Accepted Manuscript e o

eoretical
puter Science

Aigoritons, romas, complesy
e games

A large population size can be unhelpful in evolutionary algorithms
Tianshi Chen, Ke Tang, Guoliang Chen, Xin Yao

PII: S0304-3975(11)00136-8
DOI: 10.1016/j.tcs.2011.02.016
Reference: TCS 8239

|

To appear in:  Theoretical Computer Science

Please cite this article as: T. Chen, K. Tang, G. Chen, X. Yao, A large population size can be
unhelpful in evolutionary algorithms, Theoretical Computer Science (2011),
doi:10.1016/j.tcs.2011.02.016

This is a PDF file of an unedited manuscript that has been accepted for publication. As a
service to our customers we are providing this early version of the manuscript. The manuscript
will undergo copyediting, typesetting, and review of the resulting proof before it is published in
its final form. Please note that during the production process errors may be discovered which
could affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.tcs.2011.02.016

A Large Population Size Can Be Unhelpful in Evolutionary Algorithms"

Tianshi Chen®?, Ke Tang®, Guoliang ChenP, Xin YaoP*

A Institute of Computing Technology, Chinese Academy of Sciences, Beijing 100190, China.
b Nature Inspired Computation and Applications Laboratory (NICAL), School of Computer Science and Technology, University of
Science and Technology of China, Hefei, Anhui 230027, China.
¢Centre of Excellence for Research in Computational Intelligence and Applications (CERCIA), School of Computer Science,
University of Birmingham, Edgbaston, Birmingham B15 2TT,UK.

Abstract

The utilization of populations is one of the most important features of evolutionary algorithms (EAs). There
have been many studies analyzing the impact of different population sizes on the performance of EAs. However,
most of such studies are based computational experiments, except for a few cases. The common wisdom so far
appears to be that a large population would increase the population diversity and thus help an EA. Indeed,
increasing the population size has been a commonly used strategy in tuning an EA when it did not perform as
well as expected for a given problem. He and Yao [8] showed theoretically that for some problem instance classes,
a population can help to reduce the runtime of an EA from exponential to polynomial time. This paper analyzes
the role of population further in EAs and shows rigorously that large populations may not always be useful.
Conditions, under which large populations can be harmful, are discussed in this paper. Although the theoretical
analysis was carried out on one multi-modal problem using a specific type of EAs, it has much wider implications.
The analysis has revealed certain problem characteristics, which can be either the problem considered here or
other problems, that lead to the disadvantages of large population sizes. The analytical approach developed in
this paper can also be applied to analyzing EAs on other problems

Keywords: runtime analysis, evolutionary algorithms, computational time complexity, evolutionary
computation, combinatorial optimization

1. Introduction

As a crucial characteristic of Evolutionary Algorithm (EA), the utilization of population enables explorations
to different parts of the search space via a number of individuals. Although over the past decades most practical
EAs employ populations, the rigorous theoretical investigations on the impact of population on evolutionary
algorithms were mainly carried out in the recent eight years. Concerning this issue, He and Yao [8] took one of
the first attempts via the comparisons of the mean first hitting times of both (N + N) and (14 1) EAs on a
class of multimodal problems derived from the well-known ONEMAX problem, and the purpose is to demonstrate
the impact of population. Later, a number of theoretical investigations have been dedicated to study the first
hitting times of EAs with either multiple parents [17, 5, 14] or offsprings [10, 14]. It is expected that the EAs
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under investigations, which were known as (u + 1) and (1 4+ A\) EAs, can establish a bridge from analyzing the
(1+1) EA to studying (1 + A) EAs. In the meantime, it is also reported that the recent investigations on EAs
with multiple parents and offsprings (e.g., (N + N) EAs) have eventually brought to the community broader
perspectives on understanding the behaviors of population-based EAs. Chen et al. analyzed the time complexity
of (N 4+ N) EA on unimodal problems [2] and a wide-gap problem [1]. Lehre and Yao studied the impact of
mutation-selection balance on the performance of (N + N) EA with linear ranking selection on a multimodal
problem [11], but the influence of employing different population sizes was not investigated. It is still not clear
how different population sizes influence the performance of (N 4+ N) EA on multimodal problems. In this paper,
we carry out theoretical investigations on this issue.

To study the effect of population size via theoretical investigation, it is clear that we need a suitable measure
of performance for EAs. Most previous investigations adopt the well-known first hitting time measure, which is
a random variable demonstrating the number of generations required by the EA to find the global optimum for
the first time. Here we denote by 7 the first hitting time, and P(7 < a) the accumulated probability of 7. We
further denote by 7 and 75 the first hitting times of two arbitrary EAs, say, EA-I and EA-II, respectively. If
the following conditions holds

e a;(n) is a polynomial function of the problem size n;

e ay(n) is a super-polynomial function of the problem size n;
e P[r; < aj(n)] is super-polynomially close to 1;

e P[r < ay(n)] is super-polynomially close to 0,

then one can conclude that EA-T is more efficient than EA-II with a probability that is super-polynomially close
to 1. A recent example, which successfully utilizes the above methodology in comparison of different EAs, is
provided in [3]. However, when considering the following case, direct comparison of the first hitting times would
become infeasible:

e a1(n) is a polynomial function of the problem size n;

e ay(n) is a super-polynomial function of the problem size n;

e a3(n) is a super-polynomial function of the problem size n;

e The reciprocal of P[r; < a1(n)] is bounded from above by some polynomial function of n;
e The reciprocal of P[r; > az(n)] is bounded from above by some polynomial function of n;
e P[ry < as(n)] is super-polynomially close to 0.

The reason is that EA-I is likely to perform as inefficient as EA-II. Nevertheless, since EA-I still takes a relatively
high probability to perform efficient while EA-II performs inefficiently almost surely, we can still compare the
performances of EA-I and EA-II by employing the solvable rate as an alternative measure, where the solvable
rate is the probability that the EA finds the global optimum of an optimization problem within a polynomial
number of generations. The solvable rate can be considered as a generalized measure based on the probability
distribution of the traditional first hitting time measure, and it concerns more about the probability with which
an EA performs efficiently in general, rather than the detailed computation time for finding the optimum. In
fact, in previous investigations (e.g., [13]), the idea of solvable rate has been utilized implicitly in company with
the first hitting time results, though it has not been adopted as a measure of performance.



By employing the solvable rate measure in this paper, we carry out theoretical analysis to study the impact of
the population size on the performance of an (N 4+ N) EA on a multimodal problem. This multimodal problem,
which is called the TRAPZEROS problem, contains a global optimum (1,...,1) and a local optimum (0,...,0).
The attraction basin of the global optimum only consists of solutions with the leading substring made up of
In?n + 2 consecutive 1-bits. To find the global optimum, the EA has to enter its basin of attraction first by
resisting the selection pressure which tends to preserve the solutions with leading 0-bits. For the (N + N) EA on
the above problem, we consider three cases for the population size N, N =1, N = O(lnn) and N = Q(n/Inn),
where the well-known (1 4 1) EA is considered as a special case of (N + N) EA (N = 1). It is discovered that
when the population size is relatively small (N =1 or N = O(Ilnn)), the solvable rate of (N+ N) EA is still larger
than the reciprocal of some polynomial function of the problem size, which implies that the EA, if running on
an appropriate polynomial number of processors simultaneously and independently, can find the global optimum
with a polynomial number of generations. However, given a large enough population size N = Q(n/lnn), the
solvable rate of the (N + N) EA has dropped to a level that is super-polynomially close to 0, implying that
the EA cannot find the global optimum within a polynomial number of generations, unless one can offer a
super-polynomial number of processors for the EA to run on.

The rest of the paper is organized as follows: Section 2 introduces the algorithm and problem investigated in
this paper. Section 3 presents the mathematical tools utilized in this paper. Section 4 analyzes the (N + N) EA
with the population size N = 1. Section 5 shows the analytical result of the (N + N) EA with the population
size N = O(Inn). Section 6 concerns the (N + N) EA with the population size N = Q(n/Inn). Section 7 carries
out discussions on the results presented in the previous sections. Section 8 concludes the whole paper.

2. Problem and Algorithm

In this section, we introduce the concrete optimization problem and EA investigated in this paper.

