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Abstract

The linear discriminant analysis (LDA) is one of the most traditional linear dimensionality reduction methods. This paper
incorporates the inter-class relationships as relevance weights into the estimation of the overall within-class scatter matrix in
order to improve the performance of the basic LDA method and some of its improved variants. We demonstrate that in some
specific situations the standard multi-class LDA almost totally fails to find a discriminative subspace if the proposed relevance
weights are not incorporated. In order to estimate the relevance weights of individual within-class scatter matrices, we propose
several methods of which one employs the evolution strategies.
© 2004 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction have two parts, namely formulating suitable objectives and
determining the corresponding optimal solutionTof
When solving a pattern classification problem, it is com- Linear discriminant analysis (LDA) is one of the

mon to apply a feature extraction method as a pre-processingmost well-known linear dimensionality reduction (LDR)
technique, not only to reduce the computation complexity, algorithms: Given aD-dimensional data seX (X =
but possibly also to obtain better classification performance {x1, X2, ..., X,}) consisting ofC classes, the original Fisher
by reducing irrelevant and redundant information in the data. criterion function applied in the LDA is,

A class of feature extraction procedures can be defined by

a transformatior¥ = T(X), whereX € R?, v € R? and J= wSp®
the transformatiof is obtained by optimizing suitable ob- oSy ol
jectives. Hence, the feature extraction can be considered to

T

@)

whereSyy is the average within-class scatter matrix &d
is the between-class covariance matrixXaf By perform-
ing an eigenvalue decomposition Ba,lSB and taking the
rows of w to equal thed eigenvectors corresponding to the
d(d < C —1) largest eigenvalues,dby-D(d < D) transfor-
mation matrixe is determined such that the Fisher criterion
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transformed space by the functidgh= wX. It is believed

that the new space preserves most of the discriminative in-

formation contained iX, and hence good classification ac-

curacy can still be achieved in this lower dimensional space.

Therefore, LDA has been widely applied to solve problems
such as face recognitid@], bioinfomatics and medical im-
age processinff].

In spite of its popularity, LDA does not guarantee to
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weighted overall within-class covariance matrix estimation
scheme (RWW), weighted multi-class LDR (WLDR) and
evolutionary WLDR (EWLDR). Experimental results on
several synthetic and UCI data s¢B?] are presented in
Section 3.3. The conclusions and discussions are presented
in Section 4.

find the optimal subspace in some situations. The solu- 2- LDA, aPAC and fractional LDA

tion of LDA is statistically optimal only when the distri-

butions of samples in different classes satisfy the so-called

In a data set, distance or similarity relationships between

homoscedastic Gaussian (HOG) model, i.e. the probability Pairs of classes are important information for classification.
distribution functions (PDF) of samples in different classes The distance or similarity relationships, usually acquired
obey Gaussian distributions, with distinct mean vectors but through statistical approaches such as Euclidean distance,

with the same covariance matrix for all the clasglsThis

assumption can seldom be satisfied in real-world problems,

Mahalanobis distance, etc., reflect how well two classes are
separated in the feature space. When first introduced by

as the criterion involves the sample estimates of mean vec- Fisher, the LDA was proposed for two-class proble@.
tors and covariance matrices. The sample estimates are usuHence, relationships were not considered at first until Rao
ally not identical to the true mean vectors and covariance 9eneralized the LDA to multiple classgst]. Generally, the

matrices because of the lack of sufficient samples and/or the between-class scatter matrix is computed using the following
existence of outliers. Therefore, numerous modified versions €quation:

of the LDA were proposed. To make the LDA work well for

data sets that do not satisfy the HOG model, Kumar and An-

dreou[5] proposed a maximum likelihood approach called

heteroscedastic discriminant analysis to remedy situations

c-1 ¢
Sp=» > pipj(m; —m;)m; —mj)T,
i=1 j=i+1

&)

where the covariance matrices of the Gaussian distributed whereC is the number of classes);, m; and p;, p; are
classes are not equal and not proportional. Recently, Loog et the mean vector and a priori probability of classesd],
al. proposed another heteroscedastic extension to the LDA respectively.

