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Measuring Generalization Performance In
Coevolutionary Learning
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Abstract—Coevolutionary learning involves a training process
where training samples are instances of solutions that interact
strategically to guide the evolutionary (learning) process. One
main research issue is with the generalization performance,
i.e., the search for solutions (e.g., input output mappings) that
best predict the required output for any new input that has not
been seen during the evolutionary process. However, there is
currently no such framework for determining the generalization
performance in coevolutionary learning even though the notion
of generalization is well-understood in machine learning. In this
paper, we introduce a theoretical framework to address this re-
search issue. We present the framework in terms of game-playing
although our results are more general. Here, a strategy s gener-
alization performance is its average performance against all test
strategies. Given that the true value may not be determined by
solving analytically a closed-form formula and is computationally
prohibitive, we propose an estimation procedure that computes
the average performance against a small sample of random test
strategies instead. We perform a mathematical analysis to provide
a statistical claim on the accuracy of our estimation procedure,
which can be further improved by performing a second estimation
on the variance of the random variable. For game-playing, it
is well-known that one is more interested in the generalization
performance against a biased and diverse sample of good test
strategies. We introduce a simple approach to obtain such a
test sample through the multiple partial enumerative search of
the strategy space that does not require human expertise and is
generally applicable to a wide range of domains. We illustrate
the generalization framework on the coevolutionary learning of
the iterated prisoner s dilemma (IPD) games. We investigate two
de nitions of generalization performance for the IPD game based
on different performance criteria, e.g., in terms of the number
of wins based on individual outcomes and in terms of average
payoff. We show that a small sample of test strategies can be used
to estimate the generalization performance. We also show that
the generalization performance using a biased and diverse set of

good test strategies is lower compared to the unbiased case for
the IPD game. This is the rst time that generalization is de ned
and analyzed rigorously in coevolutionary learning. The frame-
work allows the evaluation of the generalization performance of
any coevolutionary learning system quantitatively.

Index Terms—Chebyshev s inequality, coevolutionary learning,
evolutionary computation, generalization, iterated prisoner s
dilemma (IPD).
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I. INTRODUCTION

OEVOLUTIONARY learning refers to a broad class

of population-based, stochastic search algorithms that
involve the simultaneous evolution of competing solutions with
coupled tness [1]. A coevolutionary learning system can be
implemented using coevolutionary algorithms [2], [3], which
can be derived from evolutionary algorithms (EASs) [4], [5].
That is, both coevolutionary learning and EAs can be described
in terms of the framework, whereby an adaptation process is
carried out on the solutions in some form of representation
through a repeated process of variation and selection. The
framework distinguishes coevolutionary learning and EAs, in
general, from classical approaches (e.g., steepest-descent-based
algorithms) from two speci c features, i.e., they are popula-
tion-based and incorporate information exchange mechanisms
between populations in successive generations (iterative steps)
to guide the search process [6].

Despite their similarity in framework, coevolutionary
learning and EAs are fundamentally different in how the tness
of a solution is assigned, leading to signi cantly different out-
comes when applied to similar problems (e.g., different search
behaviors on the space of solutions [7], [8]). EAs are often
viewed and constructed in terms of an optimization context [4],
[5], whereby an absolute tness function is required to assign
the tness value to a solution that is objective ( tness value for
a solution is always the same regardless of the context). For
coevolutionary learning, the tness of a solution is obtained
through its interactions with other competing solutions in the
current population, and as such, is subjective ( tness value for a
solution depends on the context, e.g., population, and as such is
relative and dynamic). Here, coevolutionary learning operates
to nd solutions guided by strategic interactions among the
competing solutions from one generation to the next that results
(hopefully) in an arms race of increasingly innovative solutions
[91 [11].

One of the early motivations for using coevolutionary
learning is its potential application for solving problems that
cannot be framed in the context of optimization (e.g., using
EAs) because it is not possible or very dif cult to formulate
an absolute tness function that re ects the underlying prop-
erties of the problem. For such problems, continued use of
an inappropriate tness function will often bias the search to
solutions that do not re ect the underlying properties of the
problem, leading to suboptimal solutions [12]. Even ifa tness
function can be formulated, it may not be able to evaluate
and differentiate between individual solutions to provide some
gradient to direct the search when using EAs [8], [13]. One
such problem that is dif cult to solve using EAs, but can be
naturally framed in coevolutionary learning, is the problem of
game-playing [2], [3], [14] [17].
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However, despite the success of coevolutionary learning in
solving the problem of games [2], [3], [14] [17] (and other
problems in the context of optimization [18] and classi cation
[19], [20]), the approach is not trouble-free for all problems. In
particular, coevolutionary learning is now recognized to suffer
from problems (collectively called coevolutionary pathologies)
that affect the performance of a coevolutionary learning system
[11] [13], [21] [23]. For example, overspecialization to a
single solution can occur in the population [21], which can be a
result of earlier population disengagement, e.g., some solutions
are favored over others due to large gaps in competence level
[13]. When intransitivity exists in the relationship between
solutions, cyclic dynamics may occur during coevolution,
whereby at some point in the process, the population overspe-
cializes to a solution that is vulnerable to another solution that
exploits it [11], [12]. Furthermore, when a solution is driven
to extinction but at a later point is adaptively found again, the
coevolution is said to exhibit forgetting [22], [23].

Coevolutionary pathologies are usually attributed to the use
of relative tness in the selection process of a coevolutionary
learning system [8], [24]. There are also broader implications
in the design of the coevolutionary learning system to its perfor-
mance that is dependent on the coevolutionary search dynamics
(i.e., representation [25], variation [21], [25], [26], and selection
[27]). This necessitates a more in-depth study of coevolutionary
learning search dynamics. In particular, one approach that has
been given much attention in the past is the monitoring of the
progress of the coevolution for search of more innovative and
sophisticated solutions, e.g., arms race dynamics [28] [31].

Another approach is to consider a global view of increasing
performance in coevolutionary learning. However, for this par-
ticular investigation, previous studies are restricted to simple
problems or problems where the global view is known in ad-
vance [8], [11]. Tools introduced for monitoring progress of
arms race dynamics are inappropriate or may not be suitably
adapted for the global view analysis because they only provide
relative performance information of solutions between different
generations. This is because solutions in the current generation
that are better than those in previous generations do not neces-
sarily imply that they perform better globally when compared
with new or all possible solutions.

In machine learning, there exists a powerful framework,
generalization, that provides a global view of performance
for learning systems. Generalization refers to the ability of
the learning system to nd the solution, which can be viewed
in the context of input output mappings, that best predicts
the required output for any new input that has not been seen
during the training process. With the context of generalization,
one is interested in how the learning system can realize the
underlying properties of the problem from a small sample of
training data (e.g., the input output set) to produce the solu-
tion. For example, in the case of neural network training, one
is not interested in learning the exact representation of the
training data itself, but rather to build a statistical model of the
process which generates the data [32, p. 332]. Furthermore,
it should be noted that learning is not necessarily the same
as optimizing because the solution with optimal tness does
not necessarily imply it has the best generalization (unless an
accurate metric to measure generalization is used in the tness
function) [33].

