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Abstract Differential evolution (DE) has become a very
powerful tool for global continuous optimization problems.
Parameter adaptations are the most commonly used tech-
niques to improve its performance. The adoption of these
techniques has assisted the success of many adaptive DE
variants. However, most studies on these adaptive DEs are
limited to some small-scale problems, e.g. with less than 100
decision variables, which may be quite small comparing to the
requirements of real-world applications. The scalability per-
formance of adaptive DE is still unclear. In this paper, based
on the analyses of similarities and drawbacks of existing
parameter adaptation schemes in DE, we propose a general-
ized parameter adaptation scheme. Applying the scheme to
DE results in a new generalized adaptive DE (GaDE) algo-
rithm. The scalability performance of GaDE is evaluated on
19 benchmark functions with problem scale from 50 to 1,000
decision variables. Based on the comparison with three other
algorithms, GaDE is very competitive in both the performance
and scalability aspects.
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1 Introduction

The interest in large-scale evolutionary optimization has
increased dramatically since the 2008 paper (Yang et al.
2008). Conference special sessions and new benchmark
functions have been developed since then (Tang et al.
2009). Some algorithms that showed an excellent perfor-
mance on low-dimensional problems do not perform well
any more when the number of dimensions goes up. It is
interesting to investigate the reason and how to develop
new algorithms for large-scale optimization problems.

DE (Storn and Price 1997) has become a popular and
effective algorithm for global continuous optimization
problems. The crucial idea of DE is a novel mutation
paradigm, which is executed by adding a weighted differ-
ence vector between two selected individuals to the third
individual. It was found that this kind of mutation has
desired self-adaptation feature based on current population
diversity (Price et al. 2005). Thanks to these kinds of
good features, DE has shown impressive performance on
various optimization problems (Storn 1999; Vesterstrom
and Thomsen 1980; Hansen 2005). However, most repor-
ted studies on DE are obtained using small-scale problems,
e.g., with less than 100 decision variables, which are rel-
atively small for many real-world applications. While it
was already found that many optimization methods (e.g.
evolutionary algorithms, EAs) suffer against large-scale
problems (Yang et al. 2008; Liu et al. 2001), the influence
on DE are still somewhat unknown. Scalability analysis
on DE is useful to provide some insight into its computa-
tional complexity and reliability as the problem scale
increases.

DE has several different mutation schemes, and three
control parameters, i.e., population size NP, mutation scale
factor F and crossover rate CR. Mutation schemes and
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control parameters adaptations are the most frequently used
methods to improve DE’s performance on small-scale
problems. For analyzing the scalability of DE against large-
scale problems, this could also be the first step. Apart from
the common parameter NP for all population-based algo-
rithms, mutation schemes and the other two parameters
adaptations are the most important issues in proving DE’s
performance. Much related work has been done along these
lines. For example, the relation between the control param-
eters and population diversity has been analyzed in Zaharie
(2002) and Yang et al. (2008). Brest et al. (2006) presented
the jDE, in which F and CR values are attached to all indi-
viduals of population, and updated in each generation
according to some heuristic rules. Self-adaptive differential
evolution (SaDE) (Qin and Suganthan 2005; Qin et al. 2009)
and self-adaptive differential evolution with neighborhood
search (SaNSDE) (Yang et al. 2008) adopt multiple mutation
schemes spontaneously and introduce some probability
parameters to control which one to use in practice. Parameters
F and CR in the two algorithms are also adaptively controlled
in different ways. JADE in Zhang and Sanderson (2009)
proposed a novel mutation scheme that utilizes both the best
solution and inferior solution information. Probability dis-
tribution-based adaptations are adopted to control F" and CR.
DEGL in Das et al. (2009) proposed a hybrid mutation
scheme that utilizes both an explorative and an exploitive
mutation operator. The two mutation operators were linearly
combined through a new parameter, called the weight factor.
Four different schemes were investigated to adaptively con-
trol the weight factor. Based on the success of these work, the
behaviors of adaptive DE for large-scale optimization prob-
lems deserve more investigation.

In this paper, we first analyze the similarities and draw-
backs of the adaptation methods used in several recently
published adaptive DE variants. Then, we propose a gen-
eralized parameter adaptation scheme which is able to control
any individual based parameters in EAs. According to the
scheme, in each generation, a parameter value is generated for
each individual according to a probability distribution. After
the evolutionary operations and selection process, good
parameter values, which are able to make the corresponding
offspring enter the next generation, are recorded to update the
previous probability distribution. Such a procedure is exe-
cuted during the whole evolution process, and thus the
parameter is adjusted adaptively. Based on the general
parameter adaptation scheme, we propose the generalized
adaptive differential evolution (GaDE), in which the param-
eters F and CR of DE are adapted with the above-mentioned
method. Moreover, inspired by SaDE (Qin et al. 2009), a new
adaptation strategy for mutation schemes is also incorporated
in GaDE. The efficacy and scalability of the proposed GaDE
are studied on a benchmark suite including 19 problems with
scale from 50 to 1,000 decision variables.
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The rest of this paper is organized as follows. Section 2
describes the basic operations of classical DE. Section 3
reviews several recently proposed adaptive DE variants.
Section 4 proposes a new parameter adaptation scheme and
also a new adaptive DE variant, GaDE. Section 5 presents
the experimental studies. Finally, Section 6 concludes this
paper briefly.

2 Classical DE

Individuals in DE for continuous optimization are repre-
sented by D-dimensional vectors x;, Vi€ {l,...,NP},
where D is the number of decision variables and NP is the
population size. According to Price et al. (2005), the basic
operations in classical DE can be summarized as follows:

1. Mutation:

Vi =Xy, + F(X, = Xp,),

where ry,r,r3 € [I,NP] are random and mutually
different integers, and they are also different with the
vector index i. Scale factor F > 0 is a real constant
factor and it is often set to 0.5.2. Crossover:
N Vi(j), lij(O> 1) SCROI‘j :jrand
ll,'(]) = . .
x;(j), otherwise

with U;(0,1) stands for a uniform random number
between 0 and 1, and ji,ng is a randomly chosen index
to ensure that the trial vector u; does not duplicate x;.
CR € [0, 1] is the crossover rate, which is often set to

0.9.3. Selection:
o fu itr) <fx)
{71 x;, otherwise

where X is the offspring of x; for the next generation.'
There are several schemes of DE based on different
mutation strategies (Price et al. 2005):

Vi =X, + F(X,, —X,,) (1)
Vi = Xpest + F (X, — X;,) (2)
Vi = X; + F(Xpest — X;) + F (X, — Xp,) (3)
Vi = Xpest + F (X, — Xp,) + F(Xp, — Xp,) (4)
Vi =Xy + F(X, = Xpy) + F(Xp, — X). (5)

Schemes (1) and (3), with notations as DE/rand/1 and
DE/current to best/2, are the most often used in practice

! Without loss of generality, we consider only minimization problem
in this paper.
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due to their superior performance (Price et al. 2005; Qin
et al. 2009).

3 Review of adaptive DE

In this section, we introduce some recent adaptive DE
variants, jDE, SaDE, SaNSDE, JADE, and DEGL. They all
used parameter or mutation scheme adaptation techniques
to improve the performance of classical DE. Key issues of
these adaptive DE variants are summarized in the follow-
ing subsections. Besides these representatives, we are
aware of many other DE variants have been published
towards various research aspects. A comprehensive survey
on the recent advances in DE can be found in Neri and
Tirronen (2010).