[6]. Proposed by Hastie et al., the mixture discriminant anal-

However, in multi-class LDA, the relationships between

ysis fits each class using Gaussian mixture model, which pairs of classes are likely to be different from one pair to an-

works well for clustered daté7]. Moreover, various reg-

other. The classes that are closer to each other are potentially

ularization techniques have been discussed to estimate themore confusing and they should be given more attention dur-

covariance matrices more accuratfy9]. To tackle prob-

lems with small number of samples, such as the face recog-

nition problem, combinations of PCA and LDA have also
been continuously proposdd0,11] In Liu's and Wech-
sler's work[11], several techniques were integrated so that

ing the feature extraction stage. Based on this observation,
Loog et al. named the class that is distant from other classes
as “outlier class12]. Since Eqg. (2) is not directly related to
classification accuracy and focuses equally to every pair of
classes, the outlier classes may negatively influence the es-

the latent noisy information contained in the subspace cor- timation of the overall between-class covariance madgx

responding to the relatively small eigenvaluesSgf would
not be preserved. Both Loog et é12] and Lotlikar and
Kothori[13] proposed algorithms to restrain the negative in-

fluence of the so-called outlier classes on the estimation of

between class covariance matrices.

In this paper, we propose a novel outlier-class-resistant
scheme that can estimate the within-class covariance matrix

Sw more accurately for classification purposes. Then we
present an LDR algorithm, which combines our proposed
scheme with an existing improved version of LDE2]. To
further improve the overall performance, we also employ an
evolutionary search algorithm, namely the evolution strate-
gies (ES)[14]. We observe that several evolutionary algo-
rithms have been applied in the pattern recognition field to
perform search efficientljl15-21]

The remainder of this paper is organized as follows: in
Section 2, we briefly introduce two relevant previous vari-
ants of the LDA. In Section 3, we present our relevance-

Therefore, Loog et al[12] proposed an extended criterion
named approximate pairwise accuracy criterion (aPAC) by
replacing Eq. (2) with

c-1 C
Sp=_ > Lipipj(mi—mj)(mi—m)T. @
i=1 j=it1

where the Weightiij s are usually estimated based on rela-
tionships between classeand. In aPAC, the non-optimality
of Fisher criterion is restrained. To relate Fisher’s criterion
to classification accuracy, aPAC employs a Mahalanobis
distance-based relationship estimation function to compute
the weights. This approach has been proven to be at least
as powerful as the original LDA in many situations, while
outperforming the original LDA clearly when one or more
classes in a data set are far away from the other cl§t2gs
Another algorithm that focuses on the between-class
covariance matrix estimation is the Fractional-Step linear
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discriminant analysis (F-LDA}13]. By moving incremen-
tally from the D-dimensional space to thé-dimensional
space through an-step ¢ is a parameter set in advance)
iterative procedure, F-LDA yields better classification accu-
racy. Actually, F-LDA can be viewed as an improved version
of the aPAC. To transform a data set fronbadimensional
space into al-dimensional space, one can just first find the
optimal D-1 subspace by the aPAC, update the relationships
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elements in on&cy are much larger than the correspond-
ing elements in otheBcw's, it will have a dominant influ-
ence when computingy . In this situation, Eq. (5) will yield

an Sy that can only represent the domingsty well. If

the class with “dominantScyy is simultaneously an outlier
class in the feature space, Eq. (5) would fail in estimating
Sy for improved classification, as the LDA would primarily
focus on minimizing within-class scatter of the outlier class

between classes and re-compute the weights, then use thosevithout considering the others, while the outlier class can

weights to find theD-2 dimensional subspace, aftBrd
iterations, ad-dimensional space can be obtained.

It should be noted that both aPAC and F-LDA preprocess
the data with a whitening transformatifi®,13]. This trans-

be easily classified in the original space and hence does not
need much consideration during the transformation.

3.2. Relevance weighted within-class covariance matrix

formation rotates and scales the coordinate axes to transform(RWWw)

the average within-class scatter matfly of the training
samples to be ®-by-D identity matrix|, so that theSg
contains all the discriminative information.

3. Weighted linear dimensionality reduction algorithm
3.1. Motivation

In the original LDA and its improved variants, the covari-
ance matrices of each claisare estimated by the equation

K
Scwi =y (xj —mp)(x; —mp)T,
j=1

(4)

where Scw; is the covariance matrix of clagsK is the
number of samples in clagsandx; is a sample vector of
classi. After estimatingScyw; for all the classes separately
(i=12...C), the overall within-class covariance matrix
Sy is computed as follows:

c
Sw=>_ priScwi-

i=1

Q)

From Subsection 3.1, we can see that in addition to assign-
ing different considerations to classes when estimating the
between-classes covariance ma8jx, a weighting scheme
should also be employed when estimati®g. To reduce
the influence of outlier classes, we modify Eq. (5) as below:

c
Sw =Y piriScwi (6)

i=1

wherer;’s are the relevance-based weights. By integrating
r; in Eq. (5), we intend to ensure that if class an outlier
class, it only influences the estimat&, slightly. This is
reasonable since if one class is well separated from the
other classes in the data set, then whether the within-class
covariance matrix of this class in the new space is compact
or not will not have much influence on classification.