Coevolutionary learning, like other learning systems, also
uses a small training sample during the evolutionary (training)
process to produce a solution to the problem. However, coevo-
lutionary learning is different from other learning systems in
that the training samples are not  xed, but instead, are instances
of solutions that are changing (evolving) and are interacting
with each other strategically to guide the evolutionary process
(i.e., learning). Despite this difference, the generalization
framework can be applied to coevolutionary learning systems
to provide a global view in performance. Although the notion of
generalization is well-understood in machine learning, there is
a lack of theoretical framework to justify how the generalization
performance of a coevolutionary learning system is determined
with respect to the problem. For example, past studies such as
[33] and [34] have used a large sample of randomly obtained
test cases to estimate the generalization performance. It is not
known how accurate such an estimation is, i.e., how close
the estimated generalization performance (using test samples
randomly obtained from the search space) to the true general-
ization performance (using the entire search space).

In this paper, we introduce a theoretical framework that
addresses the problem of determining the generalization per-
formance of coevolutionary learning in general. We present the
framework in terms of game-playing, i.e., learning game strate-
gies that generalize well to the game (e.g., defeat a large number
of strategies that exist). However, our theoretical framework is
general, i.e., the problem can be put in the context of test-based
evaluations (e.g., comparisons between solutions), where some
tests can re ect the underlying properties (objectives) of the
problem that are unknown (game-playing is one such problem)
[12]. We rst de ne generalization performance of a strategy
as its average performance against all test strategies. With this
de nition, it follows that the best generalization performance
for a coevolutionary learning system is the one that produces
evolved strategies with the maximum average performance
against all strategies.

Although this de nition is simple, the generalization perfor-
mance can be dif cult to determine for two reasons. First, the
analytical function for game outcomes can be unknown, and as
such, we cannot determine the generalization performance by
solving analytically a closed-form formula. Second, the strategy
space can be very large (although nite), thus making it com-
putationally prohibitive. To address this problem, we propose
the alternative of estimating the generalization performance by
taking the average performance of the evolved strategy against
a sample of test strategies that are randomly drawn from the
strategy space.

We show through a mathematical analysis using Chebyshev s
Theorem that the probability that the absolute difference be-
tween the estimated and true values exceeding a given error (pre-
cision value) is bounded by a value that reciprocally depends
only on the square of the error and the size of the random test
sample. However, this probability bound assumes the worst case
of having maximum variance for the distribution of the random
variable over a bounded interval. In general, the true variance is
smaller than the maximum value. As such, we perform a mathe-
matical analysis and show how a second estimation of the vari-
ance can be used to obtain a tighter bound. In addition, we also
show that for some games, the true variance of a strategy per-
formance with respect to the strategy space is smaller, and as
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such, requires a smaller sample size to make the same statistical
claim.

With this framework, it is now shown that a sample of ran-
domly obtained test strategies that is much smaller in size com-
pared with the total number of strategies in the space is suf cient
to estimate the generalization performance of coevolutionary
learning, and that this estimation is close enough to the true
value. We apply the framework to the coevolutionary learning
of the IPD games to illustrate both the advantage of the frame-
work and how it can be used in general. In particular, we investi-
gate two different de nitions of generalization performance for
the IPD game based on different performance criteria, e.g., in
terms of the number of wins based on individual outcomes and
in terms of average payoff.

It is well-known that rather than considering the average per-
formance for all cases, one may be more interested in the av-
erage performance for speci ¢ cases that are more common
or that arise naturally. In the context of game-playing, one is
more interested in the generalization performance of the coevo-
lutionary learning system against good strategies, and not the
average performance against all strategies since it is possible
that a large proportion of strategies in the space are poor or
mediocre. To determine generalization performance against this
biased sample of good test strategies, we introduce a simple ap-
proach to obtain such a test sample through the multiple partial
enumerative search of the strategy space. Each partial enumer-
ative search uses a population size that is much larger than the
total number of possible unique strategies that can be searched
during coevolution to produce a best strategy. This approach
does not require human expertise (as in generating some ar-
bitrarily designed strategies) and is more comprehensive than
the previous single partial enumerative search that we intro-
duced earlier in [35] [37]. We show that for the coevolutionary
learning of IPD games, the generalization performance for the
case of a biased and diverse sample is lower compared with the
case of an unbiased sample.

This paper is organized as follows. Section Il presents our
theoretical framework of generalization performance of coevo-
lutionary learning. Section Il illustrates how the framework
can be applied to the IPD game. Section IV investigates the
application of the framework to estimate the generalization
performance of coevolutionary learning of simple IPD games
where the true generalization performance can be determined.
Section V presents an empirical study on estimating generaliza-
tion performance of coevolutionary learning of slightly more
complex games, where the true generalization performance
cannot be determined. The section also compares the results
of estimates based on using an unbiased test sample and that
of using a biased and diverse sample of good test strategies.
Section VI discusses the implications of the framework and
concludes the paper.

Il. GENERALIZATION FRAMEWORK FOR
COEVOLUTIONARY LEARNING

A. A Need for a Consistent and General Approach to Estimate
the Generalization Performance of Coevolutionary Learning

Darwen and Yao [33] [35] were among the rst to explic-
itly investigate coevolutionary learning through the framework
of generalization from machine learning (others include [38]).

However, they [33] [35] studied the issue through an empirical
approach only. In particular, they investigated the utility of using
some random sample of test cases to estimate the generalization
performance of a coevolutionary learning system.

There are other studies that can be related to generalization
in the context of coevolutionary learning. Wiegand and Potter
[39] studied the notion of robustness (of individual components)
in a cooperative coevolution setting. Ficici and Pollack [23]
studied the notion of solution concepts, e.g., a partitioning of
search space into solutions (that are wanted) and nonsolutions
for a problem from measuring some properties and establishing
some criteria that the searched point is a solution. Bowling [40]
studied the notion of regret, i.e., measures performance differ-
ence between a learning algorithm with the best static strategy
during training. Powers and Shoham [41] studied the estimation
of best-response through the use of random samples. Studies in
[42] [44] investigated formalisms of monotonic improvement
in coevolutionary learning and developed algorithmic frame-
works that guarantee monotonic improvements of coevolving
solutions based on archive of test cases.

Here, our main motivation is to develop a framework for a
rigorous quantitative analysis of performance in coevolutionary
learning using the notion of generalization from machine
learning. We are motivated to address the need for a princi-
pled approach to estimate the generalization performance of
coevolutionary learning. The framework aims to allow one to
estimate the generalization performance, in general, for prob-
lems coevolutionary learning is used to solve and at any point
in the evolutionary process where generalization performance
is measured.

There are two reasons why measuring generalization perfor-
mance of coevolutionary learning is necessary and important.
First, it is used to provide an absolute quality measure on how
well a coevolutionary learning system is performing with re-
spect to the problem, i.e., how well the coevolutionary learning
generalizes. Second, it can be used as a means to compare the
generalization performance of different coevolutionary learning
systems with respect to the problem.

