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Abstract—An ensemble is a group of learners that work together as a committee to solve a problem. The existing ensemble learning
algorithms often generate unnecessarily large ensembles, which consume extra computational resource and may degrade the
generalization performance. Ensemble pruning algorithms aim to find a good subset of ensemble members to constitute a small
ensemble, which saves the computational resource and performs as well as, or better than, the unpruned ensemble. This paper
introduces a probabilistic ensemble pruning algorithm by choosing a set of “sparse” combination weights, most of which are zeros, to
prune the ensemble. In order to obtain the set of sparse combination weights and satisfy the nonnegative constraint of the combination
weights, a left-truncated, nonnegative, Gaussian prior is adopted over every combination weight. Expectation propagation (EP)
algorithm is employed to approximate the posterior estimation of the weight vector. The leave-one-out (LOO) error can be obtained as
a by-product in the training of EP without extra computation and is a good indication for the generalization error. Therefore, the LOO
error is used together with the Bayesian evidence for model selection in this algorithm. An empirical study on several regression and
classification benchmark data sets shows that our algorithm utilizes far less component learners but performs as well as, or better than,
the unpruned ensemble. Our results are very competitive compared with other ensemble pruning algorithms.

Index Terms—Machine learning, probabilistic algorithms, ensemble learning, regression, classification.

1 INTRODUCTION

ENSEMBLE of multiple learning machines, i.e., a group
of learners that work together as a committee, has
attracted a lot of research interest because it is a good
approach to improve the generalization ability [1]. Because
of their simplicity and effectiveness, ensembles have
become a hot topic in machine learning. This technique
originates from Hansen and Salamon’s work [1], which
shows that the generalization ability of a neural network
can be significantly improved through ensembling a
number of neural networks. Ensembles have already been
successfully applied to many areas and there have been
many ensemble learning algorithms in the literature, such
as Bagging [2], Boosting [3], Arcing [4], random forests [5],
rotation forests [6], COPEN (pairwise COnstraints Projec-
tion-based ENsemble) [7], negative correlation learning,
and evolutionary computation-based algorithms [8], [9].

However, the existing ensemble learning algorithms
often generate unnecessarily large ensembles. These large
ensembles are memory demanding. Obtaining a prediction
for a fresh data point can be done expensively in large
ensembles. Although these extra costs may seem to be
negligible when dealing with small data sets, they may
become serious when the ensemble method is applied to a
large-scale data set.
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In addition, it is not always true that the larger the size of
an ensemble, the better it is. Some theoretical and empirical
evidences have shown that small ensembles can be better
than large ensembles [2], [10], [11]. For example, the
boosting ensembles, Adaboosting [3] and Arcing [4], pay
more attention to those training samples that are misclassi-
fied by former learning machines in the training of next
machines and finally reduce the training error to zero. In
this way, Boosting ensembles are prone to overfitting the
noise in the training set [12]. In these circumstances, it is
necessary to prune some overfitting individuals to achieve
good generalization.

In the last decades, several ensemble pruning algorithms
have been proposed, such as Kappa pruning [13] and
concurrency pruning [14]. However, these algorithms all
resort to greedy search, which is without either theoretical
or empirical quality guarantees.

Yao and Liu [10] first adopted a global optimization
approach, genetic algorithm (GA), to weigh the ensemble
members by constraining the weighs to be positive. Zhou
et al. [11] later also proved that small ensembles can be
better than large ensembles. A similar genetic algorithm
approach can be found in [15]. However, these GA-based
algorithms try to obtain the optimal combination weights
by minimizing the training error and, in this way, these
algorithms become sensitive to noise.

Motivated by the above reasons, we modeled the
ensemble pruning as a probabilistic model with trun-
cated Gaussian prior for both regression and classifica-
tion problems [16]. The Expectation-Maximization (EM)
algorithm is used to infer the combination weights, and
our algorithm shows good performance in both general-
ization error and pruned ensemble size. However, the
EM algorithm is sensitive to the initialization and it does
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not guarantee to obtain optimal solutions due to
converging to local maxima.