To calculate a class’s separability with other classes, we
define a straightforward weighting function:

1

. 7
I ™

ri =

Here Lj; is defined as the dissimilarity between classes

Since distributions of all the classes are assumed to have theandj or how well classes andj are separated in the orig-

same covariance matrix, tH&y is employed to represent
the classes’ distribution. It is definitely appropriate when
all the Scyy;'s are identical to each other. However, in real
data sets, th&cw;’s are likely to differ between different
classes. Hence, the estimation $, obtained using Eq.
(5) is unlikely to be the best estimation with respect to the
classification performance.

The motivation for introducing relevance weights during
the computation of the overall within-class covariance ma-
trix arises from the following consideration. Wh&gw's
of different classes are quite different from each otiSgy,
computed by using Eqg. (5) may not be appropriate with re-
spect to classification accuracy, although from a statistical
point of view Eq. (5) is an unbiased estimation for the over-
all Sy . In a classification problem, what we need isSp
that can yield a new space to achieve high classification ac-
curacy. Furthermore, the worst case scenario is that if some

inal space. The;’s will be normalized so that the largest
one of them is 1. Although several dissimilarity measures
have been proposed in the past, it is impossible to choose
one of them as the best measure independent of the data set.
In this paper, we consider five measures: Euclidean distance
(ED), Mahalanobis distance (MD) estimated Bayesian clas-
sification accuracy function (BA), the weighting functién
proposed in aPA12] and the Chernoff distance employed

in [6]. These dissimilarity measures can be calculated as
follows:

Euclidean distanc€éeD):

Lij :\/(mi —mpTm; —mj),

Mahalanobis distancéViD):
Ljj = \/(mi —mpTstm; —m)),
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Bayesian accurac{BA): [12,13] The whitening transformation is, in nature, a linear
L — 054 1 fMD s transformationXt = X1, whereT is computed a§;vl/2.
L= 1) After the transformationSy, of X1 becomes an identity
matrix |. Hence this transformation actually transfers all the
Weighting function of aPAC: discriminative information o8y, into Sg. Since it has been
1 MD/2v2 argued that Eq. (6) is likely to yield an appropri&g with
Lij = m/ e dr more discriminative information for classification, it would
0 be promising to combine our weighted overall within-class
Chernoff criterion: covariance matrix computation scheme with the variants
T employing a whitening transformation to obtain better re-
Lij = (m; —m;)" (@Scwi + (1= )Scw;)(m; —m;) sults than each of the variants as follows. First, the weight
1 og leScwi + (L — o0)Scw;l L for every pairs of classes is computed by one of the five
o(l—o) IScwil*IScw; It measures listed above, then the weiglior each class is

o ) calculated by Eq. (7), and finally, the between- and within-
In the Chernoff criteriony is a parameter that should be  ¢jass covariance matrices computed using Egs. (3) and (6)

set by users between [0,1]. By using any one of the dis- are used in the Fisher criterion Eq. (1) to find the optimal
similarity measures, we can obtainCadimensional vector  transformation matrix.

V, each component of which corresponds to one class. This
method can also be viewed as changing the original global
classification problem into a local problem, in which we fo-
cus mainly on discriminating those classes that are close to
each other and thus hard to classify correctly. However, it
is different from the idea of local LDAs. In a local LDA al-
gorithm, one should first determine which local region sam-
ples should belong to by using a clustering-like method. Af-
ter the classes are divided into sub-classes by a clustering
method, the within-sub-class covariance matrices of differ-
ent classes may still be different to each other, and relation-
ships between pairs of sub-classes may also be different.
Hence, RWW scheme can be beneficially integrated in this
variant as well.