We rstintroduce a theoretical framework that de nes explic-
itly the generalization performance for coevolutionary learning,
and how it can be determined, i.e., measured. However, it is
noted that obtaining the true generalization performance for
a coevolutionary learning system is very dif cult. As such,
through the theoretical framework, we provide an alternative
of a consistent and general procedure to estimate the gener-
alization performance. We show a mathematical analysis of
how the generalization performance can be estimated using a
random sample of test cases. We demonstrate the utility of the
estimation procedure by determining the statistical claim that
one can make of how con dent one is with the accuracy of the
estimate compared with the true generalization for a random
test sample of a given size.

B. Estimating Generalization Performance

In coevolutionary learning, the quality of a solution is deter-
mined relative to other solutions. This is achieved through com-
parisons, i.e., interactions between solutions. These interactions
can be framed in terms of game-playing, i.e., an interaction is a
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game played between two strategies (solutions). The game out-
come of a strategy ¢ against the opponent strategy j is G;(j),
and conversely, the game outcome of strategy j against strategy
i is denoted G;(7). Strategy ¢ is said to solve the test provided
by strategy j if G;(j) > G;(i).!

Here, the absolute quality (generalization performance) of a
strategy 4 is measured with respect to its expected performance
in solving tests provided by strategies j. The goal of coevo-
lutionary learning for the problem of game-playing is to learn
a strategy ¢ with the best generalization performance. In the
following, we present a theoretical framework for estimating
the generalization performance of coevolutionary learning. It
should be noted that the framework is presented in the context
of the complete solution. As such, the framework is directly ap-
plicable for the estimation of generalization performance of a
complete solution obtained either by a competitive or a cooper-
ative coevolutionary learning system.

1) True Generalization Performance: The generalization
performance of coevolutionary learning is determined with
respect to the evolved strategy that is produced. The true gen-
eralization performance of coevolutionary learning is de ned
as the expected performance of strategy ¢ that is produced
after a learning process (coevolution) against all strategies j in
the strategy space S. The true generalization performance of
strategy 7, G;, can be written as follows:

Gi = BrplGilil = [[GORMA

where G; is the expectation of strategy s ¢ performance against
J,Gi(4), with respect to the distribution P;(j) over strategy
space S (i.e., the distribution with which opponent strategies
j are drawn). Note that this de nition of generalization does
not imply having to compare with all strategies that exist. In-
stead, P (7), which can be speci ed by the strategy representa-
tion (e.g., neural networks), can be induced to the strategy space
S. As such, some strategies j that exist may not be included to
determine G; because P;(j) = 0.

There are two dif culties to apply (1) directly. First, the ana-
Iytical form for G;(j) is not known or dif cult to obtain (even
for simple games). Second, the distribution P;(j) over S may
be unknown (at best, we can only sample from S from a strategy
representation that is used).

However, it is possible for these games to have a nite number
of possible unique strategies, e.g., S is discrete and nite, or
that we can consider a subset of S that is discrete and nite by
inducing some strategy distribution P; (j) to S. For the purpose
of presentation and simplicity, we assume a uniform strategy
distribution in S.

With this, one can compute the true generalization perfor-
mance of coevolutionary learning through a strategy ¢, which
is simply its average performance against all strategies j, and
can be written in the form

1 M
G; = M Z GL(/) (2)
J

1For example, in a zero-sum game such as chess, one can say that strategy
solves the test provided by strategy if defeats ,i.e., i

where M is the total number of unique strategies j that strategy
1 plays against. For example, consider the two-choice IPD game
with deterministic and reactive memory-one strategies, where
each strategy consider its previous moves and opponent s pre-
vious move. For such a game, there is only a total of 22°+1 =
2% = 32 unique strategies in the strategy space.

However, the true generalization performance may not be
computed by applying (2) as the game increases in complexity.
For example, considering the IPD game above, if strategies can
play from . choices (e.g., n-choice IPD game), the total number
of unique strategies increases to n™ +1. As such, even a mod-
erate increase in the number of choices results in a large in-
crease in the total number of strategies. With three choices,
there are 33°+1 = 310 = 59049 strategies. As the number of
choices increase to four, the total number of strategies increases
to 44+ = 47 = 17179869184, and so forth. Thus, com-
puting the true generalization performance using (2) quickly be-
comes computationally infeasible even for a small increase in
the number of choices.

2) Estimated Generalization Performance: Given that the
true generalization performance cannot be obtained (e.g., it
cannot be determined by solving analytically a closed-form
formula and is computationally prohibitive), the next alternative
is to estimate the generalization performance. Here, we pro-
pose estimating the generalization performance by considering
the average performance against a smaller sample of N test
strategies that can be computed (i.e., N < M). The estimated
generalization performance of strategy i is given by

Gilsn) = v 3 Gili) ©

where Sy is the sample of IV test strategies randomly drawn
from S. For the rest of this paper, we use the notation G; to
represent G (S ).

3) Chebyshev s Bound for Determining the Accuracy of the
Estimation of Generalization Performance: We want to know
how close G;, obtained using a set of test strategies randomly
drawn from S of size N, when compared with G;, which is
obtained using all possible strategies from S of size M (where
M > N). That is, we want to know if the absolute difference
between G; and G, i.e., |Gi — G|, is suf ciently small, i.e.,
does not exceed a small positive number e (where e > 0). If this
is true, then we say G‘i is approximately G, i.e., (A}i ~ G;.

However, we do not know what |C§*i —@,| is, because G; is not
known. One can try to  nd how likely that G, is close enough
to G;. That is, what is the probability that |G; — G;| > ¢ if
one uses IV randomly obtained test strategies to obtain Gi. We
answer this question using Chebyshev s Theorem [45].

Our mathematical analysis does not assume a particular
strategy distribution P;(j), which can be induced on S by a
particular strategy representation. All that is required is that S
is a set of independent identically distributed (i.i.d.) strategies
drawn from S according to P, (j), e.g., using the same strategy
representation.

We want to estimate the difference, Dy = G; — G;, which
is a random variable because the set of strategies S used to
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obtain G; is sampled randomly from S. From the de nition of
Dy, we apply Chebyshev s Theorem [45] and obtain?

2
N2 (4)
for a strategy 4 (for full details, please refer to the Appendix

section). For the rest of this paper, we use the notation o2 to
represent o2, Furthermore

P(IGi —Gi| > ¢) <

o’ = EPl(J) [012]
= Ep,»[(Gi(j) -
= Ep,»[(Gi(j) -
= Va’rP1<j [GZ(J)]

We can bound o2. In general, for the random variable G; ()
distributed over the interval [Gyiin, Gavax] (Where Gyax and
Gy is the maximum and minimum of G;(j), respectively),
the maximum variance o3;,x is when half of the mass is at
Gwin and the other half is at Gyax, which results in a mean
of (Gmin + Gumax)/2 and standard deviation of oyiax =
(GMAX — GMIN)/2 (see [46])

Let R = Gyax — Guin be the range of the random vari-
able G;(j). We can thus restate Chebyshev s bound as Lemma 1
[45].