3.1 jDE

jDE was proposed by Brest et al. (2006) based on the
parameter adaptation for the control of scale factor F, and
crossover rate CR. It associates each individual with its
own control parameter F; and CR;. Initially, F; and CR; are
set to 0.5 and 0.9, respectively. Then, in each generation
JDE generates new values for F; and CR; as follows:

F _ [ 0.1+0.9 - randy, ifrand; <t
e+l = Fig, otherwise

(6)

and

0.1 4+ 0.9 - rands,
CRi’g+] = { CRzg ’

where rand;, j = 1,2, 3,4, are uniform random values in [0,
1]. Parameters t; = 7, = 0.1 represent the probability to
adjust previous control parameter values. The newly gen-
erated parameter values are used in the mutation and
crossover operations to create corresponding offspring and
will replace the previous parameter values if the offspring
survive in the selection process.

ifrandy <71,
otherwise,

(7)

3.2 SaDE

SaDE proposed by Qin et al. (2005, 2009) gave the first
attempt to simultaneously adopt more than one mutation
schemes. The adaptation techniques in SaDE are composed
of two parts: (a) the adaptation of the probability, mp;, of
applying the i-th mutation scheme; and (b) the adaptation
of DE’s parameter F and CR.

For the mutation schemes adaptation, the probability of
applying the k-th mutation scheme is represented using
mpi,k=1,2,...,K, where K is the total number of can-
didate schemes. All mpys are initialized as 1/K, which
means all schemes have the same probability to be chosen.

At the generation G, after evaluating all the generated trial
individuals, the number of trial individuals generated by
the k-th scheme that can successfully enter the next gen-
eration is recorded as nsyg, while the number of trial
individuals generated by the k-th schemes that are dis-
carded in the next generations is recored as nf; . And then
the probability of choosing the k-th scheme is updated by

N¥e X

mprc = =g o :17"'7K (8)
Zszl Sk-,G
with
S sk,
Sk = s=GLP % + € )

G—1 G—1
Zg:GfLP nSig + Eg:GfLP Nficg

where LP means learning period, which is a predefined
number of generations (e.g., 50 in SaDE). The small con-
stant value € = 0.01 is used to avoid the possible null
success rates.

For the adaptation of scale factor F, individual-based F;
are generated at the start of each generation according to a
Gaussian distribution with mean 0.5, and standard devia-
tion 0.3, i.e.:

F; = N;(0.5,0.3) (10)

All F; will be truncated to the interval (0,2] based on the
empirical range of scale factor F.

For the adaptation of crossover rate CR, individual-
based CR; are generated every five generations according
to a Gaussian distribution with mean CR,, and standard
deviation 0.1, i.e.:

CR; = N;(CR,,,0.1). (11)

The center CR,, is initialized to be 0.5, and then updated
every 25 generations according to

1 |CRSUC ‘

CR, = o
Rl 2

CRyue (K), (12)

where CRg,. are the recorded successful CR values which
are able to make the corresponding offspring enter the next
generation in the last 25 generations.

3.3 SaNSDE

SaNSDE proposed in Yang et al. (2008) can be regarded as
an improved version of SaDE. Its mutation is executed in
the same way as SaDE except that the scale factor in the
adopted mutation schemes are generated according to
either a Gaussian distribution or a Cauchy distribution, i.e.

[N(0.5,03) ifUL(0,1)<fp
Fi= { Ci(0,1), otherwise (13)

where N;(u, 52) denotes a Gaussian random number with
mean y and standard deviation 0, and C;(u,0) denotes a
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random value from a Cauchy distribution with location and
scale parameters p, d, respectively. The probability, fp, of
applying either of the two distributions is adapted in a
manner similar to the Eq. 8 in SaDE.

The adaptation of the crossover rate CR in SaNSDE
follows the method in SaDE except that a weighting
strategy is applied

|CRsuc‘
CRy = Y wi- CRye(k)
k=1

||
Wi = 5f(k)/<z 5f(k))a

where Jf(k) is the corresponding fitness improvement
related to each successful crossover rate CRgy (k).

(14)

(15)

3.4 JADE

JADE (Zhang and Sanderson 2009; Yang et al. 2009) is
another DE variant, in which a new mutation scheme
named DE/current-to-pbest/2 is adopted. The mutation
vectors are generated as follows:

(16)

where X, _pest is randomly chosen as one of the best 100p%
individuals in the current population with p € (0, 1]. x,1(r1 /
=) is an individual randomly selected from the popula-
tion, and X,, is an individual (distinct from x; and Xx,;)
randomly chosen from the union of the current population
and an external archive of inferior solutions. The archive is
initialized to be empty and then filled with the parent
solutions that fail in the selection process of each genera-
tion. If the archive size exceeds a certain threshold, say NP,
then some solutions are randomly removed from the
archive to keep its size at NP.

In JADE, F; and CR; are randomly generated at each
generation

F; = Ci(F,,,0.1)
CR; = N;(CR,,,0.1),

Vi = X; + Fi(Xp_pest — Xi + X1 — Xp2),

where CR,, and F,, are updated in an adaptive manner
Fn=(1—c¢)Fy+ c-meang(Fc) (19)
CR,, = (1 —¢) - CR,, + ¢ - mean (CR) (20)

where CRy,. and Fy, are the respective sets of all
successful crossover probabilities and successful mutation
factors obtained in the selection process at current
generation. Parameter ¢ is a positive constant between 0
and 1. meany(+) is the usual arithmetic mean and mean(-)
is the Lehmer mean
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F2
mean, (Fyc) = LreraF 7
2 FeFa

which pays more weight on larger mutation factor F to
improve evolutionary progress.

(21)

3.5 DEGL

DEGL, proposed in Das et al. (2009), intends to balance
the exploration and exploitation abilities of DE through a
novel neighborhood-based mutation scheme. Specifically,
the individuals of a population in DEGL are organized on
a ring topology with respect to their indices. The neigh-
borhood of the i-th individual x; is given by those indi-
viduals X;_¢,...,X;,...,X;+x, Where the parameter k is
defined as the radius of the neighborhood. The mutation
of DEGL was performed through a combination of two
contributions, the first contribution is given by the
neighborhood individuals and the second by the entire
population.

— The first one is called local contribution, which is
calculated as:

L;=x;+ OC(Xk_besti - Xi) + ﬂ(XP + Xq) (22)

where k_best; indicates the best individual in the neigh-

borhood of x;, and p, g are chosen randomly in the interval

[i — k, i+ k], with the condition p # ¢ # i.

— The second one is called global contribution, which is
given by:

G; = x; + o(Xpest — X;) + S(X, — X;), (23)

where Xpest 1S the best individual in the current population,
X, and X, are two individuals randomly selected with the
condition r # s # i.

The parameters oo and f in Egs. 22 and 23 are two
constants which have a similar role to that of the scale
factor F in DE. The local and global contributions are then
linearly combined by means of:

V; = WGI' + (1 — W)L,', (24)

where V! is the mutated offspring of x;, and w is a weight
factor to be set between 0 and 1.