2.1. Problem

The mazimization problem we consider in this paper, defined over the domain x = (z1,...,z,) € {0,1}", is
called TRAPZEROS:

2n+ Y0, H;Zl(l —xj), if (x1 =0) A (z2 =0);
. 2
3+ 30 ey 25, if (21 =) A (za = D) A ([T P =1);
n i . In%n
TRAPZEROS(x) 2 { n+ >3 [[io, 2, if (11 = 1) A (w2 = 1) A (T[22 = 0); (1)

0, if (xl :O)/\(.ZQ = 1);

1, if (z1 = 1) A (z2 = 0);

0, Other
The TRAPZEROS problem is a multimodal problem, and its global optimum is x* = (1,...,1). For TRAPZEROS,
increasing the leading 0-bits in its solution may eventually lead to the local optimum (0, ..., 0) instead of leading
to the global optimum (1, ...,1). To reach the attraction basin of the global optimum, an optimization algorithm

should first find some solutions with the leading substring consisting of In? n + 2 consecutive 1-bits. Otherwise,
the selection pressure of an EA will tend to preserve the solutions with leading 0-bits. To facilitate the later



investigations, we define three schemata as follows:

S ={(1,1,%,...,%x)},
SO = {(07Oa*7~ "7*)}7

S ={ (1,1,1,...,1,%,...,%) 5,
N——

In
S*e Sy,
where “x¥” can represent either 0 or 1, §* and &; are the schemata containing the global optimum. Fig. 1
illustrates the fitness landscape of TRAPZEROS with respect to the schemata defined above, and it shows that
the individuals belonging to &* are strictly better than any individual belonging to Sy, while the individuals
belonging to Sy are strictly better than any individual belonging to Sy \ 8*. Utilizing this property, we will carry
out rigorous analysis of an EA on TRAPZEROS later.

local optimum
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Figure 1: Illustration of the TRAPZEROS problem.

2.2. Algorithm

The (N + N) EA studied in this paper is with equal parent and offspring sizes. The detailed algorithm is
described as follows:

1. Initialization: The N initial individuals are generated uniformly at random, and the initial population
& is obtained.

2. Mutation: At the t*" generation (t € N*), the N individuals in the parent population & are mutated,
and the offspring population §t(m) is obtained. The mutation of each individual in & utilizes the bitwise
mutation, i.e., each bit of the individual is flipped independently with a uniform probability 1/n, where n
is the problem size.

3. Selection: After the mutation step at the t** generation (¢t € N*), the best NN individuals in the parent and

offspring populations (& U §§m)) are selected to form the population &1, which is the parent population
of the (t + 1)** generation. Afterwards, set ¢t = ¢ + 1 and then go to the mutation step.



The execution of the EA will stop if the stopping criterion is met. The above algorithm adopts the truncation
selection, and does not employ any recombination operator. The investigation of EAs with recombination
operator and other selection operators will be left as our future work.

With respect to the (N + N) EA, the population size N must be a polynomial function of the problem size
n, otherwise each generation of the EA would require super-polynomial number of fitness evaluations. When
N =1, the above (N + N) EA degenerates to the well-known (14 1) EA [4].

2.8. Solvable Rate

So far we have introduced the problem and algorithm investigated in this paper. In this subsection, we
present the measure of performance for EA. First, let us review the first hitting time 7, which is defined formally
as below:

7 =min{t; z* € &},
where z* is the global optimum, and &, is the population at the t** generation. As the example we have presented
in Section I, the first hitting time measure may sometimes become invalid for comparing the performance of
two EAs. Here we provide an alternative measure, the solvable rate, to deal with the situation shown in the
aforementioned example. Denoted by &, the solvable rate is formally defined by

k=P (7 < Poly(n)),

where the event 7 < Poly(n) means that there exists some polynomial function (of the problem size n) F'(n) such
that 7 < F(n) holds for any n > ng, and ng is a positive constant. Generally speaking, to derive appropriate
bounds for the solvable rate, we have to concern the first hitting time 7. In the next section, we introduce the
mathematical tools for our further investigations.

3. Analytical Approaches

In this section, we present the analytical tools utilized in this paper.

3.1. Probability Inequalities

First of all, three well-known probabilistic inequalities are necessary to our later analysis. The inequalities
are presented as the following lemmas:

Lemma 1 (Chernoff bounds (12, 4]). Let X1, X, ..., X} € {0,1} be k independent random boolean variables
with a same distribution:

Vi PX; =1 =P[X; = 1],
where i,5 € {1,...,k}. Let X be the sum of those random variables, i.e., X = Zle X, then we have
o Y0 < <1 P[X < (1 - 9)B[X]] < e BXIW2,
o V0< <2~ 1: P[X > (1 +9)E[X]] < e BN/,

o V> 0: P[X > (1+w)ELX]| < [Wi‘)’w]ml



Lemma 2 (Chebyshev Inequality [15]). Let X be a random variable with expectation E[X] and finite vari-
ance Var[X|]. Then for any real number r > 0,

P||X —E[X]| >r-/ Var{X]| < iz (2)

r

Lemma 3 (Markov Inequality [12]). Let X > 0 be a random variable with expectation E[X]. Then fora > 0,
we have

E[X]

P[X >d] <
a

®3)

3.2. Decomposition of Population Set

In this subsection, we introduce the concrete definitions and approaches for analyzing the EA on TRAPZEROS,
which are inherited from our previous investigation [2]. Recall that we have defined the schemata &1, Sy and
S* in Section 2.1. Further, we denote by E the whole population set containing all populations. Based on the
aforementioned definitions of the three schemata, we now present the decomposition of the population set E,
which is necessary for our analytical approaches:

e We denote by Ej the population set consisting of population & with its best individual belonging to neither
S1 nor Sp.

e For any population & with its best individual belonging to Si, we define the metric m(4) €3

m(€) = min {g“”(y); TRAPZEROS(y) = max {TRAPZEROS(z);z € £} ,y € S1,y € 5} ,

where g (y) =n—2-3"" . |yi — 1| and y = (y1,¥2, ..., y») and z are individuals belonging to £. Based
on the metric m(A>(§), we obtain n — 1 population sets, E,()A) (p=0,...,n—2), where

A . A _ —_
E) ={&mP () =p}, p=0,....n-2.

The above definition, along with the fitness function TRAPZEROS, implies that Efég is the population set
that is made up of all the population containing the global optimum z* = (1,1,...,1).

Moreover, for any population £ € E,(,A)7 we define a subset of &:

G = {y; TRAPZEROS(y) = max{TRAPZEROS(z); z € £},y € S1,y € £},

e For any population £ with its best individual belonging to Sy, we define the metric m(B>(§)

mP) (&) = min {g(B)(y); TRAPZEROS(y) = max { TRAPZEROS(z);z € {},y € So,y € £} ,

where gB)(y) =n -2 3" .y; and y = (y1,¥2,.--,Yn). Based on the metric m(5)(¢), we obtain n — 1
population sets, E,EB) (p=0,...,n—2), where

B . (B _ _
Eg):{&m( )(5)_p}, p=0,....,n—2.



Moreover, for any population £ € EéB), we define a subset of &:

GP) = {y: TRAPZEROS(y) = max{TRAPZEROS(z); z € £},y € Sp,y € £},

e According to the above definitions, we have

n—2 n—2
E=EyU (U E;f”) U (U E§B>> .
p=0

p=0

On the basis of the decomposition of E, we introduce the definitions of local optimal individual (type A and
type B):

Definition 1 (Local Optimal Individual, type A (LOIA)). Given a population set ES* (p=0,..n—2)
and a population £ € E,gA), we call an individual © € G the p-LOIA of € on E,(,A> (LOIA for short, if we
restrict the discussion on a given E‘(,A) and €), if and only if x € G); We call an individual =’ the advanced
LOIA for V¢ € E,(,A) (advanced LOIA for short, if we restrict the discussion on a given E;(,A)), if and only if '
is the LOIA of a population ( satisfying that ¢ € U?;p2+1 Ei(A).

