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Abstract

According to the No-Free-Lunchtheorems
of Wolpertand Macreadywe cannotexpect
one genericoptimization techniqueto out-
performotherson average]WM97]. For ev-
ery optimizationtechniquethereexist “easy”
and “hard” problems. However, little is
known asto whatcriteriadeterminethe suc-
cessof anoptimizationtechnique.

In this paper we considetthis questionfrom

the evolutionary computing point of view.

We usecostdistributions, i.e., the frequen-
ciesof the objective function’s valuesoccur

ring in the searchspacesto devisea classifi-
cationof optimizationproblems. Unlike fit-

nesdandscapeshe costdistribution is truly

problemintrinsic rathernthan part of an al-

gorithmicsolution.

Basedon the characteristicost distribution
of a problem, our model helps to predict
what componentsof an evolutionary algo-
rithm are most relevant (e.g., initialization,
mutation),and what is the expectedoverall
performanceWe validatethe modelthrough
experimentson three problems: Set Parti-
tioning, KnapsackandTraveling Salesman.

1 INTRODUCTION

Evolutionary algorithmshave beenshawn to be very
successfufor a variety of optimizationproblemsfor

exampletimetablingand scheduling. However, there
area numberof otherproblemslike Traveling Sales-
man,thathave beenmuchmoredifficult to tackleusing
thesametechniques.
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There is someintrinsic property of a problem that
makes it more or lesssuitableto be tackledby evo-
lutionary algorithms. In the past,researcherbave ob-
sened threemajor classesof NP-completeoptimiza-
tion problems:

Easy Nearoptimal or even optimal solutions can
be found without major difficulties. In this case,so-
phisticatedmutationor cross@er operationdave only
maurginalimpacton thequality of theresult.In asense,
these problemsare “too easy” for the evolutionary
framework. Simpleroptimizationalgorithmslik e Hill
Climbing often outperformevoluationarytechniques
in that they find resultsof comparablequality much
quicker. An exampleof this kind of problemis Set
Partitioning.

Adequate. A large classof problemsbelongto this
classwhereevolutionary algorithmsexcel, often out-
performingother optimizationstrateies significantly
Oneexampleof thiskind of problemis Knapsack.

Hard. Problemdike the Traveling SalesmariProblem
poseparticulardifficulties to evoluationaryoptimiza-
tion. In thiscasesophisticatedproblem-specifituning
is necessaryo obtainacceptableesults.In contrasto
easyproblemsgvolutionaryoptimizationseldomfinds
optimal solutions. Most interestingly this particular
difficulty appeargo be of a generalnature,indepen-
dentof the type of evolutionary optimizationusedor
topologydefinedin thesearchspace.

In this paperwe investigatethe role of cost distri-
butions of optimizationproblems. By this we mean
thefrequencie®f all occurringvaluesof the objective
functionthroughoutheentiresearchrspacelt provides
basicstatisticalinformation on averagecostof a ran-
dom solution, and concentratiorof goodor bad solu-
tions. Costdistributionsareindependentf arny notion
of adjaceng, proximity, or neighborhoof solutions,
definedfor exampleas an algorithmic transformation
betweensolutions. Rather given a probleminstance,
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its costdistribution underliesall possibletopologiesa
searchalgorithmcandefineon the searchspace.

Through a large number of experiments, we have
seenthat cost distributions appearto be very char
acteristicfor differentoptimizationproblems[Waa99
WGLO004: Differentinstance®f a given problemex-
hibit costdistributionswhichareof similarquality. The
variationwithin a problemis gradualandlimited.

We presenthere a broad classificationof cost distri-
butions,basedon surwying the literatureand own ex-
perimentalobsenations. We discusshow eachbuild-
ing block of the evolutionaryframework (e.g.,initial-
ization, mutation)is affectedby the costdistribution,
andwhatis the overallimpacton the optimizational-
gorithm. Our model helps explain earlier resultson
the behaiior of evolutionary optimization. Also, we
believe our analysisof individual componentsanaid
in tailoring the generakevolutionaryframework to spe-
cific problemsandour generaimodelwill beusefulto
predicthow amenablearenew problemsfor treatment
usingevolutionarytechniques.

