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Abstract—In this paper, a sparse learning algorithm, proba-
bilistic classification vector machines (PCVMs), is proposed. We
analyze relevance vector machines (RVMs) for classification prob-
lems and observe that adopting the same prior for different classes
may lead to unstable solutions. In order to tackle this problem, a
signed and truncated Gaussian prior is adopted over every weight
in PCVMs, where the sign of prior is determined by the class label,
i.e., �1 or 1. The truncated Gaussian prior not only restricts
the sign of weights but also leads to a sparse estimation of weight
vectors, and thus controls the complexity of the model. In PCVMs,
the kernel parameters can be optimized simultaneously within
the training algorithm. The performance of PCVMs is extensively
evaluated on four synthetic data sets and 13 benchmark data sets
using three performance metrics, error rate (ERR), area under the
curve of receiver operating characteristic (AUC), and root mean
squared error (RMSE). We compare PCVMs with soft-margin
support vector machines (SVM����), hard-margin support vector
machines (SVM����), SVM with the kernel parameters optimized
by PCVMs (SVM	
��), relevance vector machines (RVMs),
and some other baseline classifiers. Through five replications of
twofold cross-validation test, i.e., 5 2 cross-validation test,
over single data sets and Friedman test with the corresponding
post-hoc test to compare these algorithms over multiple data sets,
we notice that PCVMs outperform other algorithms, including
SVM����, SVM����, RVM, and SVM	
�� , on most of the
data sets under the three metrics, especially under AUC. Our
results also reveal that the performance of SVM	
�� is slightly
better than SVM����, implying that the parameter optimization
algorithm in PCVMs is better than cross validation in terms of
performance and computational complexity. In this paper, we also
discuss the superiority of PCVMs’ formulation using maximum a
posteriori (MAP) analysis and margin analysis, which explain the
empirical success of PCVMs.

Index Terms—Bayesian classification, machine learning, proba-
bilistic classification model, support vector machine.

I. INTRODUCTION

I N binary classification, we are given a set of input vec-
tors together with the corresponding class labels

, where . The goal is to infer a function
based on this training set. This can be done by choosing

a learning model which is controlled by some unknown
parameters , and “learning” these parameters from the given
training set. The obtained classifier is evaluated by its general-
ization ability, i.e., how accurately it performs on new data as-
sumed to follow the same distribution as the training data.
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Recently, the model, in which the prediction is ex-
pressed as a linear combination of basis functions , has
attracted much research interest [3], [26]

(1)

where the weight vector is parameter of
the model, is the bias, and
is the basis function vector, wherein is the parameter vector
of the basis function. The learning algorithm is to adjust the
parameters , , and to achieve a good
generalization ability.

Among the range of model (1), support vector machines
(SVMs) [27] are one of the most popular methods. SVMs make
predictions based on the function

(2)

where is the kernel
function and the weight vector is parameter of the model.
Note that the SVM predictor is not defined explicitly in this
form, rather (2) emerges implicitly as a consequence of the use
of the kernel function to define a dot-product in some notional
feature space.

The success of SVMs is attributed to the margin maximiza-
tion theory [27]. The formulation of SVMs maximizes the
margin between different classes, leading to a sparse model
depending on the training points that either lie on the margin or
on the wrong side of it.

Although an SVM performs well for a broad range of prac-
tical applications, and is widely regarded as the state-of-the-art
approach, it suffers from the following disadvantages.

• Nonprobabilistic but hard binary decisions do not provide
the uncertainty for predictions. The probabilistic predic-
tions are particularly crucial in classification problems
when posterior probabilities of class membership are
adapted to varying class priors and asymmetric misclas-
sification costs. The probabilistic predictions are also
important for decision making. Some postprocessing
techniques have been employed to transform the binary
outputs to probabilistic outputs for SVMs. For example,
Platt et al. [21] trained the parameters of an additional
sigmoid function to map the SVMs outputs into proba-
bilities. However, Tipping argued that these estimates are
unreliable [26].

• The number of support vectors grows linearly with the size
of the training set, which increases the computational com-
plexity when the problem becomes large. Some postpro-
cessing techniques are often required to reduce the com-
putational complexity [4] of SVMs.
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Fig. 1. Illustration of decision boundaries of RVM, PCVM, and SVM with
same kernel parameters for Synth data set. The vectors whose weights have
opposite signs are shown circled.

• Several parameters need to be tuned by cross validation.
The parameters, including the error/margin tradeoff pa-
rameter (a large corresponding to assigning a higher
penalty to errors) and the parameters of kernel function,
are crucial for the performance of SVMs. Optimization of
these parameters usually involves grid search by cross val-
idation, whose computation is extremely expensive. Once
the inappropriate range of search grid is adopted, the ob-
tained parameters do not work and we have to respecify the
search range and repeat the process.