Definition 2 (Local Optimal Individual, type B (LOIB)). Given a population set E,EB) (p=0,...,n—2)
and a population £ € E,(,B), we call an individual x € GB) the p-LOIB of & on E,()B) (LOIB for short, if we
restrict the discussion on a given E,()B) and &), if and only if v € GB). We call an individual ' the advanced
LOIB for Y¢ € EgB) (advanced LOIB for short, if we restrict the discussion on a given E,SB)), if and only if '
is the LOIB of a population ¢ satisfying that ¢ € U:L;pZH EZ-(B).

So far we have defined LOIA and LOIB so as to characterize the individuals belonging to the attraction
basins of the global and local optima respectively, which enables us to define the so-called takeover times for the
(N + N) EA. Briefly, the takeover time, proposed by Goldberg and Deb [6], originally measures the number of
generations required by the population to accumulate enough promising individuals, where a repeated selection
process is concerned. Chen et al. [2] generalized the concept of “takeover process” to characterize the behavior
population-based EAs on unimodal problems containing no local optimum. In this paper, on the TRAPZEROS
problem, we further define two types of takeover processes for the global and local optima respectively:

Definition 3 ((A, p, €)-takeover). A population £ is said to be (A, p,€)-takeover (p=10,...,n—2, and 0 < e <
1) if and only if its number of the p-LOIAs has reached [eN1] (i.e., the proportion of LOIAs in & has reached €),
where all advanced LOIAs are pessimistically considered as p-LOIAs.

Definition 4 ((B, p, ¢)-takeover). A population £ is said to be (B, p,€)-takeover (p=0,...,n—2, and 0 < € <
1) if and only if its number of the p-LOIBs has reached [eN] (i.e., the proportion of LOIBs in & has reached €),
where all advanced LOIBs are pessimistically considered as p-LOIBs.

As it is assumed pessimistically in [2], throughout the paper we consider that the advanced LOIAs (LOIBs)
cannot be generated, if a population is not (A4, p, €)-taken over ((B, p, €)-taken over).Once a population has been

(A, p,€)-taken over ((B,p, €)-taken over), it will concentrate on producing advanced LOIAs (LOIBs) for E,(,A)
(E,E,B)). Next, we formally define the (A, p, €)-takeover time and (B, p, €)-takeover time, and then characterize



the processes of generating advanced LOIAs and LOIBs by the so-called (A, p,€) and (B, p, €) upgrade times,
respectively.
Given the population &;, € E,(JA) at the t:;"’ generation, we define its (A, p, €)-first hitting time to E,(JA) be

N n—2
. A A
niD(&,) =mint, —tuco e | | EX ol U EWY) . (4)
i=[eN] Jj=p+1

where E,gﬁ-) is the population set containing the populations containing ¢ p-LOIAs (i = 1,..., N). The expectation
of n,(,ﬁ) (&), restricted to a finite r)[(fi) (&:,) and conditional on the starting population &, is defined by

TS0 (E) = E [nSP (&) n5 (&,) < o &, =] -
The expectation 17,(3‘2) (&) is called the (A4, p, €)-takeover time of population £. Afterwards, we define the maximal
(A4, p, €)-takeover time as:

etk e = max {0 (€);¢ € BV,
and the (A, -, €)-takeover time is defined by

i = max {7 .0 < p<n -2} (5)
Similarly, we can define (B, p, €)-takeover time 77,(,{36) (£), and the (B, -, ¢)-takeover time ﬁ£B>.

According to the notion presented in [2], the evolution of individuals, if restricted in a specific attraction basin,
can be characterized by the repeated “takeover-upgrade processes”. Concretely, to reach the optimum in the
attraction basin, the (N + N) EA, with both mutation and selection, may often take a number of steps. At each
step, the EA may need to accumulate enough promising individuals first, while the qualities of the individuals
may not be significantly improved. Afterwards, when a considerable amount of promising individuals have been

accumulated, the population will take a high probability for generating one or more better individuals. Formally,
we further define the so-called (A4, p, €)- and (B, p, €)- upgrade times. Given the population &, € (Ui\LEN E/gﬁ))

at the tff” generation, we define its (A, p, €)-upgrade time be

n—2
E;i) (&:,) = min t;, - t,);ft;) < U E,L-(A) sty <00 ). (6)
i=p+1

Similarly, the (B, p, €)-upgrade time gbg,]i) (&;,) can be defined. In the meantime, when a population & has already
(A4, p,€)-taken over, the probability of generating at least one advanced LOIA in one generation, denoted by

ug,‘i)? is given by

ulf) = min > PEChEE BN ¢
ceursy, B
where P(€, ) is the one-generation transition probability from population £ to population ¢. The reciprocal of
up’i is an upper bound of the mean (A4, p, €)-upgrade time, due to the property of geometric distribution [16].

Similarly, we can define the upgrade probability ug,i)

from above.

, and its reciprocal bounds the mean (B, p, €)-upgrade time



3.3. Bounding First Hitting Time

As defined above, both the (A, p, €)-takeover time and (B, p, €)-takeover time describe the time sufficient for
the EA to accumulate enough promising individuals for generating better individuals. Restricted on S&*, the
evolution of individuals towards the global optimum can be characterized as the so-called repeated takeover-
upgrade process: First, the promising individuals are accumulated by the overall impact of the selection and
mutation operators; When there are enough promising individuals in the population, the probability of generating
better individuals becomes large enough, thus one or more individuals will soon upgrade to better individuals.
The evolution of individuals restricted on Sy U (81 \ 8*) can be characterized in a similar way, though the
evolution will eventually lead to the local optimum (instead of the global optimum) if no individual belonging
to &* has been generated.

Formally, given 0 < p; < p2 < n — 2 and generation index t,, satisfying that the population &; o belongs to

E,(ff‘), define the mean first hitting time to ng) of the (N + N) EA starting from E,()f) be

n—2
Tééib =minqt—1p;& € U EZ.(A) s o <00 o . (7)
i=p2

By drift analysis [7] utilized in the proof of Proposition 1 in [2], we can easily combine the aforementioned
repeated takeover-upgrade processes together and obtain the lemmas concerning the mean first hitting time to
different population subset:

Lemma 4. On the TRAPZEROS problem, the mean first hitting time to Ef,f) of the (N + N) EA starting from
E,()?) (where 0 < p; < pg < In?n holds), conditional on that no individual belonging to Sy has ever been generated
before the first time the EA reaches E,(,f), satisfies:

(4
P1,P2 P2

E ngf)pz /\ (SoNé&1=0)| =0 Z (ﬁé“‘) + 1/%@) 7 )
=1 k=p1+1

where ﬁ£A> is defined by Eq. 5.

The mean first hitting time to E,(,;4> of the (N + N) EA starting from Ef,fx) (where In’n < p1<ps<n-—2
holds) satisfies:

E[Tlgj‘j)z] =0 kgzﬂ (ﬁ§A>+1/u;i>) : )

Interested readers can refer to the appendix of this paper for the detailed proof of the above lemma. On the
other hand, combining the takeover-upgrade processes for the LOIBs, we have the following lemma:

Lemma 5. On the TRAPZEROS problem, given the population size N = Q(n/Inn), the first hitting time to
E,(;? of the (N+ N) FA starting from Eg?) (where 0 < p1 < pa < n—2 holds), conditional on that no indwvidual

belonging to 8* has ever been generated before the first time the EA reaches E;(,f), satisfies the following inequality
with an overwhelming probability:

B, < (o2 = p1) (i + i n) (10)



where 7,552)2 is the first hitting time to E,gf) starting from EélB), ﬁé‘” satisfies the following condition: Vi €

{0,...,n—2},V¢&, € EZ-(B) P (mgf)(fm) < ﬁEB)) = 1—1/SuperPoly(n), i.e., it is super-polynomially close to 1.

The detailed proof is given in the appendix.

In this section, we have provided the analytical tools for the theoretical investigations of the (N + N) EA.
In the following parts of the paper, we will apply the tools to study the performance of the (N + N) EA with
different population sizes, so as to demonstrate the impact of population size on the performance of EA.