2 PARAMETERS OF SEARCH SPACE

Since the introduction of generalsearchalgorithms,
significanteffort hasbeendevotedto characterizahe
seach space—i.e., the setof all possiblesolutions—
andits influenceon the searchalgorithms.In this sec-
tion we discusscostdistributionsand how they influ-
encetopologicalmodels.

2.1 COSTDISTRIBUTIONS

A cost distribution capturesthe frequenciesof cost
values—i.e. valuesof the objective function—in the

completesearchspace.! For ary particularcostc, the
distribution indicatesthe numberof feasiblesolutions
in the spacewhosecostis ¢. This informationis the
basisto answemuestionsuchas: Are there“many so-
lutions” closeto the optimum?

Whena spaceof solutionsis too large to be enumer
ated, the generalshapeof the cost distribution can
be approximatedoy uniform randomsamplingof the
space(or quasi-randonsamplinglike randomwalks,
whenuniform samplingis too hard).

Cost distributions are independentof the algorithm
usedto tackletheproblemandareaninvariantproperty
of the particularprobleminstance.No matterwhether
a topology is definedat a later stage,the costvalues
andtheir frequenciesrenot altered.

What makes cost distributions such an importantin-
strumentis the possibilityto analyzeconcentrationsf
costvaluesin the searchspace. We are in particular
interestedn thedistanceébetweertheoptimumandthe
bulk of solutions. Without loss of generalitywe as-
sumea minimizationproblem.The questioncentralto
our furtherconsiderationss therefore:

Is the bulk of solutionscloseto the optimum
or is the optimuman outlier with respecto
thedistribution?

In large test serieswith different optimization prob-
lems, we have obsenred two basictypesA and B of
costdistributions, the secondof which comesas two
sub-typesB1 andB2. In Figurel, thesedistributions
areshown qualitatively.

In problemswith type-A distribution, the bulk of solu-

we prefertheterm costover fitness becausesometimes
fitnessis intendedas a relative measurgseee.g.,[ZT99)).
Instead, cost refersto the absolutevalue of the objective
function.



tions is very closeto the optimal costs,i.e., thereare
mary optimal or nearoptimal solutionsin the search
space.The optimumcaneven have highestfrequeny

of all solutions(seeSec.4.1). Notethatthis cost-wise
proximity doesnot imply ary neighborhoodr topol-

ogy, but simply indicatesthatmary differentsolutions
with similar costexist.

In problemswith type-B distribution, the bulk of solu-
tions is of distinctly differentcostthanthe optimum.
We candistinguishthe sub-typeB1 wherethemeanis
at a moderatedistanceof the optimum,andB2 where
thebulk of solutionsis faraway from theoptimum,i.e.,
the optimum is an outlier and nearoptimal solutions
arerare.

Note, the actual shapeof the distribution—symmetry
skew, etc.—isof little relevance. The concentratiorof
solutionsrelative to the optimumwill beimportantfor
the further analysis. In practicalproblemscostdistri-
butionswill likely shov disturbancesandcertainlynot
all problemscan be assignedexactly to one type but
may be in betweentwo types. Yet, we canidentify
cleartrendsandtheresultsof our analysiscanbeinter
polatedasnecessary

2.2 WHAT FITNESS LANDSCAPE?

Models for the topolagy or landscapeof the space
arepowerful toolsto interpretcertaineffectsoccurring
with optimizationalgorithms(seee.g.,[Kau93). How-
ever, unlikethecostdistribution,thespacdandscapés
not intrinsic to the problem,and completelydifferent
topologiescanbe definedfor agivenspace.

