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Sparse Approximation Through Boosting for
Learning Large Scale Kernel Machines

Ping Sun and Xin Yao, Fellow, IEEE

Abstract—Recently, sparse approximation has become a pre-
ferred method for learning large scale kernel machines. This
technique attempts to represent the solution with only a subset
of original data points also known as basis vectors, which are
usually chosen one by one with a forward selection procedure
based on some selection criteria. The computational complexity
of several resultant algorithms scales as � �� in time and

� � in memory, where is the number of training points
and is the number of basis vectors as well as the steps of
forward selection. For some large scale data sets, to obtain a better
solution, we are sometimes required to include more basis vectors,
which means that is not trivial in this situation. However, the
limited computational resource (e.g., memory) prevents us from
including too many vectors. To handle this dilemma, we propose
to add an ensemble of basis vectors instead of only one at each
forward step. The proposed method, closely related to gradient
boosting, could decrease the required number of forward steps
significantly and thus a large fraction of computational cost is
saved. Numerical experiments on three large scale regression tasks
and a classification problem demonstrate the effectiveness of the
proposed approach.

Index Terms—Boosting, forward selection, kernel machines,
large scale data mining, large scale problems, sparsification.

I. INTRODUCTION

I N the last decade, kernel-based learning machines have
drawn much attention due to their computational simplicity

and excellent generalization performance in traditional ma-
chine learning problems such as classification, regression, and
dimension reduction tasks [37]. Some well-known examples
are regularized least squares (RLSs) and support vector ma-
chines (SVMs) [6] for supervised learning and kernel principal
component analysis (KPCA) [48] for unsupervised learning.
There are several different names for the RLS model [45] such
as regularization networks (RNs) [16], kernel ridge regression
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(KRR) [46], least squares support vector machines (LS-SVMs)
[60], proximal support vector machine (PSVM) [21], kernel
Fisher discriminant (KFD) [35], and more. We used the most
straightforward one in the literature, i.e., RLS. A comprehen-
sive introduction to kernel machines was described in [49] and
[51]. Although kernel methods often lead to solving a simpler
optimization problem (e.g., convex optimization) than, for
example, multilayer neural networks [49], the computational
complexity is still a main limitation in large scale applications.
For example, a direct implementation of RLS requires inverting
an kernel matrix with a cost of , where
is the size of the training set. There are mainly two kinds of
state-of-the-art techniques to address large scale kernel learning
problem in the literature and they are: iterative optimization,
and sparse approximations by representing the solution with
only a subset of the original data points, known as basis vectors.
The examples of iterative optimization include conjugate gra-
dient (CG) [22], [43] and more efficient decomposition-based
methods [27]–[29], [42]. The computational complexity of
some iterative optimizations can be further reduced through
approximating the matrix–vector product with -body ap-
proaches [52], [64], but this technique is limited in practice due
to the following: 1) it does not work well for high-dimensional
data; and 2) a couple of critical parameters are required to be
determined. In contrast, sparse approximation, which is easy to
implement, flexible, and working well for any dimensionality,
has recently become a preferred technique for learning kernel
machines [25], [26], [62], [63], [66]. Other feasible approaches
dealing with large scale kernel machines are parallel imple-
mentations [11] and distributed solutions [65] on a cluster of
computers.

Numerous authors proposed a wealth of efficient sparse ap-
proximation algorithms especially for the RLS model [2], [7],
[12], [23], [26], [53], [55], [59] under different names in the
past. Most of those algorithms are based on a forward selec-
tion procedure, which iteratively picks up basis vectors one by
one based on various selection criteria. The computational cost
of several resultant algorithms could be linear in the number
of training examples and quadratic in the number of chosen
basis vectors , i.e., and the corresponding storage
scales as . The linearity in is very desirable for large
scale data sets while was often thought as far less than the
size of training data in the learning process and would not affect
the total complexity too much. In fact, this is not true for large
scale data sets as we will see in Section IV. We did observe
that the more basis vectors we select, the better generalization
results we could achieve in many applications. However, due
to the limits of available computational resources, we cannot
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include many basis vectors in an ideal solution for those tradi-
tional forward selection algorithms. To address this dilemma,
this paper investigates to pick up basis vectors group by group,
i.e., selecting multiple basis vectors (not just one) at one forward
step, thereby reducing the required number of forward steps to
achieve a lower computational cost. The basic idea is motivated
by the concept of boosting [20] explained below.

It is known that forward selection is closely related to a
statistical view of boosting which is a well-known ensemble
learning technique [19], [20]. The motivation for ensemble
learning is that, rather than using just one single strong model
for prediction, a linear combination of many individual weak
models is used instead. Boosting provides a simple but effective
way to construct the state-of-the-art ensemble models [5]. The
most popular boosting algorithm is AdaBoost [18]. The idea is
to sequentially apply some weak learning algorithm repeatedly
to reweighted versions of the original data thereby giving
a sequence of weaker learners (or base learners), denoted as

. Here is the input and represents
the boosting steps. The final prediction is produced by linearly
combining all of them, i.e., , where
the coefficients are computed by the boosting
procedure. The surprising success of AdaBoost attracted many
researchers to study why and how the algorithm works from
different perspectives such as probably approximately correct
(PAC) learning, game theory, Vapnik–Chervonenkis (VC)
theory, and statistical learning (see [20] and references therein).
Of those, a statistical view has arguably become an intuitive
and practical explanation on the mystery of AdaBoost1 [34].
According to this perspective, AdaBoost can be seen as a for-
ward stagewise modeling procedure optimizing an exponential
loss function, shown in Algorithm 1.