4. (N 4+ N) EA with N =1

In this section, we analyze the performance of (1 + 1) EA on TRAPZEROS, where the (1 + 1) EA can be
considered as a degenerate case of the (N + N) EA. By employing the aforementioned solvable rate as a measure,
we obtain the following result:

Theorem 6. The first hitting time 7 of the (1 +1) EA on TRAPZEROS is O(n?) with the probability of 3 —
O(%) In other words, the solvable rate k of the (1+ 1) EA on TRAPZEROS is al least i - O(@)

n

Proof. After initialization, with a probability of 1/4, the first and second bits of the initial individual both take
the value 1, i.e., the initial individual belongs to S;. At any generation, the probability that the EA generates an
offspring belonging to Sy is 1/n%. Noting that the fitness of individual belonging to the schemata {(1,0,%,...,*)}
and {(0,1,%,...,%)} is strictly smaller than that of any individual belonging to Sy, the probability of avoiding
finding any individual belonging to Sy at no later than the ¢ generation is at least (1 — 1/n2)*/4. Hence, for
any t < (2en — 1)In® n, the above probability is at least (1 — 1/n2)2€”1“2"/4 > (1 —4eln®n/n)/4.

Given the condition that the EA does not find any individual belonging to Sy before the ((2en — 1) In?n)*"
generation, we then estimate the time sufficient for the EA to find some solutions belonging to the schema S*.
The reason of concerning the schema S§* is that, once some individual belonging to $* is found, the elitist selection
operator will not accept any individual belonging to Sp, which will eventually lead to the global optimum. It is
easy to see that, at t'" (t < (2en — 1) In?n) generation of optimization, the EA takes the probability of no less
than (1/n)(1 —1/n)"=3 > 1/(e?n) to find an individual with better fitness, conditional on the event that the
EA does not find any individual belonging to Sy before the ((2en — 1) In?n)™ generation. Hence, according to
Chernoff bounds, with an extra probability of 1 — e=©(0° ) the EA can find some individual belonging to S* no
later than the ((2en — 1) In? )" generation.

Once the EA has found a solution belonging to S*, it will continue to find better solutions and eventually
find the global optimum. In this phase, the EA takes the probability of no less than (1/n)(1—1/n)"2 > 1/(e%n)
to find an individual with better fitness, and in the worst case the Hamming distance between the individual
and global optimum is n — In?n — 2. Hence, by Chernoff bounds, with an extra probability of 1 — e~©(™) the
EA can find the global optimum with extra O(n?) generations.

Combining the above propositions together, we have proven that the first hitting time 7 of the (1+1) EA on
TRAPZEROS is O(n?) with a probability of (1/4)(1—2e1In®n/n)(1— e—O* ")(1—e®M) =1/4—0(In?n/n).0

The above theorem demonstrates that, when the population size is extremely small, the (N 4+ N) EA can
find the global optimum of TRAPZEROS with a constant probability.

5. (N + N) EA with N = O(Inn)

In this section, the population size of the (N + N) EA grows to N = O(Inn). The investigation begins with
the following lemma concerning the number of LOIAs:
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Lemma 7. Let X; be the total number of LOIAs at the end of the t*" generation. For the (N + N) EA with
truncation selection, we have

1-h

N
P Xt+1 >(1+Ch)Xt Xt< a— Som€t+1:® >1—m7

1+4ch’
where h is the probability that an old LOIA generates a new LOIA, ¢ € (0,1) is a constant.

The proof of the above lemma is given in the appendix. Similar to Lemma 7 focusing on LOIAs, the following
lemma about LOIBs holds:

Lemma 8. Let Y; be the total number of LOIBs at the end of the t*" generation. For the (N 4+ N) EA with
truncation selection, we have

1-n

P|Y; 1 h)Y;|Y; —
41> (L+ch)Y Y < TR

N
' 8N - 1
1 Ch”s £t+1 @ >

where h' is the probability that an old LOIB generates a new LOIB, ¢ € (0,1) is a constant.

For the sake of brevity, we do not offer the detailed proof of the above lemma. Interested readers can refer to
the proof of Lemma 7 for details.

By Lemma 7, we are able to bound the takeover time from above, which enables us to prove the following
result:

Theorem 9. Given the population size N satisfying N = O(lnn) and N = w(1), the first hitting time T of the
(N + N) EA on TRAPZEROS is O("WZ) with a probability of 1/Poly(n) 1. In other words, the solvable Tate k of
the (N + N) EA on TRAPZEROS is at least 1/Poly(n), which is the reciprocal of some polynomial function of
the problem size n.

Proof. The proof requires two major steps which aim at proving the following propositions respectively:

9.1 The probabilities of the following two events are both 1/Poly(n): 1) The initial individuals all belong to
S1; 2) The EA does not find any individual belonging to Sy within nIn®n/N generations.

9.2 The maximal (A, p,5/(5 + ¢))-takeover time (p € {1,...,n — 2}, ¢ € (0,1) is a constant) of the (N + N)
EA on TRAPZEROS, conditional on the above two events, is upper bounded.

Given the upper bound of the takeover times obtained when proving Proposition 9.2, we can utilize Lemma 4
to obtain a conditional expected first hitting time of the EA, which immediately leads to the theorem according
to 3 (Markov inequality).

Proof of Proposition 9.1

The proof begins with the discussions on Proposition 9.1. After the initialization of the EA, with the
probability of 1/4V, the first and second bits of all initial individuals all take the value of 1, i.e., the initial
individuals all belong to S;. In the meantime, the probability for an individual (belonging to S1) to generate
an offspring belonging to Sp is 1/n2. On the other hand, since the fitness of every individual belonging to
the schemata {(1,0,%,...,%)} or {(0,1,%,...,%)} is strictly smaller than that of any individual belonging to

'In this paper, 1/Poly(n) refers to some positive function (of the problem size n), whose reciprocal is bounded from above by a
polynomial function of the problem size n.
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&1, the truncation selection of the (N + N) EA will always immediately eliminate all the newly generated
individual belonging to the schemata {(1,0,*,...,%)} and {(0,1,%,...,%)}. As a consequence of the above
facts, the probability of avoiding finding any individual belonging to Sy before the #*" generation is at least
(1 —1/n?)Nt /4N In other words, we have

nin®n/N

(1_%)7111‘1371 1— 21n° n
Pl A Son&=0]=> 2% > — (11)
t=1

So far we have proven Proposition 9.1.

Proof of Proposition 9.2

Concerning Proposition 9.2, we focus on the (A4, p, €)-takeover time, where p € {1,...,n — 2} holds. Here we
need to consider two cases according to the value of p: 1) p € {1,...,In*n}; 2) pe {In®n+1,...,n—2}.

Let us study the first case first, where p € {1,...,ln2 n} holds. We note that at every generation the
probability that an old LOIA generates a new LOIA is no smaller than (1 —p,,)" = (1 —1/n)" > 1/5 (n > 2),
where p,, = 1/n is the mutation rate of the EA and (1 — p,,,)™ is the probability that an old LOIA generates an
offspring that is the same to itself. Hence, in the (A, p,5/(5 + ¢))-takeover process (where we let € = 5/(5 + ¢),

and ¢ € (0,1 — \/g) is a positive constant) starting with X; = 1 (we consider the population with a unique

LOIA at the beginning of the (4, p, 5/(5 + ¢))-takeover process in our worst-case analysis), the expected number
of generations spent by the EA to accumulate 5 LOIAs is less than 5/(1/5) = 25 generations.
On the other hand, for X; € [5,5N/(5+ ¢)], according to Lemma 7, we further obtain the following inequality

]P|:Xt+1 > (1 + C/5)Xt’Xt S [5, 5N/(5 + C)],S() n £t+1 = @:|

1—h
> P|:Xt+1 > (1+Ch)Xt)Xt S [5,5N/(5+C)],Soﬂft+1 :®:| >1-— m

4
Z 1—m207 (12)

where ¢ € (0,1 — \/%) is a constant, h > (1 —1/n)™ > 1/5 is the probability that an old LOIA generates a new

LOIA, and 0 = 1 —4/(5(1 — ¢)?) < 1 is a positive constant. Now we can estimate upper bound for the takeover
times, conditional on the event

nln® n/N

A (Son&=0). (13)

t=1

Here we call the event “X;11 > (1 4 ¢/5)X;” a success. Let [ be the number of successes sufficient for the
population to (A4, p, €)-takeover, which can be estimated by

Z:min{z;5-(1+§)lz(em}, (14)

where € = 5/(5 4 ¢). As a consequence, we obtain

) (1n5—1n[eN1 _ ;1 In5—In[eN] +1>.