For instance,considerthe Traveling SalesmarProb-
lem, wherethe shortestour via a numberof citiesis
sought. Let us definetwo differentnotionsof neigh-
borhoodN1 andN2. Two toursareneighboredf one
canbetransformednto the otherby

N1: exchangingwo subsequentlyisited cities;

N2 exchanginganytwo cities;

Figure?2 illustratesthe consequencesith the optimal
tourandpossibleneighborsaccordingo thetwo differ-

entneighborhoodelations. Whereaseighborsunder
N1 areof very similar cost,neighborsunderN2 canbe
of higherdifferencesn costs.Moreover, N2 is a super
setof N1, i.e., neighborsin N1 are also neighborsin

N2 but notcorversely

Both N1 andN2 induceatopology thusa landscape,
on the searchspace. One appeargelatively smooth
(N1), theotherrugged(N2). Yetthey arebothdefined
onthesameproblem.Neitherof thetwo landscapets

(b) (c)

Figure2: Alternativetours for a TravelingSalesmarProb-
lem; (a) optimal tour, (b) tour neighboed to optimal tour
underN1, (b) underN2

intrinsic to the problem,and neithercould be claimed

tobe“the natural’landscapeA numberof otherneigh-

borhoodrelationsfor this problemhave beendescribed
in literature; for a survwey on neighborhooddefining

transformationseefor instancd FIM0O93.

In ourview, thespacdandscapés partof theapproach
to solve a problem. In contrastthe costdistributionis
anintrinsic attribute of the problem. A main claim of
this papetis thatusefulinsightcanbegainedfrom con-
sideringthe costdistribution alone,and that suchin-
sightholdsregardlesf the specifictopologyimposed
onthespace.

3 PRINCIPLES OF EVOLUTION ARY
ALGORITHMS

The notion of evolutionary computingis fairly flex-
ible, comprising a large variety of algorithms and
techniques. Framavorks as for instancepresentedn
[Gol89, Mit96] are capableof simulatingother algo-
rithms that are commonly not consideredevolution-
ary, like RandomSamplingor SimulatedAnnealing
[Bac9g. On the otherhandthereare several generic
elementghatareagreedo becharacteristiéor anevo-
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Table 1: Importanceof component®f evolutionary algo-
rithmswith respecto the costdistribution

lutionaryalgorithm.In ouranalysiswefirst sketchthis
generickey elementsandscrutinizethe impactof cost
distributions on thosecomponents.In particular we
investigateto what degreethe single componentsise
randomlyselectedsolutions. Randomsampling,uni-
form or biased,on—possiblyrestricted—setsf solu-
tionsis theverynucleusof all randomizedptimization
algorithmsincludingevolutionarytechniques.

Startingwith a randomlygeneratednitial population,
generationgarerepeatedlyderivedby selectinga setof
parentsgeneratinghe offspringby recombinationin-
troducinga certainrandomdistortionin form of muta-
tion, and subjectingall individualsto a selectionpro-
cess. The algorithm terminatesas soonas a certain
stoppingeriterion—e.g.fimeout,maximumnumberof
individualsreachedpr no improvementover a certain
numberof generations—idulfilled. In every genera-
tion, all individuals are checled for their fitness i.e.,
their costs,notonly for the selectionof the next gener
ationbut alsoto keeptrackof the bestindividual found
sofar. Simulatingthe naturalevolutionaryprocesghe
algorithmachievesa gradualimprovementconcentrat-
ing onwell suitedindividualsby selectiorandthepro-
ductionof closelyrelatedoffspring.

Initialization.  The influenceof the costdistribution
ontheinitial phasds significantasinitializing directly
translatedo sampling Note, thatsamplingheredoes
not necessarilyneanuniform sampling.

For atype-Adistributiontheprobabilityto find already
nearoptimal solutionsin theinitial sampleis high. In

otherwords,the subsequerptimizationphasecannot
improvetheinitially foundsolutionssubstantially The
probability that high quality solutionsareincludedin

the initial solution dependfurther on the size of the
population: very small populationsmay differ enor

mouslyin quality.

In caseof atype-Bdistribution, theinitialization’srole
is lessimportant,dependingn thedistanceof the cost
of theoptimalsolutionfrom theaveragecost. Thesam-

pled initial individuals are of comparable distinctly
sub-optimalquality. In type-B2problems,the initial-
ization produceoonly resultsof constantut low qual-
ity. As opposedto the previous case,the size of the
populationdoesnot affect its quality—theprobability
to samplea nearoptimalsolutionis virtually zero.