In order to address these problems of SVMs, relevance
vector machines (RVMs) have been proposed [26] to produce
probabilistic predictions based on Bayesian techniques. RVMs
introduce a zero-mean Gaussian prior over every weight
and make use of Bayesian automatic relevance determination
(ARD) framework [17], [18] to obtain a sparse solution. As a
result of sparseness-inducing prior, posteriors of many weights
are sharply distributed around zero, hence these weights are
pruned and the model becomes sparse.

However, RVMs [26] adopt the zero-mean Gaussian prior
over weights for both positive and negative classes in classifi-
cation problems, hence some training points that belong to pos-
itive class may have negative weights and vice versa.
This formulation might result in the situation that the decision of
RVMs is based on some untrustful vectors, and thus is sensitive
to the kernel parameter. Figs. 1 and 2 illustrate this phenomenon
in RVMs.

Fig. 2. Illustration of decision boundaries of RVM, PCVM, and SVM with
same kernel parameters for Banana data set. The vectors whose weights have
opposite signs are shown circled.

The source code of RVM is directly downloaded from Tip-
ping’s website.1 We utilize Ripley’s Synth data set2 and Rätsch’s
Banana data set3 in Figs. 1 and 2. The Synth data were generated
from mixtures of two Gaussians by Ripley [24], with the classes
overlapping to the extent that the Bayesian error is around 8%.
Banana is generated by Rätsch [23] with more complicated deci-
sion boundaries. In Rätsch’s implementation, there are 100 folds
in the Banana data set and Fig. 2 is based on the first fold. In both
figures, the Gaussian radial basis function (RBF) has been used
for SVMs and RVMs.

According to these figures, RVMs often utilize the vectors
with opposite signs even with well-selected kernel parameters.
Assume that “ ” stands for positive class and “ ” stands for
negative class. In the first subfigure of Fig. 1, RVMs assign a
negative weight to a positive vector that is in the heart of a pos-
itive area. Intuitively, it is unstable to trust this negative weight
on the positive vector. When the kernel parameter is changed a
little, in Fig. 1 from 0.5 to 0.3, RVMs utilize much more redun-
dant vectors (243 out of 250, where almost half are with opposite
weights) than SVMs and thus overfit the noise. The results are
similar in Fig. 2.

Compared with RVMs, PCVMs and SVMs are more robust
with respect to kernel parameters. PCVMs and SVMs always
assign positive/negative vectors with positive/negative weights.

1http://www.miketipping.com/
2http://www.stats.ox.ac.uk/pub/PRNN/
3http://ida.first.fraunhofer.de/projects/bench/benchmarks.htm
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This principle is implemented in SVMs by enforcing the La-
grange multipliers to be nonnegative. In (2), the weight vector
is defined as , where ’s are nonneg-
ative Lagrange multipliers and are the class labels.
It means that must have the same sign (some are zero)
as the corresponding .

However, as a probabilistic classification model, RVMs do
not follow this principle and adopt a zero mean Gaussian for
both classes, which facilitates the integral computation but re-
sults in suboptimal results.

In order to address this problem of RVMs and propose an
appropriate probabilistic model for classification problems, this
paper proposes a probabilistic algorithm, probabilistic classifi-
cation vector machines (PCVMs), which introduces different
priors over weights for training points belonging to different
classes, i.e., the nonnegative, left-truncated Gaussian for the
positive class and the nonpositive, right-truncated
Gaussian for the negative class . PCVMs also imple-
ment a parameter optimization procedure for kernel parameters
in the training algorithm, which is proven to be effective in prac-
tice. As the integral is intractable in probabilistic inference with
the truncated Gaussian prior, a closed-form expectation–maxi-
mization (EM) is used to get a maximum a posteriori (MAP)
estimation of parameters.

Our approach not only addresses the issues concerned with
SVMs, but also provides the following advantages. (1) Being
a probabilistic model, the approach produces the probabilistic
outputs for new test points. (2) The procedure for optimizing
kernel parameters in the EM algorithm is effective and avoids
the computationally expensive grid search by cross validation.
(3) Because of the sparseness-inducing prior, the model gen-
erates adequate sparseness in the estimation of weight vector.
The sparseness controls the complexity and reduces the compu-
tational complexity in the test stage.

The rest of this paper is organized as follows. Section II pro-
poses the probabilistic classification vector machine algorithm,
followed by experimental results and analysis in Section III.
Section IV discusses the formulation of PCVMs by MAP anal-
ysis and margin analysis. Finally, Section V concludes the paper
and presents some future work.