Lemma 1: For astrategy i, let G; be the estimated generaliza-
tion performance with respect to N random test strategies and
G; be the true generalization performance. Consider the abso-
lute difference |G‘i —G;|, which is arandom variable with distri-
bution Py taken on a compact interval [Gyin, Gaax] of length
R = Gumax — Guvn- Then, for any positive number € > 0

2

4N - €2’ ®)

We note the generality of this framework by observing the
following three points.

1) The framework is independent of the complexity of the
game, since it is independent of the size of the strategy
space, and independent of the strategy distribution in the
strategy space.

2) Both Gyax and Gy are often known a priori as they
are speci ed by the game, which means that we can always
obtain an upper bound on (5).

3) The framework is independent of learning algorithms since
the bound holds for any strategy in the strategy space.

4) Application of Chebyshev s Bound in the Generalization
Framework: To see how Chebyshev s bound can be used in the
framework for estimating generalization performance, we rst
need to identify the relationship given by (5) between the prob-
ability P(|G; — G;| > ¢), the sample size N, and the precision
value e. For simplicity, let ¢ = €/R. This lets us simplify (5) to

Gi)’]
Ep )G

i()’]

Py(|Gi = Gi| > ¢) <

P(|Dyl' > €) <
(D8] > ¢) < s

which is the same as

PDN &) 21— ——

2The analysis can be extended to games with probabilistic strategies as well
since  n is a random variable.

0.8

p

0.6

04

Probability,

0.2

0.1
0.05 -

!
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Precision Value, €’

Fig. 1. Showing various graphs of the theoretical Chebyshev s bounds in prob-

ability [givenby (5)] w fordifferentsize  of the sample of random test strate-

gies in the range of precision value ’ in [0.01, 0.1]. Graphs are labeled as
N

where |Dy| = |Dy|/R = |G; — G4]/R is the normalized
absolute difference of estimated and true values of the general-
ization performance.

To illustrate the Chebyshev s bound further, we plot the curve
of Py (') = 1/(4N€'?) aspointsin the P-¢’ space. Fig. 1 shows
the curves Py for Chebyshev s bounds for different N's over a
range of ¢’sin [0.01, 0.1]. Each curve Py gives the upper bound
for P(|Dy|" > €¢') when a random sample of test strategies of
size IV is used to estimate the generalization performance.

Note that Py (€’) is inversely proportional to N and ¢’. For
any ¢, an increasingly larger number for N is required to obtain
lower Chebyshev s bounds (Fig. 1). Assuming the worst case,
and when all the three values IV, ¢/, and Py (¢’) are known, one
can use a statistical argument to claim with con dence or proba-
bility at least 1 — Py (¢') that | D|" < € fora precision value €.

In practice, we only need to specify IV to be as large as pos-
sible for which we can compute the estimated generalization
performance. After that, we have to make a tradeoff between
the con dence level (i.e., being more con dent that the estima-
tion is likely to be close to the true result) and precision value
(i.e., the value by which the estimation will not be bigger or
smaller compared with the true result).

5) Obtaining a Tighter Chebyshev s Bound by Estimating
the Variance o2: Consider a random variable X with the un-
derlying dlstrlbutlon Px taken from a compact interval of real
numbers, i.e., X € [a,b]. For N realizations x1,zo,...,zN,
the empirical mean is given by

Ep [X]=jiy =

Z%
The true mean is given by
Ep [X]=p
while the true variance is given by

o2 = Ep, [(X — Ep, [X])2] .
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The maximum variance for a random variable over [a, ] is
when half of the mass is at a and the other half is at b, i.e.,
o2ax = R%/4 where Rx = b — a. Applying Chebyshev s
Theorem gives us the following:

R%
>¢€) < .
[z < 4N - €2

We wantto nd out if a tighter upper bound for Chebyshev s
bound (for any random variable distributed over a compact in-
terval) can be obtained. If we knew . = Ep, [X], we could
obtain an unbiased estimate of o2

1 & 1 &
&JZVZNZ(.T QZNZyj
j=1 j=1

where y; = (z; — )%, =1,...,N,are realizations of a new
random variable Y = (X — Ep,[X])% 6% is the empirical
mean of ¥ based on a sample {y,}},

The true mean of Y is

P(lin —p

Ep,[Y] = Ep, [(X — Ep, [X])ﬂ _

We can apply Chebyshev s Theorem for Y and obtain the
following inequality:

. Varp, [Y]
2 2 P
P(|U]\T_J |Z(S) _N—}62
where Varp, [Y] is the variance of Y.

For y; = (w; — u)?, given that the minimal possible value
iS ymin = 0 (if 2; = p), and that the maximal possible value
IS Ymax = (b — a)? (if z; = a and p = b), the range for Y is

Ry = Ymax — Ymin = (b—a)?> —0 = (b—a)?. Again, trivially,
Varp, [Y] can be bounded by
R2  (b—a)* R
, < X = =X
VaI‘MAx[Y] =7 1 1
So
R4
~2 2 X
P( d | > 6) = 4N - 862°

We can thus summarize the following two points. First, with
probability of at least ¢c; = 1 — R%-/(4Ne€?) (with respect to
generating many N-tuples of observations (x1,...,zx)), We
know that /i is no further away from p than e, i.e., | — u] < €).
That is

R
4N - €2’
Second, with probability of at least co = 1 — R%./(4N§?),

we know that 63; is no further away from o2 than §, i.e., |63, —
02| < ¢). That is

Py —pl <e) 21—

R
4N - 62
We would like to use 63 + & as an upper bound for o (when
% is lower than the maximum possible value R3-/4). However,

we have assumed that we know . In actual situations, we do not
know .

P(loy —o?[<é) >1-

We examine the correction required for the fact that /i rather
than 4 is used to calculate the variance 6%. That is

NNz

We know that with probability at least ¢; = 1 —
R% /(4N€?), | — p] < e So, the worst case is when 3?\,
underestimates 6%, (we are interested in the upper bound for
o?) because /i is closer to z; than p. There are two situations
where we get this: (a) when z; < iy < p (in which case we
calculate (iy + € — z;)%), and (b) when 1 < iy < z; (in
which case we calculate (z; — iy — €)?).

As such, with probability (with respect to generation of many
N-tuples (z1,...,zy) from PY) ¢; = 1 — R%/(4Ne?), we
have (z; — finy — €)* > (z; — p)?. So, with probability c;, we
can be sure that

/M\f

N
1 N
O'J\TUZNE _,U,N_GQZO'?V.

With probability co = 1 — R% /(4N §?), we have the upper
bound 0% < 6% + 6.

In order to combine the probabilities in a simple way, we
must make the events independent. So, we need two sets of
N-tuples of observations. The rst set of z1 1,212,...,Z1,N
is used to estimate i1 n = (1/N) Z] 1T1,. The second
set a1, 132 2,...,02 N 1S used to estimate [ n =

(1/N) ) 1ﬂfzgand0NU—(1/N)Z] (25— iz, v —€)*.

Then, W|th probability
_ R% R
cr-cp = (1_4N-62> . (1— N .52

we have (7 < UN o + 6 since we know that o2 < &

2+ 6 and
% < UN U

As such, one can claim with probability at least ¢; ¢, that the
following inequality holds:

X p +o
N - €2

However, for this inequality to be of use, we require that o2 <
&AT,U+6<U§/IAX:R§(/4'_ .