Recombination. Implementing a mating between
two individualsresultsn arandomsolutionwhichcon-
sistsof partsof its ancestar

In the caseof the type-A distribution sophisticatioris
usually of limited useonly asthereare plenty of so-
lutionsin the closevicinity. However, if therearetoo
mary closerelatives, guiding the recombinationpro-
cesshecomeslsomoredifficult.

Thelesssolutionswith similar coststo their ancestors
thereare,the moreastray—i.e.jn directionof the av-
eragecost—therecombinatiommaylead. More sophis-
ticatedalgorithmsarenecessaryo avoid afall backto
thebulk of solutionsin caseof atype-B2distribution.

Mutation. In caseof atype-A distribution, mutation
canbemostfruitful asthe oddsto improve by random
alterationarehigh.

For atype-Bdistribution, the probabilityto achiese an
immediatemprovementby mutationis very small but
mutationis still usefulto avoid undueconcentratiorof
certainpropertiesamongtheindividuals.

Restarts. Evolutionary algorithms, mimicking the
naturalevolutionaryprocessare characterizedyy con-
vergence,i.e., the overall fitnessof the consecutie
generationsncreases—although is not necessarily
monotonic. For simplified models of those algo-
rithms,the convergenceof the optimumasalimit, pro-
vided an infinite running time, hasbeenproven (see
e.g.,[Bac9q). Similarfactsareknown for algorithms
like SimulatedAnnealing.However, dependingon the
costdistribution, evolutionaryalgorithmscanvery well
profit from restarting,simply becausef the costdis-
tribution’s influenceon the initialization.In caseof a
type-A distribution, theimpactof re-runsmay greatly
improvetheresults whereasn atype-Blscenariore-
startsdo not make muchof adifference.Theinfluence
is even wealer in caseof a type-B2 problem. With
type-B distributions, the resultsusually do not justify
thehighercostsin termsof runningtime.

In Table 1, the basictendencie®f influenceare sum-
marized. The threetypesof costdistributionsdirectly
suggesthreeclasseof difficulty—from anevolution-
ary algorithm point of view. Type-A is the easiest,



whereall componentdut recombinatiorarepositively
influencedby thedistribution. Theimpacton Type-B1
problemsis fairly balancedin Type-B2problemsneg-
ative influencesdominate.

4 CASE STUDY

To corroborateour analysis,we scrutinizethreerep-
resentatie and well-understood NP-complete opti-
mization problems: Set Partioning, Knapsa&, and
Traveling SalesmarProblem(seee.g.[GJ79). The
threeproblemsarearchetypicabptimizationproblems
which have beenreceving greatattentionever since
theirinception.

As a preliminary study to the experimentspresented
below, we scrutinizedthe occurringcostdistributions
with respectto the varianceamonginstancesof the
sameproblem.For all threetypesof problemswe var
ied all availableparametersik e size,type andparam-
etersof the distributionsof weightsor coordinatestc.
and determinedthe cost distributions with large uni-
form samples.

We found the costdistributions of our threeproblems
corvergevery quickly (i.e. for virtually all non-trivial
problem sizes)to their anticipatedanalytical contin-
uous approximation,accordingto the Central Limit
Theorem.This statisticalanalysis,basedon the struc-
ture of the problemandits costfunction, is presented
in [Waa99. For TSP we have also determinedthe
cost distributions of all problemsgiven in the stan-
dard benchmarklibrary TSPLIB [Rei91, WGLO0O0H,
andfoundthemto matchthesamecharacteristicshape.

In this sectionwe will presentatatakenfrom alarger
seriesof experimentsn whichwe scrutinizedheeffect
of the costdistributions. To ensurethe resultsof the
experimentsare comparableacrosshe differentprob-
lems,weimplementedigenericframenork which pro-
videsauniformway of controlingcommonparameters
liketheratio of individualsgeneratedby recombination
to the thosestemmingfrom mutationetc. All experi-
mentsbelov wereconductedising250individualsper
generationthe optimizationwasterminatedafter 1000
generations.

While writing our own framework guarantees fair
analysiswe comparecbur findingswith resultsin the
literatureverifying the generalityof our obsenations.