Algorithm 1 A basic boosting procedure

1:
2: for to
3:

4:
5: end for .

Here the loss function can be any differential function
which corresponds to different boosting algorithms [19], [20].
In particular, is for AdaBoost algorithm.

If we understand forward selection algorithms for learning
kernel machines mentioned earlier as a boosting procedure (i.e.,
Algorithm 1),2 we argue that previous work adds a too weak
learner (i.e., a function associated with some basis vector) at
each iteration, which leads to a very large number of boosting

1Discussions on which perspective gives a better explanation on the success of
AdaBoost is beyond the scope of this paper. We just use the concept of boosting
to introduce the motivation of the proposed work.

2The difference between forward selection here and boosting algorithm will
be clarified in Section III-E.

steps required and is ultimately responsible for expensive com-
putation. Built upon our previous work [57], we propose to
include an ensemble of basis vectors instead of one at each
boosting step and thereby reduce the required number of
boosting steps significantly. A large fraction of computational
cost as well as memory requirements can be saved. For con-
venience, we refer to previous forward selection techniques as
selection-based boosting methods and our newly proposed one
as the ensemble-based boosting approach. We describe efficient
learning algorithms for the case of RLS model in the current
publication and the main procedure could be straightforwardly
extended to other kernel models including kernel logistic regres-
sion (KLR) [66] and SVM.

The rest of this paper is organized as follows. In Section II, we
briefly introduce kernel machines and summarize previous se-
lection-based boosting techniques for sparse approximation. We
investigate the ensemble-based boosting idea in Section III and
efficient learning algorithms are provided. Section IV demon-
strates the performance of the proposed approach on some large
scale regression and classification data sets. We summarize the
paper and present some future research directions in Section V.

II. BACKGROUND

A. Kernel Machines and Loss Functions

A large class of important kernel machines can be interpreted
as the variational problem of finding the function that mini-
mizes the functional [16], [66]

(1)

where is a loss function, is the reproducing kernel
Hilbert space (RKHS) associated with the Mercer kernel ,
and is a parameter that trades off the two terms. is the size of
the training set . The first term
assesses the quality of the prediction for the observed
target . The second one is called the regularization term and
represents smoothness assumptions on . The solution to the
problem (1) was given by the well-known representer theorem
[47] which shows that each minimizer of has the
form of

(2)

Substituting for (1) and using the property of RKHS
, we obtain

(3)

where is the weight vector, is the
so-called kernel matrix of size with the elements

, , and denotes
the th component of some vector. By defining different
types of loss functions, problem (3) corresponds to dif-
ferent kernel models. For example, soft margin loss function

leads to the primal
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formulation of SVM, logistic loss function results in KLR,
and RLS could be obtained by replacing with a simple
squared loss, i.e., .

The advantage of formulating different kernel machines as
a unifying optimization problem (3) is that some learning al-
gorithms originally proposed for one of them can be straight-
forwardly generalized to training other kernel machines. For
example, CG methods were first suggested to solve the RLS
model in the context of Gaussian process regression [22]. Very
recently, Chapelle [8] extended it to deal with the SVM model
based on this observation. The new algorithm does not require
any quadratic programming (QP) optimization libraries as be-
fore. In the same way, the algorithms proposed for the RLS
model in this paper apply to KLR and SVM models as well.

B. Sparse Approximation

For RLS model, the resultant optimization (3) could be solved
by directly inverting the matrix , which would result
in time and memory. Instead of getting an exact
optimal solution, we can employ CG method to obtain an ap-
proximate one in time, where is the
number of CG iterations. By using an early stopping strategy,

could be set to a much smaller value than for large data
sets [22], and therefore, the computational cost is saved to some
extent. A very popular technique to deal with the optimization
(3) is sparse approximation, where “sparse” means that many of
the entries in the estimate to (3) are zeros. It implies that the
function takes a more compact representation

(4)

where is the number of nonzero entries of the esti-
mate , and are corresponding data points,
also referred to as basis vectors and indexed by the set

. By this sparse representation, the optimization (3)
can be rewritten as (we take RLS as an example)

(5)

where , ,
; , and .

The optimal solution to (5) is

(6)

If the index set is known, it is clear to see that sparse formu-
lation (5) just leads to the cost of time and
memory.