We apply this result to obtain a tighter upper bound for the
generalization framework introduced earlier, which we present
as Lemma 2.

P(lpn,n —pl > €) <

Lemma 2: For a strategy ¢, consider two indepen-
dent nonoverlapping sets of N test strategies: 77 and
Ty, where Ty N Ty, = @ and |Ty| = |T2] = N. The

st set is used to estimate the generalization performance
G;(Ty) = (1/N) EjeTl G;(7). The second set is used to esti-
mate the variance 63, ;; = (1/N) Y eq, (Gi(j) — Gi(T2) —€)?,
for some positive number ¢ > 0, where Gi(Tp) =
(1/N) > jer, Gi(j). Then, for 6 > 0 with probability at

leastcico = (1 — R?/(4N€?))(1 — R*/(4N62)), the following
inequality holds:
. o +46
Pr(|Gi(Th) — Gi| > ) < XL 7 (6)
N -€
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Defect
R T

Cooperate

Cooperate

Defect
T P

Fig. 2. The payoff matrix framework of a two-player, two-choice game. The
payoff given in the lower left-hand corner is assigned to the player (row)
choosing the move, while that of the upper right-hand corner is assigned to the
opponent (column).

I1l. EXAMPLES OF CHEBYSHEV S BOUND FOR ESTIMATING
GENERALIZATION PERFORMANCE IN IPD GAMES

We have addressed the dif culty for problems where the true
generalization performance cannot be determined by solving
analytically a closed-form formula and is computationally pro-
hibitive by estimating the generalization performance using a
random sample of test strategies. However, a large sample of
N random test strategies may be required to claim with a high
probability for a small precision value that the estimated value
is close to the true value of the generalization performance. It is
known that the Chebyshev s bound given earlier is a loose upper
bound.

Here, we conduct an empirical study for some practical
games-the IPD games-and show that one can expect to obtain
a better estimate of the generalization performance compared
with the theoretical value given by Chebyshev s bound when
considering the worst case (i.e., actual P(|Dy|" > €') is lower
than the Chebyshev s bound). We also show how a strategy s
performance pro le with respect to the strategy space, the
variance o2, can be used through a second estimation to obtain
a tighter Chebyshev s bound. Finally, we show that games
can affect the accuracy of the estimation procedure because
they affect the strategy performance pro le with respect to the
strategy space.

A. The IPD Game

In the IPD game, two players engaged in repeated interac-
tions are given two choices, cooperate and defect [47] [49].
The dilemma embodies the tension between rationality of in-
dividuals who are tempted to defect and rationality of the group
where every individual is rewarded by mutual cooperation [49]
since both players who are better off mutually cooperating than
mutually defecting are vulnerable to exploitation by one of the
party who defects.

The classical IPD game can be formulated by considering a
prede ned payoff matrix that speci es the payoff that a player
receives for the choice it makes given the choice that the oppo-
nent makes. Referring to the payoff matrix given by Fig. 2, both
players receive R (reward) units of payoff if both cooperate.
They both receive P (punishment) units of payoff if they both
defect. However, when one player cooperates while the other
defects, the cooperator will receive S (sucker) units of payoff
while the defector receives T' (temptation) units of payoff. With
the classic IPD game, the values R, S, T, and P must satisfy the
constraints: 7> R > P > Sand R > (S + T)/2. Any set
of values can be used as long as they satisfy the IPD constraints

PLAYER B
+1 0 -1
+1 4 2 0
PLAYER A 0 | 45 25 :
-1 5 3 1

Fig. 3. The payoff matrices for the two-player three-choice IPD game. Each
element of the matrix gives the payoff for Player A.

PLAYER B
+1 + - -l
+1 | 4 22 11 0
L I T
PLAYER A ) .
-5 |4 33 2 2
-1 5 32 27 1

Fig.4. The payoff matrices for the two-player four-choice IPD game [25]. Each
element of the matrix gives the payoff for Player A.

(weuseT =5,R=4,P = 1,and S = 0 in all our experi-
ments unless stated otherwise). The game is played when both
players choose between the two alternative choices over a series
of moves (i.e., repeated interactions).

The classical IPD game has been extended to more complex
versions of the game to better model real-world interactions.
One simple example that we will use in this paper is the IPD
with multiple, discrete levels of cooperation [21], [25], [26],
[50], [51]. The n-choice IPD game is de ned by the payoffs
obtained through the following linear interpolation:

pa =2.5—-0.5ca +2cg, —1<cpa,cg<1 (7)
where p, is the payoff to player A, given that ¢, and cp are the
cooperation levels of the choices that players A and B make,
respectively. For example, for the three-choice and four-choice
IPD games, the payoff matrix is given by Figs. 3 and 4, [25],
respectively.

Note that in generating the payoff matrix for an n-choice IPD
game, the following conditions must be satis ed [25]:

1) for ca < ¢, and constant cg: pa(ca,cs) > pa(cy,cn);

2) forca < ¢y and e < cf3: palca, ) < pa(cy,ch);

3) for ca < dy and cg < cp: pa(cy,cy) > (1/2)

(pa(ca, cg) + pa(cy,cn)).

These conditions are analogous to those for the classical
IPDs. The rst condition ensures that defection always pays
more. The second condition ensures that mutual cooperation
has a higher payoff than mutual defection. The third condition
ensures that alternating between cooperation and defection
does not pay in comparison to just playing cooperation.

In the IPD, defection is not necessarily the best choice of
play. Many studies have shown cooperative play to be a vi-
able strategy [48], [49]. More importantly, cooperative play can
be learned from an initial, random population through coevo-
lutionary learning [2], [52] [55], which is different from the
classical evolutionary games approach that considers frequency
dependent reproductions of predetermined strategies (e.g., eco-
logical approach [49], [56]) that do not involve an adaptation
process on some strategy representations.
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With the learning of IPD strategies, one important question
is whether the learned IPD strategy is robust. Axelrod [2]
considered robustness of a strategy in the context of its per-
formance against some expert-designed strategies. Darwen and
Yao [33] [35] de ned robustness in the context of generaliza-
tion. These previous studies [2], [33] [35] approached the issue
of robustness (i.e., generalization) in an empirical and ad hoc
manner. Here, we investigate the issue by applying the general-
ization framework introduced earlier.

B. Different De nitions of Generalization Performance

Before applying the generalization framework to the coevo-
lutionary learning of a game, we rst need to de ne speci -
cally the generalization performance so that when we say that
a strategy generalizes well, it is according to some well-de-

ned performance criteria (which is determined by the de ni-
tion of game outcomes). For zero-sum games like chess, the
game outcome for a strategy can be easily de ned, e.g., win,
lose, or draw.3 When we apply the generalization framework
with this de nition of game outcome for chess, we refer to how
well coevolutionary learning can produce a strategy that can win
against as many strategies as possible.