A straightforward example will show that Eq. (6) can . . 2
restrain the worst case scenario that we described in Sub-SY®S should be further twned to yield high classification

section 3.1, while not influencing the algorithm adversely accuracy. In this work, we employ the evolution strategies

in situations where the worst case scenario does not ex- (ES) algorithm to tune the dissimilarity meaSUqu‘ used

ist. Suppose there are three clasggsC, and C3 in a in Egs. (3) and_ (7). S . .
data set, with within-class scatter matric8gy1, Scw2 As an evolution-based optimization algorithm, evolution
andscwvg respectively, andcyy = Scwo. The vdissimi- strategies can be viewed as a population-based variant of
larity measures between each pair of classes/ate L3 generate-and-evaluate algorithf25]. It employs search op-
andLos, Liz= L3> Li. If elements ofScyy3 are much erators such as mutation to generate new solutions and a
larger a7nd thuSc s is dor.‘ninant among thevrhree matrices fitness evaluation measure to determine the survival of solu-
Eq. (5) will yield anSy = Scw3. Hence, the minimization “9”5 to the _ne_xt Qe”era“"”- By employing_ES, We can ob-
of the overall within-class scatt&y, would be equivalent tain th.e d|§3|mllar|ty measurds; cgrre§pond|ng toa hlgher.

to minimizing the within-class scatt@ 3 of the outlier classification accuracy on the validation data set. The major
class. By employing Eq. (6) and Eq. (@ = ro>r3), an steps of EWLDR are presented Table 1

Sy that is very similar tdS¢cy 1 andSc w2 will be yielded.

3.4. Evolving the relevance weights (EWLDR)

Although WLDR as well as aPAC12] and some other
variants [6,13] choose weighting functions to make the
Fisher criterion more representative of the separability
between classes, these weighting functions may not be op-
timal for all the data sets. These approaches are based on
some estimation of the relationships between the classes
in the original space. However, in classification problems,
the effectiveness of a weighting method would be best de-
scribed by its ability to yield high classification accuracy,
rather than by how well it can represent the between-class
relationships. Therefore, the estimated dissimilarity mea-

If Scwa is not dominant (for exampleéScwz = Scw1), 3.4.1. Fitness evaluation

the Syy’s yielded by Egs. (5) and (6) will be similar, and In most evolutionary computation-based feature extrac-
hence there is no negative influence due to the relevancetion methods, classification accuracy is employed as the fit-
weighting. ness measurfl7-20] In order to improve the generaliza-

tion performance, we use the classification rate on the cross-

3.3. Relevance-weighted linear dimensionality reduction ~ Vvalidation data set as the fitness measure.
algorithm (WLDR)
3.4.2. Mutation
As mentioned in Section 2, aPAC and F-LDA employ Mutation in EWLDR is carried out in two steps, namely
a whitening transformation as a preprocessing procedure weight mutation and normalization. In the first step, the
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Table 1
The EWLDR algorithm

1. Generate an initial population &f weighting vectors. Five of them are generated using the dissimilarity measures we presented in
Subsection 3.2. The others are randomly generated by linearly combing the first five vectors. Compute the fitness valubbwdtuwrse

2. Use all initial vectors as parents to creajeoffspring vectors by Gaussian mutation. In order to maintain population diversity and to
prevent premature convergence, anottyervectors are generated by randomly combining the first five vectors as in step 1

3. Calculate the fitness afy, + n, vectors, and prune the population Nbfittest vectors.

. Go to the next step if the maximum number of generations has been reached. Otherwise, go to step 2

5. Choose the fittest one in the population in the last generation as the optimal weighting vector.

N

parent dissimilarity measures are mutated by the following 1.5 T T T T T T T
mutation operation:

L;J = Lij + N(, 1), (8)

whereLj; denotes the dissimilarity between classesdj, 05k - .
and N (0, 1) denotes a Gaussian random variable with zero € :
mean and unit standard deviation. Further, each vector is
normalized so that the largest element of it is 1.

Some advanced ES algorithms employ self-adaptive step
size or different mutation operators in the mutation proce- s} . x , ]
dure [25-27] In our work, we employ a simple version of
the ES. TheLij is only a relative importance measure. For
example V1=[0.1, 0.1, 0.2] is the same aB>=[0.5, 0.5, 1].
Hence, vectors can be normalized without adversely influ-
encing the search for the global optimum and we only need .5

o +]

the ES to further enhance the good initial estimations for 0% 06 -04 02 0 02 04 06 08
weight vectors obtained using various dissimilarity mea- Fig. 1. Distribution of classes 1 and 2 in the new space with RWW.
sures.