{
€ Ine ’ Ine
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Hence, | = ©(In N) successes are sufficient for (A4, p, 5/(5+c¢))-takeover (in addition to an average of 25 generations
that are sufficient for accumulating 5 LOIAs). According to Eq. 12, the expected number of generations that is
sufficient for (A, p,5/(5 + c))-takeover (p € {1,...,In*n}), conditional on the event described in Eq. 13, is at
most /o + 25.

Similar to the case of p € {1,...,In*n}, we study the (A, p,5/(5 + ¢))-takeover time for the case of p €
{lIn®n+1,...,n—2}. The only difference between the two cases is that the former is carried out in the context
of the condition that the individuals belonging to Sy have not been generated at every generation (which is
summarized in Eq. 13) while the latter does not require such a condition. The obtained takeover time is similar:
the expected number of generations sufficient for any (A, p,5/(5 + ¢))-takeover (p € {In*n +1,...,n — 2}) is at
most [/ + 25.

In the above analysis, we have analyzed in detail the (A, p,5/(5+4c¢))-takeover times for any p € {1,...,n—2},
which completes the proof of Proposition 9.2.

Proof of Result

The rest of the proof is to estimate the (A, p,5/(5 + ¢))-upgrade times 1/u£;?/(5+6)
(4, p,5/(5 + c¢))-takeover times, and then follows the technique introduced Lemma 4. Concerning the former
point, we still consider two cases as we have done for estimating the (4, p,5/(5 + ¢))-takeover times. For the
(4)

with respect to the

first case, where p € {1,...,In%n} holds, we estimate the (A, p,5/(5 + ¢))-upgrade time 1/up75/(5+c) under the
condition described in Eq. 13: Once the population of the EA belongs to EW yEW U---ugW , u(Ae)
p,[eN] p,[eNT+1 p,N?» “ps
can be calculated as follows:
[eN] N 2n F€2N'\
1 1\* 1/ 1 <=
uld =1- 1—(1—)} 217<177) _1“12—) ] ,
’ n n e’n en
where € = 5/(5 + ¢). Hence we have:
[N
1 e eZn e3n
(4)
1/up,€ < [eN] < TeN] <1+ |—€N.|
1 \e2n]| e eezn — 1
= (1= 25)
Similarly, for the second case p € {In®n +1,...,n — 2}, we can also obtain the corresponding (4, p, €)-upgrade

time:

2
A e’n n
Vgl <1+ 1 -o(5):

The only difference between the two cases is that the proposition for the first case (p € {1,...,In’n}) holds
when the condition described in Eq. 13 holds, while the second case (p € {ln2 n+1,...,n—2}) does not require
such a condition.

As a consequence, by Lemma 4, we can estimate the upper bound of the expected first hitting time (to the

population subset EW ) of the EA, conditional on the event described in Eq. 13. Formally, let 75« be the

In2 n+1
first hitting time (to the population subset El(:;)n 41

Lemma 4 derived from the technique presented in [2], the asymptotic order of such a conditional expectation
is no larger than In” n(7 + max,<,2 H1usP <n?n (Z/U’ + 25+ O(n/N)) =In*n (O(Inlnn) + O(n/N)) =

), Ts+ be the above conditional expectation. According to
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O(In® nInlnn+nIn*n/N). According to Lemma 3 (Markov inequality), under the condition described in Eq. 13,
with the probability of at least 1/2, the first hitting time to the population subset El(né)n 41
275+ = w(nIn® n/N). Combining this result with the proof of Proposition 9.1 (which estimates the probability
that the condition described in Eq. 13 holds), we know that with a probability of (1 —21n® n/n) - (1/2)/4", the
EA has found an individual belonging to S* within 27s- = O(In® nInlnn + nln® n/N) generations.
Afterwards, following the same technique, we further bound from above the expected first hitting time to
Efi)Q (the population subset consisting of all populations containing the global optimum), with the starting point

(initial population) & € (U]nz_liz il E](-A)). Formally, given the above starting point of the EA, let 7/ be the

(i.e., 7s+) is less than

first hitting time to Eﬁi)Q, 7 be the expectation of 7/. According to Lemma 4, the asymptotic order of 7 is no
larger than (n—In® n— 2)(7. + l/uf,f?) = (n—In?n—2) (O(Inlnn) + O(n/N)) = O(nlnlnn+n?/N). By Markov
inequality, with a probability of at least 1/2, the first hitting time 7/ is less than 27/ = O(nlnlnn + n?/N).
Combining the above results together, we obtain that the first hitting time of the (N + N) EA (i.e., 75« +7')
is upper bounded by 27s- 4+ 27 = O(n?/N) with a probability of (1 — 2In®n/n) - (1/2) - (1/2)/4N = (1 —
21n®n/n)/4N 1. Noting that the population size satisfies N = O(Inn), the above probability is 1/Poly(n).
Hence, we have proven the whole theorem. O

6. (N + N) EA with N = Q(n/Inn)

In this section, we further increase the population size, and study the performance of the EA on the basis of
our previous results. We have the following result:

Theorem 10. Given the polynomial population size N satisfying N = Q(n/lnn), the first hitting time T of the
(N4 N) EA on TRAPZEROS is super-polynomial with an overwhelming probability. In other words, the solvable
rate k of the (N + N) EA on TRAPZEROS is super-polynomially close to 0.

Proof. The proof of Theorem 10 contains several steps, in which we focus on different propositions required for
proving the whole theorem:

10.1 After initialization, the probability that all the individuals in the population contain no more than 31nn /4
1-bits among the leading In? n 4 2 bits is super-polynomially close to 1.

10.2 With an overwhelming probability, the EA cannot find any individual belonging to S* before the n?
generation, where n = In N - Inlnn. With an overwhelming probability, there are still at least In? n/16
0-bits between the (In”n/8)%" and (In®n + 3)*" bits of each individual at the end of the n'" generation.

10.3 No later than the n* generation, the population will be taken over by the individuals belonging to Sy with
an overwhelming probability.

10.4 After the nt* generations, the probability that an individual belonging to S* is generated via direct mutation
from an individual belonging to Sy is super-polynomially close to 0.

Proof of Proposition 10.1

The polynomial population size N = Q(n/Inn) implies that the initial population contains one or more
individuals belonging to Sy with the probability of 1 — (1 —1/4)N = 1 — (3/4)%"/") \hich is an overwhelming
probability. Meanwhile, the probability of generating one or more individuals belonging to S* is 1 — (1 —
(1/2)0*n+2)N ~ N/2I0* 742 which is super-polynomially close to 0 due to that N is a polynomial function
of the problem size n. Hence, after initialization the best individual in the population belongs to Sy with an
overwhelming probability. On the other hand, concerning the number of 1-bits among the leading In® n + 2 bits
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for every initial individual, we apply Chernoff bounds, and obtain that the probability of having no more than
31n? n/4 1-bitsis 1 —e~ In®n/ 32 which is an overwhelming probability. As a consequence, after initialization, the
probability that all the individuals in the population contain no more than 3 In? n/4 1-bits among the leading
In? n 4 2 bits is also an overwhelming one.

Proof of Proposition 10.2

As mentioned, we define n = InN -Inlnn = O(lun - Inlnn) (N = Q(n/Inn)), we now prove that within n
generations, the probability of finding individuals belonging to S* is super-polynomially close to 0. Denote by
C the event “the first 0-bit among the leading In% n + 2 bits of an individual is flipped, while the 1-bits before
the flipped 0-bit (i.e., the leading 1-bits) have not been flipped”. Optimistically, we assume that event C always
happens before the n*" generation. Under the circumstance, with the overwhelming probability 1 —@(1/nmn ™),
at most Inlnn 0-bits among the leading In*n + 2 bits of an individual can be flipped simultaneously at each
generation. Given a polynomial population size IV, the above proposition implies that at every generation, the
maximal number of 1-bits among the leading In?n + 2 bits of each individual in the population can increase
by at most Inlnn with an overwhelming probability. Combining the above fact with the result presented
in Proposition 10.1, we know that in order to find an individual belonging to S*, we need at least (ln2n +
2 — 3In’n/4)/(Inlnn) > In?n/(4Inlnn) generations with an overwhelming probability, which implies that
n = o(In?n/(4Inlnn)) generations are not enough for the EA to generate an individual belonging to S* with an
overwhelming probability.