In order to resolve the unstable issue of EM, this paper
extends our previous work and proposes a probabilistic
ensemble pruning algorithm based on expectation propaga-
tion (EP). The algorithm treats ensemble pruning as a
weight-based optimization, aiming to improve the general-
ization performance of the ensemble by tuning the weight
of each ensemble member. By introducing a sparseness-
inducing prior for each combination weight, many of the
posteriors of weights are sharply distributed around zero,
leading to pruning unimportant learning machines. As
negative combination weights are unreliable and not
intuitive [17], [18], [19], we follow this constraint and
employ a left-truncated prior to prevent negative values in
the combination weights.

By incorporating the truncated prior, the normalization
integral in Bayesian inference becomes intractable. This
paper uses expectation propagation to approximate the
posterior of weights. EP [20] is a deterministic algorithm for
approximating Bayesian inference that extends assumed
density filtering (ADF) to incorporate iterative refinement of
the approximations. As the leave-one-out (LOO) error can
be obtained as a by-product in the training of EP without
extra computation, the LOO error is used together with
Bayesian evidence for model selection.

An empirical study on several regression and classifica-
tion benchmark data sets shows that our algorithm utilizes
far less component learners yet performs as well as, or
better than, the unpruned ensemble. The results are very
competitive compared with other existing ensemble prun-
ing algorithms.

The original contribution of this paper over the previous
paper [16] is the use of Expectation Propagation instead of
Expectation-Maximization to overcome stability problem of
EM (sensitivity to initialization and convergence to local
maxima), and a comprehensive empirical study. The benefit
of obtaining an LOO estimate in the training of EP is an
additional advantage of this approach.

Ensemble pruning algorithms can improve accuracy
significantly as shown by the theoretical and empirical
studies in this paper. A smaller ensemble will also reduce
test (application) time after the ensemble is trained and
pruned. However, such benefits come with the cost of a
longer training time. There is a trade-off between training
and application times when considering ensemble pruning.
When an application has a very large training set, ensemble
pruning can be computationally expensive or even prohi-
bitive. For applications that are characterized by relatively
small training sets but large test ones, e.g., in the field of
transductive learning, ensemble pruning algorithms are
highly appropriate as smaller ensembles pruned by an
ensemble pruning algorithm can improve the accuracy and
reduce the application time in the test stage. In this paper,
we provide our approach on a poker hand problem
characterized by a relatively small training set and a large
test set.

The rest of this paper is organized as follows. After the
background introduction in Section 2, Section 3 presents the
EP pruning algorithm for regression and classification
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fi (+) — the i-th individual learner in an ensemble
fens (+) — the function of an ensemble
w; — the combination weight of the learner f;(-).
w — the weight vector of an ensemble w = (wy, - - - ,wM)TA
F(x) — the vector of individual learners F(x) = (f1(x), - , far(x))7.
x — input vector from a d-dimensional space, usually R%.
y — the output corresponding to a given input x.
D = {(x1,y1), (X2,¥2) , .- -, (Xn,Yn)} — the training data set.
p(x) — the distribution of x
C - correlation matrix with elements indexed as Ci; = [ p(x)(fi(x) — y)(f;(x) —
y)dx
N — the number of samples.
M — the number of individual models in the ensemble, i.e. the size of ensemble.
«; — the inverse variance of weight w;
a=(ay, -, (yM)"' — the inverse variance of weight vector w.
le(u.'l\().,a;l) — a left-truncated Gaussian distribution with mean 0 and variance
o .
N (w;]0, ;") — a Gaussian distribution with mean 0 and variance a; .
€, — Gaussian noise €, = N (0, {72) with mean zero and variance o2,
O (w;) — the step function ©(w;) = { (1) ﬁ Z:z ; 2 :
t;(w) — the exact term ¢;(w) = O(w;) in EP.
t;(w) — the term to approximate the step function t;(w) = ©(w;) in EP.
gn — the exact likelihood term g, = p(yn |xn, w) in EP.
Jn — the term to approximate the likelihood term g,, = p(yn|Xp, W).
m; — the mean of the approximating term 7;(w).
v; — the variance of the approximating term £;(w).
s; — the normalization factor of the approximating term ;(w).
q(w) — the approximated posterior of w.
¢\"(w) — the approximated leave-one-out posterior, i.e. remove the approximation
term §,, from the posterior g(w).
®(x) = [*_ N(t|0,1)dt - Gaussian cumulative distribution function.