Much research has gone into the problem of choosing an
appropriate subset which has a crucial effect on the overall
computational and generalization performance. Often this
problem is formulated as a forward selection process and at
each step one basis vector is chosen from all the unselected

training points based on some selection criteria. A variety
of approaches have been developed.3 For instance, matching
pursuit (MP) techniques, which were originally addressed for
an unregularized least squares objective [9], [32], [39], [44],
have been widely applied to RLS [26], [58] and other general
loss functions [23], [62], [66]. By using the property that the
kernel matrix is strictly positive definite, Nair et al. [38]
developed a fast forward selection criterion MAX-RES by
simply choosing the basis vector with the largest absolute value
in the current residual, which only leads to a very minor selec-
tion cost [1], [38]. Another very fast method was presented in
[50] by optimizing an INFO-GAIN criterion but it sometimes
leads to poor predictive results [26]. Several forward-selec-
tion-based techniques were also proposed based on adaptively
approximating the kernel matrix with low-rank ones in the
measure of matrix trace as done in [2], [3], and [17]. Engel et al.
[15] suggested an online forward sparsification scheme which
includes basis vectors one by one by checking the violation
of a so-called approximate-linear-dependent (ALD) condition.
Simply speaking, if the candidate vector cannot be linearly
approximated by previous selected basis vectors in the kernel
induced feature space, it will be added as a basis.4 The ALD
method does not exploit the label information in the selection
of basis vectors. Jung and Polani [24] proposed a two-part
criterion which extends ALD method by taking into account the
contribution of basis vector to the reduction of the cost func-
tion [e.g., (5)], similar to the one used in resource-allocating
networks (RANs) [41].5

Both ALD and RAN methods can be viewed as special cases
of so-called kernel affine projection algorithms (KAPA) [30].
Finally, a general probabilistic speedup strategy was proposed
in [54], where the authors showed that we do not necessarily
choose the best from all the remaining training points at each
iteration and it is sufficient to pick up the best from evaluating
a much smaller subset of candidate vectors.

Of those approaches, many of them have a favorable linearly
scaling computational property in the number of training points,
such as the work of [26], [38], and [58]. Very impressive pre-
dictive performances have been reported as well. However, the
computational cost of all these algorithms is still quadratic in
the number of basis vectors and it is not well suited for the situ-
ation of requiring more basis vectors in large applications.6 The
reason for this could be explicitly interpreted from the view-
point of ensemble learning [13], where forward selection can be

3Although some approaches (e.g., [15] and [38]) are not exactly proposed for
the kernel machine framework (3), the main ideas still apply here.

4Let�� be approximation error. An ALD qualified basis should be satisfying
with �� � � , where � � � is the approximation level parameter.

5Let �� be the reduction in the cost function if supposing that the candidate
vector is chosen as a basis. The RAN method will pick it up only if �� ��� �

� , where � � � is the parameter.
6Together with some sequential weight updating algorithms (e.g., least mean

square), the computational complexity of the ALD- and RAN-based methods
could be linear in both the size of training set and the number of basis vectors,
i.e.,����� [30]. This paper focuses on the batch-like weight updating scheme
and is mainly concerned with the efficiency of basis selections. In the future, it
is worthwhile to investigate combining the presented work with a sequential
weight updating scheme to tackle very large applications where it is impossible
to load all the training points in memory.

Authorized licensed use limited to: UNIVERSITY OF BIRMINGHAM. Downloaded on June 10,2010 at 14:35:32 UTC from IEEE Xplore.  Restrictions apply. 



886 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 21, NO. 6, JUNE 2010

seen as a special case of generic boosting procedures [19], [20].
We regard the sparse model (4) as an ensemble model and each
kernel term associated with some basis vector is the so-called
base learner. As the base learner only includes one kernel term
and it is too weak for large complex problems, we have to in-
clude many base learners to achieve the desired generalization
performance by running the forward-selection-based boosting
procedure many steps. An intuitive question here is: Can we add
a “stronger” base learner at each single step so that the number
of forward boosting steps can be reduced? One way to make
the base learner stronger for kernel machines is to add a com-
bination of multiple kernel terms into the current model at each
learning stage. This new approach will be detailed in the next
section.

III. A BOOSTING APPROACH

As an extension to (4), the sparse model here we considered
has a general form of

(7)

where is the weight and denotes the th base learner
which could be flexibly consisting of multiple kernel terms

(8)

where is the number of kernel terms7 for each base learner,
and and are corresponding basis vectors and weights,
respectively. Note that if , the model representation (7) is
the same to that of (4).

In order to construct such a model (7) in a forward boosting
procedure, we have to answer three questions which are in-
volved in each forward boosting step.

1) Given the th base learner , how do we calculate the
weight vector defined in (7)?

2) Given basis vectors, how do we combine them
into the th learner (8), i.e., computing the vector

?
3) How do we choose the set of basis vectors

for the th learner to be included?
In the following, we will answer these three questions one
by one and then present the entire structure of the proposed
approach.

A. Computing the Weight Vector

Similar to the derivation of the sparse formulation (5), we
replace the functional in (1) with defined in (7) and
then obtain

(9)

7For convenience, here we assume that all the base learners are composed
of the same number of basis vectors. It is straightforwardly extendable for the
situation where � may be different at different boosting steps.

where , the elements of the matrices
and are defined, respectively, by

(10)

and

(11)
where and the operator denotes the
inner product in RKHS .

