 
global optima in an n-dimensional search space of real 
numbers.  An excellent review of the background and 
philosophy behind this method can be found in a recently 
published book (Kennedy and Eberhart 2001). 
As in the more common Genetic Algorithm, a population 
of individuals is formed.  Each individual in the PSO 
method is considered as a “particle” which is free to move 
about the search space.  In the case of the Lennard-Jones 
problem each particle of the population is characterized 
by a set of 3N real numbers corresponding to the (x,y,z) 
positions of each atom.  The fitness of a particle 
corresponds to the energy of the collection of N atoms, 
with the objective to make this energy as small as 
possible.  In practice this energy is negative, 
corresponding to a ‘bound’ set of N atoms. 
If particle i in the population, at time t, is represented as 
the vector ( )ix t , then the change of position as the 
particle goes from one time step to the next is defined to 
be its velocity, 
 
 ( ) ( ) ( )1i i iv t x t x t= − −  
 

How this velocity changes at each time step is determined 
by the history of the particles past motion as well as that 
of its neighbours.  This information is encapsulated in two 
parameters, the previous best position ip  for this 
individual particle, and the previous best position gp  for 
all those particles in the neighbourhood of this particular 
particle.  We will define this neighbourhood later.   The 
formulas to adjust the particle’s velocity and position are 
then given by 
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for the velocity, and 
 

( ) ( ) ( )1i i ix t x t v t= − +  
 
for the position.  Here w is a weighting factor which is set 
to 0.9 at the beginning of the process, and decreases 
linearly to 0.4 at the end of the specified number of time 
steps (Shi and Eberhart 1998).  The other two parameters,  

1ϕ  and 2ϕ  are positive random numbers with upper 
bounds max

1ϕ and  max
2ϕ . 

The other constraint on the system requires that the 
velocity is limited within a certain range so that all the 
particles will not escape from the search area.  This is 
defined by limiting each velocity to maxv± .  Finally, the 
neighbourhood of each particle, mentioned above, refers 
to those particles which are adjacent in the population.  
For example a neighbourhood of 2 particles means that 
the particle in question has one neighbour on either side 
of it.  A neighbourhood of 4 means that there are 2 
particles on either side.  It is understood that the 
population is considered to be a loop with the first and 
last particles in the population connected.  The algorithm 
is then reasonably straightforward. 
 begin PSO 
      g := 0 (generation counter) 
      Initialize population P(g) 

     Evaluate population P(g) (i.e. the cluster    
energy) 
      while not done do 
  g := g + 1 
  Evaluate new velocities  
  Evaluate new positions  
  Determine local and global best 
  Evaluate new population P(g) 
      end while 
 end PSO 
 
 



4 GENETIC ALGORITHMS 
 
In order to do some sort of a comparison we have also 
carried out a number of calculations of the Lennard-Jones 
energies using a basic generic genetic algorithm, as well 
as a slightly more involved one.  The first GA we refer to 
as BasicGA, which is described by the pseudocode shown 
below: 

begin BasicGA 
      g := 0 (generation counter) 
      Initialize population P(g) 
      Evaluate population P(g) 
       while not done do 
  g :=g+1 
  Select P(g) from P(g-1) 
  Crossover P(g) 
  Mutate P(g) 
  Evaluate P(g) 
      end while 
 end BasicGA 
This algorithm employed Roulette wheel selection, 
single-point crossover, and the mutation consisted of 
randomly modifying one parameter.  The crossover 
probability was 0.8 and the mutation probability was 0.15. 
In addition we ran a more general genetic algorithm based 
on the Genetic Algorithm Optimization Toolbox (GAOT) 
(Houck) which incorporated three different kinds of 
crossover functions and  also three different mutation 
operators.  Geometric selection was used, the crossover 
methods used were simple, arithmetic, and heuristic, and 
the mutation operators were boundary, uniform, and non-
uniform (Michaleweiz 1992).  In each generation two sets 
of parents were chosen for each crossover method, and 
four individuals were chosen for each of the mutation 
methods.  Hence each generation is able to provide a 
wider search of the parameter space than in the case of the 
BasicGA above. 
 

