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Abstract—In this paper, two evolutionary programming (EP)
algorithms (classical EP and fast EP) are applied to design
prototype lowpass Finite Impulse Response filters for use in a
modulated filterbank. The chosen filter design technique is based
on frequency-sampling (where the Fourier transform magnitudes
of the filter are the objective variables). Design is simplified by
constraining most of these values, leaving only a small number
of values in the filter transition band to be optimized. The EP
algorithms were used to determine the optimum values for this
subset of values. Since there is an additional monotonic constraint
on the transition band values, a modification to the EP algorithms
was developed called variable limits evolutionary programming.
Results indicate that a) both EP algorithms were insensitive to
initial conditions, and reliably found the minimum values of the
chosen objective functions, and b) the designed prototype filters
are suitable to obtain near-perfect reconstruction filter banks,
offering quality parameters comparable or better than systems
obtained using other techniques.

Index Terms—Channel bank filters, evolutionary programming,
filter bank design, filtering theory, modified-DFT filter bank,
modulated filter bank, multicarrier modulator, nearly perfect
reconstruction.

I. INTRODUCTION

MULTIRATE Systems are used in a wide range of appli-
cations, from data compression (speech, audio, image or

biosignals coding) to data transmission [1]. An important sub-
class of filter banks (FBs) is the modulated group, in which all
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the analysis and synthesis filters are obtained by the modulation
of low-pass prototype filters [2]. This kind of filter bank was
originally applied in subband coding, but recently such filter
banks have been proposed in the design of multicarrier com-
munications transceivers as an alternative solution to the trans-
mitting and receiving stages in orthogonal frequency division
multiplexing (OFDM) or discrete multitone modulation (DMT).
These systems can be simply reexpressed as discrete fourier
transform (DFT) filter banks, and due to the underlying proper-
ties of rectangular windowing, they have relatively poor selec-
tivity and discrimination between subchannels. This can lead to
significant performance deterioration through intercarrier inter-
ference. For this reason, other kinds of multicarrier modulators
(MCM) have been proposed [3]–[5]. Since many of these ap-
proaches rely on the design of an appropriate prototype filter,
the design of such prototype filters for modulated filter banks
(MFBs) is a topic that continues to receive widespread attention
(see, for example, references included in [6]–[9]).

In this paper, we apply evolutionary programming (EP) to the
design of arbitrary-length filters for multirate applications. EP
is a population based heuristic, which was first proposed in the
field of artificial intelligence [10]. EP is basically a search al-
gorithm which uses random mutation for exploring the search
space. In the classical EP algorithm, this mutation is based on
a Gaussian distribution. However, in recent years EP has been
more extensively studied [11]–[13], and several variations of
the EP algorithm have been proposed, based on different prob-
ability distribution mutations such as Cauchy or Levy distribu-
tions [14]–[16].

EP has been applied to many different problems in en-
gineering and sciences, including telecommunications [17],
industrial applications [18]–[20], computer science [21], cir-
cuits and machinery design [22], [23], environmental [24],
[25], and biomedical applications [26], [27]. It has also been
applied to the design of filters. For example, in [28] Görne and
Schneider applied an evolutionary algorithm to the design of
digital filters. In another work, White and Flockton [29] com-
pared the performance of different nature-inspired algorithms
such as evolutionary programming and simulated annealing,
to the design of infinite impulse response (IIR) filters. They
demonstrated that the evolutionary approach to the problem
obtained good designs which were comparable with results
from the simulated annealing algorithm. Other works which
considered the design of filters using the evolutionary-based
techniques are [30]–[36].

1053-587X/$25.00 © 2007 IEEE
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In this paper, we propose the application of EP to the design
of filters for multirate applications, such as the design of proto-
type filters for FBs or Multicarrier Modulators (MCM). To our
knowledge, this application has not been previously explored
with this technique. The proposed method is based on the fre-
quency sampling approach for designing FIR filters [37], [38],
and it is highly efficient due to the very low number of parame-
ters which has to be optimized. A similar technique for obtaining
linear-phase filters of restricted length has been proposed in [8].
Recently, the general expressions that allow us to obtain arbi-
trary-length filters using a similar approach has been presented
in [9]. Previously, the algorithms used for optimizing the param-
eters of these filters (or to be precise, the magnitude response
values of all the samples in the transition band) can be consid-
ered in two categories.