However, for the nonzero-sum game such as IPD, there is no
speci ¢ notion of win that one de nes for a game outcome.
Instead, the best strategy is usually the one with the highest
average payoffs of some IV games played (if one includes each
strategy also playing against its own twin), i.e., round-robin
tournament. In other words, the game outcome is either the av-
erage payoff per move, or the total payoff. This is not the same as
the case when one sums the number of individual wins, where
awin is de ned as having higher average payoff per move in a
game.

Here, we explore the generalization performance of coevolu-
tionary learning for the IPD games from two perspectives, i.e.,
we consider two different de nitions of generalization perfor-
mance. This is to allow a more in-depth investigation as to how
coevolutionary learning produces strategies in terms of their
generalization, i.e., whether the strategy generalizes to a spe-
ci ¢ performance criterion, or to more than one performance
criterion.

1) Generalization Performance in Terms of the Number of
Wins Based on Individual Outcomes: First, we de ne general-
ization performance in terms of the number of wins based on
individual outcomes of games (e.g., a game between a pair of
strategies). This de nition of generalization performance fol-
lows the notion from zero-sum games, where one is interested
in the performance of winning against as many known strate-
gies as possible. If g(i, j) refers directly to the average payoff
per move to strategy ¢ when it plays an IPD game with strategy
j, then a game outcome, which can either be win or lose, is de-

ned as follows:

for g(i, 5) > g(J,1)
for otherwise

. CwiN,
Gulid) = { 1%

3This is the widely accepted convention, although for our purpose here of
determining generalization performance, we can just consider a case of win and
lose, i.e., a draw is considered a lose.

where Cwin and Crosg are constants that can be arbitrarily
speci ed as long as Cwin > CrLosg-4

Using (3), the estimated generalization performance based on
a sample of IV test strategies is given by

Guli) = 3 Guli.d). ®

JESN

We use G(i) = G; to make the notations simpler. We denote
Gw (i) to represent the true generalization performance for the
de nition introduced above.

2) Generalization Performance in Terms of Average Payoff:
Second, we de ne generalization performance in terms of av-
erage payoff. This de nition of generalization performance fol-
lows the notion of average performance against a population
of strategies (tournaments for IPD games). Here, the game out-
come is the average payoff per move, i.e., Ga(4,5) = g(4,7),
where Gyiax = T and Gy = S can be determined from (7).
As such, the generalization performance refers to the average
payoff from a round robin tournament of games. However, for
simplicity, and since NV is a large number and assuming there is
alwaysaj = 7in Sy

Gali) = 3 Galind) ©

JESN

so that it is straightforward to use the Chebyshev s Theorem to
obtain the Chebyshev s bound. We denote G4 (4) to represent
the true generalization performance for the de nition introduced
above.

C. Chebyshev s Bounds in IPD Games

For the two de nitions of generalization performance,
Chebyshev s Theorem can be applied to obtain their respec-
tive Chebyshev s bounds. However, as mentioned earlier, the
Chebyshev s bound is an upper bound in probability, and in
most practical situations, o is less than R?/4. That is, even
though we are limited by using a sample of random test strate-
gies of size IV in estimating the generalization performance, we
expect that for a particular precision value €, the probability
P(|Dy|" > €) is lower than the Chebyshev s bound. Here, we
investigate this empirically.

For simplicity, we will restrict our investigation to the case
of the IPD game with deterministic and reactive memory-one
strategies that consider their previous moves and opponent s
previous moves. We consider the three-choice IPD game. We
assume that strategies are uniformly distributed in the strategy
space S. For this case, it is possible to compute the true gen-
eralization performance since the strategy space S of M =
59049 unique strategies is not too big. It is not possible for the
four-choice IPD game, while it is trivial for the two-choice IPD
game with M = 32.

1) Chebyshev s Bounds for Different Generalization Perfor-
mance in IPD Games: Experiments were conducted for the
two de nitions of generalization performance introduced ear-
lier. For all the experiments, the estimated and true generaliza-
tion performance were determined for 4000 strategies that were

4In this paper, we use  win MAX and rose MIN
We arbitrarily choose these values for presentation of results.
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Fig.5. Showing the probability that ~ ’ "for "in[0.01, 0.1], where the
sample of random test strategies  of size  isused to compute  .Each
graph is obtained by averaging from results of using 50 independent samples

~ With error bars representing 95% con dence interval. n gives the curves
for the Chebyshev s bounds with different s. (a) .

(b) :

randomly sampled. The proportion of the 4000 strategies where
|Dn|" > € was determined. This proportion can be considered
as a rough estimate of the actual probability P(|Dy|" > €). Ex-
periments were repeated for 50 samples of random test strate-
gies Sy for different Ns (rough % of M) at 10 (0.02%), 50
(0.1%), 100 (0.2%), 500 (1%), 1000 (2%), 5000 (10%), 10000
(20%) that are drawn independently.>

Fig. 5 shows the results of the experiments for the gener-
alization performance de ned by Gw(z) and estimated with
éw(z'). From the gure, it can be observed that the probability
P(|Dy|" > €) (roughly estimated by the proportion of 4000
samples of |Gw (i) — Gw(i)|/R,i = 1,...,4000) reduces as
N increases from 10 to 10000 for ¢’ in [0.01, 0.1]. The em-
pirical probability curves are observed to be lower than those
given by Chebyshev s bounds. Similar observation is also made

5We have veri ed for each sample  that no strategy is obtained more than
once.
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Fig. 6. Showing the probability that n ’ "for "in[0.01, 0.1], where the
sample of random test strategies n of size  isused to compute , .Each
graph is obtained by averaging from results of using 50 independent samples

~ With error bars representing 95% con dence interval. n gives the curves
for the Chebyshev s bounds with different s. (a)

(b) .

for the generalization performance de ned by G (4) and esti-
mated with G, (i) in Fig. 6.

Experiments show that normalized |Gw (i) — Gw(i)]
is usually larger for all Ns compared with normalized
|Ga(i) — Ga(i)| (e.g., Fig. 7). This can be explained by
analyzing the distribution (histogram) of G(i,j) — G(3) for
individual strategies (that we randomly picked) against a
sample of test strategies (that we also randomly picked from
many samples). Figs. 8 and 9 show for four strategies, the
distribution of Gw(i,7) — Gw(i) and Ga(%,5) — Ga(i), re-
spectively, for a particular sample of Sy for N at 50, 5000, and
10 000. On the one hand, the distribution of G (¢, 5) — Gw (%)
is always bimodal, i.e., having two separate peaks, which
may lead to higher o2. On the other hand, the distribution of
Ga(i,7) — Ga(4) spreads over an interval, leading to lower o2.
Considering the Chebyshev s bound from (6), it is more likely
|Gw (i) — Gw(i)| > e for higher values of ¢ when o2 (which
can be estimated with respect to Sy) is higher.
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Fig. 7. (a) (d) shows for four different strategies , the normalized absolute difference,
). Each graph is obtained by averaging from results of using 50 independent samples  with error bars representing 95% con dence interval.
~ Obtained from Chebyshev s bounds that are labeled according the probability

w and A
Each sub gure also contains the curves of precision value '
used. (a) Strategy #1. (b) Strategy #2. (c) Strategy #3. (d) Strategy #4.