4. Experimental results much larger than that ddc w1 and Scy2. To obtain such

a situation, we randomly generate class 1, then move the

First, we make use of synthetic data sets to demonstrate whole of class 1 to generate class 2, so Bafy1 =Scw2-
the benefits of the RWW explained in Subsction 3.2. Fur- T1he centers of class 1 and class 2 are near the origin and

ther (in Subsection 4.3), we use six UCI data §2& for close to each other so as to have a little overlap between
comparative evaluation of LDA, aPAC, WLDR and EWLDR them, while the center of class 3 is[adD, 10]T, so that it is
algorithms. an outlier class with the dominaS¢yy .

To compare with the aPAC, we employ Loog’s function Figs. 1and2 show the distribution of classes 1 and 2 after
in [12] to calculate theLj;’s, and then use it to calculate ~ be€ing transformed into a new 2-dimensional space with and
the weights for RWW as described in Subsection 3.2. All Without RWW scheme, respectively. Since class 3 is too far
the continuous features are scaled within [0,1]. The classi- @way from classes 1 and 2 and displaying it would make
fication accuracy is computed using the linear discriminant the figure size much larger, we did not show class 3 in the
classifier employed by Loog et 41.2]. The parameters used ~ figures. From the two figures, we can observe that in this
in EWLDR are set to be the same for all the data sets: the WOrst case situation, LDA makes the two classes that only
population sizeM (25), the number of generations (300), ©verlap a little in the original space totally overlap each
the number of offspring;, (50) andn, (25). other in the transformed space, while by incorporating a
weighting scheme they are kept separated.
4.1. Synthetic data set 1
4.2. Synthetic data set 2
This 9-D synthetic data set consists of three classes and
100 samples per class, thus the prior probabilities are the These synthetic data sets consists of eight 11-dimensional
same for all the classes. Classes 1 and 2 have the same muldata sets, with 3—10 classes, respectively and 100 samples
tivariate Gaussian distribution. Class 3 has a totally differ- per class. In each data set, one class is set as outlier class,
ent within-class scatter matr-y 3, elements of whichare  and the others overlap each other slightly. But within-class
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Fig. 3. Classification performance of RWW+LDA and LDA on
synthetic data set X-axis represents the number of classes in the
data setY-axis represents the classification accuracy achieved on
the extracted features.

scatter matrix of the outlier class is no longer dominant,
so that the main goal of the weighting scheme here is to
improve the LDA instead of preventing it from breaking
down as in Section 4.1. For each data $et] features
are extracted using the original LDA and the LDA with

Tang et al. / Pattern Recognition 38 (2005) 485—493

ploying a whitening transformation, we choose aPAC as an
example, and use six UCI data sets to compare LDA, aPAC,
WLDR, EWLDR. The six data sets are landsat, optdigits,

vehicle, DNA, thyroid disease and vowel data sets.

Landsat.The Landsat data set is generated from landsat
multi-spectral scanner image data. It has 36 dimensions,
4435 training samples and 2000 testing samples belonging
to 6 classes.

Optdigits. This is a 60-dimensional data set on optical
recognition of 10 handwritten digits. It has separate training
and testing sets with 3823 and 1797 samples, respectively.

Vehicle This data set involves classification of a given
silhouette as one of four types of vehicles, consists of 846
samples, 18 features and 4 classes.

DNA The DNA data set consists of separated training set
and testing set, with 2000 and 1186 samples, respectively.
It has 180 dimensions and 3 classes.

Thyroid disease databas&his 21-dimensional data set
has a separate training set, a separate testing set and 3
classes. The training set consists of 3772 samples and the
testing set consists of 3428 samples.

Vowel. Vowel data set consists of 11 classes, and each
class has 90 10-dimensional samples.

For data sets with separate training and testing samples,
such as the Landsat, Optdigits, DNA and Thyroid, we train
the algorithms with the training samples, and test them us-
ing the testing samples. For vehicle and vowel data sets,
since separate testing sets are not available, 10-fold cross-
validation is employed. Same as in Loog’s w¢iR], for all
six data sets, the original LDA, WLDR, aPAC and EWLDR
are used to find subspaces from Ixd dimensions, i.e., for
landsat it is 1-5, for optdigits it is 1-9 and so on. Average
and standard deviation of classification accuracies (CAs) on
the testing sets of vehicle and vowel data sets are shown in
Table 2 CAs on the other four data sets are showifable
3, since cross-validation is not employed for these data sets,
no standard deviation is computed.