5 CALCULATIONS 
In order to initially investigate the effect of the various 
parameters in the PSO calculation for the Lennard-Jones 
problem, we have focussed on a fairly simple case, that of 
the 8-atom cluster.  As the best energies for clusters 
having up to 250 atoms are well known, we have 
examined the convergence of the iterations to the best 
known energy for this case (-19.82).  Hence in the first 
part of this study we allow the iterations to proceed until 
the energy of the cluster (the best energy in the swarm) is 
within a small distance of the known value.  Here we have 

required the value of this energy to converge to 4 
significant figures. 
The first calculations examined the effect of the 
neighbourhood size on the rate of convergence.  We 
varied the size of the neighbourhood from 0 (meaning that 
all particles were in the neighbourhood) up to 14.  The 
size of the swarm was kept at 30 particles.  The maximum 
velocity was set at 0.2 and the bounds for max

1ϕ  and 
max
2ϕ  were both set at 2.0.  If the swarm did not converge 

after 10,000 iterations, it was terminated.  We repeated 
the runs 100 times and recorded the number of failures 
(i.e. the number of times that convergence was not 
achieved in the maximum allowed number of iterations), 
as well as the average of the number of iterations required 
for those cases where convergence was achieved.  Figure 
1 shows the behaviour of these two measures as a 
function of the neighbourhood size 
 
 
 
 
 
 
 
 
 
 
 
           Figure 1: Variation with the neighbourhood size 
 
The solid line in Figure 1 represents the number of 
failures, and the dashed line the average number of 
iterations.  Here we see that the average number of 
iterations for the runs which converged did not vary  
 
 
 
 
 
 
 
 
 
 
 

Figure 2:  Variation with the log of Max V. 
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significantly from around 5,000.  However there is a clear 
minimum for the number of failures when the 
neighbourhood size was either 2 or 4. 
We proceeded next to investigate the effect of varying the 
value of the maximum velocity (MaxV).  
The neighbourhood size was set to 4, and all other 
parameters were as above.  The maximum velocity was 
varied between 0.003 and 2.5.  With such a large range, 
we plotted the results as a function of the logarithm of the 
maximum velocity.  The same two measures were used as 
above, and are shown in Figure 2. 
The solid line, showing the number of failures for the 100 
trials, shows a broad minimum with the number of 
failures to converge being less than or equal to 20 for 
MaxV in the range from 0.1 to 0.8.  The number of 
average iterations has a minimum when MaxV equals 
0.01.  Hence again there is no common minimum.  
However, with the primary objective of achieving 
convergence, we have tended to focus more on the 
number of failures as opposed to the average number of 
iterations.  The latter quantity does not vary over a large 
range.  Selecting a maximum velocity anywhere in the 
range from 0.1 to 0.8 does not significantly affect the 
number of iterations to convergence.  Hence for the next 
computation, we chose to select a value of 0.1 for MaxV. 
The other variables which we looked at were those for the 
bounds max

1ϕ  and max
2ϕ .  Once again for the 8-atom 

cluster we took the neighbourhood size as 4, and the 
maximum velocity was set at  0.1.  Setting the two bounds 
to be equal to each other, we obtained the results shown in 
Figure 3.   
 

Table 1. 

The value of 2.0 gives the best results in the sense that the 
number of failures is the least and the average number of 
iterations appears to increase with increasing maxϕ . 
While we recognize that there could be some dependence 
on the number of atoms and the nature of the energy 
surface in determining these results, we took these best 
parameters and ran calculations of cluster sizes for N 
varying from 4 to 15.  We wanted to test the ability of the  
 
 
 
 
 
 
 
 
 
 Figure 3:  Variation with maxϕ  
 
PSO to achieve convergence over this range, and compare 
the results with fairly simple Genetic Algorithms applied 
to the same problem.  In addition to looking for 
convergence, we also kept track of the number of function 
evaluations required for each run.  In all cases we took the 
number of particles to be 30 and ran for 20,000 iterations.  
100 trials were run for each value of N and the iterations 
were terminated if the energy matched the best known 
value for that value of N, up to 4 significant figures.  If  
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4 -6 0 2500 75008 57 11634 150016  
5 -9.104 0 5982 179487 95 16464 212581  
6 -12.71 96 7439 223177 100 20000 257500 -12.69 