a) Multidimensional unconstrained nonlinear minimization
algorithms (Nelder-Mead). Previous experimental results
have shown however that success is strongly dependent on
the initial values chosen for running the algorithms, and
that is the reason why two different functions have been
proposed in [8] and [9] for selecting the initial values in
the transition band.

b) Using a standard implementation of a quasi-Newton
algorithm, which uses the gradient in the line search
procedure. Since, in general, no function gradients are
available, they must be numerically estimated via finite
differences at the cost of additional function evaluations
during the inner iterations of the line search procedure.
This implementation of the method with a gradient-based
line search has the advantage of being theoretically sound
and guaranteed to terminate, though sometimes at the
expense of requiring a large number of evaluations to
estimate the gradient.

The main contributions of this paper are the following. We
propose a modification of the EP algorithm for solving the
design of arbitrary-length filters for multirate applications.
Basically, the EP algorithm must be modified to deal with
the restrictions in the variables to be optimized (the samples
of the magnitude response in the transition band), requiring
the introduction of a novel evolutionary programming algo-
rithm called variable limits evolutionary programming (see
Section V). This approach is a way of tackling problems which
need monotonicity in their solutions, and it is much more robust
than the standard optimization tools such as Nelder-Mead or
quasi-Newton, even if multiple initializations are considered.
Also, we will show through experimental results, that our
approach leads consistently to the best minimum solution of the
problem cost function. In addition, the proposed algorithm is
not sensitive to the choice of the initial conditions at algorithm
start-up, which is a significant improvement with respect to
previously reported techniques.

Following Sections I and II, the rest of the paper is struc-
tured as follows. Section III defines the problem, and Section IV
presents the general optimization procedure, and reviews pre-
vious related works in order to show how to define the cost func-
tion to be minimized. In Section V, we present our evolutionary

programming approach to the problem, introducing a modifi-
cation of the classical evolutionary programming and the fast
evolutionary programming algorithms [14], for adapting them
to the problem of filters design. In Section VI, we show through
experimental results, the need to solve the optimization problem
by means of a powerful algorithm. We also show that the perfor-
mance of the designed systems is extremely good as compared
to other design techniques. Finally, Section VII summarizes our
conclusions.

II. RANGE OF APPLICATION

In this section, we briefly show the utility of our proposed
method through a wide range of applications where the filter de-
signed by the proposed technique can be applied. First, although
initially the conditions were focused on obtaining linear-phase
filters that are approximately a spectral factor of a -band
filter [8], [9], we can change the initial values of the samples to
be optimized and define an appropriate cost function to be opti-
mized in order to obtain multirate interpolation and decimation
filters. For this reason, this kind of filter appropriately designed
could be applied, for example, to decimation in radio receivers
or for A/D converters. The main advantage of the filter de-
signed with the proposed technique is as follows. Since by defi-
nition, there are many samples whose value is null, the designed
multirate filter has the same property, offering the same number
of transmission zeros as null samples have been previously de-
fined in the initial conditions.

With regard to modulated filter banks, it is well known that
prototype filters valid for -channel NPR CMFB can be also
used to design several kinds of -channel complex modulated
filter banks (CxMFBs) (for a detailed description of prototype
filters equivalence for different families of filter banks, see [39]
and [40]). In this way, the possible applications of the proposed
method can be extended for a wide variety of systems, as is
shown in Table I, with a brief summary of conventional and
recent applications.

III. PROBLEM DEFINITION

Let be the frequency response of the finite impulse
response (FIR) filter to be designed. Let be
its samples at points uniformly spaced in the interval ,
where , , and
or . The relation between the impulse response coeffi-
cients and the frequency response samples is given by

(1)

where [38].
For simplicity, we only focus on the design of low-pass filters.

The initial values of must be appropriately defined before
optimization. The number of samples in the transition band
should be selected , and the sample index nearest to
the transition band center must be obtained. When is an even
number and there are two index samples equidistant from the
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TABLE I
APPLICATIONS OF MODULATED FILTER BANKS

transition band center, the smaller number should be chosen for
. Therefore, given , , and , the values of the magnitude

response and the phase response are defined
as

(passband)

(transition band)

(stopband)

(2a)

(2b)

(2c)

where and denote rounding to the next smaller or larger
integer, respectively.