Note that the property of reproducing kernel has been used in
the above calculations. It is easy to see

(12)

Therefore, it is not surprising that the calculations of are the
same as those of in the traditional sparse formulation (5)
just by replacing with , respectively.

B. Computing the Combination Vector

For previous forward-selection-based boosting methods, we
need some criteria to evaluate the goodness of one basis vector.
Similarly, we are also required to have some criteria to evaluate
a base learner which is composed of multiple kernel terms in
our ensemble-based boosting approach. Assume that we have an
ensemble model and a base learner candidate ,
i.e.,

(13)

and let .
We could use some of the basis selection criteria (e.g., MP

approach [26]), summarized in Section II, to search for some
for optimally combining kernel terms. Here we look for

a more principled approach which is motivated by the work
of generic gradient-based boosting algorithms [19], [33]. Fol-
lowing Friedman’s pioneering work [19], the base learner could
be chosen by maximizing the correlation to the functional gra-
dient on the loss function. In our case, the loss function is

(14)

and the gradient of with respect to (w.r.t.) the functional
in the RKHS is calculated as

(15)

Authorized licensed use limited to: UNIVERSITY OF BIRMINGHAM. Downloaded on June 10,2010 at 14:35:32 UTC from IEEE Xplore.  Restrictions apply. 



SUN AND YAO: SPARSE APPROXIMATION THROUGH BOOSTING FOR LEARNING LARGE SCALE KERNEL MACHINES 887

Then, the candidate could be optimized such that it is
most collinear with the direction of steepest descent [62], i.e.,

(16)

Combining with (15), the criterion (16) can be simplified as

(17)
where

(18)

is the residual, and is the weight vector after
forward boosting steps. Note that in (17) only the quantities

are dependent on the combination vector . In the
above expressions, we have defined the matrix , ,
and with the elements, respectively

(19)

(20)

and

(21)

By now, we have obtained a new evaluation criterion (17) for
optimizing base learners at each ensemble-based boosting step.
Now let us have a closer look at this criterion (17), that is

(22)

It is obvious that the expression in (22) is the maximization of
the so-called Rayleigh quotient [36]. The optimal solution
corresponds to the eigenvector with the largest eigenvalue of the
matrix

(23)

where

(24)

Instead of solving an eigenvalue problem, we can simplify this
computation and obtain

(25)

where and is an arbitrary constant. Even though
the value of has no effect on the final prediction results, we
still want the resultant base learner having a good predic-
tion ability. One way of achieving this is to make the output of

th base learner and the current residual
as close as possible, i.e., minimizing the squared error

(26)

which gives

Note that, by setting , the expression (22) can also be
used as an alternative selection criterion, referred to as BOOST,
for scoring basis vectors in selection-based boosting procedures
and it can be simplified as

(27)

where is a basis candidate and ,
, , ,

. This alternative is closely related to the MP ap-
proach [26], which suggests that by solving a sequence of 1-D
minimization problems over the unselected basis candidates, the
point which leads to the greatest reduction in the objective (5)
can be chosen as a new basis vector. The resulting selection cri-
terion is equivalent to evaluate

(28)

The only difference between BOOST and MP criteria lies in the
denominator part and BOOST should be faster than MP since
an extra computation of is required for evaluating (28).
Empirically, MP slightly outperforms BOOST in terms of pre-
dictive accuracy. However, if extending MP to be the evaluation
criterion of base learners in ensemble-based boosting, the op-
timal has a form of

(29)

which is much more computationally expensive than that of
(25). That is the reason why we did not use the MP criterion
in our proposed work.

C. Initializing the Base Learner

As we have mentioned above, the weakness of selec-
tion-based boosting methods is that only one basis vector is
selected at each boosting step. This leads to a large number of
boosting steps required as well as heavy computational burden.
Hence we propose to add a much stronger base learner at each
boosting step, i.e., setting in (8) to a larger value. Now an
important issue is how to initialize the base learner (i.e., basis
vectors) in the course of boosting procedure. We cannot use the
strategy of ranking a -size set of basis candidates at
each step [53] and picking up the best ones since is very
large for a large . Scoring a large number of basis candidates
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TABLE I
A SUMMARY OF COMPUTATIONAL COMPLEXITY FOR BOTH SELECTION-BASED AND ENSEMBLE-BASED BOOSTING ALGORITHMS. NOTE THAT � DENOTES THE

NUMBER OF BASIS VECTORS FOR SELECTION-BASED ALGORITHM AS WELL AS THE NUMBER OF BOOSTING STEPS. HOWEVER, IN THE CASE OF

ENSEMBLE-BASED ALGORITHM, � JUST REPRESENTS THE NUMBER OF BOOSTING STEPS AND THE NUMBER OF BASIS VECTORS IS � �� .
TO ARRIVE AT A SIMILAR TEST ACCURACY, THE � FOR ENSEMBLE-BASED ALGORITHMS IS USUALLY MUCH SMALLER THAN

THAT ONE FOR SELECTION-BASED APPROACHES; SEE THE TEXT FOR DETAILS

on the whole training data is computationally prohibitive for
large scale data sets. We need to pursue a cheaper method.