In addition, another observation is that the distribution of
G(3,j) — G(1) for the two de nitions of generalization perfor-
mance is quite similar for different sizes of Sy starting from a
small IV of 50 (Figs. 8 and 9). These results indicate two im-
plications for the estimation of generalization performance for
IPD games investigated here. First, the estimation from using a
smaller Sy is as accurate as the estimation from using larger
Sns. Second, the estimations are stable in terms of varying
sample sizes starting from a small Sy .

2) Can We Find a Tighter Chebyshev s Bound?: The
Chebyshev s bound given by (5) assumes the worst case and
takes o3;,x = R?/4 to upper bound the probability. We have
earlier provided a mathematical analysis to nd a tighter bound
that requires the estimation of o2 so that rather than using
03iax > 02,6% 1 + 6 is used instead (with some probability
c1¢- that can be determined), i.e., a tighter Chebyshev s bound
given by (6).

Note that to have a high probability ¢;co where ¢y = 1 —
R?/(4Ne?)and co = 1 — R*/(4N§?), we want ¢, to be as high
as possible by having a higher value for § (which is where this
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()

~ ’, is obtained for each de nition of generalization performance (e.g.,

N (logscale)

tighter bound is useful because we are hoping that o2 is small
and that 6% ;; + 6 < o34 even for a larger value of §).

We apply Chebyshev s Theorem for the random variable
|63, — 0| to investigate empirically how good is the estimation
of o2 when using a sample of test strategies for the three-choice
IPD game (we can actually compute the exact value of o2 for
this game)

2 2 }%4
We can simplify the above by letting |D(6%,)]" = |6% —
o?|/R? and &' = §/R? so that we now obtain

1
P(ID (3] 2 ¢) < ———s.
| (U]\)| — _4N'612
Experiments were conducted for the two de nitions of gener-
alization performance to determine the probability (proportion)
of 4000 random strategies, where | D(63;)|" > &’ for 50 samples
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Fig. 8. (a) (d) shows for four different strategies , the distribution of
(c) Strategy #3. (d) Strategy #4.

of Sy from 10 to 10000 that are drawn uniformly and inde-
pendently.6 Figs. 10 and 11 summarize the results, which show
that generally the empirical probability curves are lower for es-
timation of o2 for G 5 (i) compared with the case of G (4).
More importantly, the results show that a high probability can
be claimed that | D(6%)|" < &' if we consider a large precision
value of ¢’.

We also present results for the estimation of o2 for individual
strategies. Table | shows the 6%, for various NV and also the true
value o2 for some random strategies for G (4). Table I shows
the results of |63, — 02| for G (7). If we consider a large preci-
sion value of ¢’ = 0.04 (6 = 400), we know from Chebyshev s
bound for example that for N = 10000, the probability that

6Note that we actually compute f\, rather than  %,. Regardless however, the
following results will show that most of the time, fv overestimates 2. Fur-
thermore, at the end of the section, we will show results of corrected estimates
. and how it can be used to obtain a tighter Chebyshev s bound.
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6% — 0% < §is1—1/(4x 10000 x 0.04%) > 0.98. However,
as indicated earlier in Fig. 10(b), the actual estimation of o2 is
better than the theoretical value given by Chebyshev s bound.
For example, |63, — 2| for N = 10000 is much smaller than
400 for a probability greater than 0.98 (Table I1). Similar obser-
vations can be made for G 5 (7) (Tables Il and 1V).7

A tighter Chebyshev s bound can be found if 6% + § <
a2, Ax- For example, for a particular strategy (#7 in Table I for
Gw(i)), o = 1293, while 4%, = 1321. The corrected esti-

“Note that results presented in the tables refer to the estimated generalization
performance of a strategy when asample x of random test strategies is used.
Assuch, 2 inTable I for astrategy can uctuate (higher or lower) around the
true value 2. For very small sample size such as that is out of Cheby-
shev s bound, erratic results such as %, can be obtained. As for results in
Tables Il and IV, increasing  does not necessarily result with decreasing  ~ .
However, all the results are within theoretical results from Chebyshev s bounds
[e.g., with a probability greater than 0.98 and using random test
strategies, is no greater than 400 for the case of w ].
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Fig. 9. (a) (d) shows for four different strategies
(c) Strategy #3. (d) Strategy #4.

, the distribution of 5

mate is found to be 6 aN uy = 1337 (where the probability that
63 > 6%isc =1- 1/(4 x 10000 x 0042) > 0.98). In
this case, we know that & 2 overestimates 2. Regardless, with
probability cico = (1 — 1/(4 x 10000 x 0.042)) x (1 —1/(4 x
10 000 X 0.04%) > (0.98) x (0.98) > 0.95), we know that
0> < 6Xy+o Wlth 6 = 400. Here, we obtain 6%, ; + 6 =
1337 + 400 < oZiax = 2500 (Fig. 12). Fig. 13 illustrates an-
other example of a tighter Chebyshev s bound for G4 (i), where
= 0.88 (strategy #6 in Table Ill) and & N v = 0.92, where
N = 10000.

3) What Is the Impact of Different Games on the Estimation
of Generalization Performance: We know that the estimation of
generalization performance of a particular strategy depends on
its performance with all strategies in the strategy space [as in o'
following (4)]. Furthermore, we have shown that the accuracy
of the estimated of generalization performance that depends on
the pro le of a strategy s performance (i.e., game outcomes)
against all strategies in the strategy space (e.g., o2 depends on
the distribution of G;(j) — G;).

We note that the distribution of G;(j) — G for any strategy
1 depends on the game. As such, we investigate this issue with
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a series of experiments of IPD games with different payoff ma-
trices: (a) IPD1 (the original game considered); (b) IPD2 (using
the interpolation po = 2.5 — 0.5¢ca + 1.5¢g); and (c) IPD3
(using the interpolation ps = 2.5 — 0.5cs + ¢B).

By penalizing strategies that alternate with different choices
(IPD1 penalizes the most while IPD3 penalizes the least), the
games can affect the pro le of a strategy s performance with re-
spect to all strategies in the strategy space S given that a large
proportion of strategies in S alternate between different choices.
We repeat the earlier experiment to nd the probability that
|Dn|" > € for these IPD games and compare the results.

In general, the same results for G (7) are obtained for all the
IPD games. This is because for G (7), we count the number of
wins for each pairwise interaction. Although the average payoff
received from the pairwise interaction changes, G (4, j) is the
same because the relationship between g(z, 7) and g(j, 7) is still
the same.8

However, for G4 (4), results show for all N's, the empirical
probability curves for IPD3 is lower than IPD2, which in turn, is
lower than IPD1 (Fig. 14). Note that different IPD games award

8Note also that the number of rounds at 150 is suf ciently long.
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Fig. 10. Showing the probability that 2 "for ’in [0.0001, 0.04],

where the sample of random test strategies n of size  is used to compute
2. for w . Each graph is obtained by averaging from results of using 50

independent samples  n with error bars representing 95% con dence interval.
~ gives the curves for the Chebyshev s bounds with different s. (a)

.(b)

payoffs for plays with alternating choices (strategies that consti-
tute a large proportion in S) differently. For example, the payoff
differences between neighboring choices (e.g., +1 compared
with 0, or 0 compared with —1) are reduced for IPD3 compared
with IPD1. As such, it is not surprising that |Ga (i) — Ga (7)| is
smaller for the same strategy 7 for IPD3 compared with IPD1
due to reduced payoff differences of neighboring choices. It is
also observed that the distribution of G (4, j) — Ga(¢) for in-
dividual strategies tends to be more peaky and centers around
GAl(i,7) — Ga(i) = 0 for IPD3 compared with IPD1 and IPD2
(Fig. 15). The smaller values of &2 for the case of IPD3 imply a
more accurate estimation from (4).