Regarding the parameter setting in DEGL, as suggested
in Das etal. (2009), the scale factors were set to
o = f = 0.8, the crossover rate was set to CR = 0.9, and
the neighborhood radius k was set to 10% of the population
size. In addition, four different schemes were proposed and
investigated to adaptively control the weight factor w. Let
g denote the generation counter, gm,x denote the maximum
number of generations, and w, denote the weight factor at
the generation g, the four schemes are listed as follows:
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1. Linear increment: w is linearly increased from 0 to 1:
8

gmax

(25)

Wg:

2. Exponential increment: w increases from O to 1 in an
exponential fashion:

W, = exp (gix ln(Z)) —1 (26)

3. Random weight factor: The weight factor of each
individual is generated from a uniform random number
in (0, 1), i.e.:

W,"g = U,‘(O, 1) (27)

The subscript i mean that for each individual the
scheme will generate a new w value.

4. Self-adaptive weight factor: In this scheme, a w; was
attached to the encoding of each candidate solution

X, = (X[_l, .. .7)Ci‘D,W,'). (28)

During the initialization stage, each weight factor is
initialized between 0 and 1. At each generation, before
the combined mutation operation given in Eq. 24, the
weight factor w; is updated according to the following
equation:

wi = w; + F(Weest — Wi) + F(w, — wy), (29)

where wyey 1S the weight factor associated to the best
individual of the current popualtion, and w, and w; are
the weight factors of the randomly selected individuals
x, and x; in Eq. 23.

In Das et al. (2009), the fourth scheme, i.e. the self-
adaptive weight factor, was proved to be the most efficient
one.

4 Generalized adaptive DE
4.1 Generalized parameter adaptation scheme

The parameter adaptation techniques used in adaptive DE
variants listed in Sect. 3 can be classified into two classes:
(a) heuristic rules based and (b) probability distribution
based. jDE and DEGL are the representatives of heuristic
rules based methods. Although this kind of methods have
shown promising performance on some problems, the rea-
son why they performed well is not fully understood, and
thus it is difficult to analyze their advantages and weakness
on different problem classes. Moreover, the used heuristic
rules often introduce some new parameters (e.g. 7; and 75 in
jDE), which may also be difficult to set in some situations.
SaDE, SaNSDE and JADE belong to the other parameter
adaptation class, i.e. probability distribution based. In this

class, different parameter values are randomly generated
according to a certain probability distribution, after evolu-
tionary operations and selection process, the successful
parameter values, which managed to generate better new
solutions, are recorded to update the distribution for later
evolution. The problem of SaDE and SaNSDE is that the
parameters are only adapted after some learning period, e.g.
50 generations. If the time budget is limited, they may not
have enough time to learn the suitable parameter settings.

And they always replaced previous learned parameter
settings with the values calculated based on the learning
experience of the current learning period. The risk is quite
high if the current learning period is not reliable.

As for JADE, the update of probability distribution
centers F,, and CR,, may not be reliable in some cases. For
example, according to Egs. 19 and 20 no matter how many
parameter values are recorded in Fy,. or CRy, F,, or CR,,
will be changed in the same way. The probability distri-
bution may be changed acutely by some occasional good
parameter values.

Our proposed adaptive scheme falls into the second
class (i.e., probability distribution based), with which we
intend to develop a generalized version of the above-
mentioned methods. For a given EA, we assume it has an
individual-based and very sensitive control parameter
A € [Amin, Amax], Which need to be tuned during evolution.
The generalized scheme is designed as follows.

1. During initialization, set generation counter g = 0,
previous learning experience M =0, and initial
parameter center A,, = Ao, where Aq is an empirical
value in the range [Amin, Amax]-

2. Set g =g+ 1, and generate A; for the i-th individual x;
based on a probability distribution P with Am as the center:

A;=P(A,),i=1,...,NP (30)

3. After evolutionary operations, the A; that is able to make
the offspring x; of x; to successfully enter the next
generation will be marked as a good parameter value.
These good parameter values and the corresponding
fitness improvements will be recorded in Ag,(k) and
op(k), withk =1,...,M,.

4. Update the parameter center according to

A = (1 —w)A,, +wAm' (31)
where the weight w is determined by
M
w= £ (32)
M, +M
and A/, is the weighted mean of values in Agc:
M@ 5 (k) Mg
AL =S A )L2), A= 6 (k). 33
N (A e SUTCNC
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5. Update the learning experience:
M=(1—-c)M+M, (34)

where the decreasing factor ¢ is a user defined
parameter, and ¢ = 0.1 can be used as the default
setting.

6. Go to Step 2 for the next generation until a stopping
criterion is satisfied.

The proposed adaptation scheme does not involve the
parameter learning period. Instead, a parameter c is
introduced to make the algorithm balance between the
experiences learned from previous generations and that of
the current generation. With this difference, the proposed
scheme is capable of taking into account the reliability of
the recorded good parameter values. In the following
section, we will apply it in DE to design an new adaptive
DE variant, GaDE.

4.2 The proposed algorithm

As mentioned in Sect. 1, mutation scheme selection, scale
factor F and crossover rate CR adaptations are the three
crucial issues in designing adaptive DE. Based the
parameter adaptation scheme presented in Sect. 4.1, we
propose a new adaptive DE, GaDE, for large-scale opti-
mization. The key points of GaDE are summarized as
follows:

1. Mutation schemes adaptation: Mutation vectors are
generated similarly as in SaDE and SaNSDE. The
following two mutation schemes are used:

Vi =X, + Fi(sz - Xi’}) (35)
vV, =X; + Fi(xp_best — X + X"l - X"Z) (36)

Probability parameter mp as in Eq. 8 is used to control
which scheme to use in practice.

2. Scale factor F adaptation: The parameter adaptation
scheme proposed in Sect. 4.1 is used to control the
parameter F. The Cauchy distribution with location
F,,, and scale parameter ¢t = 0.2 is used to generate
F values (Yao et al. 1999; Lee and Yao 2004).

(a) For initialization, set F,, = 0.5 (Price et al.
2005).

(b) At the beginning of each generation, an F; is
generated for each individual based on the Cauchy
distribution:

F; = Ci(F,,0.2),i=1,...,NP (37)
The F; values will be regenerated if it is outside the
interval (0, 2] (Storn and Price 1997).

(c) At the end of each generation, F,, is updated in
the same way as A,, in Egs. 31-33.
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3. Crossover rate CR adaptation: The parameter adapta-
tion scheme proposed in Sect. 4.1 is used to adjust CR.
The Gaussian distribution with mean CR,,, and
standard deviation 0.1 is used to generate CR values.

(a) For initialization, set CR,, = 0.9 (Price et al.
2005).

(b) At the beginning of each generation, a CR; is
generated for each individual based on the Gaussian
distribution:

CR; = N;(CR,,,0.1),i = 1,...,NP. (38)

The CR; values will be regenerated if it is outside the
interval [0, 1] (Storn and Price 1997).

(c) At the end of each generation, CR,, is updated in
the same way as A,, in Eqgs. 31-33.

Note that different probability distributions are used to
control the parameters F and CR, respectively. This is
based on their different functions and characteristics in DE.
For the scale factor F, because it affects the search step size
of DE, sampling F values from the Cauchy distribution
could increase the probability to generate large search step
sizes, which is especially desirable when optimizing mul-
timodal functions. As for the crossover rate CR, it was
found that the proper choice of CR can lead to good
optimization performance, while a wrong choice may
deteriorate the performance significantly (Price et al.
2005). Good values of CR generally fall into a small range
for a given problem, with which DE can perform consis-
tently well (Qin et al. 2009). However, the appropriate
small range may be different for different optimization
problems. The Gaussian distribution with 0.1 as standard
deviation is narrowly bounded, and thus is helpful to find
out such a small range gradually, while the value range of
Cauchy distribution is open-ended (Yao et al. 1999).