Motivated by the idea of divide-and-conquer strategy, we can
initialize the base learner, at each boosting step, by running a fast
forward-selection-based boosting algorithm to choose basis
vectors on a random subset of the entire training data set while
retaining the current residual as the target vector instead of orig-
inal . Let be the size of this random subset. According to
the empirical results conducted in our previous work [56], the
method MAX-RES [1], [38] is an excellent one among those
fastest selection-based boosting algorithms and becomes a nat-
ural choice of accomplishing this initialization task. Certainly,
we could also employ other computationally slower selection
criteria [26], [58] to seek a better generalization.

D. Structure of the Proposed Approach

Combining the answers to the three questions raised at the
beginning of this section, we summarize the steps of our en-
semble-based boosting method as follows.

1) Parameters setting
a) size of random training subset (e.g., );
b) number of chosen basis vectors for each base

learner (e.g., );
c) maximal number of boosted base learners (e.g.,

).
2) , , and .
3) While

a) randomly generate a -size subset from the
whole training data and replace the target vector with
the corresponding residual ;

b) select basis vectors from by running some
selection-based boosting algorithm (e.g., MAX-RES
[38]) on ;

c) compute the optimal vector to (17) and
evaluate the optimized base learner

by (25);
d) absorb into the ensemble model by re-

cursively upgrading to , respec-
tively, and .

4) Output the ensemble model
.

Note that the implementation of step 3d) is exactly the same
as the updates of to (5) involved in all the selection-based
boosting algorithms. A similar computational complexity in-
curs, i.e., time and memory, for forward
boosting steps. Another major computational cost caused by the

TABLE II
PROPERTIES OF FOUR DATA SETS

presented approach is the step of optimizing the base learner [i.e.
step 3c)], which leads to a total complexity of time
and memory.8 For the step 3b), all the boosting
steps result in a total time complexity.

In practical implementation, the number is a fraction of
(e.g., 10%), normally set to be less than and the product

scales as . Therefore, the overall complexity of
the proposed approach is still dominated by time and

memory. For the ensemble-based boosting approach,
the value of is very trivial in contrast to the number of training
examples. Although many selection-based boosting algorithms
appear to have a similar computational complexity, the value
of for selection-based techniques is significantly larger than
the setting for the ensemble-based boosting method especially
on large data sets. According to this analysis, we expect our en-
semble-based boosting could dramatically reduce the computa-
tional cost as well as memory requirement while maintaining
a similar test accuracy when compared to those forward-selec-
tion-based boosting algorithms on large scale problems.

Note that, for selection-based methods, is the number of
basis vectors as well as the steps of forward selection. But for
the ensemble-based boosting algorithm, is only equal to the
boosting steps and the number of basis vectors is . As
selection-based methods optimize the weights of basis vectors
“one-by-one” as in (6) whereas ensemble-based methods do
this “group-by-group” as in (12), it is not surprising that the
latter requires more basis vectors than the former for achieving
the same predictive performance. Therefore, ensemble-based
boosting needs a longer time to evaluate the same test set than
that of selection-based techniques. For a fair numerical com-
parison, in the experiments section, the central processing unit
(CPU) time reported consists of both training and testing time.
Table I summarizes the computational complexity in terms of
time and memory for both selection-based and ensemble-based
algorithms.

8This cost consists of calculating both � and � � for � boosting steps.
It is clear that two parts lead to the computational cost ��� � � � �� and
��� � � �, respectively. Since � � � is the number of basis vectors and it
should be less than� , the later one becomes��� �� � which will be absorbed
into the total complexity ��� � � ��� by considering � � � .
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TABLE III
PARAMETER SETTINGS FOR ALL SIX METHODS ON THREE REGRESSION DATA SETS

Fig. 1. Test NMSE comparisons of selection- and ensemble-based boosting on
the OUTAOUAIS data set as a function of running time in seconds.

E. Relations to Gradient Boosting

In general, the proposed ensemble-based boosting approach
can be interpreted as a gradient boosting procedure [19] by using
sparse kernel models (8) instead of more traditional decision
trees as the base learners. However, there are at least two obvious
differences between them.

First, gradient boosting does not include a regularization
term in the objective and utilizes an empirical method, i.e., the
so-called “shrinkage” in statistics to avoid overfitting. The idea
is not to include the base learner fully into the ensemble model

and just absorb it partially, that is

(30)

where is a shrinkage factor. It was found that this
strategy greatly improved the generalization performance [19].
The cost paid for better performance is increased computation
since a huge number of base learners are required. This conflicts
with our expected objective of reducing computational cost for
large scale kernel machines. For our ensemble-based boosting
approach, the objective function (9) includes a regularization
term , which could fulfill the task of control-
ling the model complexity effectively while not increasing the
required number of base learners.