Moreover, when the filter is intended as a prototype for
MFBs, a good choice is to locate the transition band center at
approximately the frequency , and the closest value to

is defined as , . The
parameter is related to the number of channels in the filter
bank. In the general case, there is no predefined relationship
between and , though in practice cases, or

values are frequently used.
The function defined in (2) allows us to write the mag-

nitude values of the transition band samples. In previous works
[8], [9], the optimization process was carried out successfully
after a careful selection of these initial values. However, in
Section V, we propose an evolutionary programming-based
algorithm that ensures fast convergence to optimum solutions
without the need for special care in the choice of the initial
values for the function .

Consequently, the problem definition consists of finding the
optimum values of the frequency response samples in
order to minimize an objective function , whose exact defi-
nition depends on the application for which the filter is being
designed.

IV. OPTIMIZATION AND PREVIOUS APPROACHES

In this section, we describe the general optimization algo-
rithm for obtaining the filter based on the frequency sampling
approach. Furthermore, in order to develop a useful definition
of the objective function, we review previous designs in which
the optimization problem was focussed on the design of NPR
CMFBs.

A. Optimization Algorithm

Once the initial values have been appropriately chosen, the
optimization procedure for a low-pass filter consists of the fol-
lowing steps:

1) Select the filter length .
2) Select the required number of samples in the transition

band.
3) Initialize the samples of the frequency response as de-

scribed before in (2). The resulting vector , with cor-
responding magnitude response initial values, is made up
as follows:

(3)

4) Let be the vector whose
elements are the samples of the magnitude response at the
transition band. Find , i.e., determine the values of the
components of that minimize an objective function .

5) Calculate the optimum values of the frequency response
samples . These values are obtained from (2) and
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(3), by replacing the initial values of the magnitude re-
sponse in the transition band in (2) by the optimized values
obtained in the previous step:

(4a)

(4b)

6) Using obtain the filter coefficients through

(5)

B. Objective Functions for Modulated Filter Banks

Given a choice of system design, the objective function to
be optimized in step 4 above has to be defined. For example, for
MFBs it is well known the following conditions:

(6)

(7)

allow us to obtain approximate reconstruction in the -channel
cosine-modulated filter bank and the -channel complex
modulated filter banks. In (6) and (7), and
are, respectively, analysis and synthesis (or receiving and
transmitting for data transmission applications) filters obtained
by modulation from the designed prototype filter .

In previous works, the objective function to be minimized
for designing MFBs has been defined in different ways, and
there are a multitude of useful definitions that could be pro-
posed. For example, three useful definitions are as follows.

a) As defined in [6]

(8)

where . This function guarantees that the
resulting systems closely satisfies the perfect reconstruc-
tion (PR) property.

b) Lin and Vaidyanathan define in [7] a different cost
function

(9)

where is the discrete-time Fourier Transform of
, defined as .

c) A third example of cost function that can be minimized
for modulated filter banks is

(10)

Therefore, efficient prototype filters for MFBs can be ob-
tained using these cost functions, or suitable alternatives.

V. EVOLUTIONARY PROGRAMMING FOR

MULTIRATE FILTERS DESIGN

As we explained in Section I, the main problem in previous
work on frequency-sampling based design was the selection of
appropriate initial values for the samples to be optimized.
In [8], the function

(11)

was proposed to generate appropriate values, where is the
frequency corresponding to the last sample of the passband and

is the frequency corresponding to the first sample of the stop-
band. For the design examples included in [9], a different func-
tion was chosen

(12)

In our designs, we will use two different techniques for mini-
mize the objective function :

a) a multidimensional unconstrained nonlinear minimiza-
tion (Nelder-Mead);

b) a quasi-Newton algorithm.
In Section VI we will show, by means of several examples,

the importance of proper selection of the initial values in the
transition band, since neither of the previous proposed
leads consistently to the best minimum solution of , no matter
the number of channels or filter length . This problem
is solved by using two evolutionary programming algorithms
as explained later. Specifically, we have implemented both a
classical evolutionary programming and a fast evolutionary pro-
gramming. The classical evolutionary programming algorithm
(CEP) is described in the work by Bäck and Schwefel [11], [14].
It is used to optimize a given function , i.e., obtaining
such that , with . The al-
gorithm performs as follows.

1) Generate an initial population of individuals (solutions).
Set . Each individual is taken as a pair of real-valued
vectors , , where s are objective
variables (e.g., transition band magnitudes), and ’s are
standard deviations for Gaussian mutations.