5 Experimental studies
5.1 Experimental setup

To analyze the performance and scalability of the proposed
GaDE, experiments were conducted on a testing suite
provided by the special issue on “Scalability of Evolu-
tionary Algorithms and other Metaheuristics for Large
Scale Continuous Optimization Problems” of Soft Com-
puting. The testing suite includes 19 scalable functions
with different features, such as unimodal or multimodal,
separable or nonseparable, and whether they can be easily
optimized dimension by dimension. Detailed formulas and
descriptions of these functions can be found in http:/
sci2s.ugr.es/eamhco/updated-functions1-19.pdf. GaDE was
tested on all the functions with dimensions D = 50, 100,
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200, 500 and 1,000. The maximum number of fitness
evaluations (FEs) was set to 5,000 x D (http://sci2s.
ugr.es/eamhco/updated-functions1-19.pdf). For parameter
settings, the population size was set to NP = 60, the
probability of selecting X, pest in Eq. 36 was setto p = 0.2,
the decreasing factor ¢ in Eq. 34 was set to 0.1, and all
other parameters were adapted based on the description in
Sect. 4.2.

5.2 Brief description of algorithms for comparison

The performance of GaDE was compared with three other
algorithms, i.e. classical DE, G-CMA-ES (Auger and
Hansen 2005) and real-coded CHC (Eshelman and Schaffer
1993). The results of them were provided by the organizers
of the special issue in Soft Computing. A brief description
of these algorithms are provided as follows (http://sci2s.
ugr.es/eamhco/descriptions.pdf).

5.2.1 Classical DE

The basic components of classical DE have been given in
Sect. 2. The used classical DE for experimental compari-
son is exactly the same except that the exponential cross-
over (Price et al. 2005) rather than the binomial crossover
was used. The parameters F and CR were fixed to 0.5 and
0.9, respectively, and the population size NP was set to 60 (
http://sci2s.ugr.es/eamhco/descriptions.pdf).

5.2.2 Real-coded CHC

The CHC algorithm (Crossgenerational elitist selection,
Heterogeneous recombination, and Cataclysmic mutation)
(Eshelman 1991) mainly concerns the combination of a
selection strategy with a very high selective pressure and
several other components. It was found that the CHC algo-
rithm achieved better results on the comparison with different
genetic algorithm approaches (Whitley et al. 1996).
Real-coded CHC was proposed in Eshelman and
Schaffer (1993) by introducing real-coded representation.
It maintains the basis of the original CHC as much as
possible. The elitist selection is still used without any
modification. In order to apply the heterogeneous recom-
bination, the real values of the representation of the two
selected individuals are encoded into bit strings using
binary reflected Gray coding and the Hamming distance
between the parents is measured. The mutation is only
performed on those string pairs that differ from each other
by some number of bits, which is denoted as mating
threshold. The initial threshold is et to L/4, where L is the
length of the bit string for representing an individual. The
threshold will be recoded by 1 if no offspring is inserted
into the new population. Finally, the real-parameter

crossover operator BLX-« (Eshelman and Schaffer 1993) is
considered to replace the original crossover operator.
Restart technique may be applied if the population con-
verges or the algorithm stops making progress during the
search process.

For parameter settings, the o of the BLX-a crossover
was set to 0.5, and the population size was set to 50 (
http://sci2s.ugr.es/eamhco/descriptions.pdf).

5.2.3 G-CMA-ES

The CMA-ES (Covariance Matrix Adaptation Evolution
Strategy) (Hansen and Ostermeier 2001) is one of the state-
of-the-art EAs for continuous optimization. It has shown
impressive performance on many small-scale benchmark
functions (Hansen 2005). The G-CMA-ES is a improved
variant of CMA-ES by introducing restarts with increasing
population size technique (Auger and Hansen 2005). It
detects premature convergence and launches a restart
strategy which doubles the population size on each restart. It
was claimed that by increasing the population size G-CMA-
ES becomes more global after each restart, and could improve
the performance of CMA-ES on mutlimodal functions.

The parameters of G-CMA-ES were set according to the
suggestion in (Auger and Hansen 2005). The initial population
is uniform randomly generated from the search space.

5.3 Experimental results and comparison

Table 1 showed the results of GaDE on functions F{—F9
with dimensions D = 50, 100, 200, 500 and 1,000. All the
results were summarized from 25 independent runs for
each problem instance, which means one function with one
given dimensionality. Four indicators, i.e. Best, Median,
Worst and Mean, are used to evaluate the performance of
GaDE on a certain problem instance. To comment the
performance of GaDE against other algorithms, a com-
parison among GaDE, DE, G-CMA-ES and CHC on mean
errors is provided in Table 2.

Generally speaking, GaDE achieved consistently good
results on 12 (i.e. Fy, F4y—F7, Fo—F12, F14—F16, F1g and Fig)
out of 19 functions over all tested dimensions. Although
the results on F,, F3, Fg, F3 and F7 are still far away from
their optima, GaDE is still better than classical DE. For
other two functions Fy and F)g, it was found that GaDE
showed very good performance on low-dimensional prob-
lems, but it may be trapped in some local optima with very
small probability (about 1 in 25 runs) when these functions
are scaled up to 500 and 1,000 dimensions. It is interesting
to find that the results of classical DE on these two func-
tions are consistently good. This might be because in GaDE
a more greedy mutation scheme DE/current-to-p_best/2
was used.
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Table 1 Experimental results of GaDE on F|—F9 with dimensions
D = 50, 100, 200, 500 and 1,000