Fig. 1. Notations used in this paper.

problems, respectively, followed by experimental results
and analysis in Section 4. Finally, Section 5 concludes the
paper and presents some future work.

There are many symbols used in this paper. Fig. 1 reports
the meaning of these notations. We use lowercase letters for
vectors and uppercase for matrices. Scalar quantities will be
typed in normal.

2 BACKGROUND

The goal of ensemble pruning is to reduce the size of
ensemble without compromising its performance. The
pruning algorithms can be classified into two cate-
gories, selection-based and weight-based pruning algo-
rithms. In the following, we review the two kinds of
strategies, respectively.

2.1 Selection-Based Ensemble Pruning

The selection-based ensemble pruning algorithms do not
weigh each leaner by a weighting coefficient, and they
either select or reject the learner.

A straightforward method is to rank the learners accord-
ing to their individual performance on a validation set and
pick the best ones [21]. This simple approach may sometimes
work well but is theoretically unsound since this strategy is
greedy and not guaranteed to be globe optimum.

Margineantu and Dietterich [13] proposed four heuristic
approaches to prune ensembles generated by Adaboost. Of
them, KL-divergence pruning [13] and Kappa pruning [13]
aim at maximizing the pairwise difference between the
selected ensemble members. Kappa-error convex hull
pruning [13] is a diagram-based heuristic targeting at a
good accuracy-divergence trade-off among the selected
subsets. Back-fitting pruning [13] essentially enumerates all
the possible subsets, which is computationally too costly for
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large ensembles. Then, Prodromidis and Chen invented
several pruning algorithms for their distributed data
mining system [22]. One of the two algorithms they
implemented is based on a diversity measure they defined,
and the other is based on the class speciality metrics. The
major problem with the above algorithms is that they all
resort to greedy search, which is usually without either
theoretical or empirical quality guarantees.

Zhang et al. [23] formulated ensemble pruning as a
guadratic integer programming problem. By applying
semidefinite programming (SDP) as a solution technique,
their SDP-based pruning algorithm outperformed other
heuristics. However, the algorithm did not achieve better
performance than the unpruned ensemble due to the
following limitations: 1) some parameters need to be
specified in the algorithm and 2) a better objective function
is needed for more accurate solutions.

2.2 Weight-Based Ensemble Pruning
The more general weight-based ensemble optimization
aims at improving the generalization performance of the
ensemble by tuning the weight on each ensemble member.
For regression ensembles, the optimal combination
weights can be calculated analytically [11], [18]. The study
has been covered in other research areas as well, such as
operational research [24]. According to [11], the optimal
weights can be obtained as
|:)M
Wi . PPy
k1 3 Clyg
wherg,C is the correlation matrix with elements indexed as
Cij.. px fix y fjx ydx thatis, the correlation
between the ith and the jth component learner, wherein
p x is the distribution of x. The correlation matrix C
cannot be computed analytically without knowing the
distribution p x but can be approximated with a training
set, as follows:

1 X

N n.l

Cij Yn fiXn Yn T X

However, this approach rarely works well in real-
world applications. This is because when a number of
estimators are available, there are often some estimators
that are quite similar in performance, which makes the
correlation matrix C ill-conditioned, hampering the least-
square estimation. Other issues of this formulation include
1) the optimal combination weights are computed from
the training set, which often overfits the noise and 2) in
most cases, the optimal solution does not reduce the
ensemble size.

In this paper, a numerically stable algorithm, which is
applicable to rank deficient cases (Iscovin MATLAB), is used
to calculate the least-square solution for ensemble pruning.
The algorithm, called least-square (LS) pruning in our
experiments, acts as a baseline. The LS pruning is applicable
to binary classification problems by modeling the classifica-
tion problem as a regression problem with its target setto 1
or +1. However, the LS pruning often produces negative
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combination weights. Strategies allowing negative combina-
tion weights were shown to be unreliable [25], [26].

Demiriz et al. [27] employed mathematical programming
to look for good weighting schemes. Those optimization
approaches are effective in performance enhancement
according to empirical results and are sometimes able to
significantly reduce the ensemble size [27]. However,
ensemble size reduction is not explicitly built into those
programs and the final size of the ensemble can still be very
large in some cases.