7 -16.51 52 8547 256424 100 20000 256720 -16.49 

8 -19.82 29 9346 280388 100 20000 257482 -19.76 

9 -24.11 67 10143 304293 100 20000 258916 -23.99 

10 -28.42 91 9428 282846 100 20000 256877 -28.16 

11 -32.77 95 11309 339294 100 20000 257706 -30.68 

12 -37.97 96 10728 321855 100 20000 258336 -36.89 

13 -44.33 100 20000 600000 100 20000 256950 -41.94 
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the run did not converge to this limit under the 20,000 
iteration limit, then the run was counted as a failure. 
Table 1 provides a summary of these results for N = 4 to 
15.  The second column is the known lowest energy for 
each of  these cluster sizes (Leary, 1997).  The next three 
columns show the PSO results:  the number of failures to 
converge out of the 100 total trials; the average number of 
iterations required for those trials which did converge; 
and the average number of function evaluations used in 
the converged runs.  The number of failures to converge 
is also graphed in Figure 4 as a function of N.  Here two 
plots are shown, the solid line shows runs which were 
terminated after 10,000 iterations if convergence was not 
achieved, whereas the dashed line shows the same results 
for 20,000 iterations.  It can be seen that there is not a 
great deal of difference between these two results. 
 
 
 
 
 
 
 
 
 
 
 
                          Fig. 4.  Failures vs N 
  
Table 1 also shows the results of runs using the modified 
GA.  The basic GA was not successful in the sense that  
after 500,000 generations, convergence could not be 
achieved even for N = 4 atoms.  Limiting the runs to 
20,000 generations and using a population size of 30, the 
modified GA did find the known energies for N=4 and 
N=5, but was unsuccessful in 100 trials for the other 
values of N.  The best energies achieved are shown in the 
table, and for the smaller values of N are relatively close 
to the known energies, indicating that allowing the GA to 
continue would likely achieve convergence. 
The PSO method was able to achieve convergence in at 
least one of the trials for all values of N studied here, 
except for N = 13.  In many cases only a few of the trials 
converged, seeming to indicate that the particle “swarm” 
could not get close enough to the fixed point in the set 
number of iterations.    

6 SUMMARY AND CONCLUSIONS 
The Particle Swarm Optimization method has been 
applied to a variety of areas since its introduction only a 
few years ago.  As far as we are aware this is the first time 

that it has been applied to the energy conformation 
problem for atomic clusters.  There has also been some 
other work on comparing the PSO with genetic algorithms 
(Eberhart and Shi 1998; Angeline 1998).  
Genetic algorithms incorporate selection, crossover and 
mutation schemes in order to search the parameter space.  
In the PSO there is no specific selection process, however 
each individual carries with it a copy of its personal best 
value, which serves a somewhat similar role to that of a 
parent.  The offspring of an individual is a function of this 
best value.  The PSO is the only evolutionary algorithm 
that does not incorporate selection of the fittest. 
The role of the crossover function in the GA is to select 
information from parents (usually two) to create 
offspring.  In the PSO the influence on one particle by the 
others comes only in the value of the best position of the 
particles in the defined neighbourhood.   
Mutations are an important aspect of the GA process in 
that they help to break out of the genetic sequence 
generated by  the parents and offspring.  However a 
common limitation of the GA is that as the population 
converges, the average fitness value becomes high so that 
mutations will usually result in a low-fitness chromosome 
which will be rejected by the selection process.  The 
result is that the process may converge to a local optimum 
instead of finding the global one.  There are variations 
which try to circumvent this, including the incorporation 
of local optimization methods. 
Particle swarm uses a highly directional mutation 
operation as each individual’s velocity vector is modified 
using a vector whose direction lies between the personal 
best and the neighbourhood best.  As a consequence the 
PSO may have difficulties when the average local 
gradients point away from the global optima or are 
constantly changing. 
Our calculations here have shown that the PSO is indeed 
an effective optimization method.  Significantly better 
results have been found for the location of the global 
optimum energy value for a cluster of atoms interacting 
via the Lennard-Jones potential than for the case of a 
relatively generic GA.  The potential energy surfaces for 
these problems are known to contain large numbers of 
local minima, often very close to the global minima for 
certain values of N.  Hence it is not unexpected to find 
that many of the runs converge to one of these local 
minima.   
The use of a low value of the maximum velocity in our 
calculations undoubtedly resulted in slow convergence in 
most cases, however it was somewhat necessary in the 
sense that the parameter values for the sizes of clusters 
studied here are in the range [-1, 1].  Small variations in  
these parameter values can shift the energy significantly, 
so that it is important to search over a relatively fine 
mesh. 
The runs with the genetic algorithms quickly converged to 
a limit, and then tended to stay near that value for most of 
the subsequent generations.  Here it would help to have 
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more flexible mutation and selection schemes to prevent 
this from happening. 
Future work will focus on studying possible variations to 
the PSO which can help improve the success rate for this 
type of problem.   
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