2) Evaluate the fitness value for each individual
(using the defined objective function for example).

3) Each parent , then creates a single
offspring as follows:

(13)

(14)

where denotes a normally distributed one-dimen-
sional random number with mean zero and standard devia-
tion one, and is a vector containing random num-
bers of mean zero and standard deviation one, generated
anew for each value of . The parameters and are com-
monly set to and , respectively [14].

4) If then and if
then .
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5) Calculate the fitness values associated with each offspring
.

6) Conduct pairwise comparison over the union of parents
and offspring: For each individual, opponents are chosen
uniformly at random from all the parents and offspring. For
each comparison, if the individual’s fitness is better than
the opponent’s, it receives a “win.”

7) Select the individuals out of the union of parents and
offspring that have the most wins to be parents of the next
generation.

8) Stop if the halting criterion is satisfied, and if not, set
and go to Step 3.

The fast evolutionary programming (FEP) is described and
compared with the CEP in [14]. The FEP is similar to the CEP
algorithm, but it performs a mutation following a Cauchy prob-
ability density function, instead of a Gaussian-based mutation.
The one-dimensional (1-D) Cauchy density function centered at
the origin is defined by

(15)

where is a scale parameter. See [14] for further informa-
tion about this topic. Using this probability density function, the
FEP algorithm substitutes step 5 of the CEP by the following:

(16)

where is a Cauchy random variable with the scale parameter
set to .

In this paper, we use a variation of the CEP and FEP proce-
dures described above to obtain the optimal value of the vector

, whose elements correspond to the magnitude response
values, previously defined in (3). As aforementioned, the com-
ponents of vector are the samples of the magnitude response
in the transition band. This vector is such that the constraint

(17)

should also be satisfied for good performance. This requires
some modification of the evolutionary programming approach.
We propose a modification that we have called variable limits
evolutionary programming (VLEP), which can be described in
the following way (VLCEP and VLFEP).

1) Generate the initial population of individuals. Set .
Each individual is taken as a pair of real-valued vectors

, , where s are objective vari-
ables, and s are standard deviations for Gaussian muta-
tions, as before.

2) Sort the values of in such a way that if
.

3) Set a vector of limits for the variables, in
the following way: ,

, ,
,

.
4) Evaluate the fitness value for each individual .
5) Each parent , creates then a single

offspring using (13) for the CEP or (16) for the
FEP algorithm.

6) Reset the vector of limits: ,
, ,

,
.

7) Calculate the fitness values associated with each offspring
.

8) Conduct pairwise comparison over the union of parents
and offspring: For each individual, opponents are chosen
uniformly at random from all the parents and offspring. For
each comparison, if the individual’s fitness is better than
the opponent’s, it receives a “win.”

9) Select the individuals out of the union of parents and
offspring that have the most wins to be parents of the next
generation.

10) Stop if the halting criterion is satisfied, and if not, set
and go to Step 3.

VI. COMPUTATIONAL EXPERIMENTS AND RESULTS

In this section, we present several examples in order to illus-
trate the computational performance of the proposed algorithms,
and to compare their convergence and robustness with the pre-
vious approaches. All the minimization algorithms have been
implemented using MATLAB.

A. Modified Discrete Fourier Transform (MDFT) FBs

A scheme of modulation by which all the analysis and syn-
thesis (or the receiving and the transmitting) subchannel filters
can be obtained for different families of MFBs (or MCMs) can
be defined in the following way. Let
be the system function of the -length real coefficients proto-
type filter appropriately designed. We define ,

, as follows:

(18)

where is an arbitrary modulation factor, and and
are subchannel filters obtained as

(19a)

(19b)

where . If we apply the inverse -transform,
we obtain the following expressions:

is even
is odd

(20a)

(20b)

From the filters above, we can obtain several kinds of MFBs,
and, therefore, different MCMs. In [9], a means for obtaining
NPR CMFBs from the proposed modulation scheme is shown
(considering ). Another example is as follows. We can
obtain the Type-1 MDFT filter banks [39] by considering the
following parameters:

(21)

By algebraic manipulation we obtain

(22)
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TABLE II
QUALITY MEASURES IN 32-CHANNEL MDFT FBS. THE 513-LENGTH PROTOTYPE FILTERS HAVE BEEN OPTIMIZED BY MEANS OF DIFFERENT ALGORITHMS

B. Results

For ease of comparison, we give examples with the same de-
sign parameters, as follows:

• The cost function to be minimized is that of given in (9). It
has been selected after designing the same examples given
below with other functions (results not shown here), with
this function giving consistently the best results.