D F; Best Median Worst Mean

50 F, 0.00E+4-00 0.00E+4-00 0.00E+00 0.00E+00
100 0.00E+4-00 0.00E+4-00 0.00E+00 0.00E+00
200 0.00E+4-00 0.00E+4-00 0.00E+00 0.00E+00
500 0.00E+4-00 0.00E+-00 0.00E+00 0.00E+00
1,000 0.00E+4-00 0.00E+-00 0.00E+00 0.00E+00
50 F, 3.50E+4-00 1.27E401 2.81E401 1.46E4-01
100 1.52E4-01 3.92E4+01 5.75E4+01 3.88E401
200 4.52E+01 5.91E+401 6.61E4+01 5.76E+01
500 3.30E4-01 7.49E+01 8.79E+01 7.42E+01
1,000 8.16E+01 8.92E+01 1.01E4-02 8.93E+401
50 F; 3.31E+00 1.28E+01 1.62E+01 1.18E401
100 4.75E+01 5.35E4-01 1.06E4-02 5.89E+01
200 1.20E4-02 1.44E4-02 2.14E402 1.61E4-02
500 3.92E+02 4.35E+02 4.96E+02 4.40E+02
1,000 8.55E+02 9.45E+02 1.00E+03 9.45E+02
50 Fy 0.00E+4-00 0.00E+00 0.00E+00 0.00E+00
100 0.00E+4-00 0.00E+00 0.00E+00 0.00E+00
200 0.00E+4-00 0.00E+00 0.00E+00 0.00E+00
500 0.00E+00 0.00E+00 0.00E+00 0.00E+00
1,000 0.00E+4-00 0.00E+00 0.00E+00 0.00E+00
50 Fs 0.00E+-00 0.00E+-00 0.00E+00 0.00E+00
100 0.00E+-00 0.00E+-00 0.00E+00 0.00E+00
200 0.00E+4-00 0.00E+-00 0.00E+00 0.00E+00
500 0.00E+-00 0.00E+-00 0.00E+00 0.00E+00
1,000 0.00E+-00 0.00E+-00 0.00E+00 0.00E+00
50 Fe 0.00E+00 0.00E+00 0.00E+00 0.00E+00
100 0.00E+-00 0.00E+-00 0.00E+00 0.00E+00
200 0.00E4-00 0.00E+00 1.42E—14 0.00E+00
500 0.00E+00 1.42E—14 391E-14 1.46E—14
1,000 1.07E—14 1.42E—14 5.68E—14 1.66E—14
50 Fy 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
100 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
200 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
500 0.00E+00 0.00E+00 0.00E+00 0.00E+00
1,000 0.00E+4-00 0.00E+4-00 0.00E+00 0.00E+00
50 Fg 4.75E—10 4.13E-09 6.09E—08 1.08E—08
100 4.67E—04 1.11E-03 3.75E-03 1.23E-03
200 1.01E4-00 2.96E+-00 8.33E4+00 3.02E4-00
500 8.22E4-02 1.28E+4-03 2.03E4-03 1.33E4-03
1,000 1.35E4-04 1.73E4+-04 2.26E+04 1.77E4-04
50 Fo 0.00E+00 0.00E+00 7.53E—06 6.24E—07
100 0.00E+-00 0.00E+-00 3.55E—-06 3.87E—07
200 0.00E+-00 0.00E+00 6.05E—08 4.53E—09
500 0.00E+-00 0.00E+00 0.00E+00 0.00E+00
1,000 0.00E+-00 0.00E+00 0.00E+00 0.00E+00
50 Fio 0.00E+00 0.00E+00 0.00E+00 0.00E+00
100 0.00E4-00 0.00E+4-00 0.00E+4-00 0.00E4-00
200 0.00E4-00 0.00E+00 1.05E+00 4.20E—02
500 0.00E+00 0.00E+00 2.10E400 3.78E—01
1,000 0.00E+4-00 0.00E+00 2.10E400 4.62E—01
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Table 1 continued

D F; Best Median Worst Mean

50 Fiy 0.00E+00 2.90E—-07 1.10E—-05 1.31E—-06
100 0.00E+-00 0.00E+00 6.67E—06 4.34E-07
200 0.00E+-00 0.00E+-00 3.48E—06 1.85E—07
500 0.00E+-00 0.00E+-00 0.00E+00 0.00E+00
1,000 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
50 Fiy 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
100 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
200 1.14E—14 3.25E—14 1.21E—13 4.92E—14
500 2.30E—13 8.58E—13 4.26E-12 1.07E—12
1,000 1.89E—12 3.58E—12 7.78E—12 3.85E—12
50 Fi3 8.00E+00 1.19E401 1.45E+4-01 1.19E+01
100 4.14E+01 4.61E+01 9.54E+01 4.99E+01
200 1.10E+4-02 1.14E4-02 1.71E402 1.24E4-02
500 3.19E+4-02 3.32E4+02 3.50E+02 3.34E4-02
1,000 6.84E+4-02 7.09E+-02 7.60E+02 7.15E+02
50 Fi4 1.75E—14 2.92E—13 8.85E—12 9.78E—13
100 1.13E—13 3.61E—-13 4.88E—12 7.90E—13
200 5.87E—13 1.80E—12 2.22E—11 2.87E—12
500 1.04E—11 2.43E—11 6.62E—11 2.79E—11
1,000 6.84E—11 8.24E—11 1.20E—10 8.82E—11
50 Fis 0.00E+00 0.00E+00 0.00E+00 0.00E+00
100 0.00E+00 0.00E+00 0.00E+00 0.00E+00
200 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
500 0.00E+00 0.00E+00 0.00E+00 0.00E+00
1,000 0.00E+4-00 0.00E+00 0.00E+00 0.00E+00
50 Fie 1.16E—12 3.08E—12 1.30E—11 4.78E—12
100 7.55E—13 1.88E—12 6.74E—12 245E—12
200 6.20E—13 1.49E—12 3.66E—12 1.58E—12
500 1.10E—12 1.64E—12 2.70E—12 1.67E—12
1,000 1.53E—12 2.32E—12 3.07E—12 2.35E—-12
50 Fi7 8.65E—03 1.39E-01 2.94E4-00 4.97E—01
100 4.19E-01 2.41E4-00 9.96E+00 3.28E4-00
200 1.60E+4-01 1.97E+01 8.16E+01 2.45E401
500 8.62E+401 8.86E+01 1.39E+02 9.26E+01
1,000 2.12E4-02 2.18E+02 2.39E+02 2.19E4-02
50 Fig 5.01E—09 2.47E—08 3.46E—-07 4.82E—08
100 3.94E—09 1.70E—08 6.67E—08 1.96E—08
200 8.40E—09 1.98E—08 6.38E—08 2.53E—-08
500 3.05E-08 5.23E-08 9.70E—08 5.59E—-08
1,000 6.71E—08 1.18E—-07 3.21E-07 1.30E—07
50 Fig 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
100 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
200 0.00E4-00 0.00E+00 0.00E+00 0.00E+00
500 0.00E+00 0.00E+00 1.05E+00 4.20E—02
1,000 0.00E+4-00 0.00E+4-00 2.10E4-00 3.78E—01

The results are summarized over 25 independent runs, and the values
below 1.00E—14 are approximate to 0 as required

Comparing to classical DE, GaDE generally performed
better, especially for functions Fy,Fs,Fs,Fo,F11,Fi2,
F14, F1¢ and Fg. For functions Fy, Fs5, F; and Fs, the two
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Table 2 Comparison of mean errors among DE, CHC, G-CMA-ES
and GaDE on F|—F9 with dimensions D = 50, 100, 200, 500 and
1,000

D F; DE CHC G-CMA-ES GaDE

50 Fy 0.00E+00 1.67E—11 0.00E+00 0.00E+00
100 0.00E+00 3.56E—11 0.00E+00 0.00E+00
200 0.00E+00 8.34E—01 0.00E+00 0.00E+00
500 0.00E+00 2.84E—12 0.00E+00 0.00E+00
1,000 0.00E+00 1.36E—11 - 0.00E+00
50 F 3.60E—-01 6.19E4-01 2.75E—11 1.46E+4-01
100 4.45E+00 8.58E+01 1.51E-10 3.88E+4-01
200 1.92E+01 1.03E+02 1.16E—09 5.76E+-01
500 5.35E+01 1.29E+02 3.48E-04 7.42E+01
1,000 8.46E+01 1.44E+02 - 8.93E+01
50 Fs3 2.89E+01 1.25E+06 7.97E-01 1.18E+401
100 8.01E+01 4.19E+06 3.88E4-00 5.89E+01
200 1.78E+02 2.01E+07 8.91E+401 1.61E+02
500 4.76E+02 1.14E+06 3.58E402 4.40E402
1,000 9.69E+02 8.75E4+03 - 9.45E+02
50 Fy 3.98E—-02 7.43E+01 1.05E+02 0.00E+00
100 7.96E—02 2.19E4-02 2.50E+02 0.00E+00
200 1.27E—-01 5.40E4-02 6.48E+02 0.00E+00
500 3.20E-01 1.91E+03 2.10E+03 0.00E+00
1,000 1.44E+00 4.76E+403 - 0.00E+00
50 Fs 0.00E+00 1.67E—03 2.96E—04 0.00E+00
100 0.00E+00 3.83E-03 1.58E—03 0.00E+00
200 0.00E+00 8.76E—03 0.00E+00 0.00E+00
500 0.00E+00 6.98E—03 2.96E—04 0.00E+00
1,000 0.00E+00 7.02E-03 - 0.00E+00
50 Fg 1.43E—-13 6.15E—07 2.09E+01 0.00E+00
100 3.10E—13 4.10E—-07 2.12E+01 0.00E+00
200 6.54E—13 1.23E4+00 2.14E+01 0.00E+00
500 1.65E—12 5.16E+00 2.15E4-01 1.46E—14
1,000 3.29E—-12 1.38E+401 - 1.66E—14
50 F; 0.00E+00 2.66E—09 1.01IE-10 0.00E+00
100 0.00E+00 1.40E-02 4.22E-04 0.00E+00
200 0.00E+00 2.59E—01 1.17E-01 0.00E+00
500 0.00E+00 1.27E—01 7.21E+153 0.00E+00
1,000 0.00E+00 3.52E-01 - 0.00E+00
50 Fg 3.44E4-00 2.24E402 0.00E+00 1.08E—-08
100 3.69E+02 1.69E+03 0.00E+00 1.23E-03
200 5.53E+03 9.38E+03 0.00E+00 3.02E+00
500 6.09E-+04 7.22E+04 2.36E—06 1.33E+03
1,000 2.46E+05 3.11E+05 - 1.77E404
50 Fy 2.73E+02 3.10E+02 1.66E+01 6.24E-07