Second, gradient boosting fixes the weights of the previously
entered base learners while ensemble-based boosting proposed
in this work adapts them fully via (12) when a new base learner
is added. We refer to two different schemes as ONE-UPDATE
and FULL-UPDATE, respectively. In detail, the ONE-UPDATE
scheme computes the th weight by optimizing (9) while
fixing and it turns out to be

(31)

Fig. 2. Test NMSE comparisons of selection- and ensemble-based boosting on
the KIN40K data set as a function of running time in seconds.

Fig. 3. Test NMSE comparisons of selection- and ensemble-based boosting on
the SARCOS data set as a function of running time in seconds.

TABLE IV
COMPARISONS OF THE TEST NMSE (IN PERCENT) OBTAINED BY

SELECTION- AND ENSEMBLE-BASED BOOSTING ALGORITHMS

AT THE SAME COMPUTATIONAL BUDGET WITH 200 s

where , , and were defined in (18). For the FULL-
UPDATE scheme, it computes the weight by recursively
maintaining the expression [see also (12)]

(32)

It is obvious that the computations of ONE-UPDATE are much
cheaper than those of FULL-UPDATE. For each boosting step,
the former leads to complexity whereas the later incurs
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Fig. 4. Comparisons of test NMSE and CPU time as the function of the number of basis vectors used for different learning algorithms on the OUTAOUAIS data
set.

if recursive equations are used for computing (32).
However, the disadvantage of ONE-UPDATE scheme is that it
requires to append too many base learners to remedy the subop-
timality in the sense of minimizing the objective (9).

The difference between ONE-UPDATE and FULL-UPDATE
schemes motivates us to propose a compromise one, which en-
ables us to apply successfully our ensemble-based boosting ap-
proach to the COVTYPE data set, which is composed of 522 910
training points, on a personal computer. This will be demon-
strated in Section IV. The idea is to construct a series of en-
semble models instead of one large ensemble
model . For each component, it consists of base learners
where and is learned as usual by the ensemble-
based boosting algorithm provided in Section III-D on the en-
tire training inputs paired with the current residual as the target.
The final model is simply summing up from to and
note that the equality . This compromise scheme re-
sults in a total complexity of time and
memory, which is between the cost of ONE-UPDATE and that
of FULL-UPDATE balanced by the setting of . Note that we
only use this compromise scheme for relatively large data sets,
for example, COVTYPE mentioned above. Otherwise, the pro-
posed ensemble-based boosting is sufficient for dealing with
large applications.

IV. NUMERICAL EXPERIMENTS

In this section, we empirically demonstrate that the proposed
ensemble-based boosting approach can achieve better general-
ization performance and lower computational requirements si-
multaneously when compared to previous state-of-the-art for-
ward selection algorithms. We use the following regression data
sets in the experimental studies and they are some of the largest
tasks we can find in the regression literature.

1) OUTAOUAIS: The data was used in the “Evaluating Pre-
dictive Uncertainty Challenge” and its background infor-
mation is not available.9

2) KIN40K: This data set represents the forward dynamics of
an eight-link all-revolute robot arm; the task is to predict

9http://predict.kyb.tuebingen.mpg.de/datasets/

the distance of the end-effector from a target, given the
twist angles of the eight links as features.10

3) SARCOS: The task is related to learning of the inverse dy-
namics of a seven degrees-of-freedom SARCOS anthropo-
morphic robot arm.11

Some properties of these data sets are shown in Table II.
To further show the advantage of ensemble-based boosting

for dealing with relatively large data set, we also report the
result on the COVTYPE data, which is binary classification
problem including 522 910/58 102 training/testing examples.12

These data were previously used for evaluating several large
scale SVM learning algorithms [11], [14], [61].

Note that the algorithms presented in this section are coded in
Matlab 7.013 and all the numerical experiments are conducted on
a 2.6-GHz Dual-Core AMD Opteron machine with 2-GB RAM,
running Windows XP.

A. Regression Data

To evaluate prediction performance, we utilize normalized
mean square error (NMSE) given by

, where is the true target of test input
, is the number of test examples, and is the

empirical variance of training targets. Two state-of-the-art
selection-based boosting algorithms will be compared to our
ensemble-based boosting method and they are MP [26] and
MAX-RES [38]14 criteria, respectively. To reduce the selection
cost of MP approach, we evaluate the criterion (28) at each
forward step only on a -size (we use suggested in
[54]) subset of all the unselected basis candidates. MAX-RES
is a much simpler selection criterion and it just selects the
basis vector corresponding to the maximal absolute value of
the residual . Obviously, the MAX-RES method takes a

10http://ida.first.fraunhofer.de/~anton/data/
11http://www.gaussianprocess.org/gpml/data/
12http://www.cs.ust.hk/~jamesk/data/forest.zip
13The source code can be downloaded from http://www.cs.bham.ac.uk/~xin/

journal_papers.html
14Although this criterion is not proposed for RLS model, it could be easily

adapted to deal with it, as done in [59].
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TABLE V
COMPARISONS OF RUNNING TIME IN SECONDS ELAPSED WHEN SELECTION AND ENSEMBLE BOOSTING TECHNIQUES REACH THE SAME TEST ACCURACY.