II. PROBABILISTIC CLASSIFICATION VECTOR MACHINE

In this section, we will present the model specification for
classification problems in Section II-A, then the prior over
weight vectors will be discussed in Section II-B. Section II-C
presents the detailed EM procedures for probabilistic classifi-
cation vector machines.

A. Model Specification

Consider two-class classification and a data set of
input–target training pairs , where .
In order to map linear outputs to binary outputs, a link func-
tion should be chosen to allow a steep and smooth transition
between two classes. This paper uses the probit link function

Fig. 3. Truncated Gaussian prior over weight vector �. (a) When � � ��,
��� �� � is a nonpositive, right-truncated Gaussian prior. (b) When � � ��,
��� �� � is a nonnegative, left-truncated Gaussian prior.

where is the Gaussian cumulative distribution function.
We use the probit link function because the probit link can be
obtained from a simple latent variable model by the EM algo-
rithm [19]. After incorporating the probit link function with the
kernel method, the model becomes

(3)

B. Prior Over Weights

As discussed in Sections I, a truncated Gaussian prior is in-
troduced for each weight and a zero-mean Gaussian prior is
adopted for the bias

where is the inverse variance of normal distribution,
is a truncated Gaussian function, and is

the inverse variance. When , the truncated prior is a
nonnegative, left-truncated Gaussian, and when , the
prior is a nonpositive, right-truncated Gaussian. This can be
formalized in (4) and illustrated in Fig. 3

if
if .

(4)

In part A of the Appendix, we also discuss the model with hi-
erarchical hyperpriors over and and present the probability

by incorporating the hyperpriors over and .

C. EM Algorithm

This section details the derivation of the EM algorithm. An
EM algorithm [7] is a general algorithm for MAP estimation
where the data are incomplete or the likelihood/prior function
involves latent variables. EM iteratively alternates between per-
forming an expectation (E) step and a maximization (M) step.
In practice, derivation of equations in E and M steps needs to
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be performed for different problems. In the following, we detail
the model specification and the EM steps.

We follow the standard probabilistic formulation and assume
that is corrupted by an additive random noise ,
where . According to the probit link model, if

, , and if
, . We can obtain the probit mode

as follows:

(5)

is a latent variable because is an unobservable
variable. If the value of were known, the likeli-
hood of could be given by the standard probabilistic
formulation: .
Consider the matrix ,
where and vector

, then we obtain

where is the -dimension all-1 vector.
In order to obtain the complete log-posterior of

and , and are also regarded as latent variables.
Therefore, the latent variables in our formulation are:

, ,
and the scalar .

The log-posterior is given as follows:

(6)

where is a diagonal matrix .
1) Expectation Step: After obtaining the log-posterior, the

expectation step, noted as a function, can be obtained by the
following formula (refer to part B of the Appendix for detail):

(7)

where ,
, and .

2) Maximization Step: In the maximization step, the partial
derivatives with respect to , , and each can be given by
analyzing the derivative of (7)

(8)

(9)

(10)

where represents elementwise Hadamard matrix
multiplication.

In general, the joint maximization of with respect to , ,
and cannot be performed analytically. However, we can ana-
lytically obtain the optimal and by solving and

, and then plug and into . Maximiza-
tion with respect to can be handled by any standard methods.
This paper uses a simple conjugate gradient algorithm to obtain
the optimal values of .

By setting and , the update rules of
and can be analytically obtained

(11)

(12)

The pseudocode of PCVM can be summarized by
Algorithm 1.

Algorithm 1: Probabilistic Classification Vector Machines

1: Input: is the training set;
is the kernel type; is the kernel parameter; is

the maximal iteration; is the initialization
vector; and is the threshold value to determine
whether the algorithm converges.

2: Output: The weight vector , bias , and the updated
kernel parameter .

3: ;
4: ;
5: for to do
6: ;
7: ;
8: ;
9: ,

;
10: ;
11: if then
12: break;
13: else
14: continue;
15: end if
16: end for

Algorithm 1 includes the following major steps.
1) Initialize the weight vector with an initialization vector

and generate an indicator vector to indicate
which elements are nonzero in (lines 3 and 4).

2) Compute the kernel matrix (line 6).
3) Update the weight vector according to (11) (line 7).
4) Update the bias according to (12) (line 8).
5) Update the kernel parameter according to (10) (line 9).
6) Update the indicator vector (line 10).
7) Compare the new and old weight vectors and to

see whether the algorithm converges. If so, terminate the
algorithm. Otherwise, jump to step (b) and continue the
loop (lines 11–15).
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