100 5.06E+02 5.86E+02 1.02E+02 3.87E-07

200 1.01E+03 1.19E+03 3.75E+02 4.53E-09

500 2.52E+03 3.00E+03 1.74E+03 0.00E+00
1,000 5.13E+03 6.11E+03 - 0.00E+00
50 Fio 0.00E+00 7.30E+00 6.81E+00 0.00E+00
100 0.00E+00 3.30E+4-01 1.66E+4-01 0.00E+00
200 0.00E+00 7.13E+4-01 4.43E+01 4.20E—02
500 0.00E+00 1.86E+02 1.27E+02 3.78E-01
1,000 0.00E+00 3.83E+02 - 4.62E—01
50 Fy 6.23E—05 2.16E+00 3.01E4+01 1.31E—06
100 1.28E—04 7.32E+01 1.64E+4-02 4.34E—-07
200 2.62E—04 3.85E4+02 8.03E+02 1.85E—07
500 6.76E—04 1.81E+03 4.16E+03 0.00E+00
1,000 1.35E-03 4.82E+03 - 0.00E+00

Table 2 continued

D F; DE CHC G-CMA-ES GaDE

50 Fy 5.35E-13 9.75E-01 1.88E+02 0.00E+00
100 5.99E—-11 1.03E+01 4.17E+02 0.00E+00
200 9.76E—10 7.44E+01 9.06E+02 4.92E—14
500 7.07E—09 4.48E+02 2.58E+03 1.07E—12
1,000 1.68E—08 1.05E+03 - 3.85E—12
50 Fi3 2.45E401 2.08E+406 1.97E+402 1.19E+4-01
100 6.17E+01 2.70E+06 4.21E+02 4.99E+01
200 1.36E+02 5.75E+06 9.43E+02 1.24E+02
500 3.59E+02 3.22E4+07 2.87E+03 3.34E+02
1,000 7.30E+02 6.66E+07 - 7.15E+02
50 Fi4 4.16E—08 6.17E+01 1.09E+02 9.78E—13
100 4.79E—02 1.66E+02 2.55E+02 7.90E—13
200 1.38E—-01 4.29E+02 6.09E+02 2.87E—12
500 1.35E—01 1.46E+03 1.95E+03 2.79E—11
1,000 6.90E—-01 3.62E+03 - 8.82E—11
50 Fis 0.00E+00 3.98E—01 9.79E—04 0.00E+00
100 0.00E+00 8.13E4-00 6.30E—01 0.00E+00
200 0.00E+00 2.14E+4-01 1.75E+00 0.00E+00
500 0.00E+00 6.01E+01 2.82E+262 0.00E+00
1,000 0.00E+00 8.37E+01 - 0.00E+00
50 Fie 1.56E—09 2.95E—-09 4.27E+02 4.78E—12
100 3.58E—-09 2.23E401 8.59E+02 245E—-12
200 7.46E—09 1.60E+02 1.92E4-03 1.58E—12
500 2.04E—-08 9.55E+02 5.45E+03 1.67TE—12
1,000 4.18E—08 2.32E+03 - 2.35E—12
50 Fi7 7.98E—01 2.26E+04 6.89E+02 4.97E—01
100 1.23E+01 1.47E+05 1.51E+03 3.28E+00
200 3.70E+01 1.75E+05 3.36E+03 2.45E+401
500 1.11E4-02 8.40E+4-05 9.59E+03 9.26E+4-01
1,000 2.36E+02 2.04E+07 - 2.19E+02
50 Fig 1.22E-04 1.58E+01 1.31E+02 4.82E—08
100 2.98E—04 7.00E+01 3.07E+02 1.96E—08
200 4.73E—-04 2.12E+02 6.89E+02 2.53E—08
500 1.22E—-03 7.32E+02 2.05E403 5.59E—08
1,000 2.37E-03 1.72E+03 - 1.30E-07
50 Fio 0.00E+00 3.59E+02 4.76E+00 0.00E+00
100 0.00E+00 5.45E+02 2.02E+01 0.00E+00
200 0.00E+00 2.06E+03 7.52E+02 0.00E+00
500 0.00E+00 1.76E+03 2.44E406 4.20E-02
1,000 0.00E+00 4.20E+03 - 3.78E-01

The error values below 1.00E-14 are approximate to 0 as required

algorithms achieved exactly the same results. The classical
DE has slightly advantages on only three functions F», Fg
and Fg. This is consistent with the assumption that adap-
tive DE is able to handle more kinds of problems than
classical DE with constant parameter settings.

Comparing to G-CMA-ES, GaDE also achieved better
results on most of the functions. The superiority of GaDE is
particularly significant on functions F4—F; and Fo—F9.
Although the overall performance of G-CMA-ES is not
good, it successfully solved some functions that both
classical DE and GaDE failed to deal with. In particular,
G-CMA-ES showed impressive results on functions F;
and Fg. From Table 9 it can be found that both the two
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functions are unimodal, nonseparable and cannot be easily
optimized dimension by dimension. In these cases, the use
of covariance matrix adaptation in G-CMA-ES is able to
learn the interactions between variables of nonseparable
functions (Hansen and Kern 2004). However, this is often
limited to unimodal nonseparable functions. G-CMA-ES
still has difficult to deal with multimodal nonseparable
functions, such as F3, Fi3 and F7. Moreover, learning and
storing the covariance matrix during the evolution process
is always very time consuming, which is one of the reason
why the results of G-CMA-ES on 1,000-dimensional
problems is not provided.

Real-coded CHC is the worst algorithms among all the
tested ones. All its mean error values are much worse than
that of other algorihtms. Hence, it might need further
modification (or improvement) when applying to large-
scale problems.

To compare the overall performance of all tested algo-
rithms, we further provided Table 3 as a summary of the
results with respect to the four performance indicators, i.e.
Best, Median, Worst and Mean. For each algorithm, there
are 19 x 4 = 76 indicators on the whole test suite with a
given dimensionality. In Table 3, we collected the number
of “wins” of each algorithm on all the 76 performance
indicators. Here the term “win” means that an algorithm
got the best result among all the compared algorithms
with respect to an indicator. It can be found that GaDE
obtained much more wins than others, which is consistent
with the conclusions drawn based on the results in Tables 1
and 2.