THE VALUES IN PARENTHESES ARE THE (APPROXIMATE) NUMBER OF BASIS VECTORS USED. THE NOTATION “-” MEANS

THAT THIS METHOD CANNOT ACHIEVE THE SPECIFIED TEST ERROR

very minor cost (almost the same as a random selection) for the
subset selection compared to the MP approach, even though
both of them lead to the same overall complexity of
by combining the cost of weight updating together. Both ALD
[15] and RAN [24] (two online forward sparsification schemes)
can be easily adapted to learning RLS model (5) in a batch
manner and we report their results on these data sets as well for
reference.15 Similar to MP and MAX-RES approaches, these
two newly adapted algorithms have a similar computational
requirement when the same number of basis vectors is selected.
For each of them, there is a parameter determining the sparsity
level of the model, denoted as (ALD) and (RAN), respec-
tively [24]. As a baseline, we also provide the running results
by a random selection of basis vectors.

For all the regression data sets, a squared-exponential kernel
function was used

(33)

where are hyperparameters, is the dimension,
and is the th entry of the input . Since the RLS model
corresponds to a MAP estimate of a Bayesian Gaussian process
regression (GPR) [26], we can maximize the marginal likeli-
hood of GPR on a random training subset (we use 1000 ex-
amples) for optimal settings of the hyperparameters
as well as regularization parameter , which are shared by all
the boosting algorithms. We utilize some routines of the well-
known NETLAB software16 for doing this task.

For the proposed ensemble-based boosting approach, we fix
the size of the training subset to , the size of each
learner 10% , and the upper limit of the ensemble
model size for all data sets considered. For all the se-
lection-based algorithms, the upper limit is set as for
OUTAOUAIS and for other two larger sets by con-
sidering our PC’s configurations. For ALD and RAN methods,
we use the same settings as those of [24] for the parameters:

and on all the data sets.17 Table III sum-
marizes the parameter settings for all six methods on three re-
gression data sets.

15We did not report the results of online versions of both algorithms. First, if
going through the whole training set, online versions have a similar computa-
tional complexity to those of batch ones, i.e.,���� � in time. Second, there
is no public source codes available for two online algorithms and our imple-
mentations in Matlab are much slower than those of batch versions due to the
inefficiency of Matlab dealing with a large number of iterations (going through
the whole training set one by one).

16It is available at http://www.ncrg.aston.ac.uk/netlab/index.php
17We found that the numerical results are quite sensitive to the setting of both

parameters, but the original work did not give a principled way to determine the
optimal ones.

To remove the randomness involved in the algorithms, the
results reported below are averaged on 30 independent runs.
Figs. 1–3 illustrate the results of test NMSE as a function of CPU
time by learning a single sparse model and boosted ensembles
on three data sets, respectively. As we mentioned earlier, the
CPU time reported here includes both training and testing time
for a fair comparison. It is clear that ensemble-based boosting
consistently achieved much better generalization performance
than classical state-of-the-art forward selection methods given
the same CPU time. Among those selection-based techniques,
the simple MAX-RES method performed (significantly) better
than the other approaches in terms of the computational effi-
ciency on all three data sets. Notice that the baseline RANDOM
selection method should not be simply ignored in comparison
to other elaborate selection-based algorithms since it gives quite
competitive performance for the two out of three tasks. For both
ALD and RAN selection methods, we found that the settings of

and have a great effect on the algorithm performance of
both computational time and predictive capability. It seems not
wise to set the same parameters for all the data sets as suggested
in [24]. Some model selection procedures might be used to iden-
tify a good value but it will lead to more extra computational cost
compared to other selection-based techniques free of such kind
of parameters.

Table IV summarizes the test NMSE obtained by six algo-
rithms on three data sets at the same computational budget of
200 s.18 Table V reports the running time elapsed and the (ap-
proximate) number of basis vectors used when selection and
ensemble techniques reach the same test accuracy. Obviously,
ensemble-based boosting is much more computationally effi-
cient than the selection-based methods. The shortcoming of en-
semble-based boosting is that the obtained model is not as par-
simonious as that of selection-based methods, which is reflected
from the number of basis vectors used. Fig. 4 illustrates the com-
parison results of test NMSE and CPU time as the same number
of basis vectors is used for different learning algorithms on the
OUTAOUAIS data set. It is clear that ensemble-based boosting
is not a good choice if the goal is to achieve the best generaliza-
tion performance with the same number of basis vectors. It is
particularly very useful when dealing with relatively large data
sets where selection-based methods are not working properly,
or the number of selected basis vectors is not a major concern.

Finally, to see whether the computational efficiency is sensi-
tive to the setting of ,19 we also tried other values during the
experiments. Fig. 5 illustrates some results on the OUTAOUAIS

18The reported results are estimated from Figs. 1–3 by fitting the curves using
linear splines in MATLAB; similarly, for Table III.