In the meantime, the fact that (with an overwhelming probability) at most Inlnn 0-bits among the leading
In?n + 2 bits of an individual can be flipped simultaneously at each generation also implies that (with an
overwhelming probability) there are still at least 7In?n/8 +2 — 3In*n/4 — O(n - (Inlnn)) > In?n/16 0-bits
between the (In?n/8)" and (In?n 4 3)!" bits of each individual at the end of the 5" generation.

Proof Sketch of Proposition 10.3

Next, we need to prove that within 7 generations, the population will be taken over by the individuals
belonging to Sy (i.e., (B,0,1)-takeover) with an overwhelming probability. This proposition can be proven by a
technique similar to the one utilized in the proof of Theorem 9, i.e., by applying Chebyshev inequality (Lemma
8) for establishing the probability of “a success”. More specifically, let ¥; be the number of LOIBs at the ¢t
generation. For Y; € [5,5N/(5 + ¢)], we define the event “Y;41 > (1 + ¢/5)Y;” be a “success”. According to
Lemma 8, we obtain

P[Ym > (L4 ef5)W[Y € [5N/(5 -+ )] 8 N = @}

. 1w
> IP|:}/t+1 > (1+Ch/)}/t’}/t S [575N/(5+C)LS ﬁft+1 :®:| >1-— m

> 1—L:U’,
5(1—¢)?

where ¢ € (0,1 — \/g) is a constant, b’ > (1 —1/n)™ > 1/5 is the probability that an old LOIB generates a new

LOIB, and ¢/ =1 —4/(5(1 — ¢)?) < 1 is a positive constant. For the sake of brevity, we omit the mathematical
details of discussing the number of successes sufficient for (B,0,1)-takeover. One can refer to the proof of
Proposition 9.2 for more details. Next we prove that the number of generations sufficient for (B, 0, 1)-takeover
is no larger than n with an overwhelming probability.
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Assume that we have already proven that the number of successes sufficient for (B,0,1)-takeover (using
Lemma 8 and the proof idea of Proposition 9.2), denoted by I/, satisfies I’ < In N/ In(1/€)+3 (where e = 5/(5+¢),
¢ is a constant), and the probability of achieving a success at each generation (belonging to the (B,0,1)-
takeover process) is no less than a constant o’ € (0,1). For the (B,0, 1)-takeover process, let suc(T) be the
number of successes happened among T generations. When the number of successes is smaller than I 2. the
evolution at each generation can be considered as a Bernoulli trial: the probability of having a success is at
least o’. According to Chernoff bounds, the probability that among T generations the number of successes
suc(T') is no smaller than (1 — ¢) - E[suc(T)] > (1 — 4§) - (T'o’) is at least 1 — e=T9'°/2 where § € (0,1) is a
constant. By setting 7 = vInlnn - I’/((1 — §)o’) = ©(InN - VInlnn), we obtain that, the probability that
T = O(InN - VInlnn) generations are sufficient for obtaining more than I’ = ©(In N) successes is at least
1 — e 70'9%/2 = 1 _ ~©(nN-Vinln ”)"/52/27 which is an overwhelming probability. By summarizing the above
discussions, we know that with an overwhelming probability it takes at most ©(In N - vInlnn) generations for
the population to be (B, 0, 1)-taken over. Since n =In N-Inlnn = w(In NV - vInlnn), we have proven Proposition
10.3.

Here, it is worth noting that the above proposition, along with the truncation selection that kills the worst
N individuals among the overall 2N parents and offsprings, is getting very close to the final conclusion of the
theorem. More precisely, once the population has been (B, p,1)-taken over by the individuals belonging to S
(for any p = 0,...,n — 2), the truncation selection operator will no longer accept offsprings that belonging to
neither §* nor Sy, since these offsprings have lower fitness than all N parents belonging to Sp. Hence, the only
way to generate individuals belonging to §* is via the direct mutations of those parent individuals belonging to
So. Next, we show that such a probability is super-polynomially small.

Proof of Proposition 10.4

Optimistically, here we can assume that the bits between the (In?n/8)"* and (In®n + 3)** bits of each
individual have become “free-riders” [4] when the population has just been (B, p,1)-taken over (where p €
{0,...,In* n/8 — 3}), i.e., the values of these bits are not influenced by selection pressure, and only genetic drift
is considered (though some of them are very likely to be influenced by selection pressure which tends to preserve
0-bits). By dividing the evolutions after the 5" generation into two stages, we need to prove the following
propositions:

10.4.1 No later than the (1 4 «)** generation, the population has been (B, p, 1)-taken over by individuals with
1o less than In® n/8 consecutive leading 0-bits, where a = In° n.

10.4.2 After the n*" generation but before the population has been taken over by individuals with no less than
In? n/8 consecutive leading 0-bits?®, with an overwhelming probability at least In? n/32 free-riders between
the (In®7n/8)™" and (In®n + 3)" bits of each individual (in the population) will take the value of 0.

By Lemma 5, we can study the (B, p, €)-takeover processes (p < In?n/8 — 2) and the corresponding (B, p, €)-
upgrade probability, and prove that the number of generations sufficient for the population to be (B, In®n /8 —
2,1)-taken over by individuals with more than In? n/8 consecutive leading 0-bits is bounded from above by
(In? n/S)(ﬁéB) + max,<i,2 n/8,2{1/u5ﬁ)}) < (In? n/8)(ﬁ£B) + In®n) with an overwhelming probability, where

ﬁEB) = o(lnN -Inlnn) = o(lnn - Inlnn). The proof follows the proof idea of Proposition 10.3 to study the

2When the number of successes suc(7) reaches {", the population has been (B, 0, 1)-taken over. Afterwards, if no individual
belonging to S* has been generated (the corresponding duration has been investigated by Proposition 10.2), the event “success”
still makes sense except that the population has entered the (B, p, 1)-takeover process, where p > 0.

3(B,In% n/8 — 2,1)-takeover, happened no later than the (1 + ) generation with an overwhelming probability.
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takeover time ﬁEB), and then applies Lemma 5 directly. For the sake of brevity, here we do not provide the details.
Moreover, the above result, along with the condition N = Q(n/Inn), implies that 7 + (In? n/8)(ﬁ§B) +1In®n) <
7+ In° n = 5 + a. Hence, we can reach Proposition 10.4.1.

On the other hand, recall that when the population has just been taken over by the individuals belonging
to So (i.e., (B,In?n/8 — 2,1)-takeover), with an overwhelming probability there are still at least In*n/16 free-
riders, between the (In”7/8)" and (In®n + 3)™ bits of each individual, taking the value of 0. Within In®n
generations, each of the free-riders will receive at most o = In° n mutations. Given any individual at the n'"
generation, there are at least In® n/16 free-riders (between its (In® n/8)*" and (In®n + 3)*” bits) taking the value
of 0. For each of those free-riders, the probability that its value does not change within the o mutations is at
least (1 —1/n)® ~ 1 — O(In°n/n). According to Chernoff bounds, among the aforementioned In®n/16 free-
riders of each individual, with the overwhelming probability of 1 — e=OUn®n) — 1 _ ;—6(n ) there are still
In? n/32 free-riders consistently taking the value of 0 between the 1** generation and the (1 4 «)* generation.
As a consequence, the fact that the population size N is a polynomial function of the problem size n yields
Proposition 10.4.2.

By summarizing the above discussions on the number of free riders, we know that before the population has
been taken over by individuals with no less than In* n/8 consecutive leading 0-bits (but after the 7*" generation),
the probability for each individual to find an offspring belonging to §* is at most 1/ nin* /32 On the other hand,
after the population has been taken over by individuals with no less than In® n/8 consecutive leading 0-bits, the
probability for each individual to find an offspring belonging to §* is 1/ nin®n/ 8 since at that time each individual
in the population will contain at least In? n/8 consecutive leading 0-bits. Further, since the population size N
is polynomial, the probability that some individual in the population generates an offspring belonging to S* is
still super-polynomially close to 0.