The statistical analysis using Holm procedure’ and
Wilcoxon matched-pairs signed-rank test (Garcia et al.
2009) on average results is provided in Tables 4 and 5. For
the Holm procedure test with o = 0.05, it can be found that
GaDE is significantly better than G-CMA-ES and CHC,
but the difference between GaDE and classical DE is not
significant. For the Wilcoxon test with p = 0.05, it can be
found that the differences between GaDE and G-CMA-ES,
CHC are significant. In comparison with classical DE, the
differences are also significant except on 500-dimensional
problems. When increasing the p-value to the level 0.01,
GaDE will be signifciantly better than classical DE on the
testing suite with any dimensionality. The results of sta-
tistical tests confirm that GaDE is the best one among all
the tested algorithms.

The scalability curves of the tested algorithms on some
selected functions are listed in Fig. 1. For functions F, and
Fg, it can found that although G-CMA-ES outperformed all
other algorithms in terms of results, its performance

2 The Holm procedure test is not performed on the result of 1,000-
dimensional functions because the results of G-CMA-ES are not
available for such problems.
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Table 3 The number of win’s of all tested algorithms on functions
Fi-F9

D GaDE DE G-CMA-ES CHC Sum (tie)
50 62 25 18 2 107 (31)
100 61 26 18 1 106 (30)
200 62 25 19 0 106 (30)
500 61 25 16 0 102 (26)
1,000 65 26 N/A 0 91 (15)

Table 4 The results of Holm procedure test of GaDE with other
algorithms

D i Algs z p oli

50 1 CHC 5.780 0.000" 0.017
2 G-CMA-ES 4.021 0.000" 0.025
3 DE 1.508 0.132 0.050

100 1 CHC 5.780 0.000" 0.017
2 G-CMA-ES 4.021 0.000" 0.025
3 DE 1.508 0.132 0.050

200 1 CHC 5.906 0.000" 0.017
2 G-CMA-ES 4272 0.000" 0.025
3 DE 1.634 0.102 0.050

500 1 CHC 5.152 0.000" 0.017
2 G-CMA-ES 4.147 0.000" 0.025
3 DE 1.257 0.208 0.050

 Result is significant with o = 0.05

Table 5 The results of Wilcoxon matched-pairs signed-rank test of
GaDE with other algorithms

D v.s. DE v.s. G-CMA-ES v.s. CHC

50 1.34e—02" 2.90e—03" 1.32e—04"
100 1.34e—02" 3.80e—03" 1.32e—04"
200 2.45¢—02" 1.40e—03" 1.32e—04"
500 5.54e—02 1.60e—03" 1.32e—04"
1,000 3.53¢—02" N/A 1.32e—04"

 Result is significant with p < 0.05

deteriorate very quickly as problem scale increases. The
other three algorithms have similar scalability perfor-
mance. For function Fg, the performance of real-coded
CHC dropped suddenly when the problem large than 200
dimension. Based on these scalability curves, GaDE has
quite stable scalability performance, and it is clear better
than others on four of the six functions.

5.4 Efficacy of parameter adaptation and setting
Although the results in Tables 1 and 2 showed that the

performance of GaDE is competitive, it is still not clear
how the generalized parameter adaptation scheme works.
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Fig. 1 The scalability curves of GaDE, DE, G-CMA-ES and real-coded CHC on functions F, Fg, Fg, F9, F14 and Fig
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Table 6 Comparison of the mean errors among GaDE, GaDEr_g s,
GaDECR:O.g and GaDE,,,p:o,5 with D = 1,000

F; GaDE GaDEr_gs GaDEcr—g9 GaDE, )05
F 0.00E+00 0.00E+00  0.00E+00 0.00E+00
F> 8.93E401 8.38E+401 7.32E+01 6.36E+01"
F3 9.45E+02" 9.53E+02 9.52E+02 9.56E+02
F;  0.00E+00 0.00E+00  2.66E+01 0.00E+00
Fs 0.00E+00 0.00E+00  0.00E+00 0.00E+00
Fe 1.66E—14 3.21E—14 1.91E—14 1.93E—14
F 0.00E+00 0.00E+00  0.00E+00 0.00E+00
Fy 1.77E+04 2.12E+04 1.16E+04 2.08E+04
Fs  0.00E+00'v  2.96E—03 7.76E—02 5.04E—05
Fiy  4.62E—01 0.00E+00"  8.78E+00 8.40E—02
Fi1 0.00E+00 2.94E—03 9.46E—02 475E—05
F, 3.85E-127 2.37E—07 4.29E—04 1.10E—10
Fi3  715E+02 7.28E+02 7.17E+02 7.32E402
Fiu  8.82E—11' 1.70E—07 1.09E+01 3.46E—09
Fis  0.00E+00 0.00E+00  2.37E+00 4.20E—02
Fio  235E—127 2.95E—07 7.06E—01 4.01E—11
Fi7  2.19E+02 2.37E+02 2.08E+02"  2.30E+02
Fis  130E—07" 1.29E—04 4.10E—01 1.65E—06
Fio  3.78E—01 0.00E+00"  5.50E+400 2.52E—01

The best results in each row are given in bold face

 Result is significantly better than that of all other algorithms with
p <0.05

To validate its efficacy in GaDE, we further implemented
the following three algorithms for comparison:

1. GaDEpg_s, which is the same as GaDE except that the
scale factor F is set to a constant number 0.5.

2. GaDEcgr—¢9, which is the same as GaDE except that
the crossover rate CR is set to a constant number 0.9.

3. GaDE,,,—s, which is the same as GaDE except that
the probability parameter mp for mutation scheme
selection is set to a constant number 0.5.

The mean errors over 25 independent runs of these
algorithms on 1,000-dimensional problems are summarized
in Table 6.

It can be found that the GaDE, in which full parameter
adaptation techniques were applied, achieved the best
overall performance. Its results are at least the same good
as others in 14 out of 19 functions, and seven of them are
significantly better. Other algorithms have notable advan-
tages on only a very small number of specific functions
(e.g., Fp, F10, F17 and F19), which is inevitable according to
the no free lunch theorems (Wolpert and Macready 1997).
The comparison results confirmed that the generalized
parameter adaptation scheme is generally better than con-
ventional constant parameter settings.

In GaDE, a decreasing factor ¢ was introduced in Eq. 34
to provide a trade-off between the previous and the current
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learning experience. The parameter was set to ¢ = 0.1
empirically in previous experimental studies. To analyze
the sensitivity of this parameter, we further tested two extra
configurations:

1. GaDE._, which is the same as GaDE except that the
decreasing factor was set to ¢ = 0.

2. GaDE,_¢», which is the same as GaDE except that the
decreasing factor was set to ¢ = 0.2.

The mean errors over 25 independent runs of these
configurations on 1,000-dimensional problems are summa-
rized in Table 7.

It can be found that the results of GaDE, in which the
parameter ¢ was set to 0.1, are as least as good as others on
16 out of 19 functions. That is why we chosen ¢ = 0.1 as
the default setting. As for other configurations, comparing
to GaDE they have significant advantages on only three
functions (i.e. F,, F1, and Fp9). Although the overall per-
formance is not good, GaDE with other configurations still
found the optima of at least six problems. This indicates
that the introduced decreasing factor ¢ is not very sensitive.