In fact, the weight-based ensemble pruning can be
viewed as a sparse Bayesian learning problem by applying
Tipping’s relevance vector machine (RVM) [28]. RVM is an
application of Bayesian automatic relevance determination
(ARD) and it prunes most of the ensemble members by
employing a Gaussian prior and updating the hyperpara-
meters in an iterative way. However, ARD pruning allows
negative combination weights and the solution is not
optimal according to the current research [25], [26].

To address the problem of ARD pruning, Chen et al. [16]
modeled the ensemble pruning as a probabilistic model
with truncated Gaussian prior for both regression and
classification problems. The Expectation-Maximization
(EM) algorithm is used to infer the combination weights
and our algorithm shows good performance in both
generalization error and pruned ensemble size. However,
EM algorithm is sensitive to the initialization and it does not
guarantee to obtain the optimal solutions due to converging
to local maxima.

The paper extends the previous work and employs
the deterministic EP [20] to approximate the posterior of
weights. Conveniently, an estimate of the LOO error can be
obtained in the training of EP. The LOO error is used
together with the Bayesian evidence for model selection in
this algorithm.

3 ENSEMBLE PRUNING ALGORITHMS
BY EXPECTATION PROPAGATION

In this section, we describe our ensemble pruning
algorithm and present the detailed expectation propaga-
tion procedures.

3.1 Sparseness Introduction and Truncated Prior
In the weight-based ensemble pruning algorithm, the
ensemble is formulated as a linear combination of the
individual learners

K
fens X;W ... wifi X ..
i1

W'E X :

where W ... Wi;...;Wpm | is the weight vector of the
ensemble and F x ... f; x;...;fy X ' is the vector of
individual learners. The pruning algorithm is to adjust the
parameters w, setting many w; to zeros, but not degrade
the generalization performance of the ensemble. As
negative weight vectors are neither intuitive nor reliable
[17], [18], [19], this paper constraints the weight vector to
be nonnegative.
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Non-negative Gaussian Prior
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Fig. 2. The left-truncated Gaussian prior.

To encourage the sparsity of weight vector w and to
satisfy the nonnegative restriction, a left-truncated Gaussian
prior is introduced for each weight w;

- Y - v -
p wj P Wij i Ne wij0; = 1
i1 i1
where ... 1;...; m T is the inverse variance of weight w

and N¢ w;j0; il is a left-truncated Gaussian distribution.
This is formalized in (2) and illustrated in Fig. 2.

2N w;j0; 1

i ifwj O
0;

Pl if w; < 0:

3.2 Expectation Propagation

Expectation propagation [20] is a deterministic algorithm
for approximating Bayesian inference that extends ADF to
incorporate iterative refinement of the approximations.
Expectation propagation assumes that the joint distribution
p D;w , where the data D ... fx,;yagh ; has been observed
and w is a parameter vector, can be factored into some
simple terms:

¥ v v oW
p wi P YnJW;Xn ... g On;
i1 n.1 i.l n.l

pD;w ..

where p w; is the aior distribution of w;j, M is the number
of weights, and ~ | pynjw;x, is the likelihood. The
intuitive meanin&of the equation is that the prior p w and
the likelihood N ,p yajw;x, can be factored into a
number of terms t; and g,, which can then be approximated
by corresponding t; and g, in EP.

EP adopts a family of exponential functions (tj, &n)
to approximate each term (ti, gn) by minimizing the
KL-divergence between the exact term and the approx-
imation term, and then combines these approximations
analytically to obtain a Gaussian posterior g w on w.