• in (5).
In order to evaluate the quality of the resulting filter banks, we
measure the minimum obtained in the optimized cost function
and the minimum stopband attenuation (MSA) calculated from
the prototype filters. We also give the values of the peak ampli-
tude distortion and the maximum aliasing error intro-
duced by the FBs, defined as in [2] in [40]. Finally, we present
the peak signal-to-noise ratio (PSNR) obtained after applying
a sequence of random numbers uniformly distributed between
1 and 1 to the transmitter-receiver combination. For a Perfect
Reconstruction FB, this PSNR would be infinite (not accounting
for numerical quantization effects), and for our NPR FBs, this
gives a measure of noise related to the filter bank design only
(the reconstruction noise). With regard to the convergence time
of the proposed approaches in order to obtain optimal values of
the samples, their computational complexity has been compared

experimentally. Specifically, we have compared the run-times
of nonoptimized versions of the algorithms using the MATLAB
programming language. All the simulations were carried out
on a Pentium 4 CPU clocked at 3.00 GHz, with 1 GB of in-
stalled physical memory. In all the simulations, the VL-CEP and
VL-FEP algorithms were run with a population of 100 individ-
uals, for 100 generations.

First, we consider 32-channel MDFT filter banks, where all
analysis and synthesis filters are obtained as given in (22). The
prototype filters have been designed starting from (11) or (12)
for the transition band samples, and optimized by means of
Nelder-Mead (NM) or quasi-Newton (qN) algorithms through
fminsearch and fminunc functions, both included in the
Optimization Toolbox of MATLAB. We also employ the pro-
posed EP approaches, and all the filters obtained have a length
of 513 coefficients. This length has been chosen in order to im-
plement the MDFT filter bank by means of a fast algorithm [40].
In this case, we run the EP algorithms proposed 30 times, se-
lecting the magnitude values of the stopband given by the min-
imum cost function value obtained.

Table II shows the results obtained after fixing the number of
the samples in the transition band to and , respec-
tively, by considering the qN and NM algorithms starting from
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TABLE III
OPTIMAL RESULTS FOR 32-CHANNEL MDFT FBS (513-LENGTH PROTOTYPE FILTERS), WHERE THE NUMBER OF SAMPLES IN THE TRANSITION BAND IS VARIABLE

TABLE IV
OPTIMAL RESULTS FOR 128-CHANNEL MDFT FBS (2049-LENGTH PROTOTYPE FILTERS),

WHERE THE NUMBER OF SAMPLES IN THE TRANSITION BAND IS VARIABLE

different initial values for [(11) or (12)], and also using
the proposed EP algorithms (best solution obtained). Finally,
the complete set of best-case results are shown in Table III. In
this case, the number of samples in the transition band has not
been fixed, and, hence, varies from case to case. For visualiza-
tion purposes, the magnitude responses of the optimized pro-
totype filters are plotted in Fig. 1. Clearly, the filter banks de-
signed with the proposed techniques can be considered to very
nearly satisfy the PR property, since the amplitude distortion
functions are approximately flat (with peak normalized devia-
tions of only and ), and aliasing
error is almost suppressed (worst aliasing peaks are 73.2686
and 85.5957 dBs). Our results also give a good illustration of
the utility of the objective function. Although the proposed EP
algorithms always obtain better values for the optimized cost
function ( and ) than the other tested
approaches, they do not always provide all the best quality pa-
rameters. For example, the best case for MSA (83.5 dBs) is ob-
tained using the Nelder-Mead approach. However, in general,
finding a good value for the objective function (as guaranteed
by the EP approaches) usually corresponds to suitable values
for the other metrics.

In our second example, we increase the number of channels
and the filter lengths for the MDFT FBs to 128 and 2049, re-
spectively. The resulting systems can be applied for designing

MCMs for data transmission. Table IV shows the measures
corresponding to the complete set of proposed systems. Fig. 2
depicts the magnitude response of the prototype filters op-
timized by means of VLFEP and VLCEP algorithms. Note
that for the proposed approaches, the amplitude distortion
peaks are and , and the worst
aliasing peaks are 93.2736 and 88.1592 dBs. As in the
earlier example, the best optimized value for the objective cost
has also been obtained with the proposed VLFEP algorithm:

. Again, however, that does not always guarantee
the best set of quality parameters. For this reason, ongoing
research can be aimed at establishing formal links between the
objective function to be minimized and the quality parameters
considered, allowing the proposal of a new functions that
guarantees all the best results.