Combining the results presented in Propositions 10.1, 10.2, 10.3 and 10.4 together, we have proven the
theorem. g

7. Discussion

So far we have seen three analytical results concerning the performance of a population-based EA with
different population sizes. It is shown that with the increase of population size, the solvable rate of the (N + N)
EA will drop to an extremely low level on the TRAPZEROS problem. Although the study in this paper is carried
out on a specific problem using a specific type of EAs, it has much wider implications. The analytical results
presented in this paper actually demonstrate an interesting problem characteristic under which the population-
based EAs may perform poorly: when a problem has an attraction basin leading to some local optimum, and
the individuals at this basin are with relatively high fitness than most individuals, a large population may not
be useful and even becomes harmful, since it will lead to a large probability of finding individuals at the local
basin. The resultant takeover process at the mistaken basin will quickly eliminates other promising individuals
that may lead to the global optimum. After that, only large step sizes can help to find promising individuals
again, resulting in a long runtime of the EA due to the small probability of getting close to the global optimum.

The weakness of the population-based EAs without recombination on the above problem characteristic,
shown in this paper, can partially be tackled by employing larger step sizes. For example, if some appropriate
recombination strategy, which can generate large step sizes, is employed, the EA can probably provide much larger
step sizes in comparison with bitwise mutation (adopting the commonly used mutation rate 1/n). Moreover,
some adaptive/self-adaptive mutation schemes might also be helpful to cope with the situation, since they can
provide large step sizes in exploring the correct attraction basin, and small large sizes in exploiting the correct
basin. As a consequence, even if the whole population has been trapped in a mistaken basin, it is still possible
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to find promising individuals in other basins of attraction. The related investigations will be left as our future
work.

8. Conclusion

In this paper, we have investigated the performance of an (N 4+ N) EA with different population sizes on a
multimodal problem, namely TRAPZEROS. The theoretical results have revealed a problem characteristic that
may lead to poor performances of population-based EAs, as mentioned in the last section. This is the first time
that the influence of population size on an (N + N) EA is analyzed theoretically. In addition, the proposed
solvable rate, which is an intrinsic feature extracted from the probability distribution of the first hitting time,
offers an alternative choice for measuring the performance of EA.

Deriving from a recently-developed approach for analyzing EAs on unimodal problems [2] and following the
well-known building block hypothesis, the utilized takeover-upgrade technique is capable of characterizing the
evolution within a single basin of attraction as repeated takeover-upgrade processes that accumulate enough
promising individuals and then generate better individuals by the accumulated individuals. In this paper,
the successful application of this technique in modeling population-based EAs on a multimodal problem has
shed some light on analyzing more complicated population-based EAs using similar techniques. To utilize such
techniques, an elaborate procedure, as shown in the proof of Theorem 9, is required to estimate the takeover
times, which is directly related to the selection operator. In the future, we will further study the EAs with
different parent and offspring sizes, i.e., the (u + A) EAs. Moreover, we will combine the techniques with other
state-of-the-art analytical tools, so as to gain more insight into the impact of other operators (e.g., recombination)
and the corresponding parameter settings on the performance of EA.

Appendix

Drift Analysis

Drift analysis is a well-known technique for studying the time complexity of EAs [7, 9]. Formally, let z* be
the unique optimum of the fitness function, let V(X) be the function that measures the distance between the
population X and the optimum z*, then the one step mean drift at the t** generation of the EA, denoted by
A(X, 1), is given by

AX,1) = EV(&) - V(&) | & =X]
> VX) - VI P(X, Y1),
Yer

where F is the whole population set. The transition probability is not time dependent, if no self-adaptive strategy
is utilized in the EA:

P(X,Y;t) =P(X,Y).
Under this circumstance, we simply use the notation A(X) to represent the one step mean drift. Meanwhile, if
AX) =E[V(&) = V(&) [&=X]2>0

holds for ¢t = 0,1,..., then {V (&) : ¢t =0,1,...} is called a super-martingale. According to He and Yao [7, 9],
once we can estimate the lower bound of the one step mean drift, then we can get the upper bound of the mean
first hitting time by the following lemma:
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Lemma 11 (Drift Theorem [7]). Let {V (&) : t = 0,1,...} be a super-martingale describing an EA, if for
any time t =1,2,..., if V(&) > 0 and

E[V (&) = V(&41) | &] > a >0,

then the mean first hitting time satisfies

E[r|&] < V(£1)7
Cl

where & is the initial population of the FA.

One of the key steps when applying drift analysis is to specify an appropriate distance function V(-). The
following lemma tells us that when the expected first hitting time of a homogeneous absorbing Markov chain,
conditional on the starting state X, is defined as the distance function for the population state X, the one step
mean drift equals 1:

Lemma 12 ([9]). Let L : {Lst =0,1,...} be a homogeneous absorbing Markov chain defined on the space M,
H C M be its absorbing subspace. For L, its first hitting time to H, which is formally defined by

T =min{t > 0;L; € H},
satisfies

E[r|Lo = X] =0, X € H;
E[r|Lo = X] — ZY&M P(X,Y)E[r|Lo=Y]=1,X ¢ H,

where E[T|Lo = X] is the expected first hitting time of the absorbing Markov chain L starting with the initial
state Lo = X.

The proof of Lemma 4 will utilize the above lemmas.

Proof of Lemma 4

We offer the detailed proof for Eq. 8 in Lemma 4. Before bounding the mean of the first hitting time 7—,(,;47332,
we have to study the (A, k, €)-takeover process (p1 < k < py < In?n) by restricting the Markov chain on E,(CA)
under the condition “no individual belonging to So has ever been generated before the first time the EA reaches
E;(,f) 7. Formally, the above condition is represented by

(A)
Tp1.p2

A\ (Son & =0).

t=1

The rest of the proof will be presented in the context of the above condition (for the sake of brevity we omit it
when presenting mathematical details).

The analysis follows a pessimistic style, which is quite similar to the proof of Proposition 1 in [2]. If the
number of the LOIAs of a population Z is smaller than e N, we ignore all potential emergences of advanced LOTAs.
Once some advanced LOIA is generated before the number of the LOIAs reaches €N, we assume pessimistically

that each advanced LOIA is only a LOIA, i.e., it is replaced by some LOIA that is randomly selected from the
LOIAs in the current population. In response to this step, the population Z is transformed to Y (Y € E,(fz))
Afterwards, according to the number of LOIAs, we consider two different cases: [eN] <i< Nand1 <i < [eN],

5.7 to represent the mapping from |7~/ EW to E,iA):

and use the notation j=k+1 L
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e If [eN] <i< N, then Z —; Y. (an advanced LOIA is mapped to a LOIA.)

e If1<i< [eN],then Z — Y’ where Y’ is obtained by replacing the best [e/N] individuals of Y with [eN]
randomly selected LOIAs, Y’ € E,(CARE N (advanced LOIAs are ignored, and the population is considered to
be (A, k, €)-taken over by [eN] LOIAs).

The aim of the above transformations is to restrict the whole (A, k, €)-takeover process on the subspace E,(CA).
The consequence is that we can utilize an auxiliary homogeneous absorbing Markov chain (Ct(k) ,t=0,1,...) on

EIEA) to study the whole (A, k, €)-takeover process. The transition probabilities of the auxiliary Markov chain
are given by

P(X,Y), X#£Y, X¢ULm Efm Y ¢ UL o B

B P(X> Y) + ZZEU;L;,3+1 E](A),ZﬂkYIP)(X’ Z)7 X#Y, X ¢ Uf\;[eN'\ ki ?Y € Uz [eN] EI<cAz ’

PX,Y) =1 o, X#£Y, XeUX v BES Y eULw B (15)
07 X¢Y7 XEU?;RN] EI(CIL:)’Y¢U1:(5N'\ E‘I(cAz)’
I*ZHX P(X,Y), X=Y,

where XY € E Accordlng to the definitions of transition probabilities presented in Eq. 15, we have

> OPXY) =

vee®
Obviously, (UZ feN] E(A)) (U? k2+1 E( )) is absorbing in ¢®). The other subspaces are Ek R L EW

k,JeN]—1"
According to Lemma 12, we know that for X € URN] ! E,(C‘j:),

(A (A =
> [ - alm)| Py =1 (16)
vee™
On the other hand, let &, be the population of the t};h generation. For &, € E,(Cm7 we define its first hitting

time to the population set UJ el E< ), starting from &, :

n—2
TIS:A/C)-‘Fl =min { tj, —tp > 0;& € U E;A),&k € E,iA)

j=k+1

The mean first hitting time (to the set UJ ket E(A ) of the EA starting with the population &, = X, denoted
by ka?_H, is given by