41 TYPE-A

Setor numberpartioningis a typical representatie of
this class.A setS of numberss to be partitionedinto
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Figure3 showvsthecostdistribution of aninstancewith
100 elementgtaken from a Gammadistribution. The
original distribution of numbersdecrease$ signifi-
cancewith increasingsize of the set. For an analyt-
ical model, we refer the readerto [WGLOOb]. The
costdistribution is characterizedby optimal andnear
optimal costsappearingwith the highestfrequencies.
Evenplainrandomsamplingalgorithmsareguaranteed
to find nearoptimal solutions[KKLO86], hill climber
and other multi-start algorithms that do not deploy
highly sophisticatedechniquesachiere excellentre-
sultswithin extremelyshortrunningtime.

Evolutionaryalgorithmsfind resultsof similar quality
but requirelongerrunningtimes. With this kind of dis-
tribution, the sizeof theinitial populationis critical to
the stability of the optimization,i.e., using a popula-
tion sizeof 1000almostcertainly containsan optimal
or nearoptimal solution; the quality of small popula-
tionsmaydiffer significantly sothatusingatight time
limit and re-startingthe algorithm a couple of times
may improve the resultssignificantlyin caseof small
populations.

We implementeda geneticalgorithmfor setpartition-
ing usingthe standardstringencoding Figure4 showns
the dependenciebetweenthe quality of the optimiza-
tion result and recombinationand mutation ratio re-
spectvely. Besidesthe ratio of mutationand recom-
bination,we alsovariedthe sizeof the population.

e The figure underlinesthe importanceof the ini-
tialization (value for (0,0) representgplain ran-
domsampling):Usinga large populationswe ob-
tainnearoptimalresultswithoutrecombinatioror
mutation

e We achieve (near)optimal resultseasily for al-
mostary configuration

¢ No sophisticatioris neededvhendefiningthere-
combinationoperation

4.2 TYPE-B1

The classof type-B1 distributions comprises,among
others,a large variety of schedulingtimetabling,as-
signmentproblems andKnapsa& Problemson which
we focushere.

The problemsdefinition is asfollows: Givena num-
berof items—eaclhasa profit andaweightassociated
with it—, a (sub-)setof itemsis soughtsuchthatthe
total weightdoesnotexceeda givenboundbut thesum
of profitsis maximal(seee.g.,[GJ79). Weinvertedthe
valuesto turnthemaximizationproblemin oneof find-
ing the minimum. In Figure5, the costdistribution of

aninstanceconsistingof 150itemsis shovn. Theval-

uesof bothweightandprofit of the singleitemswere
chosenmasrandomnumbersbetweenl0 and100. The
capacityof the knapsaclkwas chosenas half the total

weightof all items. Suchassumptiong&recommonin

the literature[ZT99]—in particular this configuration
follows the exampleof [MT90].

The effect of this distribution on genetic searchis

twofold: The samplingof an initial populationdoes
not containhigh quality solutions. Also, the random
samplingcomponentvithin crossoverandmutationis

limited—theprobabilityto sampleanearoptimalsolu-

tion is practicallyzero. On the otherhand,the optima
arenottoofarawayfrom thebulk of solutions.Genetic
algorithmsareknown asa suitableandvery successful
optimizationtechniquefor this kind of costdistribu-

tions.

Figure6 shows the experimentalresultsobtainedwith
an implementationusing standardstring encodingof
individuals.
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e In contrastto type-A problems,the population
sizeis of little importance(we omitted figures
for experimentswith differentpopulationsizesas
they areidentical)

e With anincreasingatio of recombinationthere-
sultquality improves—weseesignificantimprove-
mentsover randomsamplingand high mutation
ratio; bestresultsareobtainedwith high recombi-
nationandlow mutationratio (about(80%,20%)).