IV. ESTIMATING GENERALIZATION PERFORMANCE IN
COEVOLUTIONARY LEARNING

Here, we illustrate the application of the generalization
framework to coevolutionary learning of IPD games. In partic-
ular, we focus on simple IPD games (e.g., IPD games with two
and three choices), where the true generalization performance
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Fig. 11. Showing the probability that 2 " for ’in [0.0001, 0.04],

where the sample of random test strategies n of size  is used to compute
~ for A . Each graph is obtained by averaging from results of using 50

independent samples  x with error bars representing 95% con dence interval.
~ gives the curves for the Chebyshev s bounds with different s. (a)

.(b)

can be computed. This allows us to investigate and show empir-
ically that a small sample of S can be used to provide a good
estimation of the generalization performance of coevolutionary
learning of IPD games in comparison with the prediction given
by Chebyshev s bound.

A. Coevolutionary Learning Model

Fig. 16 illustrates the general coevolutionary learning frame-
work, which involves an iterative process of variations (muta-
tion and crossover) and selection (choosing solutions for the
next generation) on competing solutions that strategically in-
teract with each other. A coevolutionary learning system can
be implemented using coevolutionary algorithms. There are a
variety of different coevolutionary algorithms, and they can be
roughly classi ed according to their population structure, i.e.,
single population coevolution [2], [21]. [25] and multiple pop-
ulation coevolution (which includes two populations structure
that separates solutions and tests used to evaluate tness of so-
lutions in their respective populations that do not mix or breed
[12], [13], [38]). For simplicity, we apply the generalization
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COMPARISON OF  %; FOR VARIOUS ~ WITH THE TRUE V/JZ?JELE IFOR TEN STRATEGIES FOR w , WHERE ?
N #1 #2 #3 #4 #5 #6 #7 #8 #9 | #10
10 2500 | 2400 | 2500 | 2400 | 2400 | 2100 0 2400 | 2500 | 1600
50 2464 | 2496 | 2244 | 1476 | 2496 | 1924 | 1204 | 2356 | 2464 | 2484
100 2304 | 2484 | 2059 | 1344 | 2464 | 1924 | 1275 | 2436 | 2496 | 2379
500 2436 | 2500 | 2224 | 1539 | 2491 | 1895 | 1317 | 2477 | 2497 | 2375
1000 2419 | 2498 | 2131 | 1470 | 2484 | 1875 | 1218 | 2482 | 2500 | 2278
5000 2432 | 2492 | 2108 | 1481 | 2490 | 1849 | 1341 | 2476 | 2499 | 2220
10000 2434 | 2497 | 2118 | 1515 | 2493 | 1816 | 1321 | 2473 | 2500 [ 2231
TRUE 2436 | 2496 | 2126 | 1475 | 2491 | 1816 | 1293 | 2477 | 2499 | 2228
TABLE Il
COMPARISON OF % 2 FOR VARIOUS  FOR TEN STRATEGIES FOR v , WHERE 2
N #1 | #2 | #3 | #4 | #5 | #6 #7 | #8 | #9 | #10
10 64 96 | 374 | 925 | 91 | 284 | 1293 [ 77 1 628
50 28 0 118 1 5 108 89 121 | 35 256
100 132 | 12 67 | 131 | 27 | 108 18 41 3 151
500 0 4 98 64 0 79 24 0 2 147
1000 17 2 5 5 7 59 75 5 1 50
5000 4 4 18 6 1 33 48 1 0 8
10000 2 1 8 40 2 0 28 4 1 3
TABLE IlI
COMPARISON OF 3 FOR VARIOUS ~ WITH THE TRUE VALUE 2 FOR TEN STRATEGIESFOR A , WHERE ?
N #1 #2 #3 #4 | #5 #6 #7 #8 #9 | #10
10 206 | 1.63 | 1.77 | 1.80 | 248 | 1.22 | 1.72 | 2.27 | 0.99 | 1.11
50 1.54 | 1.39 | 1.35 | 1.28 | 2.21 | 090 | 1.52 | 2.10 | 1.21 | 0.92
100 143 | 1.32 | 1.24 | 1.31 | 223 | 095 | 1.53 | 2.04 | 1.40 | 0.88
500 1.56 | 1.33 | 1.44 | 1.03 | 2.11 | 091 | 1.38 | 2.06 | 1.43 | 0.89
1000 1.55 | 1.34 | 1.40 | 1.00 | 2.12 | 0.92 | 1.40 | 2.03 | 1.46 | 0.90
5000 1.55 | 1.32 | 1.34 | 096 | 2.11 | 0.88 | 1.43 | 1.93 | 1.47 | 0.86
10000 1.59 | 1.34 | 1.35 [ 097 | 2.15 | 0.87 | 1.46 | 1.95 | 1.49 | 0.87
TRUE || 1.59 | 1.35 | 1.37 | 096 | 2.15 | 0.88 | 1.44 | 1.96 | 1.48 | 0.86

framework to coevolutionary learning with the single popula-
tion structure. However, we note that the generalization frame-
work does not depend on the learning systems, and as such, can
be applied to coevolutionary learning with the multiple popula-
tion structure as well.

1) Strategy Representation: Several strategy representations
have been investigated in the past, e.g., a lookup table with
bit-string encoding [2], nite-state machines [52] [54], and
neural networks [25], [51], [57], [58]. Here, we consider the
simple approach of direct lookup table strategy representation
that we introduced and studied earlier in [25] that directly
represents IPD strategy behaviors, a one-to-one mapping
between the genotype space (strategy representation) and the
phenotype space (behaviors). However, the main advantage of
using the direct lookup table representation is that the search

space (given by the strategy representation) and the strategy
space is the same (assuming uniform strategy distribution in
the strategy space S). This simpli es and allows direct inves-
tigation on the generalization performance of coevolutionary
learning.

Fig. 17 illustrates the direct lookup table representation
for the strategies with two choices and memory-one [25].
mij,i,7 = 1,...,n speci es the choice to be made, given
the inputs 7 (player s own previous choice) and j (opponent s
previous choice). Rather than using pre-game inputs (two for
memory-one strategies), the rst move is speci ed indepen-
dently, mg,. For example, for the two-choice IPD (Fig. 17),
each table element can take any of the two choices, e.g., +1
and —1. For the three-choice IPD (Fig. 18), each table element
can take +1,0, and —1. Note that values in the table elements
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