5.5 Computational running time analysis

The average running time of GaDE for each function is
listed in Table 8. The programming language we used is C,

Table 7 Comparison of the mean errors among GaDE, GaDE,_, and
GaDE.—, with D = 1,000

F; GaDE GaDE,_ GaDE,_g»
F 0.00E+00 0.00E+00 0.00E+00
F> 8.93E4+01 1.04E+02 6.69E+01"
F3 9.45E+02 9.52E+02 9.48E+02
Fy 0.00E+00 4.82E—07 0.00E+00
Fs 0.00E+00 0.00E+00 0.00E+00
Fe 1.66E—14" 2.42E—13 2.97E—14
Fy 0.00E+00 0.00E+00 0.00E+00
Fy 1.77E+04" 3.28E+05 1.65E405
Fo 0.00E+00 9.16E—03 0.00E+00
Fuo 4.62E—01 0.00E+00" 2.52E—01
Fiy 0.00E+00 9.33E—03 0.00E+00
Fis 3.85E—12" 6.86E—08 7.45E—12
Fi3 7.15E+02° 7.26E+02 7.23E402
Fi4 8.82E—11" 4.98E—05 1.36E—10
Fis 0.00E+00 0.00E+00 0.00E+00
Fie 2.35E—-127 1.77E—07 3.34E—12
Fiy 2.19E+02 2.29E+02 2.19E+02
Fis 1.30E—07" 3.97E—04 1.82E—07
Fio 3.78E—01 0.00E+00" 2.10E—01

The best results in each row are given in bold face

T Result is significantly better than that of all other algorithms with
p <0.05
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Table 8 The average running time (in seconds) of GaDE for each
function over 25 independent runs

Table 9 The properties of F;—Fj; in the testing suite

Function Unimodal/ Shifted Separable Easily optimized

Function D =50 D =100 D=200 D =500 D= 1,000 multimodal dimension by dimension
F 2 5 12 58 184 F U Y Y Y

F, 2 5 16 75 257 F> U Y N N

Fs 1 4 12 58 205 Fs M Y N Y

Fy 2 8 29 160 587 Fy M Y Y Y

F; 3 7 26 140 560 F; M Y N N

Fg 3 8 26 157 590 Fg M Y Y Y

F; 2 4 12 60 212 F; U Y Y Y

Fg 2 3 13 56 194 Fg U Y N N

Fy 5 18 66 381 1,519 Fy U Y N Y

Fio 2 8 25 143 550 Fio 8] Y N N

Fi 5 17 62 371 1,466 Fi U Y N Y

Fiz 3 7 25 140 543 U unimodal, M multimodal, Y yes, N no

Fi3 2 8 27 148 563

Fuy 3 11 39 222 852

Fis 2 5 17 35 370 Second, most of the functions can be easily optimized
Fie 3 1 39 230 389 dimension by dimension. Table 9 shows that only
Fir 4 14 55 320 1058 F, F 5, Fg gnd Fyg are difficult to optimiz§ usi.ng dimension
Fus 4 1 sg 349 1,349 by dimension method. Actually, the s.tucpes 1n. Yang et al.
Fio ) 7 24 136 542 (2008) showed that F5 can also be optimized dimension by

and the experiments were carried out using a cluster with
eight 2.13GHz cpu cores, 24 GB RAM. Given that the
assigned maximal number of FEs is increased in the order
of O(D), it is expected that the running time for each
function should increased as least in the order of O(D).
From Table 8, it can be found that for problems from D =
50 to 1,000 the running time incense rate is between 1.5
and 6.04. Considering that the time for each single fitness
evaluation is also increased, the increase rate range [1.5,
6.04] is still acceptable. The presented running time sug-
gests that the computational complexity of GaDE is low,
and thus it is applicable for large-scale problems.

5.6 Discussion on benchmark functions

Usually we do not expect appealing results when applying
EAs like DE to large-scale problems directly (Yang et al.
2008). However, the experimental results in this study
showed that GaDE and DE actually performed very well.
To find out the reason, we first list the properties of the
used benchmark functions in Table 9. Since functions Fj,—
F9 are hybrid composition functions based on F—F;, we
only need to look at the first eleven functions.

Firstly, it can be found that most of the functions are
unimodal. Only four functions, i.e. F3—F¢, are multimodal.
Unimodal functions are usually easier to optimize, espe-
cially when DE and GaDE used quite small population size
NP = 60.

dimension. In DE and GaDE, exponential crossover rather
than binomial crossover were employed. It means DE and
GaDE mutate only a very small number of dimensions at a
time because the probability to mutate m dimensions using
exponential crossover is

Pm = CRm (39)

Even if we set CR to a quite large value, say 0.9 in DE, the
expected number of the mutated dimensions can still be
small. For example, with m =50, the probability of
changing more than 50 dimensions at a time is psg =
0.90 = 0.0052, which is very low. As a result, DE and
GaDE are able to solve the large-scale problems in the
same way for small-scale problems. This has been proved
using binomial crossover. In “experimental results of DE
with exponential crossover and binomial crossover® (
http://sci2s.ugr.es/eamhco/decrossvalues.xls), the perfor-
mance of DE using binomial crossover are much worse
than the presented results in this paper. It can be concluded
that the large-scale problems presented in the used
benchmark functions are not really large-scale for DE or
adaptive DE using exponential crossover, because they
always carry out the search in a very low-dimensional
subspace.

6 Conclusion and future work

In this paper we focused on investigating the performance
and scalability of adaptive DE algorithm. We first reviewed
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a number recently published adaptive DE variants. The
similarities and drawbacks of the parameter adaptation
techniques they used were analyzed. And then, we proposed
a generalized parameter adaptation scheme, and employed it
to design a new adaptive DE variant, GaDE. GaDE was
evaluated on a testing suite including 19 benchmark func-
tions, with dimensionality from 50 to 1,000.

In comparison with other algorithms, it was found that in
overall GaDE outperformed not only classical DE, but also two
other algorithms, G-CMA-ES and real-coded CHC. The
experimental results were analyzed based on the characteris-
tics of different benchmark functions. For separable functions,
both classical DE and GaDE performed well, while G-CMA-
ES encountered difficulty on most of the tested functions.
GaDE is generally better than classical DE in the view of
handling different problems without parameter tuning. For
unimodal nonseparable functions, G-CMA-ES obtained
especially good results due to its usage of covariance matrix
adaptation. However, the high computational complexity of
such techniques often restricts the scalability of G-CMA-ES.
For multimodal nonseparable functions, all algorithms
including G-CMA-ES performed poorly. Although GaDE was
able to find better solutions than other algorithms, the obtained
solutions were far away from the global optima. This kind of
problems is often regarded as the real challenge of large-scale
optimization. In the future work it would be interesting to focus
on solving such problems by taking advantages of both GaDE
and G-CMA-ES to develop more powerful search algorithms.
One promising direction could be applying algorithm portfolio
techniques between them (Peng et al. 2009).

Why DE and the proposed GaDE are good for the used
benchmark functions was also discussed. It was found that
most of these functions can be solved dimension by
dimension. Thus, they have some limitations in reflecting
all aspects of large-scale problems. More nonseparable
large-scale benchmark functions, such as F, and Fg, can be
consider in future research. Interested readers are referred
to Tang et al. (2009), where more such type of benchmark
functions are provided.
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