4.3 TYPE-B2

As a Type-B2 problem, we study the cost distribu-
tions of the symmetricTSPwhereinstancesaregiven
only by the coordinatesof the cities. The TSPLIB
collection of instancedor the symmetricTSP senes
as a widely acceptedstandardbenchmarklibrary in
this field [Rei91]. In Figure 7 the cost distribution
of a problemwith 52 cities, obtainedfrom 10 uni-
formly sampledours,is depicted.Thecostdistribution
shaws the expectedfeatures:Almost all solutionsare
concentrated—eenin the upperhalf of the total cost
range.Moreover, they areconcentrateéh avery small
interval. The optimal tour is known to be of length
7542. All sampledtours are longer than 21966 and
shorterthan 35898. Consequentlyneitherwhenran-
domly selectingtioursfor ainitial populationnor when
addingrandomlychosertoursduring the optimization
a tour shorterthan21966is likely to be chosen. The
bestsampledour is morethantwice the lengthof the
onefoundby asimplegreedyalgorithm(9535).

The TSP is know to be a difficult problemfor evo-
lutionary algorithms. Evolutionary algorithmswhen
appliedto this problemrequire special,sophisticated
extensiondn orderto achieve competitive results(see
e.g.,[MwW92)).

Figure8 shavstheresultsobtainedwith ourimplemen-
tation. We experimentedwith differentrecombination
stratgiesfoundin the literature;while differingin re-

sult quality, the overall trendsasdepictedin the graph
couldbe obsenedwith all implementationsMutation

wasimplementedis2- or 3-swaps.

e Both initialization andsize of the populationare
virtually irrelevant, i.e. all randomtoursare sig-
nificantly suboptimalandary populationof non-
trivial size, say 100 or greaterwill leadto very
similarresults.

¢ Increasingthe ratio of individuals generatedby
recombinatiorleadsto betterresultperformance
thoughresultsaresuboptimalon average;
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Figure 7: Traveling SalesmarProblem: Costdistribution
for problemberlin52of TSPLIB(optimumat 7542)
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Figure8: TravelingSalesmarProblem: Quality of optimiza-
tion resultasfunctionof mutationandrecombinatiorratio

e Duetothelow concentratiorof (good)neighbors,
mutationcaneasilydecreas¢he numberof good
or prospectieindividuals;asopposedo theother
two problemtypes, the rangeof good resultsis
smaller arounda low ratio of mutationonly

¢ Restarthavepracticallynoinfluenceontheresult
quality.

Interestingly we found the sametrendswith different
recombinatiortechniques.

5 SUMMARY

Basedon the obsenationthat a costdistribution of an
optimizationproblemis characteristidor the problem
[WGLO0O0b], we studiedits effectsandimplicationson
an optimization with evolutionary techniques. Cost
distributions comein three major types of shape: a
strong concentratiorof costssimilar to the optimum
(2); or elsethebulk of solutionshascostseitherfar (2)
or veryfar(3) from theoptimum.



Our analysisshovs which algorithmic principles of

evolutionarysearcharepositively andwhich arenega-
tively influencedby aparticularshapeof the costdistri-

bution. Summingthesepartialinfluencesup, we gave
experimentalevidencethat cost distributions indicate
whethera problemis (1) too easyfor an evolutionary
approach,i.e., evolutionary searchis an overkill and
simpleralgorithmsperformjust aswell; (2) of a diffi-

culty which evolutionarytechniquesaretypically well

suitedto tackle;or (3) a hardproblem,wherethe stan-
dard repertoireof evolutionary implementationtech-
niguesachiere only mediocreperformance.

Unlike previous work in this field we deliberately
avoidedthenotionof landscapehecausé is notintrin-
sicto the problembut artificially imposedonthespace,
intently or not, to allow the use of navigation algo-
rithms. In contrastcostdistributionsareentirelyinher
entto theproblem andindependentf theoptimization
algorithmapplied. Furthermorewe obseredthatcost
distributions could predictthe behavior of evolution-
ary algorithms,which do introduceandutilize a space
topology It appearghatcostdistributionsareinfluen-
tial to the definition of landscapesasthe difficulty of
shapinga certainlandscapelependslsoon the num-
berof availablesolutionsof certaincosts.For example,
alandscapeavhichis favorablefor Hill Climbing opti-
mizationis significantly easierto definein caseof a
type-Adistribution thanis for atype-B.

Our analysisprovides an indicator whethera given
problemis difficult enoughto be tackledwith evolu-
tionary algorithms;and which componentof an evo-
lutionary searchtechniqueto modify andtune,in case
theresultsarenot satisfying.
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