From the results, we can see that in all six data sets,
both WLDR and EWLDR perform generally better than the
aPAC and the LDA. As mentioned by Loog et HI2], we
observe that sometimes the original LDA performs the same
or even better than aPAC and WLDR. The reason is that in
these cases, a weighting vector computed by a deterministic
function is not suitable with respect to classification. By em-
ploying evolution strategies, the weighting vectors are op-
timized to the particular classification problem. Therefore,

RWW scheme, respectively. The classification accuracies the EWLDR performs the best in most of the cases. The im-

achieved on the extracted features are plottdtgn3, which
demonstrates that the RWW scheme can improve LDA when

provement is especially obvious in lower dimensions. This
demonstrates that our LDR algorithms can preserve more

one or more outlier classes exist in the data set by estimating discriminative information in lower dimensional spaces.

the Sy more appropriately for the classification task.

4.3. Performance characterization using UCI data sets

5. Conclusions and discussion

To demonstrate the improvements that can be achieved This paper first introduces a novel outlier-class resistant

by not only WLDR but also EWLDR over the variants em-

scheme for estimating the overall within-class covariance
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Table 2
Classification results (%) of LDA, aPAC, WLDR and EWLDR on vehicle and vowel data sets
Data set Dimensions EWLDR WLDR aPAC LDA
Vehicle 3 78.36/2.23 78.36/3.36 78.25/2.93 78.25/2.93
2 75.88/1.38 75.53/1.14 75.06/2.52 75.06/2.29
1 63.11/2.92 56.14/2.2 58.26/3.04 62.04/3.42
Vowel 10 62.12/3.23 62.12/3.23 62.12/3.23 62.12/3.23
9 64.04/2.4 61.92/3.13 62.02/3.26 62.02/3.26
8 64.14/2.94 61.72/3.65 61.72/3.63 61.92/3.5
7 63.81/2.83 61.21/2.83 61.41/2.85 61.41/2.74
6 63.54/4.18 62.53/3.82 62.42/3.77 62.73/3.6
5 63.23/2.97 62.22/3.33 61.82/3.88 61.31/3.56
4 62.93/2.26 60.2/2.9 60.4/3.46 60.61/3.67
3 61.72/4.21 60.1/3.73 59.6/4.27 59.6/4.33
2 61.62/3.91 60/3.73 59.29/4.21 59.6/4.47
1 49.6/3.21 32.63/2.71 33.43/4.92 36.46/1.72
Table 3
Classification results (%) of LDA, aPAC, WLDR, and EWLDR on validation set of landsat, optdigits, DNA and thyroid disease data sets
Data set Dimensions EWLDR WLDR aPAC LDA
DNA 2 94.18 94.01 94.1 94.1
1 82.04 81.03 80.27 76.98
Thyroid 2 93.99 93.93 93.87 93.87
1 94.22 93.87 93.87 93.82
Landsat 5 83.15 82.9 82.65 82.65
4 83.15 82.9 82.8 82.5
3 82.35 81.95 82 81.85
2 80.3 73.45 75.25 74.45
1 71.45 63.4 56.65 52.35
Optdigits 9 93.88 93.93 93.88 93.88
8 94.1 93.82 93.82 93.77
7 91.93 92.93 92.82 92.65
6 92.93 92.77 92.65 92.49
5 91.26 90.76 90.6 90.04
4 88.98 88.26 87.87 87.81
3 83.23 82.25 82.53 79.8
2 73.7 64.22 64.66 62.77
1 47.13 40.96 40.79 36.17

matrix for the well-known linear discriminant analysis. Con-
sidering the fact that the minimization of within-class scatter
of different classes has different importance in a classifica-
tion problem, the novel scheme is obtained by introducing
weights to within-class covariance matric8g,y’'s of each
class when estimating the overall within-class scatter ma-
trix Sy that is used to obtain the transformation matrix
The proposed method has two important properties. Firstly,
it is stable in specific situations where the LDA would to-
tally break down. Secondly, it can improve the performance
of the LDA in general.

Although we only experimented on combining the RWW
with the aPAC, RWW can also improve the performance of

F-LDA [13]. It should be mentioned that, since the WLDR
follows the LDA's process to obtain the transformation ma-
trix after estimatingSg and Sy, if the worst-case scenario
does not exist in the data set, WLDR is likely to yield a
limited improvement, as evidenced by results-igs. +3.
Moreover, although we employ Loog’s dissimilarity mea-
sure in this paper, other statistical measures can also be em-
ployed in the WLDR. But no measure can guarantee to yield
the best results for all data sets, as can be seen in columns 4
and 5 inTables 2and 3 that the WLDR cannot outperform
the aPAC always.

After presenting WLDR, we employ the evolution strate-
gies to search for optimal weighting vectors with respect to
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