19Note that � is specified once � is decided because we fix the parameter �
to be 10% of � .
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Fig. 5. Comparisons of the computational efficiency of the ensemble-based
boosting by varying the values of � (and �) with the same � � ��� on the
OUTAOUAIS data set.

data set and we can see that the performance of the proposed en-
semble-based boosting method is relatively robust to the setting
of , where we tried four different values of with the same
maximally allowed number of base learners .

B. COVTYPE: Relatively Large Scale Application

To further evaluate the ability of the proposed algorithm for
dealing with relatively large data sets, we implement the en-
semble-based boosting method on the COVTYPE data, which
contains a total of 581 012 instances with 54 input features
and is currently one of the largest databases available on the
UCI website. Following [11], we aim at separating class 2
from other classes. Ninety percent of the whole data is used for
training (i.e., 522 910 examples) while the remaining are used
for testing (i.e., 58 102 examples). We use the Gaussian kernel

with and the
regularization parameter , which is taken from the
SVM setting of [61].

The training data set is so large that the selection-based
boosting algorithm cannot be run after just 50 basis vectors are
chosen due to an error of out of memory in Matlab. For such
an application, the ensemble-based boosting algorithm shows
its distinct advantage by incorporating the compromise scheme
mentioned earlier in Section III-E. Instead of building up a big
ensemble , we learn a series of ensembles
and each of them consists of base learners and we have the
number of total base learners . By setting to a small
number, we get a total complexity of in time and

in memory. This compromise scheme reduces the
memory requirement from to . In our exper-
iment, we set the parameter value of and the maximal
allowed number of ensembles . Thus, the maximal
number of base learners is . For
each base learner, the number of basis vectors is set to ,
which is chosen from a random subset of by some
selection-based boosting techniques. Here, we employ the MP
selection-based approach [26] instead of MAX-RES [38] to

Fig. 6. Test error rate on the COVTYPE data set as a function of running time
in seconds.

initialize basis vectors and increase the value of from the
default 500 to 2000 for seeking a better generalization.

In order to further enhance the computational performance
of the compromise scheme, we propose to learn each ensemble

only on the training examples which correspond to
, i.e., mainly focusing

on those incorrectly or least correctly classified instances,20

where is the sum of previously constructed ensembles,
i.e., . If the size of this shrank
training set is still too large, we choose the first 25 000 exam-
ples (i.e., around half of the entire training set) by sorting the
values of in an ascending order.
We observed that this speedup strategy not only significantly
reduces the computational demands but also slightly improves
the generalization performance of the final model .

The classification error rate as a function of CPU time (both
training and testing) is illustrated in Fig. 6. It can be seen that
we could achieve an error rate of 2.19% with a running time
around 17 000 s after ensembles are constructed. The
number of basis vectors used is at this point.
This performance is very competitive with the state-of-the-art
technique, i.e., core vector machine (CVM) [61], which is de-
signed to learn large scale SVM models. We use the available
package21 to learn the same data set and get the error rate 2.27%
with a running time around 25 000 s. Within this time, our pro-
posed approach could reach an even better predictive result, i.e.,
2.02%; see Fig. 6. Compared to the technique of CVM, the pre-
sented approach has at least two advantages.

1) For ensemble-based boosting, we can directly control the
computational cost by adjusting number ; see Fig. 6. It
was found that the convergence of CVM as well as the
computational cost is sometimes sensitive to the setting
of hyperparameters [31] and also cannot be controlled as
conveniently as our proposed method.

2) CVM involves a series of smaller QP problems which are
much more difficult to implement than simple linear al-
gebra operations used in ensemble-based boosting.

20Note that the instance � is correctly classified if � � �� � � �.
21http://www.cse.ust.hk/~ivor/cvm.html
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It is straightforward to extend the current ensemble-based
boosting algorithm to SVM models due to the shared learning
framework (3). It would be an interesting work to benchmark
two different techniques on a wider range of applications in the
future.

V. CONCLUSION

Some classical forward selection-based sparse approximation
techniques (e.g., MP [26] and MAX-RES [38]) have proved
to be an effective means for learning large scale kernel ma-
chines. However, due to the quadratic computational complexity
in the number of selected basis vectors, such techniques are still
computationally prohibitive for the situation when we want to
include many more basis vectors for a better generalization.
In this paper, we have proposed an ensemble-based boosting
approach which attempts to include an ensemble of multiple
basis vectors at each forward step, instead of only one as in
the selection-based methods. The computational complexity of
the newly proposed method is quadratic in the number of base
learners and will not be dominated by the number of basis vec-
tors used, and it is much more efficient than that of the selec-
tion-based methods, demonstrated on three large scale regres-
sion data sets. The advantage of the proposed work was further
highlighted by applying it to a large classification task where
the traditional selection-based techniques cannot work properly
due to large time and space requirements.

In the future, we will investigate the performance of our pro-
posed algorithm in comparison with other kernel models (e.g.,
KLR and SVM) and other kernel-based learning tasks such as
semisupervised kernel machines [4] and large scale density es-
timation problems [10], [40]. It is also interesting to investigate
the ensemble-based boosting methods where may be different
at different forward steps.
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