3.3 Expectation Propagation for Regression
Ensembles

In the regression ensemble model, we train M individual

estimators using the training set fx,;yng) ,, where y, is a

scalar. We assume the ensemble output is corrupted by an
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i.i.d. additive Gaussian noise , N 0; 2 with mean zero

and variance 2
Yn .. WF X, N 3

According to (3), the true value y, is distributed as a
Gaussian distribution with mean w'F x,, and variance 2.
Based on the assumption of independence of training
points, the likelihood can be expressed as

P YiW; Xpn; 2 2 2 NZexp Z—J'ZkyT wWFK: ;4
where
Yoo Vi YN W Wi wyw | and
F... FXi;....;F XN
isaM N matrix, where F X, fi Xn ... ;fv Xn T
The posterior of the weight vector w is denoted by
- Y - Y -
PWiXiy; /  PWij i P YniXniW: 5
[ n..1

According to (2), the prior p wjj ; can be written as

pwij i ...2N w;j0; Wi ; 6
where
- wle 1, ifwi=>0
o oo ifw; 0

prevents the weights from negative values and e; ...
0;...;1;0;...;0 T is used to obtain the weight w; (w;j...
wle; and  w; w'e; ).

Based on (6), (5) can be written as

W W
2N w;jo; ;! Wj
il il n..1l

W

pwWjixyy; / P YnjXn; W :

7

In (7), the likelihood p ynjxn;w and the terms N w;j0; ;!
are both Gaussians, i.e., p ynjXn;W ... 2

1=2
2 Pexp L
WFEX, VnZ.

Since EP approximates each non-Gaus-
sian term by a Gaussian, only the term  w; is non-
Gaussian in (7). In this case, we only need to approximate
the terms  w; in calculating the posterior. Denote the
exact terms  w; by t; w, and the approximate terms by
W ... sjexp 2%. w'e; m;i? which are parameterized
by (mi, vi, si). Since the likelihood terms p ynjXn;w
are Gaussians, we represent these terms by g, w ..
Snexp - W'F Xn  ¥n ? to facilitate EP training, where
Vn ... 2and m, ... yn. After approximating every term as an
exponential family distribution, the resulting distribution
will be Gaussian: p wjx;y; qw .. N my;Vy . The
EP algorithm for regression ensembles is described in Fig. 3
(to simplify notations, F, stands for F X, ).

Leave-one-out Estimation. A nice property of EP is that it can
easily obtain an estimate of the leave-one-out error without
any extra computation. In each iteration, EP computes the

Authorized licensed use limited to: UNIVERSITY OF BIRMINGHAM. Downloaded on June 11, 2009 at 05:52 from IEEE Xplore. Restrictions apply.



CHEN ET AL.: PREDICTIVE ENSEMBLE PRUNING BY EXPECTATION PROPAGATION

Fig. 3. Expectation propagation for regression ensembles.

parameters of the approximate leave-one-out posterior
g™ w (step 2(a) in Fig. 3) that does not depend on the
nth data point. So, we can use the mean m} to approximate an
estimator trained on the other (N 1) data points; thus, an
estimate of the leave-one-out MSE error can be computed as

1 X

erMgo ... N myy
n..1

T 2
FXxXn VYyn : 8

3.4 Expectation Propagation for Classifier
Ensembles

For classifier ensembles, the ensemble output is a linear
combination of individual classifiers passed through a link
function
1
K
wifi Xn
i1

Tens Xn

where X ... RxlN tj0; 1 dt is the Gaussian cumulative
distribution function.

Given the data set D ... fx,;yg) ,, the likelihood for the
combination weight w can be written as

1003

Fig. 4. Expectation propagation for classification ensembles.

L' _ Y bl e
P YniXn; W ... Yo Wifi Xy
n..1 n..1 il

PYjixiw ..

By incorporating the prior with likelihood, the posterior of
weight vectors w is denoted by

- - Y -
pwWjxy;  Zpwj P Yn)Xn; W
n..1
W o, LA
2N wi;j0; i Wi P YnlXn, W ©
il n..1

In EP algorithm, we need to Igpproximate both the
likelihood term p ynjxn;w ... yn = wifi x, and the
w;j term. Denote the exact terms by gn W ... p YnjXn; W

and tw ... W w'e; , and the approximate
terms by g, W ..Snexp oL yaw'Fn mp? and i w ..
Si eXp ﬁ w'e; m; 2. The EP algorithm for classification

ensembles is described in Fig. 4 (to simplify notations,

ynF Xn is written as Fp).
An estimate of the leave-one-out error can be obtained by

>

1
erMioo - & Yo My TF Xq 9

n.1

where is a step function.

3.5 Hyperparameters Optimization

for Expectation Propagation
The previous sections present the training algorithm of EP
with fixed hyperparameter . In this section, we update
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