E [Tlgf;c)-rl | &t :X] Zﬂ? [Tkk-s-l =t]&, = }

Let put, (+) specify the probability distribution of the population at the tth generation (note that we have assumed
that &, € EY), then

Elra] = 3 mOE 7 16, =]
yer(®
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E(A). Now we utilize drift analysis to bound

E(A)) (p1 <k < pp <In’n):

is called the mean first hitting time to population set |J_ - k 1
E [ (4) } First, we define a distance function V) (X) for X € E(A) U (U

T k+1 j=k+1
0, VX € B
VR (x) = () 4 ) Ufmk o
Vg 0 (X)), VX € B
For each population set F; (4) (k=1,...,n), we show that the one step mean drift of the populations is no less

than some positive constant. Given a populatlon X e E,(CA)7 let A(X) be its one step mean drift. The estimation
of one step mean drift involves two different cases (Eq. 17 and Eq. 19).

For X € (Uz . E,iﬁ)) YeEWU (UJ 2o E(A>)

AX) = Z VP -vOm)rx )+ 3 [0 - v )] B, y)
veUrzz,, ¢ vep®
> 1= 3 gl (MEXY) (17)
veul[y 1t 5

> 1-  max  A{P(X,Y)}- Y all(v)=1 (18)

N1—-1 A
veulsY1 7t Bl yeylV1-1 g
i i

holds since the truncation selection operator always preserves the best IV individuals among the 2N individuals
in the parent and offspring populations of each generation

For X € (Uf“m*1 EY ) Y e EM U (U] 2. E(A))

A(X) = 3 [V(’“)(X) - V“%Y)] PX,Y)+ Y [V(’“)(X) - V(’“)(Y)] P(X,Y)
veUrzz,, ¢ vep(®
_(A _(A)
> > oo+ X AYOPX YY)+ Y [0 - 00)] pey)
veUrzz,, ¢ YeUX (o B veuly 1= s

= > Aoy s > i - gl o] e y)
YeUX oa E<-A') veU[Tt By

= Y [ -alo]rey) =1, (19)
ver(®

where Eq. 19 holds because of Eq. 16. The results presented in Eq. 17 and Eq. 19 show that the one step
mean drift of X (X € E(A)) is always no less than 1. According to Lemma 11 and Eq. 5, we further have

A) | (A A
E[Tkk+l \ffk—X}*l/u( )y Thig)(X):O(l/u( )+77 ))
Then the first hitting time from E,(CA) to E), satisfies:

E[ria] = 3 mE[ 16 =X] =0(1/ul +aD) 3 (%)
xep® xeEM™

= (l/u(A) + 7 )).
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For X € E,(C,A> (K £k, pr <Kk <py< In? n), we can obtain the same upper bound by the same techniques. In the
meantime, the truncation selection operator of the EA always preserves the best individual in every generation
(ESS), thus once the population of the EA has reached U7;l?+1 E](-A), it will never return to E,(CA) again. Hence,
combining the conditional means of T,i’;&l with respect to different k, we have proven the first part of Lemma 4:

(4
P1,P2 P2
_ A
E Tﬁf‘,)pz /\ (Soné&1=0)| =0 Z (ngA) + 1/u}(€’2) !
=t k=p1+1

The second part of Lemma 4 (Eq. 8) can be proven in a similar way, except that the condition “no individual

belonging to Sy has ever been generated before the first time the EA reaches E,gf)” is no longer required. [

Proof of Lemma &

Proof. The idea of the proof is straightforward: in the worst case, the (N + N) EA should spend ps — p1
repeated takeover-upgrade processes in which no individual belonging to S* has ever been generated before the
first time the EA reaches E,()f). Instead of considering the mean of the first hitting time from Eg?) to E,g?,
we consider the upper bound of the first hitting time which holds with an overwhelming probability, i.e., a
probability that is super-polynomially close to 1. Since the truncation selection is adopted by the EA, such
an upper bound can be obtained by combining directly the upper bounds of the takeover and upgrade times
together. As it is defined, with an overwhelming probability, ﬁgB) is an upper bound of the (B, 1, €)-takeover
time ﬁgf)(fti) for any population &, € El-(B)7 where i € {0,...,n — 2} holds.

In addition, to prove the lemma, we have to prove that In®n is an upper bound of the upgrade time with
an overwhelming probability. Linking the above proposition to a variable X obeying the geometric distribution

with parameter ugf), the probability that X is bounded from above by In® n can be calculated as follows:
In®n +oo
PX<I’n] = Y PX=k=1- Y PX=4
k=1 In3 n+1
t+oo k—1 In®n
-1 ¥ (1 —ugf)) ulP) =1 (1 —uff)> . (20)
k=In3 n+1 ’

(B)

1,6

Given the population &, € (UfieNEﬁ-)) containing at least eN LOIBs, u

1 1 n—1
u§’f)21—[1——(1__> ]
’ n n

Noting that the population size N satisfies N = (n/Inn), the above inequality implies

we can estimate its lower bound under the condition N = Q(n/Ilnn).
(B)

i,€

eN
1 _eN
21—<1—T> >1—e 0.
e“n

Concerning the upgrade probability w

is bounded from below:

eN

WD) 51— B 1 0/ _q (L) _

Inn
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By inserting the above inequality into Eq. 20, we obtain

(B) n®n 1 In"n )
P[X <In’n]=1-(1-u, =1-{1-Q(— >1— e nin), (21)
€ Inn
which is super-polynomially close to 1. Given the population &, € (UIJCVZENE’L'(,I:)) at the " generation (p; <

(B)

by replacing the variable X with ¢$Ez)(§t) in Eq. 21, we know that ¢§f)(ftp) is bounded from above by In®n
with an overwhelming probability. Noting that Vi € {0,...,n — 2},v&, € B . P (ngf)(gti) < ﬁ£3>) -

1 — 1/SuperPoly(n) (condition of Lemma 5), following the proof idea presented at the beginning of the proof,
we have proven that the upper bound of the first hitting time, shown in Eq. 10, holds with an overwhelming
probability, i.e., a probability that is super-polynomially close to 1. (]

i < p2), the (B,i,¢€)-upgrade time be ¢§Ez)(§t ,) obeys the geometric distribution with parameter u Hence,

Proof of Lemma 7

Let Z; 1 be the number of generated LOTAs at the (¢ 4 1)** generation. Given that ¢ € (0,1) is a constant,
for Xy < N/(1 + ch) we have

[ N
P _Zt+1 >c- IE[ZH_1|X,5,S() N §t+1 = @]‘Xt < H—Ch:|
I N
= PIE[Ziq1|Xe, SoN&er = 0] = Zega < (1= 0) - E[Z141|Xe, So N &1 = Q]‘Xt <1 + ch}
i N
> P ‘E[ZtH‘Xt’SO N1 =01 - Zt+1‘ < (L —¢) E[Zi1]Xe, SoN&ey1 = 0]‘Xt <1Ta ch}
) N
= 1- ]P’“Ztﬂ = E[Z141]X¢, So N €41 = @]‘ > (1=0) E[Zi41]|Xe, So N &1 = m’Xt <17 ch}
- Var(Zy 1| X; < 1355,80 N &1 = 0] _ Xih(1—h) - 1—-h (22)
(1= B2 Ze 1| Xe < o, So N &1 = 0] (1-¢)*X2h? (1—c)2Xih’

where in Eq. 22 we utilize the fact that the newly generated LOIAs can all be accepted? (where X; < N/(1+ch)
holds), the number of newly generated LOIAs obeys the binomial distribution [15]. Hence, by considering the
total number of LOIAs at the end of the (¢ + 1)** generation, we know that

N 1-h
P|X, 14 ch)X:| X, —. 5N = l—————— 23
t+1 > (1+ch) X3 | Xy < Tran o S =0] > (1= o2 X,h (23)

holds, where ¢ € (0,1) is a constant. g
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