Regarding the convergence effort of the proposed algo-
rithms, although the computational time is increased compared
with qN and NM-based approaches (Tables III and IV), the
amount of time required by the VL-CEP and VL-FEP algo-
rithms is still acceptable (5 min in the worse case for the 128
channels, 2049-length prototype filter). In order to perform
simulations with similar amount of computational time for all
the algorithms tested, we have incorporated a local procedure
(hill-climbing [48]) to be run after the NM and qN algorithms.
The hill-climbing local optimizer is repeatedly run until the
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Fig. 1. Magnitude response plot of optimized: (a) VLFEP and (b) VLCEP pro-
totype filters for 32-channel MDFT FB.

same processing time of the Evolutionary Programming ap-
proaches is used. An outline of the hill-climbing algorithm is
the following:

Hill-climbing Local Search Procedure

Let be an initial solution;

for

Mutate

Compute ;

if

endif

endfor

Fig. 2. Magnitude response plot of optimized: (a) VLFEP and (b) VLCEP pro-
totype filters for 128-channel MDFT FB.

TABLE V
RESULTS OBTAINED FOR THE 32-CHANNEL MDFT FBS (513-LENGTH

PROTOTYPE FILTERS) USING NM OPTIMIZATION MIXED WITH A

HILL-CLIMBING LOCAL ALGORITHM

Note that the variable controls the number of
function evaluations, and therefore the computational time of
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TABLE VI
AVERAGE AND STANDARD DEVIATION VALUES (AVG/STD. DEV) OBTAINED AFTER 30 RUNS OF THE COMPARED ALGORITHMS

WITH RANDOM INITIALIZATION, IN THE TWO EXAMPLES PROPOSED 32-CHANNEL AND 128-CHANNEL MDFT FILTER BANKS

TABLE VII
t VALUES OBTAINED BY A TWO-TAILED T-TEST FOR THE 32-CHANNELS AND

128-CHANNELS MDFT FILTER BANKS EXAMPLES. y STANDS FOR VALUES OF t

WITH 29 DEGREES OF FREEDOM WHICH ARE SIGNIFICANT AT � = 0:05

the local algorithm. Using this approach, we have only obtained
an improvement in the design of one filter, specifically in the
design of the 32-Channel MDFT FBs (513-length Prototype
Filters), using the initial solution given by the NM algorithm
starting from (12). The parameters of the new filter are given
in Table V. Note also that the new filter improves some quality
parameters such as and , but it shows worse
and values than the filters designed with the evolutionary

techniques. In addition the objective function found by the evo-
lutionary approaches proposed in this paper is better than the
one found by the NM with hill-climbing. In the rest of the tests
shown in Tables III and IV we did not obtain any improvement
in the filters after running the local search procedure.

We have shown that the optimization algorithms compared
in this paper provides good prototype filters. In order to com-
plete our study, it is important to test if the compared algorithms
are sensitive to the initial magnitude values for the transition
band samples. We have run the VLCEP, VLFEP, NM and qN
optimization algorithms in the two examples that we consider,
the 32-channel and 128-channel MDFT filter banks. Table VI
shows the values of the average and standard deviation obtained
after 30 runs of the algorithms. Note that the results obtained by
the VLCEP and VLFEP are consistently better than the results
provided by the NM and qN methods initialized with random
magnitude values in the transition band. Table VII shows the
results of a -test performed over the data obtained by the com-
pared algorithms. It is apparent that our approaches VLCEP and
VLFEP, perform statistically equally or better than NM and qN
algorithms in all the experiments performed.

VII. CONCLUSION

Two EP algorithms are proposed which allow robust mini-
mization of cost functions which are applicable to the design of
filters using a frequency-sampling technique. By minimizing
these cost functions, we have obtained prototype filters with
desirable characteristics to use them in modulated filter banks,
namely, high stopband attenuation, minimal reconstruction
noise, and minimal in-band amplitude distortion. A key ad-
vantage of the proposed algorithms over previous design
approaches is that they are not sensitive to the choice of initial
conditions at algorithm start-up.
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